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PREFACE 


The  Fourth  International  Conference  on  Numerical  Ship 
Hydrodynamics  was  held  in  Washington,  D.C.,  U.S.A.,  on  24-27  September 
1985  at  the  National  Academy  of  Sciences.  The  Conference  was  spon¬ 
sored  jointly  by  the  David  W.  Taylor  Naval  Ship  Research  and 

Development  Center,  The  Naval  Studies  Board  of  the  National  Research 

Council,  and  the  Office  of  Naval  Research. 

As  in  the  three  previous  Conferences  on  Numerical  Ship 

Hydrodynamics,  the  majority  of  the  papers,  presented  in  the  first  five 
sessions,  dealt  with  seakeeping  or  wave  resistance  problems.  The 

remaining  two  sessions  dealt  with  maneuvering  of  submerged  bodies, 

body  geometry  and  viscous  flows  on  hulls  and  propeller  blades.  The 

papers  were  of  high  quality  and  the  opportunities  foi-  discussion,  dur¬ 
ing  and  outside  of  the  formal  sessions,  were  numerous.  It  was  partic¬ 
ularly  gratifying  to  see  an  increase  in  the  number  of  papers  which 

carefully  investigated  numerical  accuracy,  convergence  and  grid  inde¬ 

pendence  of  solutions. 

The  success  of  the  Conference  was  due  to  the  collective  efforts  of 

many  individuals.  Special  thanks  go  to  Mrs.  Joan  McCoy  of  DTNSRDC,  who 

served  as  Secretary  to  the  Conference,  for  her  dedicated  assistance 
with  most  aspects  of  the  Conference,  and  to  her  coworker  Mrs.  Ruth 
McClair.  In  addition  we  wish  to  thank  Ms.  Elizabeth  Lucks  and  Ms. 

Mary  Gordon  of  the  Naval  Studios  Board  for  their  invaluable  and  expert 

help  in  making  all  arrangements  for  the  meeting  site  and  hotel  reser¬ 

vations  for  Conference  participants. 
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WELCOMING  ADDRESS 


Alan  Powell 

Technical  Director.  David  Taylor  Naval  Ship  R&D  Center 

On  behalf  of  the  David  Taylor  Naval  Ship  R&O  Center  it  is  a  great  pleasure 
for  me  to  join  with  the  Nava^  Studies  Board  of  the  National  Research  Council  and 
the  Office  of  Naval  Research  \'i  welcoming  all  of  you  to  Washington  and  to  the 
Fourth  International  Conference  on  Numerical  Ship  Hydrodynamics. 

Thirty-five  papers  will  be  presented  over  the  next  i:hree  and  one  half  days. 

More  than  150  participants  are  attending  the  Conference  representing  fifteen 
countries:  Austral-la,  Canada,  China,  Denmark,  Finland,  France,  Germany,  Italy, 
Japan,  the  Netherlands,  Norway,  the  Soviet  Union,  Spain,  the  United  Kingdom  and  the 
United  States.  It  is  truly  an  international  Conference! 

This  is  the  fourth  Conference  in  ten  years,  the  first  two  having  been  held  in 
the  United  States  in  1975  and  1977  and  the  third  in  France  in  1981.  Each  has 
left  its  special  mark  in  promoting  wider  communication  among  experts  in  ship 
hydrodynamics  and  numerical  mathematics.  Each  has  been  comprised  of  a  diverse 
collection  of  high-quality  papers.  As  in  the  past  Conferences,  the  mejority  of 
papers  in  the  present  Conference  deal  with  free-surface  flow  problems  associated 
with  ship  wavemaking  and  ship  motions  in  waves.  While  these  topics,  together 
w-i^.h  cavitation,  are  unique  to  ship  hydrodynamics,  other  important  topics  repre¬ 
ss  'ted  in  both  the  present  snd  past  conferences  include  boundary- layer  and  vor- 

flows  and  specification  of  geometry. 

1nese  are  erriting  times  for  us.  There  are  those  among  us  who  started  off 
with  mechanical  oesk  top  calculators.  The  solutions  we  will  hear  about  in  this 
Conference  would  have  been  beyond  belief.  Those  with  their  career  ahead  of  them 
accept  these  things  without  question.  They  accept  satellites  and  their  com¬ 
puter  control  just  as  we  accepted  trains  and  their  mechanical  signals.  A  whole 
new  discipli.ne  has  arisen.  We  might  give  some  thought  to  the  future  as  far  ahead 
as  the  mechanical  calculator  is  behind  us  when  wo  simply  mechanized  our  hand 
calculations.  Will  the  complex  research  program  of  today  become  transformed  into 
user-friendly  versions  for  the  run-of-the-mill  engineer?  Probably  so.  Will  the 
really  tough  hydrodynamics  problems  be  solved?  Probably  so. 

But  more  than  numericel  finesse  will  be  needed.  The  demand  far  more 
knowledge  about  the  physics  of  fluids  will  become  insistent.  One  obvious  area 
will  bo  the  physics  of  cavitation  and  the  bubbles  of  breaking  waves  and  wakes. 

This  emphasizes  that  a  sophisticated  numerical  solution  and  their  hypnotizing 
contours  do  not  convey  an  understanding  of  the  mechanism  involved.  Only  the 
skilled  interpreter  will  see  the  message.  Therefore  will  not  the  need  for  the 
type  of  understanding  that  comes  from  analytical  methods  become  even  greater? 

And  for  physical  experiments  to  match  nuearical  ones?  And  for  numerical  experi¬ 
ments  to  test  new  hypotheses,  which  express  the  essence  of  a  complex  phenomenon, 
or  to  provide  new  insights  which  are  fundamentally  impossiole  to  do  in  the  real 
world,  such  as  involve  ship  flow? 


1 


For  the  full  benefits  to  be  gleaned  for  the  benefits  of  mankind,  the  various 
coflwunities  need  to  have  a  symbiotic,  synergistic  relationship:  the  ccwputa- 
tional  scientist,  analytical  mathematician  and  physicist  and  the  physical 
experimenters. 

The  ship  hydrodynamic  community,  which  you  so  ably  represent,  is  a  leader  in 
this  respect,  and  therefore  I  particularly  wish  you  continued  success  and  a 
prosperous  and  technically  rich  future  as  well  as  a  rewarding  conference. 

Finally  I  would  like  to  express  our  gratitude  to  the  National  Academy  of 
Sciences  for  hosting  the  Conference  in  this  lovely  auditorium  ind  to  the  Naval 
Studies  Board  of  the  National  Research  Council,  and  the  Office  of  Naval 
research  for  joining  once  again  with  the  Center  in  sponsoring  this  Conference. 

I  hope  that  your  stay  in  Washington  will  be  rewarding  both  technically  and 
socially.  Ladies  and  gentlemen,  welcome! 


Session  I 


LINEAR  SEAKEEPINQ 
AT  PORWARO  SPEED 

Session  Chairman 
J.V.  Wehausen 
University  of  CK'lifornia 
Berkeley,  CA,  U.S.A. 
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THE  EVALUATION  OF  FREE-SURFACE  GREEN  FUNCTIONS 


By  J.  N.  Newnati 
Dept,  of  Ocean  Engineering 
Maeeachusetts  Institute  of  Technology 
Cambridge,  MA  02139 


Summary 

Computational  methods  are  described  for 
evaluating  the  soui'ce  potential,  and  its 
derivatives,  in  the  presence  of  a  linearized 
free  surface.  Tlie  emphasis  is  on  the  use  of 
aeries  expansions,  rational-fraction  approxi¬ 
mations,  and  multi-dimensional  polynomial  ap¬ 
proximations,  as  opposed  to  conventional  nu¬ 
merical  integration.  Appropriate  nondimen- 
sional  source  and  field-point  coordinates  are 
used  to  reduce  the  number  of  independent  vari¬ 
ables,  and  different  algorithms  are  used  in 
complementary  domains  where  they  are  most  ef¬ 
ficient.  With  sufficient  effort  devoted  to 
the  development  of  these  algorithms,  boundary- 
integral  methods  can  be  applied  to  linear 
free-surface  problems  with  little  additional 
computational  coat  compared  to  the  analagoua 
probleaa  without  a  free  surface. 

Specific  examples  which  are  treated  include 
the  tvo-dimensional  oscillatory  lource  in  in¬ 
finite  depth,  the  three-dimensicna  1  oscilla¬ 
tory  source  in  Infinite  and  finite  depth,  and 
the  thres-diBensiooal  transient  source  in  in¬ 
finite  depth.  A  description  is  given  of  a 
special  transient  Green  function  cpplicible  to 
the  axisymfictric  exterior  doteain  in  s  sstching 
approsch,  sad  to  preliminary  work  on  the 
steady-state  three-dimeasionai  Green  function 
with  forward  speed. 

The  Green  function,  or  source  potential,  is 
fundsMntal  to  most  soclyticsl  descriptions  of 
tleating  or  submerged  bodies  in  an  ideal 
fluid.  Appropriate  formulse  for  this  function 
are  well  known  (1}  in  various  cases  involving 
a  linearised  free  surface,  and  a  fluid  domain 
which  is  otherwise  unbounded  except  (option¬ 
ally)  by  a  fixed  boritonial  bottom  at  a  finite 
deiptb  b  beneath  tba  free  surface. 

The  use  of  the  free-aurfece  Green  function 
is  cssocieted  priatarily  with  boursiary- integral 
Mthoda,  including  the  special  case  of  thin- 
•hip  theory,  and  also  with  the  construction  of 
solutions  based  on  aultipole  expantiooe  of 
singularities  locates  in  the  interior  of  the 
body.  Other  tecbniitues  such  aa  hybrid  finite- 


element  methods,  matched  boundary-integral 
solutions,  and  alender-body  theories  based  on 
matched  asymptotics,  utilize  the  same  Green 
functions  (or  closely-related  potentials  such 
as  "wavemaker"  solutions)  to  describe  the  flow 
in  an  exterior  domain  away  from  the  body.  The 
hybrid  or  matched  boundary-integral  techniques 
can  be  extended  to  the  analysis  of  nonlinear 
numerical  solutions,  provided  the  effects  of 
nonlinearity  are  confined  to  a  finite  domain; 
in  this  case  a  linear  free-surface  Green  func¬ 
tion  msy  be  used  to  close  the  solution  in  the 
complementary  exterior  region  [2l. 

The  complexity  of  free-surface  Green  func¬ 
tions  has  impeded  their  use,  snd  hss  encour¬ 
aged  the  development  of  slternstive  proce¬ 
dures.  Examples  of  the  latter  are  finite- 
element  methods,  and  boundary- integral  taethods 
based  on  the  elementary  "Rankine"  Green  func¬ 
tion,  where  the  fluid  domain  ia  regarded  as 
finite  or  where  a  numerical  radiation  condi¬ 
tion  ia  employed.  The  principal  drawback  of 
theae  approaches  is  that  a  relatively  large 
computa. ional  domain  must  be  accepted  in  ex¬ 
change  for  the  simplicity  of  avoiding  the 
free-aurface  Green  fuaction. 

The  mathematical  complexity  of  free-surface 
Green  fuoctions  should  not  he  regarded  aa  a 
reason  for  avoiding  their  use,  but  as  a 
chalif’ge  in  the  context  of  numerical  anal¬ 
ysis.  ,fivan  an  appropriate  library  of  sub¬ 
routines,  the  numerical  ship  hydrodynamic » sC 
should  be  just  as  willing  to  use  a  frse- 
surfsce  Green  function  as  its  tisjpler  Rankine 
counterpart.  In  practice,  this  ideal  state 
requires  extensive  wort,  but  the  effort  is 
justified  by  the  fundseentsl  role  of  Green 
functions  snd  by  the  frequency  of  their  evalu¬ 
ation  in  practical  coeputatione. 

The  developwoot  of  appropriate  subroutines 
for  the  free-FJrfic#  Green  function#  is  a  di- 
veree  tatk.  If  attention  it  restricted  to  the 
conventionel  point-iouree  beneath  a  free  aur- 
fsce,  ve  must  distinguish  between  two  and 
three  dimeniione,  finite  and  infinite  depth, 
end  varioue  e imc-depcedences  including  (1) 
oscillatory  motion,  (2)  steady  tranalation, 
(3)  combined  oscillatory  motion  with  steady 
tranalation,  and  (A)  tranaieot  motion  with  tha 
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source  strength  described  by  a  step-function 
or  delta-function.  From  this  list  alone  there 
are  16  cases  to  be  studied. 

Nor  will  the  list  above  satisfy  every  need. 
For  example,  in  numerical  techniques  where  the 
free-surface  Green  function  is  employed  on  a 
matching  boundary,  maximum  efficiency  is 
achieved  by.  choosing  a  special  Green  function 
which  satisfies  an  appropriate  boundary  condi¬ 
tion  on  that  boundary.  (The  "wavemaker"  solu¬ 
tion  for  an  oscillatory  vertical  wall,  or  a 
vertical  axisymmetric  cylinder,  is  a  closely 
related  expression.)  Generally  this  will  imply 
a  more  complicated  analytic  expression  for  the 
Green  function,  but  a  restricted  computational 
domain  in  which  its  values  are  required. 

The  classical  representation  of  a  free- 
surface  Green  function  is  in  the  form  of  a 
Fourier  integral  over  the  appropriate  wave- 
number  space.  An  obvious  computational  tech¬ 
nique  is  to  evaluate  these  integrals  directly 
by  numerical  quadrature.  More  efficient  algo¬ 
rithms  can  be  developed  by  combining  approaches 
such  as 

1.  Eigenfunction  expansions 

2.  Power-series  expansions 

3.  Asymptotic  expansions 

4.  Continued  fractions 

5.  Multidimensional  polynomial  approximations 

This  list  is  arranged,  generally  speaking,  in 
increasing  order  of  analytical  effort  and 
decreasing  order  of  computational  effort. 
Given  thii  conflicting  state,  some  compromise 
may  be  appropriate  unless  an  "ultimate"  sub¬ 
routine  is  desired.  Examples  in  each  category 
will  be  described  below. 

Useful  analogies  may  oe  drawn  with  the  de¬ 
velopment  of  subroutines  for  the  evaluation 
of  special  functions  of  a  single  variable, 
such  aa  the  Besael  functiona.  There  an  exten¬ 
sive  literature  exists,  snd  a  variety  of  com¬ 
putational  oethoda  may  be  employed.  The  uae 
of  Chebyihev  oxpanciona,  economixed  polyno¬ 
mials,  and  rational-fraction  approximations 
are  particularly  effective. 

In  developing  subroutinea  one  must  consider 
in  advance  the  desired  degree  of  accuracy,  and 
the  generality.  To  illustrate  the  latter 
point  one  must  decide  in  advance  if  a  conven¬ 
tional  Beaael-funct ion  subroutine  is  to  be 
used  only  for  one  type  of  function  and  order, 
or  for  several  related  functiona  Co  be  compu¬ 
ted  simultaneoualy .  Similerly,  in  the  context 
of  the  Green  function,  one  oust  weigh  the  tiar- 
plicity  and  efficiency  of  a  subroutine  which 
only  returns  values  of  the  function  itself 
egainit  the  greeter  utility  and  overall  effi¬ 
ciency  if  several  derivacivea  are  alao  evalu¬ 
ated. 

It  ii  especially  difficult  to  estimate  the 
necessary  degree  of  accuracy,  since  this  is 
not  easily  related  to  the  ultimate  accuracy  of 
the  overall  aolution.  lo  the  boundary- 


integral  formulation,  for  example,  a  large 
system  of  aimultaneous  aquations  must  be 
solved  by  algebra  after  using  the  Green 
function  and  its  derivatives  to  evaluate  the 
coefficient  matrix  and  right-hand-side.  Sev¬ 
eral  decimals  may  be  lost  in  the  solution  li 
the  system  is  large,  especially  in  the  vici¬ 
nity  of  the  irregular  frequencies. 

In  using  a  conventional  computing  system 
with  single-precision  floating-point  arith¬ 
metic  performed  to  six  or  seven  decimals,  it 
may  be  appropriate  tc  seek  an  absolute  accur¬ 
acy  of  6D  in  computations  of  the  Green  func¬ 
tion.  It  is  obviously  desirable  to  employ  al¬ 
gorithms  which  are  sufficiently  well  condi¬ 
tioned  to  achieve  this  level  of  accuracy  with¬ 
out  special  precautions  which  increase  the 
computing  time,  such  as  the  use  of  double- 
precision  arithmetic.  (An  example  will  be 
described  in  Section  A  where,  in  the  absence 
of  more  extensive  analysis,  double  precision 
is  required.)  This  concern  is  lees  important 
if  a  subroutine  is  written  opecifically  for  a 
system  with  a  more  accurate  single-precision 
arithmetic,  such  as  the  CDC  or  Cray  machinea. 

This  paper  describes  several  computational 
approaches  for  the  evaluation  of  free-surface 
Green  functions.  Complete  algorithms  will  be 
described  for  four  of  the  sixteen  point 
sources  enumerated  above,  and  for  one  matching 
boundary.  Collectively  these  represent  only  a 
partial  solutior  to  the  overall  problem,  but 
this  subset  illustrates  the  ronse  of  ap¬ 
proaches  which  ultimately  may  make  a  broad 
variety  of  frce-surface  Green  functions  as 
transparent  to  the  user  as  the  Bankine  source 
potential . 

Section  2  describes  algorithms  for  the  re¬ 
latively  simple  Green  function  associated  with 
oscillatory  motion  in  two  dimensions  and  infi¬ 
nite  depth.  This  function  is  applicable  to 
the  strip  theory  of  ship  motions,  and  with 
minor  modifications  also  to  the  case  of  steady 
translation  with  constant  velocity,  ttoreover, 
thii  Green  function  is  related  directly  "'.o  the 
complex  exponential  integral,  and  thus  is  use¬ 
ful  more  generally  at  a  constituent  of  three- 
dimensional  Greet,  functions.  (This  connection 
it  illustrated  in  Section  6.) 

In  Section  3  we  review  a  comprehensive 
"ultiiate"  approach  for  the  three-diisensional 
oscillatory  cate,  both  in  infinite  ted  finite 
depth;  this  work  is  described  moix  completely 
In  I3l .  In  Section  4  a  moro  pragmatic  approach 
ia  described  for  the  three-dimensional  tran- 
tiect  point  source  in  infinite  depth,  and  in 
Section  5  a  transient  axitymmetric  solution  is 
developed  for  effective  use  on  a  circular 
matching  boundary. 

In  Section  d  preliminary  studies  are  des¬ 
cribed  of  the  steady  translating  louri  .  i 
three  dimensions,  i.e.  the  "wave-rot istance 
Green  function.  The  principal  result  is  t 
pair  of  Chebyshev-polynoBial  expansiona  suit¬ 
able  for  the  evaluation  of  the  double  integral 
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component  when  the  source  and  field  point  have 
rhs  same  transverse  coordinate.  The  latter  ex¬ 
pansions  serve  to  illustrate  the  effectiveness 
of  multi-dimensional  polynomial  approximations 
in  evaluating  free-surface  Green  functions.  In 
the  concluding  Section  7  a  numerical  compari¬ 
son  is  shown  between  the  steady-state  sieving 
source  and  its  transient  counterpart  set  in 
motion  for  a  finite  period  of  time. 

2.  Two-Dimensional  Oscillatory  Source 

The  Green  function  for  oscillatory  motion 
in  two  dimensions,  with  infinite  depth,  is 
given  by 

—  I  — kY 

G=[log(r/rj)-2  ^  (k-1)  e  cos(lcX)dk]cos(wt) 

0 

-  2ire  ^cos  X  sin(ii)t)  (1) 

Here  (r,r  j  )  denote  the  radial  distances  from 
the  source  or  its  image  to  the  field  point,  t.i 
is  the  radian  frequency  of  the  motion,  t  is 
time,  and  the  wavenumber  K=  u’/g  is  used  to 
nondimensionalize  the  coordinates  X,Y  of  the 
field  point  relative  to  the  image  source 
above  the  free  surface.  The  integral  in  (1) 
is  defined  in  the  Cauchy  pi  inc ipal-va  lue 
sense.  This  expression  is  equivalent  to 
equation  13.31  of  Wehausen  and  Laitone  til, 
with  the  source  strength  set  equal  to  2  it  . 
Note  that  the  nondimenaional  vertical  coordi¬ 
nate  Y  is  defined  to  be  positive,  or  zero,  end 
the  horizontal  coordinate  X  may  be  assumed 
non-negative  without  loss  of  generality. 

We  consider  only  the  computation  of  the 
integral  in  (1),  which  may  be  replaced  by  the 
real  part  of  the  complex  function 

F(X,y)  =  i  e"''^'*‘^‘^(k-l)“^dK  (2) 

o 


One  feature  of  this  form  is  that  the  deriva¬ 
tives  of  (2)  with  respect  to  X  and  Y  can  be 
evaluated  from  the  same  function: 

=  -IF  -  i(Y-iX)"'  <3) 


=  -F  -  (Y-fX) 


(4) 


Ant icipat i.ig  the  need  for  (3),  both  the  rea' 
and  imagi.iary  parts  of  (2)  wil'  be  considered 
in  the  following  analysis. 

Tlie  integral  (2)  can  be  reduced  to  a  stan¬ 
dard  f  ;rm  involving  the  complex  exponential 
integral.  For  this  purpose  it  is  conv-inient 
to  replace  the  prin  npal-value  integral  first 
by  a  cortou?  passing  above  the  pole,  "Dd  then 
change  the  variable  of  integration  in  accord¬ 
ance  with  the  relation  t“(k-]  )(Y-il.) .  In  this 
manner  it  follows  that 

„  „-Y+l)C  7  -t  -1  -v+tY 

P  ®  /  e  '^t  ^dt  +  iTie 

-V+iX 

“  (z)  +  Trie  ^ 


where  the  exponential  integral  is  defined  by 

CO 

Ej(z)  °  j  e  ^dt  (|arg  z|<ti)  (6) 

z 

and  the  complex  variable  r*=-y+iX  has  been 
introduced.  The  exponential  integral  is  de¬ 
fined  with  a  branch-cut  along  the  negative 
real  axis,  and  the  point  z  lies  in  the  second 
quadrant  of  the  complex  plane.  In  the  limit 
where  the  horizontal  coordinate  X  tends  to 
zero,  z  must  approach  the  negative  real  axis 
from  abo'ce.  The  product  e^Ej(z)  is  a  slowly- 
varying  function,  with  typical  magnitude  of 
order  one. 

The  application  of  the  complex  exponential 
integral  to  the  two-dimensional  Green  function 
is  limited  to  the  second  quadrant  of  the  plane 
z-^x+iy,  since  the  vertical  coordinates  of  the 
source  and  field  point  must  be  negative  or 
zero.  However  the  same  integral  is  of  inter¬ 
est  more  generally,  and  in  its  application  to 
the  steady  translating  three-dimensional 
source  potential,  in  Section  6,  the  complex 
exponential  integral  will  also  be  required 
for  values  of  the  argument  z  in  the  first  qua¬ 
drant.  For  this  reason  we  consider  here  the 
more  general  case  where  z  is  in  either  of  the 
first  two  quadrants.  (Quadrants  3  and  4  may 
be  accommodated  simply  by  considering  the  con¬ 
jugate  of  all  complex  quantities.) 

The  simplest  algorithm  for  evaluating 
is  based  on  the  ascending  power  series  for  Ej  , 
as  described  in  Section  2,1,  However  this 
approach  is  limited  to  small  or  moderate 
values  of  the  modulus  of  z,  and  it  must  he 
complemented  by  other  algorithms  when  z  is 
large.  Section  2,2  describes  a  method  of 
evaluation  based  on  the  con t i nued-f r sc t i on 
expansion  of  E^;  this  is  computationally  ef¬ 
ficient  when  the  modulus  of  z  is  moderate  or 
large,  except  in  a  narrow  domain  where  y  is 
small  and  x  takes  on  moderate  negative  values, 
i.e.  adjacent  to  the  negative  real  axis.  A 
third  expansion  is  derived  in  Section  2.3  to 
cover  the  latter  domain.  The  objective  in  e-ach 
case  is  to  utilize  a  finite-series  approxima¬ 
tion  to  (6)  with  a  moderate  number  of  teima, 
which  is  not  subject  to  serious  loss  of  acru- 
racy  due  to  round-off  or  cancellation  errors. 
Another  desirable  feature  is  to  retain  .in 
arbitrary  degree  of  accuracy  in  the  computa¬ 
tions,  adjuating  the  number  of  terms  in  the 
finite  seriea  to  suit  the  daaired  preciaion. 

The  sections  which  follow  are  abbreviated 
from  an  unpublished  report  [4]  which  also 
contains  a  Table  of  the  first  term  in  (5),  and 
a  FORTRAK  subroutine  for  its  evaluation.  (In 
that  reference  z  is  restricted  to  the  third 
quadrant,  and  a  different  truncation  of  the 
continued  fraction  is  employed.) 
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2.1  Ascending  Series 

A  series  expansion  for  the  Green  function 
follows  immediately  from  the  corresponding 
series  for  the  exponential  integral  ([5], 
equation  5.1.11) : 

F(X.y)  =  e'f-Y-lnU)  -  ? 

*-  n=i  n  n!  J 

(7) 

Here  ’>^■.57721566...  is  Euler's  constant.  This 
series  is  absolutely  convergent  in  the  cut 
z-plane,  and  computationally  efficient  when 
the  modulus  of  z  is  small. 

Programming  of  (7)  is  straightforward.  The 
number  of  floating-point  operations  for  the 
series  can  be  reduced  to  one  (complex)  multi¬ 
plication  and  one  addition  per  term,  if  the 
coefficients  are  precomputed  and  stored  in  an 
array,  and  if  nested  toultiplication  is  used  to 
evaluate  the  truncated  series.  In  order  to 
avoid  underflow  the  precomputed  coefficients 
should  be  multiplied  by  the  corresponding 
power  of  the  maximum  modulus  of  z  (or  a  rum-oer 
of  similar  magnitude),  and  z  divided  by  the 
same  number. 

The  required  number  of  terms  for  an  abso¬ 
lute  accuracy  of  6D  is  shown  in  Table  1  for 
the  rectangular  domain  -10<x<10,  0<?<8.  For 
larger  values  of  y,  and  small  values  of  .  the 
ascending  series  suffers  from  a  loss  ct  u.- 
racy  due  to  cancellation.  For  example,  tt-.'re 
is  a  looi  of  one  significant  decimal  't  y-4, 
x“0.  For  this  reason,  as  well  as  the  obviOus 
increasing  number  of  terms  required,  the 
ascending  series  should  not  be  used  for  values 
of  y  larger  than  A  or  5. 


2.2  Continued-Fracti.  '■  Ixot  siot. 

The  product  e'^Ejiz)  can  be  expressed  in 
terms  of  the  continued  fraction  ([5],  eouaticu 
S.1.22) 

z  ,  _  1 _ 1 _ 2_  _ 2_  _3_ 

e  F,j  (z;  -  ■  ■  ' ,  . 

(8) 

If  this  sequence  is  truncated  after  the  term  z 
in  the  fraction  with  numerator  N,  the  result 
is  equivalent  to  the  following  iteration: 

^N+1  =  "  (9) 

"'n  “  "  ^  "^n+1  '  (10) 

=  1/F^  (11) 

Each  iteration  requires  two  additions,  one 
multiplication,  and  one  division  with  complex 
arithmetic. 

T^.ii.  algorithm  is  well  conditioned,  with  no 
observe!  loss  of  significance  in  the  domain 

where  it  can  be  used  with  a  moderate  number  of 
iteratiopf.  However  one  should  be  aware  of  a 
8f!t  of  N  poles  or:  the  negative  real  axis  in 
the  truncated  corm  of  (8),  and  hence  in 
(9-11).  For  IKll  these  poles  are  distributed 
within  the  blank  area  of  Table  2.  Thus  the 
entries  shova  In  Table  2  are  safe  to  use,  but 
difficulties  vould  be  encountered  close  to  the 
"egstive  res:  axis  if  an  excessive  nusiber  N 
were  to  be  employed.  (For  example,  N"4  is 
sufficient  for  bP  accuracy  at  (-16,0),  and  any 
larger  value  of  N  up  to  and  including  N“10  is 
conservative,  but  a  slight  loss  of  accuracy 
occurs  thereafter,  and  when  i)xl6  the  first 
quotient  in  (10)  is  zero.) 

Table  2  shows  the  starting  value  N  required 
in  (9)  for  6D  accuracy.  This  may  be  compared 
with  the  corresponding  entries  in  Table  1  to 
determine  an  optimum  partition  between  the  do- 
oaics  where  the  continued  fraction  and  ascend¬ 
ing  series  are  used.  Since  the  continued 
fraction  requires  two  complex  additions,  one 
multiplication  and  one  division  per  term,  it 
is  desirable  Co  locate  the  partition  where  the 
number  of  terms  in  the  continued  fraction  is 
about  half  that  of  the  ascending  seriee. 
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21 
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13 
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38 
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25 
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18 

15 
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20 

27 

32 

36 

Table  1 

— 

Number 

of  terms 

reqt) 

ired 

in 

the 

ascending  scries  (7)  for  6D  accuracy. 


The  asymptotic  expansion  in  inverse  powers 
of  z  ([5],  equation  5,1.51)  is  a  more  familiar 
alternative  to  the  continued  fraction  (8).  The 
asymptotic  expansion  is  only  useful  for  very 
large  values  of  the  moduiut  of  z,  and  it 
offers  DO  apparent  advantages  relative  to  (8). 
Other  alternativea  logically  equivalent  to 
continued  fractions  are  the  Fade  approximants 
given  by  Luke  ((6),  Table  54.5),  and  the 
approximation  by  a  sum  of  residues  given  by 
Bersbey  (7).  Both  of  the  latter  resulta 
require  the  storage  of  sett  of  coefficients 
for  eech  chcice  of  H,  and  thus  are  less 
coDvenient  for  programming.  (The  acbeee  baaed 
on  Fade  apprcxiiution  offert  a  anall  advantage 
in  computing  time,  since  H-1  floating-point 
diviaiont  are  replaced  by  multiplicationa.) 
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2 

Table  2  —  Number  N  required  for  6D  accuracy  in  the  contieued-fraction 
recursion  (9-11).  Blank  entries  indicate  no  convergence  at  N=99,  or 
poles  encountered  on  the  real  axis  before  convergecct. 


2,3  Expansion  for  Sa.all  v/x 


Anticipating  the  need  for  a  Lliivd  expansion 
in  the  region  near  the  negative  real  axis, 
when  jxj  is  not  small,  the  integrand  of  (2) 
can  be  expanded  in  powers  of  iky  end,  for  x<0, 
integrated  term-by-term  (4).  Alternatively, 
without  restriction  to  x<C,  the  product 
e'‘Ei(s)  may  be  expanded  in  a  Taylor  series 
about  y“0.  Proceeding  in  the  latter  manner  we 
first  observe  that 


d”  Zn  /■  \  1  r  (w~l ) ! 

(e  Ej(z))  =  e  EjCz)  +  E  — 

dz  tn“l  (-z) 


It  follows  that  for  x>0 


e’‘Ej(z) 


X 

n«o 


n! 


[e^Ej  (x) 


n 

I 

in“l 


f-x)®-) 


(13) 


For  negative  values  of  x,  in  quadrant  2,  Bj  (x) 
is  replaced  by  E^(-x+iO)“-Bi  ([  x  ()-in,  where  Ei 
denotes  the  principal-value  exponential 
integral  ((5l,  equation  5.1,2).  Combining 
these  results,  (5)  may  be  evaluated  directly 
from  the  expansion  ' 


F(X,Y) 


<N 

I 

n“o 


(m-Dl 


-Y 

o 


(14) 


The  double-aeries  (13-14)  are  convergent  for 
y<|xl.  If  the  coefficients  1/n  are  predeter¬ 
mined  and  stored,  each  tars  in  the  sum  over  o 
requires  two  additions  ,xnd  five  multiplica¬ 
tions,  in  real  arithmetic,  or  about  the  same 
number  of  floating-point  operatioas  as  iu  the 
ascending  series. 


For  a  given  accuracy,  the  number  of  terms 
required  in  (13-14)  depends  primarily  on  the 
ratio  y/x.  The  entries  in  'fable  3  are  practi¬ 
cally  independent  cf  x,  throughout  the  domain 
of  interest. 

Standard  approximations  or  subroutines  may 
be  used  to  evaluate  the  real  exponential 
integrals  (x)  and  Ki(-x),  but  it  is  more 
efficient  to  derive  special  approximations  for 
the  particular  ranges  where  (13)  or  (14)  is  to 
be  used.  Special  rational-fractions  are  given 
in  [4]  with  minimax  accuracy  for  the  range 
-16<x<-8. 


y/|x|!  0.1  0.2  0.3  0.4  0.5 
5  7  10  13  17 


Table  3  —  Maximum  value  of  index  n  required 
for  6D  accuracy  in  (13-14). 

2,4  Conclusions 

The  three  algorithms  described  above  can  be 
used  to  evaluate  the  function  e*Ej  (z)  and  its 
derivatives,  with  siu  decimals  absolute  accu¬ 
racy,  The  tables  presented  permit  a  determi¬ 
nation  of  the  optimum  domain  for  each  algo¬ 
rithm,  and  of  the  number  of  term.'  required. 
Partitions  between  the  three  algorithms  can 
be  selected  us  follows: 


Quadrint  1 

2x+y  <  4:  aecending  aeries  (7) 

2x*y  >  4;  continued  fraction  (8-9) 
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Quadrant  2 


-8<x<C  aad  :4:  ascending  series 

y>4  or  3y>2x+32;  continued  fraction 

and  y<4:  double  series  (14) 

-16<x<-10  and  3y<2x+32;  doi.ble  series  (14) 


For  application  specifically  to  the  2D 
oscillatory  Green  function,  where  both  terms 
in  (5)  must  be  evaluated,  a  maximum  of  1.2 
milliseconds  is  required  or.  the  VAX  11/750. 
Only  the  ascending  series  requires  more  than 
0.7  milliseconds.  Since  the  double-series  (14) 
is  substantially  fastni  than  the  ascending 
series,  in  the  domain  where  both  may  be  used, 
some  gain  in  average  computing  time  would 
follow  by  using  the  double  series  for  the 
domain  where  y/|x|<0.5  and  -8<x<4. 

The  approach  followed  here  should  be  com¬ 
pared  with  that  described  below  in  Section  3.1 
f  r  the  jtna.ogou..  three-dimensional  Green 
function.  In  both  cases  analytical  expansions 
are  used  in  appropriate  sub-domains,  and  there 
are  close  relationships  between  the  respective 
formulae.  Unlike  the  three-dimensional  case, 
ve  cot-promise  here  stopping  short  of  the  de¬ 
velopment  of  economized  polynomial  appro'^ma- 
tiona  which  leplace  or  supplement  t  analytic 
expansions  where  relatively  largi  numbers  of 
terms  are  required.  It  t.ie  two-dimensional 
case  polynomial  approximations  could  be  de¬ 
rived  with  some  additional  effort,  with  a 
probable  improvement  iu  the  m«  imum  computa¬ 
tional  time  on  the  ordar  of  20-40X,  but  with 
the  need  to  store  large  arrays  of  polynomial 
coefficients.  Another  advantage  of  leaving  the 
results  in  their  pressut  form  is  that  the 
accuracy  can  be  controlled  by  modifying  the 
number  of  terms  retained  in  each  expansion 
and  the  partitions  between  thsir  respective 
domains. 

3,  Three-Dimensional  Oacillatorv  Source 

The  three-dimensional  Green  function  of 
oscillatory  strength  is  especially  important 
in  tha  analysis  of  offshore  structures,  and  a 
variety  of  panel  and  finite-element  programs 
have  been  developed  for  use  in  this  field. 
Here  we  present  in  abbreviated  fcim  a  summary 
of  the  algorithms  which  are  described  in  Ol. 

3.1  Infinite-denth  case 

In  three  dimensions  the  analogue  of  the 
integral  in  (2)  is  ([1],  equation  13.17) 

F(X,V)  °  I  ~  J^lkX)  dk 

0  (15) 

Here  Jq  denotes  the  Bessel  function  of  the 
first  kind,  order  aero,  and  X  is  the  nondi- 
nensional  horizontal  distance  between  the 
source  and  field  points,  (In  addition,  the 
total  three-dimensional  Green  function  in¬ 
cludes  the  Bankiue  source  and  an  imaginary 
term  equal  to  half  of  the  residue  from  the 


singularity  in  (15).)  The  essential  task  is 
to  evaluate  F(X,y)  for  all  possible  values  of 
the  two  arguments,  or  throughout  the  quadrant 
where  X  and  Y  are  nonnegative. 

For  this  particular  case  an  alternative 
integral  representation  exists  in  the  form 

F(X,Y)  =  (X2+  Y^)”*^  -  re  ^[H^(X)-PY^(X) ] 

-  2  /  e'^"^(x2+  t^)"^  dt  (16) 

o 

where  denotes  the  Struve  function 
([5],  Chapter  12),  Direct  numerical  integra¬ 
tion  of  (16)  is  relatively  easy,  unless  the 
coordinate  X  is  small,  but  this  procedure  is 
less  efficient  than  the  algorithms  described 
below. 

For  sufficiently  small  values  of  X  the 
Bessel  function  in  (15)  can  be  expanded  in 
even  powers  of  kX  and  integrated  term-by-term. 
The  result  is  a  double  infinite  series  ([3], 
eq.  4)  with  positive  powers  of  X  and  negative 
powers  of  Y.  This  expansion  was  first  derived 
by  Hess  and  Wilcox  [8]  and  subsequently  by 
Noblesse  [9l.  The  domain  of  convergence  is 
X<Y.  For  6D  accuracy  this  series  can  be 
truncated  with  nj< 9  ,  provided  X/Y<0.5. 
The  analogy  with  (14)  should  be  noted. 

An  alternative  series  expansion  ([3],  eq. 
5)  is  derived  [10]  by  expanding  the  last 
exponential  iu  (16)  in  powers  of  t,  and  inte- 
grat'eg  term-by-term.  This  series  involves 
positive  power"'  or  both  coordinates  (X,Y)  and 
is  uniformly  convergent  throughout  the  full 
domain  of  interest.  A  comparison  may  be  noted 
with  tue  ascendiug  series  (7)  for  the  two- 
dimer  sioD-'l  Green  function.  If  this  series  is 
truncated,  and  economized  in  both  variables, 
6D  accuracy  can  be  achieved  in  the  domain 
0<X<3.7,  0<Y<2  with  a  total  of  33  terms  in  the 
resulting  polynomial. 

When  the  rat^o  X'”’  ig  large,  an  asymptotic 
expansion  can  he  derived  by  expanding  the 
inverse  squere-root  in  (16)  in  even  powers  of 
t/X  ar.d  integrating  term-hy-tena.  The  re¬ 
sulting  series  ([3],  eq,  6)  involves  positive 
powers  of  Y  and  negative  even  powjrs  of  X. 
Truncation  with  fov.r  teriiis  gives  6D  accuracy 
iu  the  domain  X>3.7  provided  X/Y>4.  The  same 
accuracy  can  be  Ce..  '.eved  throughout  the  domain 
2<X/Y<4  if  the  series  is  transformed  to  a 
continued  fraction. 

Finally,  vhen  both  X  and  Y  are  large,  the 
integral  'n  (13)  may  be  integrated  repeatedly 
bv  parts  to  yield  an  asymptotic  expansion 
where  the  integrated  term*  are  spherical 
harmonics  ([3],  eq.  8).  Truncating  this 
asymptotic  expansion  with  five  terms  gives  6D 
accuracy  throughout  the  dirnain  X>8,  Y>20. 

At  this  stage  relatively  aim',  le  expansions 
have  been  developed  for  ill  but  a  central 
domain  of  the  X,Y  quadiant.  The  remaining  task 
is  to  seek  nuwoilcal  approximations  more 
directly,  for  intermediate  values  of  the  co- 
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ordinates.  The  last  asymptotic  expansion  is 
used  as  a  guide  to  suggest  a  form  ([3],  eq.  9) 
where  the  residual  factor  R(X,y)  is  slowly- 
varying,  throughout  this  domain,  and  can  be 
approximated  by  two-dimensional  polynomials. 
The  numerical  procedure  used  for  this  purpose 
can  be  described  briefly  as  follows.  The 
function  S(X,Y)  is  evaluated  with  double- 
precision  accuracy  in  the  manner  outlined  in 
[11].  Double  Chebyshev  polynomial  expansions 
are  then  generated  for  this  function,  and 
truncated  to  the  desired  accuracy  by  neglect¬ 
ing  all  coefficients  smaller  than  the  pre¬ 
scribed  tolerance.  Conversion  of  the 
Chebyshev  expansions  to  finite  double  series 
in  ordinary  powers  of  X  and  Y  facilitates  the 
subsequent  routine  use  of  the  algorithm.  It 
has  been  found  that  subdividing  the  central 
domain  at  Y“4  and  again  at  Y“8  enables  8(X,Y) 
to  be  approximated  in  each  of  the  three  sub¬ 
domains  with  a  isaximum  of  37  nonzero  polyno¬ 
mial  coefficients. 

Collectively,  the  algorithms  described 
above  serve  to  evaluate  the  infinite-depth 
Green  function  for  all  relevant  values  of  X 
and  Y.  The  derivatives  of  the  source  potential 
can  be  obtained  by  analytic  differentiation  of 
tbs  same  algorithms. 

3.2  The  finite-dcpth  case 


L(X,V,H)  =  (X^  +  ^ 


0 


(k+l)cosh(KV) _  -kH^ 

k  sinh  kH  -  cosh  kH 


Here  X  has  the  same  meaning  as  in  Section  3.1, 
H  is  the  nocdimensional  depth  Kh,  and  V  is  a 
nondimen a ional  vertical  parameter  in  the  range 
between  0  and  2H.  Anticipating  the  approxima¬ 
tion  of  the  integral  in  terms  of  multi-dimen¬ 
sional  polynomials,  the  replacement  of  one 
function  of  four  parameters  by  two  evalua¬ 
tions  of  a  function  with  only  three  parameters 
represents  a  major  simplification. 

The  rate  of  convergence  of  the  last  inte¬ 
gral  can  be  accelerated  by  adding  and  sub¬ 
tracting  an  appropriate  function  which  is 
asymptotically  equivalent  to  the  integrand  for 
large  k.  A  judicious  choice  for  this  function 
leads  to  the  result 

L(X,V,H)  =  (X^+  + 

F(X,2H-V)  +  F(X,2H+V) 

^  I  '  k  sinh  kH  -  cosh  kH  k-1 
o 


The  oscillatory  source  potential  in  a 
fluid  of  finite  depth  h  is  expressed  either  by 
an  integral  analogous  to  (15),  or  by  an  eigen¬ 
function  expansion  which  has  certain  features 
in  common  with  (16),  These  two  alternative 
expressions  ([3],  eqs.  108,b)  are  given  by 
Webausen  and  Laitoae  ([ll,  eqs.  13,18-19), 

The  eigenfunction  expansion  is  summed 
directly,  over  the  spectrum  of  real  and 
imaginary  wavenumbers  defined  by  the  roots  of 
the  transcendental  equation  ktanh(kh)“K, 
where  K  is  the  infinite-depth  wavenumber. 
These  roots  can  be  found  efficiently  from  a 
second-order  Newton-Raphson  algorithm,  which 
requires  only  one  iteration  for  6D  accuracy. 
Each  term  involves  the  modified  Bessel  func¬ 
tion  Kq  as  a  factor,  with  its  argument  the 
product  of  the  imaginary  root  and  the  hori¬ 
zontal  radial  coordinate  R.  Thus  the  con¬ 
vergence  is  exponential,  for  moderate  or  large 
values  or  R/h.  A  maximum  of  12  terms  gives 
6D  accuracy  in  the  domain  R/h>l/2.  Since  the 
argument  of  the  modified  Bessel  function  is 
greater  than  ir/4  in  this  domain,  a  single 
rat ions 1-fraction  approximation  can  be  used  to 
evaluate  this  function. 

For  small  values  of  R/h  the  eigenfunction 
expansion  is  not  efficient,  and  the  integral 
representation  analogous  to  (15)  must  be  used 
SB  a  starting  point.  A  total  of  four  nondi- 
mensional  parameters  are  Involved  in  tbis 
integral,  by  comparison  to  only  two  in  the 
infinite-depth  case.  However  the  product  for¬ 
mula  for  hyperbolic  cosines  can  be  employed  to 
express  the  original  integral  as  the  sum  of 
two  terms  Involving  the  auxiliary  function 


(k+1)  cosh(kV)e"’^“j  (kX)dk  (18) 

o 

As  k  tends  to  infinity  the  integrand  in  (18) 
is  of  order  exp(-2kH)  or  smaller.  The  two 
additional  functions  F  in  this  decomposition 
are  the  integrals  of  the  two  portions  of  the 
function  subtracted  from  the  integrand  which 
correspond  to  the  expansion  of  the  hyperbolic 
cosine  co8h(kV)  in  a  pair  of  exponential 
functions,  and  hence  are  identical  to  the 
infinite-depth  source  potential  (15)  with 
indicated  values  of  the  vertical  coordinate. 

The  regular  behavior  of  the  integral  which 
remains  in  (18)  implies  that  it  can  be  ex¬ 
panded  as  a  polynomial  in  even  powers  of  the 
coordinates  X.  and  V,  multiplied  by  polynomials 
in  H.  The  derivation  of  these  approximations 
is  described  in  [3],  With  partitions  at  H"‘2 
and  H“4,  approximately  300  coefficients  are 
needed  in  each  subdomain  to  achieve  6D  ac¬ 
curacy.  In  the  usual  application  where  many 
evaluations  are  required  with  different  values 
of  X,V,  for  the  same  H,  the  polynomials  in  H 
can  be  evaluated  and  stored  as  a  total  of  33 
nonzero  coefficients  for  the  remaining  two- 
parameter  polynomials  in  X  and  V. 

The  procedure  just  described  uses  the 
infinite-depth  Green  function  to  aid  in  the 
computation  for  finite  depth.  The  respective 
integrands  with  respect  to  the  duimay  variable 
k  are  asymptotically  identical  for  large 
values  of  k,  corresponding  physically  to  the 
fact  that  the  finite  depth  is  unt-  significant 
for  very  short  wavelengths.  In  the  mathemati¬ 
cal  context,  the  difference  between  the 
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finite-  and  infinite-depth  integrals  is  more 
rapidly  convergent,  hence  more  regular,  and 
therefore  is  more  amenable  to  approximation 
by  polynomials.  The  same  procedure  can  be 
used  to  accelerate  the  convergence  when  the 
finite-depth  integral  representation  is  evalu¬ 
ated  directly  by  numerical  quadratures;  this 
approach  has  been  used  by  Boreson  and 
Faltinsen  [12]  in  the  more  complicated  case  of 
the  oscillatory  source  potential  moving  with 
constant  forward  velocity. 


The  potential  of  a  submerged  point  source 
with  arbitrary  time  dependence,  in  a  fluid  of 
infinite  depth,  is  given  by  Wehausen  and 
Laitone  ([1],  eq.  13.49).  We  shall  analyse 
the  case  where  the  source  strength  is  a  unit 
step  function,  jumping  from  zero  to  one  at 
time  t*0.  The  source  with  delta-function  time 
dependence  can  be  obtained  by  differentiation, 
and  arbitrary  time-dependent  motions  can  be 
obtained  by  convolution. 

In  its  dimensional  form,  the  step-function 
source  potential  can  be  expressed  in  the 
equivalent  forms 

CO  j 

G  =  i  -  i  +  2  /  [l-cos(gV'^t)]J^(kXj)e"''yidk 


^  11 

-2  /  cos(g  k  t)J^(kxj)e~*‘^ldk 
0 

(19) 


Here  (r,r.  )  denote  the  distances  from  the 
source  or  Its  image  above  the  free  surface  to 
the  field  point,  (xj.yi)  denote  the  horizontal 
and  vertical  components  of  rj  ,  and  y  j  is 
defined  to  be  positive.  If  the  last  form  of 


(19)  is  nondimensiona lined  with  respect  to  Tj  , 
and  e  =  cos"^(yj,rj),  it  follows  that 


“  /  cos(k*^T)J^(ksln9)e  (20) 

1  0 


In  the  special  case  yj  “0  the  integral  in 
(20)  may  be  expressed  in  a  particularly  simple 
form  involving  products  of  Beasel  functions  of 
fractional  order  ([1],  eq.  22.18  et  seq.).  Ef¬ 
fective  algorithms  for  evaluating  these  Bessel 
functions  arc  given  by  Luke  ([6],  Tables  35 
and  39). 


In  order  to  derive  mere  general  expansions 
it  is  convenient  to  regard  the  integral  in 
(20)  as  the  real  part  of  the  complex  function 


F  -  -2  /  '^jQ{ksine)e~*^‘^®®®dk 

0 

-  -4  /  e^“^J^(s>2sin6)e-“^^°®e^dm 
0 

If  the  complex  exponential  in  (21a)  is 
expanded  in  a  Taylor  series,  the  integral  of 
each  term  may  be  evaluated  ([13],  section 
13.21,  eq.  3).  In  this  manner  the  following 
expansion  is  obtained  in  spherical  harmonics: 

®  ,,  ,n 

F  -  -2  I  r  (Jsn  +  1)P,  (cose)  (22) 

n-0  "• 


where  F  is  the  gamma  function  and  Pn/2 
Legendre  function  of  the  first  kind.  The  real 
part  of  (22)  involves  only  the  Legendre  poly¬ 
nomials,  and  has  been  derived  by  Terazava 
(141. 

The  expansion  (22)  is  effective  for  small 
or  moderate  values  of  the  time  parameter  r  . 
Only  the  real  part  is  of  physical  relevance, 
and  since  forward  recursion  is  stable  for  the 
Legendre  polynomials  it  is  remarkably  simple 
to  evaluate  this  component  of  (22).  However 
the  number  of  terms  required  for  a  given 
accuracy  increases  in  proportion  to  t,  and 
for  large  values  of  t  there  is  a  loss  of  sig¬ 
nificant  figures  due  to  cancellation  error; 
since  the  number  of  decimals  lost  is  approxi¬ 
mately  equal  to  O.lt^  ,  double  precision  must 
be  used  for  values  of  t  greater  than  3  or  4, 
and  expended  precision  is  required  beyond 

T  -10. 

An  asymptotic  analysis  of  (21b)  reveals  two 
distinct  contributions.  The  first  is  from  the 
lower  limit  of  integration,  where  repeated  in¬ 
tegration  by  parts  yields  an  asympotic  expan¬ 
sion  in  inverse  powers  of  time; 

F  -  -4  Z  (i/t)"  J  (u,2sin0)e'‘"^"‘’«®o)]  „ 

n-1  °  ““0 


2n-2„  ,  .. 

P  (cos9) 
n 


(23) 


In  an  exponentially  thin  layer  near  the  free 
surface  an  additional  wave-like  component 
exists,  analogoua  to  the  more  familiar  Cauchy- 


Poiaaon  problem.  This  component  la  atsociated 
with  the  contribution  to  (21b)  near  u-hlte  , 


where  the  product  of  the  exponential  and 
Beasel  functions  is  temporarily  stationary. 
Syatematic  asymptotic  expansion  of  the  Bessel 
function,  for  large  values  of  ita  argument, 


and  then  of  the  resulting  integral,  yields  a 
sequence  of  terms  with  negative  powers  of  . 
From  this  analysis  the  following  result  is 
obtained,  after  adding  the  alowly-varying 
component  (23): 
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^  ^  (2n+l)!  -2n-2„  , 

F  =  4  E  - r— ^  T  P  (cose) 

n=0  ” 

-2(-^|^)'^exp[-!iT2e  ^®--Jsi(9  -  -I)] 


{l-ijiw  ^+(3iv-  ^)v  ^ 

o 

+(-30iv2+  ^  V  +  —  i)w  ^ 
.(420iv3-  ^  v3-  ^  iv  . 


+  0(w  ^)} 


where  v  =  sin8e 
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(24) 


and 


Trainee 


-210 


An  equivalent  expression  to  (24)  is  derived 
by  Beck  and  Liapis  [15]  using  an  asymptotic 
analysis  based  on  the  Dawson  integral. 


The  three  expansions  (22-24)  can  be  used 
collectively  to  evaluate  (19)  and  its  deriv¬ 
atives,  for  all  possible  values  of  the  co¬ 
ordinates  and  time.  To  achieve  six  decimals 
accuracy  for  the  Green  function  and  its  first 
derivatives,  the  real  part  of  (22)  is  suaaned 
in  double  precision,  for  values  of  leas 

than  75  +  10  cos  8  ,  with  the  total  number  of 
terms  equal  to  [18+0.74x2].  For  larger  values 
of  time  the  asymptotic  expansion  (24)  is  used, 
and  the  slowly-varying  component  (23)  is  used 
alone  when  coa  8  >  0.95,  Typical  computing 
times  are  a  few  milliteconds  on  the  VAX 
11/750. 


Further  computational  efficiency  could  be 
achieved  by  deriving  polynomial  approximations 
in  two  nondimenaional  variables,  analogous  to 
those  developed  in  Section  6  for  the  steady 
translating  Green  function.  The  asymptotic 
form  (24)  provides  a  convenient  starting  point 
for  such  an  extension;  if  the  factor  in  braces 
is  expressed  in  double  economized  polynomials, 
the  validity  of  (24)  may  be  extended  to 
snialler  values  of  tiise.  This  would  obviate 
the  susxnation  of  (22)  in  double  precision,  and 
substantially  reduce  the  maximum  computing 
time. 


5.  The  Transient  Axisvametric  "Wavemaker" 

In  the  development  of  a  etching  analysis, 
such  as  the  hybrid  finite-alaoeot  method,  or 
the  boundary-integral  technique  used  in  [2]  to 
study  nonlineer  forced  motions  of  an  axiaym- 
metric  body,  a  linear  solution  is  constructed 
in  an  exterior  domain  of  the  fluid,  and  con¬ 
nected  to  the  ccapleaentary  interior  solution 
on  a  cyli  !,'',al  matching  boundary.  The  free- 
surface  pc '-  -  source  can  be  used  to  construct 
the  exter  solution,  from  an  appropriate 
dietribut'ju  on  the  matching  boundary.  How¬ 
ever  the  aolutioD  is  improved  in  efficiency 
and  accuracy  if  a  mors  complicated  Green  func¬ 
tion  is  employed  which  satisfies  a  delta- 
function  Neumann  boundary  condition  on  the 


matching  boundary.  (This  situation  is  ana¬ 
logous  to  the  conventional  utilization  of 
Green's  theorem,  where  the  "dipole"  term  with 
density  equal  to  the  unknown  potential  can  be 
removed  by  the  use  of  a  source  potential  which 
satisfies  a  homogenous  Newmann  condition  on 
the  boundary.  In  matching  interior  and  ex¬ 
terior  solutions  the  use  of  such  a  Green  func¬ 
tion  serves  only  to  eliminate  one  integral 
inversion  for  the  unknown  potential  on  the 
matching  boundary.) 

From  the  physical  standpoint,  the  desired 
Green  function  can  be  interpreted  as  the 
solution  of  a  cylindrical  "wavemaker"  problem 
where  the  prescribed  normal  velocity  is  a 
delta-function  at  an  arbitrary  position  on  the 
wavemaker  boundary;  the  more  general  solution 
with  continuous  normal  velocity  follows  by  an 
appropriate  distribution  of  this  singular 
solution.  For  harmonic  time-dependence 
Havelock's  [16]  solution  for  an  axisymmetr ic 
wavemaker  is  generally  used  in  hybrid  finite- 
element  solutions  (cf,  Mei  [17]). 

For  time-domain  analyses  it  is  necessary  to 
find  a  solution  of  Laplace's  equation  in  the 
domain  exterior  to  a  vertical  circular 
cylinder,  subject  to  the  same  conditions  as 
(19)  but  with  an  additional  homogeneous 
Neumann  condition  imposed  on  the  cylinder. 
Alternatively,  if  the  source  point  is  on  the 
cylinder,  the  radial  derivative  on  this  boun¬ 
dary  is  given  by  a  delta  function. 

In  hybrid  matching  applications  the  ex¬ 
terior  solution  is  required  only  on  the  match¬ 
ing  boundary,  hence  the  source  and  field 
points  are  both  restricted  to  this  domain. 
This  implies  a  reduction  in  the  number  of  in¬ 
dependent  variable!  which  must  be  accomodated 
in  the  numerical  analytis  of  the  Green  func¬ 
tion. 

Here  w«  consider  the  special  case  where  the 
fluid  motion  is  axisyometric ,  and  the  desired 
Green  function  hss  the  same  property.  The 
radial  components  of  the  source  and  field 
points  are  ultimately  restricted  to  he  equal 
to  the  cylinder  radius,  and  this  rsdius  it 
used  to  nondimens  ionalize  the  radial  and 
vertical  coordinates  (r,t).  If  the  radial 
velocity  on  the  cylinder  ia  a  delta  function 
in  time,  and  alao  in  apace,  the  Green  function 
must  aatlafy  the  boundary  condition 

If «(2-c)«(t)  (25) 


on  r"l. 

Following  a  familiar  procedure  for  point 
sources  ([1],  section  13)  a  solution  is  de¬ 
rived  in  the  fora  of  an  eleaentary  "Bankine" 
singularity,  a  negative  image  above  the  free 
aurfaco,  and  a  regular  function  which  enaurca 
that  the  auB  aatiefies  the  free-aurface  condi¬ 
tion. 
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Contidering  the  Sankinft  singularity  first, 
ve  seek  a  harsonic  function  for  all  values  of 
s,  regular  throughout  the  doBain  r>l  and 
satisfying  the  boundary  eocdition  (23).  Ex¬ 
cluding  the  tisie-dependent  factor,  the  solu¬ 
tion  can  be  obtained  by  separation  of  vari¬ 
ables  and  Fourier  integration,  in  the  forai 


G„(z)  - - / 


ok2(Jj2+Yj2) 


Gjj(r,z;t) 


-1  7 

-  /  cosk(z-0  3—  dk 
o  1 


G  (z,t)  =  -  —  /  - 
^  it2  0  k 


dk _ 


-kz  .  . 

e  sln(k  t) 


Eero  the  subscript  R  is  used  to  denote  the 
Kankine  singularity,  and  K  ^  is  the  aodified 
Bessel  function  of  the  second  kind. 

It  is  convenient  to  recast  (26)  in  an  al¬ 
ternative  form.  Folloving  the  notation  of 
fSl,  Section  9.6,  the  Bankel  function  of  ima¬ 
ginary  argument  may  be  substituted  in  place  of 
K  ,  with  the  result 

Q 

ulz-d 

=  -m - " 

"o  u(Jj2(u)+  y^2(u)] 


The  last  expression  follows  by  deforming  the 
contour  of  integration,  and  ignoring  the  con¬ 
tribution  from  a  circular  quadrant  at  infinity 
which  is  exponentially  small  if  r>l. 

For  the  solution  of  the  frea-surface  boun¬ 
dary  condition,  the  obvious  extension  from  the 
corresponding  point-source  solution  analogous 
to  (19)  takes  the  form 


G  »  4(t)(Gj^(r,z;«  -  C|^(r.z;-01 


In  a  collocation  method  where  the  Green 
function  is  integrated  over  vertical  segmetits, 
the  integrals  of  (30)  and  (31)  with  respect  to 
z  may  be  performed  analytically. 

For  nonzero  values  of  z,  the  integrals  (30) 
and  (31)  may  be  evaluated  numerically.  In  a 
time-stepping  procedure  it  is  effective  to 
calculate  (31)  simultaneously  for  several 
values  of  t.  In  evaluating  the  integrands, 
for  values  of  k  larger  than  (say)  3,  poly¬ 
nomial  or  rational-fraction  approximations 
[18]  for  the  modulus  of  the  Hankel  function 
should  be  used  in  preference  to  computing  the 
two  Bessel  functions  separately.  The  apparent 
singularity  at  k“0  is  cancelled  by  the  singu¬ 
lar  behavior  of  T  , 

The  Rankine  integral  (30)  is  a  function  of 
only  one  variable,  and  can  be  approximated  by 
conventional  techniques.  With  the  coeffi¬ 
cients  listed  in  Table  4,  the  following  poly¬ 
nomial  approximations  are  accurate  to  between 
6  and  7  significant  figures,  for  all  values 
of  z: 

0<z<2: 


’  n  3  „ 

=<  I  a  z  +  r  b  z'logz 
n-O  "  n-0  " 


2  7  d^j(ui  )Yj(u)-J  j(u)Y^(ur) 
+  7  /  — : - : - 


0  u^(jj2(u)+  Yj2(u)] 


^u(z+C)s^n(u\)du 


2<Z<»»! 


I  =>  z'^logz  +  t  c^z 
n-0 


where  the  time  t  bai  been  nondimeosionalised 
in  terms  of  the  cylinder  radius  and  g. 

The  limiting  value  of  (28)  on  the  cylinder 
can  be  interpreted  in  a  direct  manner.  Taking 
advantage  of  the  VroDtkian  for  the  Beasel 
functions,  the  final  expression  for  the  Greon 
function  it  given  by 

G(l,8;C!t)  -  4(t)lG|^(|z-<;|)  -  Gj^(lz+cl)) 

*c,(|..d.O 


-1.451670B-<)1 
-2.500060B-01 
6.337102B-02 
3.097314B-02 
-6.579578B-03 
-4.254071K-03 
1.387933B-03 
1 .00850£E-04 


3.183099E-01 

-5.968310B-02 

6.527859B-03 

-8.198656B-04 


-4.999995B-01 

-4.023183B-04 

-2.524457E-01 

-3.756222E+00 

2.193911E+01 

-5.918514E401 

9.681969B«0i 

-8.950611B+01 

3.572895E+01 


Table  4  —  Coefficients  for  the  polynomial 
approxlmatiooa  (32-33). 
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The  Green  function  for  tbree-dineniionel 
notion  vith  constant  horizontal  velocity  U 
has  been  widely  atudied  in  connection  with  the 
theory  of  wave  reaiatance,  Keatricting  our 
attention  to  the  caee  of  infinite  depth,  the 
baaic  expression  for  the  source  potential  is 
given  by  Wehausen  and  Laitone  (1],  equation 
13.36,  as  the  sun  of  a  double  integral  and  a 
single  integral,  together  with  the  usual 
Rankine  singularity  (l/r)  and  its  image  (l/r  ) 
above  the  free  surface.  If  the  coordinates 
are  normalized  by  the  wavenumber  g/U^  ,  and 
(X,Y,Z)  are  the  Cartesian  components  of  r  with 
Z  defined  to  be  positive  downwards,  the  Green 
function  may  be  expressed  in  the  form 


-  -  /  sec^ij)  Re  {e^E,  (u)}  diji 
-ii/2  ' 


-a 

+  4  /  sec2<ji  Im  {e'^}  d<)i  (34) 

-Tl/2 

where 

u((ji)  =  8ec^(ti(-Z  4-  iX  cosij)  +  i|Y|  slni^)  (35) 


and  a  “tan  *  (x/|Y|)i8  the  polar  angle  in  the 
horizontal  plane. 


Note  that  in  the  first  integral  of  (34) 
the  complex  exponential  integral  E  is  used 
to  replace  the  more  conventional  "double  inte¬ 
gral".  The  latter  designation  will  be  re¬ 
tained,  despite  the  simpler  appearance  of 
this  term  in  (34),  to  distinguish  it  from  the 
"single"  integral  in  the  last  term. 


Extensive  studies  of  this  Green  function 
have  been  mode  by  Noblesse  (cf.(19l  and  (lOl) 
and  Euvrsrd  [21].  The  last  two  references 
emphasize  an  alternative  form  for  the  source 
potential  vith  soose  computational  advantages; 


efficient  subroutines  are  available  for  the 
product  e^Ejiz),  then  such  a  conclusion  is 
naive.  In  a  more  careful  analysis  one  must 
note  that  the  single  integral,  or  last  term 
is  not  only  wave-like,  but  also  singular  in  a 
complicated  manner  along  the  track  downstream 
of  the  source,  when  Z**0.  By  comparison  the 
double  integral  in  (36)  is  regular,  except  for 
a  weak  logarithmic  singularity  at  the  origin. 
Nevertheless,  accurate  evaluation  of  this 
integral  by  means  of  numerical  quadratures  re¬ 
quires  a  substantial  number  of  ordinates  to 
accomodate  the  singularity  at  the  lower  limit 
of  integration. 

We  shall  consider  here  the  special  case 
Y»0,  where  the  source  and  field  points  are  in 
the  same  lti>s^itudina1  vertical  plane.  In  this 
case  a  comparifea  of  (34)  and  (36)  indicates 
that  the  respective  double  integrals  are  iden¬ 
tical  in  value,  and  eitber^form  may  be  used  as 
a  starting  point  in  tbe  analysis.  Numerical 
integration  can  be  applied  to  either  form,  but 
a  substantial  computational  burden  is  involved 
to  achieve  even  modest  precision. 

To  provide  a  more  effective  technique  for 
evaluation  of  the  double  integral,  we  shall 
derive  approximations  in  terms  of  two- 
dimensional  expansions  involving  Chebyshev 
polynomials.  Polar  coordinates  (R,6)  are  used 
in  the  vertical  plane,  with  X"R8in(6)  and 
Z"Rco8(e).  Note  that  the  polar  angle  6  is 
restricted  to  tbe  interval  (0,Tr/2),  and  while 
the  double  integral  is  an  even  function  of  X, 
the  discontinuity  when  X-0  precludes  effective 
polynomial  approximations  involving  only  even 
powers  of  9  . 

In  the  "near-field"  domain,  0<R<2,  the  ap¬ 
proximation  is  sought  in  the  form  of  polyno¬ 
mials  in  R  and  e  >  after  subtracting  a  three- 
term  asymptotic  approximation  of  the  logarith¬ 
mic  singularity  at  R“0,  In  the  complementary 
domain,  R>2,  the  asymptotic  form  of  the  double 
integral  is  used  to  auggest  an  appropriate 
form  for  the  approximation  in  negative  powers 
of  the  radius. 


A  n  t  « 

- f  co8^  Im  (e'^E,  (v))  d$ 

n/2 

-  4  H(-X)  I  sec^^i  (36) 

-viz 

where 

v(^)  “  -2  co8*6  +  V  cos#  sin#  +i|xl  cos#  (37) 

sad  H(s)  denotes  the  Beavitids  unit  etep  func¬ 
tion. 


6.1  Near-field  approximation 

In  the  domain  0<R<2,  the  principal  task  is 
to  account  for  the  singular  behavior  at  the 
origin.  Proceeding  with  tbe  double  integral  as 
it  is  expressed  by  (36)  ,  this  behavior  is 
associated  with  tbe  logarithmic  singularity  of 
the  exponential  integral  (cf.  equation  7). 
This  leads  us  to  consider  the  component 

V 

-  J  cos#  Im  {a  log(v))  d# 

"  -it/2 

2 

«  —  J  COB#  Iia{ (Hv4Jsv*+  ...)lo3(v))d# 

-11/2 

-  21j  +  2X1^  -  (2Z  +  X*)Ij 


Treditionslly  it  has  baan  thought  that  tha 
graatait  coaputational  affort  anst  ba  davotad 
to  tha  doubla  intagral  in  (34)  or  (36),  but  it 
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-  2XZI^  +  +  ... 


(38) 


where 


°  f  log(-Z  COS0  +  iX.)  de 


m 

Rote  that  a  factor  co8(8}  has  been  deleted 
froffl  the  argument  of  the  logarithmic  function 
in  (39),  to  simplify  the  analysis.  This  is 
justified  since  the  contribution  from  this 
factor  to  (39)  is  independent  of  X  and  Z  and 
hence  regular  in  terms  of  (38),  (One  con- 
venient  feature  of  this  type  of  numerical  ana- 
^ytsj.8  is  that  contributions  which  are  regular 
can  be  ignored  temporarily!) 

To  evaluate  the  integrals  (39)  in  a  syste¬ 
matic  manner,  we  first  integrate  the  deriva¬ 
tive  of  the  integrand,  multiplied  by  tan(  9), 
to  obtain  the  recurrence  relation 


nin  =  (n-l)I^_2  +  (n=2,3,4, . . .) 


^  2  ^2  sln^e  cosine, 
2"  ^  0  Z2  C0828  +  X2 


-  —  /  co8(f.  Im  {e'^E  (v)}  d(j) 

-it/2 

=  2lj  +  2X1^  -  (2Z+X2)I  -  2XZI  +z2l^ 


M  N 

+  t'  Z'  C  T  (1-  JjR)  T  (-1+  ^  9) 
m=0  n=0  “  nr 

(0  <  R  <  2,  0  <-  8  <  I-) 


Here  Tjj(x)  is  the  usual  notation  for  the 
Chebyshev  polynomial  ([5],  ch.  22),  and  we 
follow  the  convention  [22]  where  the  primed 
summation  denotes  t.'iat  the  terms  m“0  or  n“0 
arc  halved  (thus  the  term  m“n“0  is  multiplied 
by  one-fourth). 

The  coefficients  shown  in  Table  5  may  be 
used  in  (47)  to  evaluate  the  double  integral 
with  approximately  4  decimals  absolute  accu¬ 
racy.  These  coefficients  have  been  evaluated 
by  means  of  the  orthogonality  relations  for 
the  Chebyshev  polynomials,  evaluation  of  the 
integral  in  (47)  by  Romberg  quadrature,  and 
subtraction  of  the  singular  terms  on  the  right 
side  of  this  equation.  As  in  the  more  conven¬ 
tional  representation  of  a  function  of  one 
variable,  the  convergence  and  accuracy  of  thia 
scheme  can  be  confirmed  by  the  rate  at  which 
the  coefficients  in  Table  5  tend  to  xero. 


Algebraic  reduction  of  the  integrand  in  (41) 
yields  the  recurrence  relation 

A  -  -(X/Z)^  A 

2n  2n-2  2*4*...(2n) 


Appropriate  starting  values  for  these  recur¬ 
rence  relations  are  given  by  the  corresponding 
elementary  integrals,  and  it  follows  that 


To  complement  the  results  derived  above,  we 
now  consider  the  approximation  of  the  double 
integral  for  the  domain  1>2.  ?or  sufficiently 
large  values  of  the  ractial  coordinate  R,  the 
asymptotic  approximation  of  e''Ej(u)  suggests 
that  the  double  integral  in  (34)  can  be  ex¬ 
panded  in  negative  powers  of  R,  (For  the  de¬ 
tails  of  the  corresponding  asymptotic  expan¬ 
sion  see  [19].)  Thus  we  seek  a  systesatic  ap¬ 
proximation  in  t)<e  form 

-  -  /  cosij.  Im  (eV  (v))  dij 
-v/z  ‘ 


T  1  fR't'Xi 
^o  “  ^"8 

I  -  1  + 

1  ^R+X'' 


A,  -  i  ©  (46) 

The  coefficients  in  (36)  can  be  evaluated 
to  an  arbitrary  order  of  approximation,  using 
(39-46).  Here  we  include  the  second-order 
terms  displayed  in  (38),  regard  this  as  an 
approximation  for  the  singularity  of  the 
double  integral  at  the  origin,  and  expand  the 
remaining  "regular"  function  in  a  double 
Chebyahev  aeriea: 


=■  I  f  (0)R  “ 
ra«l 

M  N 

“  Z'  Z'  C  T  (-1+  i)  X  (-1+  -  0) 


(2  i  R  <  0  <•  e  i  ^) 

After  proceeding  in  an  analogous  manner  to 
that  described  at  the  end  of  Section  6.1,  the 
coefficients  shown  in  Table  6  are  evaluated. 
It  should  be  emphasised  that  the  asymptotic 
expansion  of  the  double  Integral  has  been  used 
here  only  to  deduce  an  appropriate  form  for 
the  polynomial  approximation,  and  that  the 
latter  has  a  much  wider  range  of  validity  than 
the  formal  asymptotic  ezpanaiou. 
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n-0  1 

B 

0  -0.26491  0.53367 

1  -0.08190  -0.52550 

2  0.22182  0.28929 

3  -0.00796  -0.02631 

4  0.00044  -0.00360 

5  0.00006  -0.00055 

6  -0.00011 


2  3 

-0.69926  -0.22860 
0.51353  0.16520 
-0.17935  -0.95469 
0.01490  0.00275 
0.00069  0.00079 
-0.00007  0.00019 


4  5 

0. 067^4  0.01049 
-0.04838  -0.00725 
0.01601  0.00204 
-0.00132 
-0.00017 


6  7 

-0.00219  -0.00018 
0,00154  0.00012 
-0.00048 


Table  5  —  Cbebyehev  coefficient*  for  0<R<2.  (Blank  entries  are  less 
than  5S-05  in  magnitude.) 


n»0 

1 

2 

3 

4 

s> 

0 

1.89175 

-0.26534 

0.02978 

-0.00433 

0.00011 

1 

0.91714 

-0.16691 

0.02386 

-0.00410 

0.00040 

2 

-0.03689 

-0.02545 

0.00897 

-O.OC229 

0.00050 

3 

-0.00848 

0.00984 

-0.00151 

0.00009 

0.00005 

4 

0.00053 

0.00014 

-0,00106 

0.00042 

-0.00012 

5 

0.00080 

-0.00086 

0.00054 

-0.00012 

6 

-0.00020 

0.00017 

-0.00002 

-0.00005 

7 

-0.00008 

0.00008 

-0.00008 

0.00005 

8 

0.0000b 

-0.90006 

5 


-0.00006 

-0.00009 


Table  6  —  Cheb^shev  coefficient*  for  R>2.  (Blank  entries  are  less 
than  5B-05  in  magnitude.) 


6.3  Discussion 

The  coefficients  listed  in  Tables  5  and  6 
in  conjunction  with  equations  (47-48)  permit 
the  evaluation  of  the  double  integral  in  a 
simple  snd  effective  manner,  for  all  values  of 
tbs  source  and  field  points  in  the  plane  V»0. 
Tc  emphasise  the  efficiency  of  this  approach, 
w(  note  that  a  direct  numerical  integration  of 
the  double  integral  in  (36)  using  Romberg 
quadratures  and  a  convergence  requirement  of 
lB-4  absolute  accuracy,  with  the  algorithms 
described  in  Section  2  used  to  evaluate  the 
integrand,  requirea  about  150  milliseconds  per 
evaluation  on  the  VAX  11/750.  By  ''omparison, 
the  approximations  (47-48)  require  about  3 
milliseconds  per  evaluation,  corresponding  to 
a  reduction  in  computation  time  between  one 
and  two  orders  of  magnitude. 

The  approximations  (47-48)  in  terms  of 
Chebyshev  polynomials  may  be  converted  to 
ordinary  polynomials  in  R  sod  6  ,  by  multi¬ 
plying  each  set  of  coefficients  by  the  appro- 
priata  transformation  vectors  for  Chebyshev 
polynomials  in  each  variable.  In  addition  to 
its  more  elementary  form,  the  ordinary  polyno¬ 
mial  can  be  evaluated  slightly  faster  since 
one  leas  floating-point  addition  is  required 
for  each  term.  On  the  other  hand,  the 
Chebyshev  form  offers  advantages  that  the 
improved  accuracy  (and  convergence)  associated 
with  extra  terns  can  be  iasediately  estimated 
fro»  the  magnitude  of  the  respective  coeffi¬ 
cients.  Finally  it  should  be  noted  that  can¬ 
cellation  errors  are  sore  likely  to  o'cur  in 


the  ordinary  polynomial  form,  unless  the  vari¬ 
ables  R  snd  9  are  replaced  by  shifted  coordi¬ 
nates  with  the  origin  at  the  center  of  the 
domain  of  application. 

Greater  accuracy  may  be  achieved  by  retain¬ 
ing  more  coefficients  in  the  Chebyshev  expan¬ 
sions,  but  two  complications  should  be  antici- 
poted  in  this  context:  first,  it  is  necessary 
to  strike  a  balance  between  the  number  of 
terms  retsined  ;.n  the  expansion  (38)  of  the 
singular  component  end  the  accuracy  of  the 
Chebyshev  expansion  for  the  "regular"  remain¬ 
der,  in  order  to  retain  a  reasonable  degree  of 
convergence  in  the  latter  expansion.  {Indeed, 
it  is  likely  that  the  convergence  shown  in 
Table  5  could  be  improved  somewhat  by 
using  an  extended  version  of  (38)].  Secondly, 
when  evaluating  the  coefficients  of  the 
Chebyshev  expansion,  it  generally  is  necessary 
to  retain  substantially  greater  precision  in 
the  numerical  evaluations  of  the  function 
being  approximated  than  is  ultimately  required 
by  the  approximation  in  terms  of  a  truncated 
expansion;  thus  one  must  be  prepared  to  evalu¬ 
ate  the  original  integrals  for  the  Green  func¬ 
tion  to  a  relatively  high  degree  of  accuracy 
if  the  present  approximations  are  to  be  re- 
f  ined . 

7...  Trfinaient  .vs.  3te*dy  Fieldj. 

As  in  the  classical  analysis  of  ship  waves 
by  Lord  Kelvin,  the  steady-state  Green  func¬ 
tion  analysed  in  Section  6  may  be  evaluated 
by  distributing  the  transient  source  potential 
of  Section  4  along  the  abip'a  track.  Thus 
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figure  1  —  Co«p»»-iioai>  of  vtoad;  and  tranaiant  ehip-nave  fields--  Tlt« 
cusvc  vhich  it  rejf^ato.d  £n  oach  figure  it  the  atesdy-ttata  potwt^al 
along  a  longitudinal  ttacti,  bated  upon  direct  evt’tluation  of  (ji)  «ith 
trnntvtvse  coordinatea  Y»1  and  Z'^O.l.  Tbe  aecond  curve  tbovn  in  each 
figure  it  tbe  ratult  of  ivtaigrtting  the  traotieot  source  potential  (19) 
along  Che  X-axia  betv'e-eo  1'  and  the  origint  in  esceordance  vith  (49). 

The  coordicatet  are  nondisiontionaliaed  with  reapoct  to  the  forward 
velocitj  and  gravity. 


0 

G  ■=  lira  /  GjX-H:,Y,Z,-T)dT  (49) 

where  the  subscript  S  denotes  the  steady-state 
translating  Green  function  (34),  and  the  sub¬ 
script  t  denotes  the  time-derivative  (in  ac¬ 
cordance  with  a  delta-function  time-dependent 
strength)  of  the  transient  Green  function  (19) 

The  algorithms  described  in  Section  4  can 
he  used  to  evaluate  the  integrand  of  (49),  and 
the  integral  voay  be  evaluated  numerically  for 
finite  values  of  T,  It  is  of  interest  to  com¬ 
pare  this  approach  with  the  more  direct  evalu¬ 
ation  of  the  steady  Green  function  described 
in  Section  6. 

A  numerical  comparison  is  shown  in  Figure 
1,  for  various  values  of  the  parameter  f  in 
(49),  It  is  obvious  that  the  steady-state 
limit  is  approached  when  T  is  increased,  and  X 
is  fixed.  Graphical  accuracy  is  achieved  if 
T  »  4jx[  ,  For  large  values  of  X  the  dominant 
error  is  a  sinusoidal  function  of  T  with  phase 
T/4,  which  can  be  effectively  filtered  by 
averaging  successive  computations  of  (49)  with 
T  increased  over  an  interval  of  Sir.  Similar 
oscillations  are  evident  from  the  analysis  of 
transient  wave  resistance  by  Wehausen  [23]. 

One  appealing  aspect  of  (49)  is  that  this 
integral  is  regular,  for  all  finite  values  of 
T,  along  the  track  of  the  aource  on  the  free 
surface.  Thus  (49)  may  be  a  preferable  alter¬ 
native  to  (34)  or  (36),  in  the  vicinity  of  the 
aingultr  track.  (In  effect,  by  restricting  T 
to  be  finite  in  (49),  the  very  short  diverging 
waves  responsible  for  the  singularity  in  the 
last  "single"  integrals  of  (34)  or  (36)  when 
I*Z“0  are  filtered  out.)  The  desirability  of 
such  a  filter  depends  on  the  application.  In 
the  context  of  continuous  surface  distribu¬ 
tion!  of  aourcea  and  dipolet  or  a  aurface- 
piercing  body  thia  approach  may  be  tvire  appro¬ 
priate  than  pragmatic  approxiuksrioo!i  such  a  a 
the  uae  of  a  single  disetete  singularity  at 
the  aubsjerged  aid-point  of  eacn  panel  adjacent 
to  the  free  surface. 

A  wi;>  variety  of  nuasrical  rActhods  can  be 
used  to  evaluate  free-aurface  Green  fuoctiona. 
Wish  tuiflcient  effe  t  devoted  to  their  re- 
f  in-taeut  and  iapl  emeo  :at  ion ,  theae  aettodi 
will  gr«i8'jly  facilitate  the  implementation  of 
aurh  Grt*en  functions  in  tsuaeticsl  solutions  of 
engineeriBg  ,frobiems  involving  the  iutersetion 
of  water  waves  with  ebips  or  offshore 
structures. 

Vsrioos  typus  of  Green  'functions  have  been 
eonaidered  here,  including  two-  and  thrss- 
disensioual  sourcss  with  oscillatory  time  de- 
peadance,  the  trstsl-ant  three-dieentional 
source  pdtentisl,  and  the  aesady-stats  three- 
diasae.Acal  "wave-resistance"  aource.  Only  the 
otcillstory  tbreo-diaooaionsl  aource  la  tnal- 
yaed  for  finite  depths  of  fluid,  but  the  ap¬ 
proach  followed  thers  may  be  applicable  more 


generally,  using  suitable  superpositions  of 
the  infinite-depth  potential  to  improve  the 
convergence  and  computational  simplicity  of 
the  finite-depth  case. 

In  the  context  of  offshore  structures,  the 
most  important  Green  functions  involve  oscil¬ 
latory  time  dependence  without  a  mean  hori¬ 
zontal  translation.  For  these  applications 
the  results  of  Section  3  are  directly  appli¬ 
cable,  and  the  relatively  refined  analysis  of 
this  Section  has  been  motivated  by  the  prac¬ 
tical  importance  of  such  computations. 

Future  research  may  be  devoted  increasingly 
to  time-domain  analyses,  including  the  possi¬ 
bilities  for  matching  a  linear  outer  solution 
to  a  nonlinear  inner  domain.  For  this  purpose 
the  transient  Green  function  studied  in  Sec¬ 
tion  4  is  required.  Further  efforts  should  be 
devoted  to  the  refinements  indicated  at  the 
end  of  Section  4,  and  the  corresponding  exten¬ 
sion  to  the  finite-depth  case. 

For  the  analysis  of  ships  in  steady  motion, 
including  the  computation  of  wave  resistance, 
ths  Green  function  studied  in  Section  6  is  of 
universal  importance.  The  polynomial  approxi¬ 
mations  derived  here  for  the  "double-integral" 
component  may  be  extended  to  the  most  general 
caae  where  the  transverse  coordinate  is  non¬ 
zero,  and  thia  should  greatly  facilitate  the 
evaluation  of  what  has  been  regarded  tradi¬ 
tionally  as  the  most  difficult  part  of  the 
steady-ttate  source  potential.  Further  anal¬ 
ysis  is  required  to  provide  an  accurate  and 
efficient  scheme  for  evalusting  the  remaining 
single  integral  in  the  vicinity  of  the  ship's 
track  on  the  free  surface,  and  for  filtering 
the  short  diverging  waves  which  cause  the 
singularity  on  thia  track  in  a  manner  com¬ 
mensurate  with  the  overall  computations.  One 
poaeible  technique  to  provide  thia  filtering 
is  described  in  Section  7. 
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"THE  EVALUATION  OF  FREE-SURrACE  GREEN  FUNCTIC  ' 


DISCUSSION 

"A  Method  for  the  Rapid  Evaluation  of  Free- 
Surface  Green  Functions" 
bv  F.  Noblesse 

I  wholeheartedly  support  Professor 
Newman's  comments  with  regard  to  the  utility 
of  efficient  and  accurate  methods  for  eva¬ 
luating  the  most  usual  Green  functions  for 
f ree-surf ace  flows,  and  I  wish  to  congratulate 
him  on  his  efforts  toward  Che  development  of 
such  a  library  of  subroutines.  I  hope  these 
subroutines  will  he  published  in  the  open 
literature  so  that  they  can  be  used  by  anyone 
in  the  ship  hydrodynamics  community. 

I  have  also  tried  to  work  in  tne  same 
direction  for  several  3'ears.  In  particular, 

I  would  like  to  mention  here  a  Fortran 
subroutine,  developed  by  John  Telste  and  myself 
at  DTNSRDC,  for  calculating  the  Green  function, 
and  its  gradient,  for  the  car-  of  water  wave 
radiation  and  diffraction  at  zero  forward 
speed  [1].  The  subroutine  is  mostly  based  on 
the  use  of  the  four  complementary  aeries  e  n- 
sions  obtained  In  (2].  More  precisely,  tlw 
domain  of  defin., tion  of  the  Green  function  is 
divided  into  five  subdomains  in  whlc’'  'e  use  an 
asymptotic  expansion,  a  uniforraiy-co.  \rergent 
ascending  series,  two  complementary  Vaylor 
series  niout  the  horizontal  and  vertical  coor¬ 
dinate  axes,  and  a  numerical  approximation  in  a 
central  domain  where  none  of  these  four  series 
expansions  is  useful.  This  method  permits  the 
Green  function  and  its  gradient  to  be  evaluated 
with  an  absolute  error  no  larger  than  10"^ 
quite  efficiently.  I'peci. J cally,  Che  computing 
time  for  any  one  subroutine  call  has  been  found 
to  vary  between  about  20  and  60  microseconds  on 
a  GDC  CiBER  176  computer. 

However,  it  should  be  noted  that  this 
method  for  evaluating  the  diffraction-radiation 
Green  function  (or  other  free-surface  Green 
functions),  which  is  based  on  the  use  of 
various  series  expansions  or  polynomial 
approximations  valid  in  complementary  domains 
as  was  already  noted.  Is  ill-suited  to  vec- 
tofization.  This  shortcoming  is  circumvented 
in  the  alternative  method  outlined  in  [3]  for 
the  Green  function  of  steady  flow  about  a  ship 
in  forward  motion  in  calm  water.  This  alter¬ 
native  method  is  explained  here  for  the  case  of 
dlf fractlon-iadiatlon  in  infinite  depth  and  at 
zero  forward  speed. 

Equation  10  in  [1]  expresses  the  diffrac¬ 
tion-radiation  Green  function  in  the  form 

4nG  -  “(l/r+l/r^  )-2fNo-2itf  (Eo(h)+iJo(h)lexp(v). 

The  gradient  of  the  Green  function  is  expressed 
in  equations  10a, b  in  [1]  in  a  similar  form. 

The  singular  terras  (l/r  t  l/r")  correspond  to 
the  IJ^mlting  c-'se  when  the  frequency  parameter 
f  “  w  L/g  takes  the  value  zero  and  the  free 


surfscp  cts  Ifke  a  rigid  wall.  The  terms 
(Eo(h)+  -•  (h)]exp(v),  where  Jq  is  the  usual 
Bessel  function  and  Eg  is  the  Weber  function 
that  is  closely  related  tc.  the  Struve  function 
Hg  defined  in  [4],  represent  circular  surface 
waves  propagating  away  fijm  the  pulsating 
singularity.  The  wave  functions  Eg,  Jg  and 
the  closely  related  functions  Ej ,  Jj  involved 
in  the  expression  for  VG  are  everywhere  con¬ 
tinuous,  as  is  shown  in  figure  3  in  [1],  and 
in  fact  are  infinitely  d- fferentiable. 
Furthermore,  the  functions  Jg,  Jj^,  Eg,  Ej  can 
readily  be  evaluated  numerically  [5],  Our 
task  therefore  consists  in  evaluating  the 
nonoscillatory  near-field  terra  Ng  and  the 
simil.ir  term  Nj  involved  In  the  expression  for 
VG.  The  functions  Ng  and  Nj  are  depicted  in 
figures  2a, b  in  [1).  An  essential  feature  of 
the  near-field  terms  Ng  and  Nj  are  that  they 
are  nonoscillatory,  unlike  the  oscillatory 
terms 

Rg(h,v',"'Ng(h,v)+TiEg(h)exp(v)  and 
Rl(h,v)“Nj  (h,v)+iiEi  (h)exp(v) 

which  are  evaluated  in  the  Fortran  subroutine 
given  in  ( 1 ] . 

The  functions  Ng  and  N^  are  singular  at 
the  origin  d  *  (h^+v2)V2  «  g,  as  may  be  seen 
from  figures  2a, b  In  [1].  More  precisely, 
equations  9a, b  and  equations  21  and  26  in  [1) 
yield  the  following  first  few  terms  in  the 
ascending  series  of  the  functions  Ng  and  Ni 
about  the  origin  d  ••  0: 

Ng  a  -(l+v)ln(d-v)+ln(2)-'(' 

Ni  a  h(l+d)/d(d-v)-2-(h/2)(l+v)ln(Q-v), 

where  terms  C(d2lnd)  and  O'd)  have  been 
neglected.  For  large  values  of  d,  equations 
98, b  and  equjtlc  > ,  19a, b  and  2Ga,b  In  [1) 
yield  the  following  first  terms  In  the  asymp¬ 
totic  expansions  of  the  funrtlona  Ng  and  Nj 
about  the  point  at  Infinity  d  »  »> : 

Ng  a  -l/d+?hexp(v)/(  1+h-^) , 

Nj  a  -h/d3-f2h3xp(v)/(l+h^). 

The  method  explained  in  [31  reiles  on  the 
use  of  a  simple  cumpoelte  analytical  approxi- 
rancloi  ased  on  the  foregoing  analytical 
approximations  about  the  points  d  0  and 
t!  “  “.  More  precisely,  the  simple  analytical 
approximations  Ng*  and  Nj*  defined  by 

(l+d2)Ng®“-! In(d-v) 1 / (l-v)+[ ln(2)-Y ) 

-d{  l-2dhlex?(v) ] /(l+h^)} 

(l+d'*)Ni“-  h(l+d)/d(d-v)-2-h(ln(d-v)l/2(i-v) 
-hd( l-2d3h(exp(v) )/(l+h3)) 

yield  the  previously-given  approximations  as 
d*0  and  d+«*.  'lore  refined  analytical 
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approxlmatio::.-.  and  Nj®  can  obviously  be 
defined.  The  nain  purpose  for  defining  the 
analytical  approximations  Ng®  and  is 
that  the  functions  Ng  and  Nj  may  now  be 
expressed  in  the  form 

Nq  “  N’o^  a  d  N|  °  N^®  + 

where  the  remainders  '.nd  are  every¬ 

where  continuous  and,  in  particular  vanish 
both  as  d+0  and  as  d-^«.  Specif icallyi  the 
functions  and  are  0(d)  as  d+0,  whereas 
we  have  =  0(l/d^)  and  N’^=0(l/d^)  as  d+“. 
The  functions  Nq^  and  may  be  expressed 
in  the  fora 

Nq^  =■  3Aod/6n[i:+d3/'^g^J->-Rg/(  1+d) , 

=  4A^d/6 ^ [3+d^/ 5 ^^1+Rj / ( l+d^ i , 

where  the  first  tenns  on  the  right  sides  of 
these  two  expressions  are  made  to  provide 
rough  approxinatlons  to  the  functions  Ng’^  rnd 
Ni*-  by  properly  selecting  the  functions 
Ag(h/d),Ai(h/d),6g(h/d),6i(h/d).  In  this 
manner,  the  remainders  Rg(h,v)  .ind  R^(h,v)  are 
fairly  smell  for  all  values  of  b  and  v.  The 
change  of  variables  p  =  (d-l)/(d+i)  and  a  = 
(d+2v)/d  maps  the  infinite  domain  0  <  h  <  ■»,  0 
>  V  P  -  “  into  the  square  “l<p<l,  -l<a< 
1,  The  remainders  Rg  and  R^  can  now  be 
approximated  by  means  of  a  single  approuima- 
tlon  within  the  square  -1  <  p  <  1,  -1  <  a  •:  1, 
for  instance  by  using  the  classical  Cbebyshev 
approximation 

^  In,n  ^nn 

which  Professor  Newman  has  used  in  his  paper. 
The  practical  usefulness  of  the  method 
explained  in  Che  foregoing  evidently  depends  on 
Che  numbet  of  terms  in  Che  Cbebyshev  series 
that  are  requited  for  approximating  the  remain¬ 
ders  Rg  and  Rj ,  which  clearly  depends  on  how 
smooth  the  functions  Rg(p,a)  and  Rj^(p,a)  are. 
The  smoothness  of  the  functions  Rg  and  Rj  can 
ho  adjusted  by  properly  selecting  the  analyti¬ 
cal  approximations  Ng®  and  Nj®,  chat  Is  by 
retaining  just  the  appropriate  number  of  terms 
In  the  expansions  of  Che  functions  Mg  and  Ni 
about  the  points  d  "  0  and  d  “  In  par- 
Clculiir,  It  clearly  is  less  crucial  to  Incor¬ 
porate  the  far-fleld  behavior  of  the  funorUas 
Ng  and  into  the  unalyticiil  approxioat ton« 

Ng®  and  Nj®  than  Co  Incorporate  their  near- 
field  behavior  .since  the  functions  Ng  and 
.are  singular  as  d-*!!  but  vanish  as  ti***  (see 
flgure.s  2a, b  In  (ll). 

The  ta’thod  outlined  in  (31  for  the 
staady-ahip-w.avo  Cnen  function  and  explnlued 
In  more  detail  above  for  the  diffraction- 
radiation  Green  function  m;iy  be  applied  to 
other  free-surface  Gioon  functions.  Sriufly, 
the  method  consists  In  the  following  steps;  (1) 
seek  Integral  representations  In  wliich  the 
Green  function  Is  axprossud  as  the  sun  of  a 
nonosclllatory  near-ficld  disturbance  and  a 
W.1V0  disturbance;  It  should  be  noted  In  this 
respect  Chat  various  intcgril  representations 
can  be  used  but  that  they  are  not  all  equally 
useful,  as  Is  discussed  In  (6,2!:  (11)  the 
first  few  ter»8  In  the  ascending  series  about 


the  singular  point  at  the  origin  and  in  the 
ff-r-fleld  asymptotic  expansion  must  then  be 
obtained  for  the  nonosclllatory  near-field 
disturbance,  as  in  [7,3,2]:  (ill)  these  few 
ter.as  in  the  series  expansions  for  small  and 
larse  values  of  the  arguments  can  then  be  used 
for  building  a  single  composite  analytical 
approximation  to  the  nonosclllatory  near-field 
term  in  the  Green  function,  in  the  manner 
explained  in  the  foregoing:  (iv)  the  remainder 
terms  must  finally  he  approximated,  for 
instance  by  using  truncated  Cbebyshev  series, 
after  mapping  cbe  Infinite  flow  domain  onto  a 
finite  domain. 

The  V9  -e  disturbance  in  the  expression  for 
the  Green  function  must  be  treated  separately 
from  the  nonosclllatory  near-field  term.  The 
wave  disturbance  for  the  diffraction-radiation 
Green  function  is  particularly  simple,  as  was 
already  noted.  The  wave  term  in  the  steady- 
ship-wave  Green  function  is  considerably  more 
complex,  although  in  the  special  case  con¬ 
sidered  by  Professor  Newman  in  his  study 
relatively-simple  series  representations  have 
been  obtained  (9).  In  the  general  case, 
however,  it  seems  preferable  to  treat  the  wave 
term  in  the  steady-ship-wave  Green  function  in 
the  indirect  manner  explained  in  [10], 
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Author's  Reply 

Dr.  Noblesse  emphasizes  the  importance  of 
distinguishing  between  non-radiating  near¬ 
field  terms  and  radiating  wavelike  terms  in 
the  various  free-surface  Green  functions.  For 
the  oscillatory  stationary  source  (Section 
2-3)  this  is  clearly  the  case  when  computa¬ 
tions  are  performed  for  field  points  rela¬ 
tively  far  from  the  source;  the  decomposition 
in  (16)  -"s  an  example  of  this  strategy.  For 
the  same  Oreen  function  in  the  near  field, 
however,  it  is  preferable  in  my  view  to  evalu¬ 
ate  both  components  together.  (Indeed,  when  X 
is  small  the  decomposition  in  Equation  (16)  is 
clearly  undesirable  due  to  the  equal  and  oppo¬ 
site  logarithmic  singularities  of  the  two 
components.)  For  the  wave-resistance  Green 
function,  on  the  other  hand,  the  very  different 
forms  and  numerical  problems  associated  with  the 
wavelike  (single)  and  iiear-field  (double) 
integrals  suggests  that  they  should  be  treated 
with  relative  ease,  using  the  polynomial  coef¬ 
ficients  in  Tables  5  and  6  for  points  on  the 
centerplane.  (Generrl izations  of  this  approach 
to  field  points  off  the  centerplane  have  been 
completed,  and  will  be  submitted  for  publica¬ 
tion  in  the  Journal  of  ship  Research. 

Typically,  the  evaluation  of  the  double  integral 
for  arbitrary  field  points  with  an  accuracy  of 
5  or  6  decimals  requires  about  200  floating 
point  multiplications  and  additions). 

DISCUSSION 
by  by  G.  McKee 

Have  you  considered  using  rational  func¬ 
tion  approximations  instead  of  polynomials. 

They  are  also  quick  to  evaluate  and  can 
approximate  singularities. 

.Author's  Reply 

In  reply  to  the  question  by  Dr.  McKee 
regarding  rational-fraction  approximations,  I 
have  found  these  to  be  very  useful  for  func¬ 
tions  of  a  single  variable,  although  somewhat 
laborious  to  compute  with  minimax  sccurecy. 

An  example  is  noted  at  the  end  of  Section  2.3, 
for  the  exponential  integral  Ei(-x),  with  the 
results  tabulated  in  Reference  4.  Reference 
18  includes  several  approximations  of  this 
type  which  are  particularly  efficient  for  com¬ 
putations  of  the  Bessel  and  Struve  functions 
in  the  evaluation  of  the  infinite-depth  oscil¬ 
latory  source  potential.  The  extension  of 
such  methods  to  functions  of  several  variables 
is  a  challenging  task,  which  I  have  not 
studied. 

DISCUSSION 
by  B.  Yim 

The  numerical  evalui^'.  ■  of  the  Green 
function  is  one  of  the  mosv  .unortant  and  use¬ 
ful  efforts  in  numerical  ship  hydrodynamics. 

In  this  sense,  the  author  should  be  commended 
for  his  excellent  work  in  this  area.  One  thing 
I  would  like  to  mention  is  the  singular  behavior 


of  the  Green  function  near  the  free  surface. 
For  example,  a  point  source  or  a  point  doublet 
located  on  the  free  surface  in  a  uniform  flow 
has  infinite  wave  resistance.  Therefore  it 
may  be  tempting  to  locate  it  slightly  weneath 
the  free  surface  to  have  a  finite  value. 
However,  because  of  the  singular  behavior  of 
these  singularities  near  the  free  surface,  one 
can  obtain  any  resultant  value  of  physical 
quantities  desired  by  adjusting  the  submer¬ 
gence  and  the  strength  of  singularities.  This 
could  give  false  satisfaction 

Author's  Reply 

Dr.  Yim's  discussion  emphasizes  the  sin¬ 
gularity  of  the  wave-resistance  Green  function 
when  the  source  and  field  points  are  in  the 
free  surface.  The  fundamentally  correct 
approach  to  this  difficulty  is  to  use  a  con¬ 
tinuous  distribution  of  singularities  over  the 
hull  surface  in  proximity  to  the  free  surface. 
A  more  common  numerica,  approach  is  to  sub¬ 
merge  the  point  source  and  dipole  beneath  the 
free  surface,  e.g.  at  the  centroid  of  each 
panel.  The  proposal  ’n  the  final  paragraph  of 
Section  7  is  put  forth  as  an  alternative 
approach  with  somewhat  greater  rationality. 

Two  possibilities  may  exist  to  adopt  the  con¬ 
tinuous  distribtuion:  (1)  to  extract  the  ana¬ 
lytical  form  of  the  singularity  and  integrate 
this  over  the  relevant  panels;  and  (2)  to 
integrate  the  Green  function  analytically  over 
the  panel,  prior  to  the  evaluation  of  the 
integral  representation  (in  effect,  inter¬ 
changing  the  orders  of  integration).  The 
first  possibility  is  more  attractive,  and  fol¬ 
lows  the  simpler  analogy  of  dealing  with  the 
fundamental  Rankine  singularity  on  a  panel  in 
the  manner  of  Hess  and  Smith.  In  zero-speed 
radiation/diffraction  problems  we  have  adopted 
the  same  procedure  to  accommodate  the  loga¬ 
rithmic  singularity  in  the  oscillatory  Green 
function  (Breit,  ut  a1,  1986).  However,  fur¬ 
ther  i>,-;?lysis  is  required  to  determine  the 
analytic  toi  m  of  the  singularity  in  the  single 
integral  of  (36),  before  this  procedure  can  be 
implemented  for  the  wave-resistance  problem. 

Additional  Reference: 

Breit,  S.R.,  Newman,  J.N.  and  Sclavounos, 

P.D.,  "A  new  generation  of  panel  programs  for 
radiation/  diffraction  problems",  Proc.  4th 
Inti.  Conf.  on  Behaviour  of  Offshore 
Structures  (BOSS  86),  Delft,  The  Netherlands, 
July  1-6,  1986,  pp.  531-644. 

DISCUSSION 
by  K.  Eggers 

Entering  the  adventure  of  evaluating  such 
analytical  experiments,  one  may  find  relief  if 
agreement  is  found  with  alternative  formula¬ 
tions  not  obviously  equivalent.  On  the  other 
hand,  if  there  is  such  result  from  a  terse 
(though  ingenious)  analysis,  we  may  feel 
encouraged  to  work  out  a  more  detailed  deriva¬ 
tion  if  such  agreement  of  numerical  results 
has  been  observed. 
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It  is  from  this  aspect  that  I  would  like  to 
amplify  on  Prof.  Newman's  synoptical  represen¬ 
tation  and  to  call  attention  to  two  genuine 
single-integral  representations  of  the  Green- 
function  wave  part  for  the  case  of  an  oscilla¬ 
tory  source  in  steady  advance,  which  should 
contain  not  only  the  steady-state  case  but  even 
the  pure  oscillation  case  as  a  limit.  Thv 
have  independently  been  derived  by  Bessho  i.i 
Japan  (1964,  1977)  and  by  Siramgen  in  Germany 
(1968).  I  hope  that  it  was  inadvertently  that 
so  far  they  did  not  find  the  attention 
deserved. 

Simnigen  derived  his  3-D  solution  from  a  2-D 
analysis  for  dipoles  of  constant  moment  dis¬ 
tributed  over  straight  horizontal  lines  of  dif¬ 
ferent  orientation  against  the  x-axis,  making 
use  of  the  fact  that  the  3-D  Rankine  source 
may  be  representated  as  an  integral  average 
of  such  potentials  by  the  relation 
r./2 

1/r=Ini(  i/7t)  I  (X  cos  Q  +y  sin  8+iz)  'de 
-71/2 

From  classical  arguments  we  know  that  in 
order  that  the  Laplace  and  free  surface  equa¬ 
tions  should  be  satisfied  for  any  point,  the 
integrand  function  should  already  satisfy  these 
conditions  for  such  simple  integral.  However, 
due  to  splitting  off  1/r  and  1/r-|  an  in¬ 
homogeneous  free  surface  condition  has  to  be 
satisfied.  This  is  taken  care  of  by  the 
nccurance  of  a  variable  lower  limit  of  integra¬ 
tion,  ;orresponding  to 
a+i^  =  In  (x+r)-ln  f+i  arc  tan  y/t 


in  Bessho's  notation  for  the  steady  advance 
case,  I  would  like  to  emphasize  that  for  satis¬ 
fying  the  Laplace  equation  it  is  not  sufficient 
that  (A  0+ij3)  =0  everywhere  save  the  wake  line 
of  tne  source.  If,  in  addition,  the  scalar 
product  of  the  gradient  of  a  +  i^  with  that  of 
the  integrand  function  evaluated  there  would 
vanish,  this  will  be  sufficient. 

According  to  my  findings  (1976),  the  result 
of  Siramgen  differs  from  that  of  Bessho  by  a 
contour  integral  of  finite  extent  with  constant 
limits  of  integration  contributing  only  to  the 
representation  of  the  near  field. 

I  advocate  that  this  issue  should  be  attacked 
by  younger  members  of  our  community  endowed 
with  the  necessary  capacity  of  brainpower.  As 
far  as  I  can  see,  the  conventional  far  field 
integrals  can  easily  be  extracted.  The  near 
field  then  is  represented  by  contour  integrals 
of  I'inite  extent,  independent  from  path  selec¬ 
ted;  if  we  expend  the  integrand  (an  entire 
function)  in  a  Taylor  senes,  we  may 
intergrate  termwise  and  obtain  a  near  field 
expansion  in  the  vicinity  of  the  source  which  I 
feel  will  be  in  accord  with  the  pioneering  fin¬ 
dings  of  F.  Noblesse. 
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Author's  Reply 

Professor  Eggers  has  corrected  my  over¬ 
sight  in  regard  to  the  remarkable  studies  by 
Bessho  and  Simmgen,  which  have  been  further 
advanced  by  Professors  Eggers  and  also  by 
Ursell  (IMA  J1.  of  Appl.  Math.,  32,  1984). 

In  addition  to  his  derivation  of  expressions 
for  the  forward-speed  Green  functions  in  terms 
of  single  integrals  alone,  Bessho  (1964,  equa¬ 
tion  4.2)  also  presents  an  effective  Neumann 
series  expansion  for  the  single  integral. 
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Abstract 

In  this  paper  the  problem  of  a  ship  advanc¬ 
ing  in  waves  will  be  addressed.  Tlie  mathemati¬ 
cal  formulation  of  the  problem  wi.ll  be  given. 
The  solution  of  the  problem  will  be  presented 
for  low  to  moderate  forward  speeds.  In  this 
case  the  Green's  function  of  an  oscillating 
translating  source  can  be  approximated  using 
the  Green's  function  of  an  oscillating  source 
at  zero  forward  speed.  Results  are  presented 
for  Che  comparison  of  the  exact  Green’s  func¬ 
tion  at  low  forward  speed  and  the  zero  speed 
Green's  function.  For  the  validation  of  the 
presented  algorithm  a  comparison  was  made  be¬ 
tween  the  presented  procedure  and  the  results 
from  computations  made  by  Ecole  Nationale 
Supgrieur  de  MScanique  of  Nantes  using  a  meth¬ 
od  developed  by  A.  Grekas  et  al.  For  the  com¬ 
putations  a  series  60  (block  .70)  ship  was 
used.  From  this  comparison  it  can  be  concluded 
that  the  correlation  between  these  two  pro¬ 
grams  is  quite  satisfactory. 

1.  Introduction 

In  the  last  decades  many  theories  have  been 
developed  to  compute  ship  motions.  Major  at¬ 
tention  is  directed  towards  thin  and  slender 
ships  sailing  at  forward  speed  in  waves.  An 
important  development  is  the  slender  body  ap¬ 
proximation  by  Newman  [  IS]  and  Newman  and  Tuck 
[  16]  .tor  both  zero  and  non-zero  forward  speed. 
Faltinsen  [7]  improved  the  formulation  of 
Ogilvle  and  Tuck  [  19]  and  obtained  results  in 
better  agreement  with  experiments.  The  unified 
ship  theory  introduced  by  Newman  [l7]  again 
gave  better  results  in  several  cases  and  is 
extended  by  several  authors. 

Meanwhile  some  very  powerful  programs  have 
been  developed  to  treat  the  zero  speed  case 
for  the  ship  motion,  without  any  geometrical 
simplifications. 


One  of  the  first  diffraction  programs, 
making  use  of  source  distributions  over  the 
actual  hull  was  reported  by  Van  Oortmerssen 
[21].  Since  Chen  several  similar  programs  have 
been  developed.  Some  care  is  needed  to  evalu¬ 
ate  the  pulsating  wave  source.  Newman  [is] 
reported  a  very  efficient  algorithm  for  the. 
computation  of  the  wave  source  at  zero  speed. 
The  Its  are  very  satisfactory.  The  avail¬ 
ability  of  the  diffraction  program  malces  it 
possible  to  calculate  Che  second  order  low 
frequency  wave  drift  force,  which  causes  low 
frequency  motions  at  the  natural  period  of 
moored  systems.  Pinkster  [  20]  shows  excellent 
agreement  of  Che  calculated  wave  drift  forces 
with  experiments.  An  unsolved  problem  is  still 
the  computation  of  the  motion  of  moored  ships 
especially  if  the  mooring  is  unstable.  Wlchers 
et  al.  [24]  also  reported  that  the  damping  at 
the  natural  periods  of  the  mooring  system  has 
Co  be  considered  carefully.  Careful  experi¬ 
ments  showed  that  a  large  part  of  the  damping 
at  these  natural  periods  could  be  contributed 
to  the  velocity  dependent  wave  drift  forces. 

In  other  words  a  version  of  the  diffraction 
program  must  be  developed  where  the  forward 
speed  effect  is  taken  into  account.  This  can 
be  done  in  principle  by  changing  the  wave 
source  function  into  the  pulsating  translating 
wave  source  function  and  by  taking  into  ac¬ 
count  certain  line  integrals.  This  approach 
has  been  attempted  by  Bougis  [  l] ,  Chang  [4] 
and  Inglls  and  Price  [l2].  Until  now  this  ap¬ 
proach  is  not  generally  applicable.  The  compu¬ 
tations  are  time  consuming  and  not  very  accu¬ 
rate  in  the  general  case.  An  approximative  way 
of  Incorporating  forward  speed  into  the  3-D 
ship  motion  problem  has  e.g.  been  presented  by 
Inglls  [11]  and  Huijsmans  et  al.  [ lO] .  For  the 
offshore  application  we  have  in  mind,  we  have 
to  deal  with  low  to  moderate  speeds  and  it  is 
expected  that  the  terra  linear  with  speed  leads 
to  the  correct  "damping"  if  the  speed  has  been 
taken  into  account  in  the  computation  of  the 
second  order  drift  force. 
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The  total  potential  function  will  be  split 
in  a  steady  and  a  non-steady  part  in  a  well 
known  way: 

$(x,t)  =  -Ux  +  itCx;!))  +  $(x,t;U)  (1.1) 

The  steady  problem  gives  rise  to  a  highly  non- 
uniform  problem  in  the  case  U  tends  to  zero  as 
has  been  shown  by  among  others  Hermans  [  9] , 
Brandsma  and  Hermans  [2j  and  Eggers  [s]  espe¬ 
cially  in  the  case  of  non-thin  and  non-slender 
ships.  On  the  other  hand  this  part  does  not 
contribute  to  the  pulsating  force  directly.  It 
plays  a  role  in  the  free  surface  condition. 
This  effect  is  taken  into  account  in  the  "par¬ 
abolic"  approach  of  Nestegard  and  Sclavounos 
[13]  and  Nestegard  [li]  in  the  case  of  slender 
ships.  We  do  not  take  this  effect  into  account 
and  neglect  the  contribution  of  ^(x;!!)  total¬ 
ly.  The  time  dependent  oscillatory  potential 
*(x,t;U)  will  be  written  as  a  source  distri¬ 
bution  along  the  hull  and  the  waterline  and  it 
will  be  expanded  with  respect  to  small  values 
of  U. 

Several  aspects  have  to  be  regarded.  First 
it  will  be  shown  that  the  pulsating  wave 
source  function  can  be  split  into  a  part  which 
can  be  expanded  regularly  in  a  power  aeries 
with  respect  to  the  small  velocity  while  the 
remainder  does  not  allow  a  regular  perturba¬ 
tion  series.  It  cannot  be  neglected  on  before¬ 
hand.  The  source  strength  is  also  expanded  as 
a  power  series  in  the  velocity  parameter  of 
which  the  first  two  terms  can  be  computed  with 
the  zero  speed  pulsating  source  distribution. 
We  shall  indicate  that  to  compute  higher  order 
terras  one  should  take  care  of  a  line  Integral 
and  of  the  non-uniform  part  of  the  asymptotic 
expansion  of  the  pulsating  translating  wave 
source.  We  restrict  ourselves  to  the  deep 
water  case.  The  theory  will  be  explained  for 
the  unit  motion  potential  where  the  motion  of 
the  ship  is  oscillatory  in  the  x-direction  and 
applied  to  a  more  general  case. 

2.  Mathematical  formulation 


The  problem  for  the  time  harmonic  potential 
4(x,t;U)  can  be  written  as: 

”  0  in  the  fluid  domain  (2.1) 


*tt  "2“  *tx  “^*xx  +  8  "  0  at  z=0  (2.2) 

(V5  .  n)  =  V(x)e"^“‘^  at  xES  (2.3) 

an  appropriate  radiation  condition. 

Where  V(x)  ■=■  n^^  if  the  ship  exhibits  a  unit 
oscillation  in  the  x-direction.  In  the  case  of 
wave  diffraction  and  motions  in  other  modes 
V(x)  is  defined  accordingly. 

We  assume  ^(xDt;!!)  to  be  oscillatory. 

5(x,t;U)  =  it>(x;U)  e  (2.4) 

The  free  surface  condition  (2.2)  results 
in: 

2  2 

-0)  $  +  2i<i)Uij>^+  U  g  it>^  ”  0  at  z'^O 

and  the  condition  on  the  hull; 

(V^  .  n)  “  V(x) 

Brard  [3]  applies  Green's  theorem  to  a 
problem  in  Inside  S  and  to  the  problem  in 
Dg  outside  S  where  S  is  the  ship's  hull.  In 
this  way  it  can  be  shown  that  the  problem  can 
be  described  by  means  of  a  source  and  vortex 
distribution. 

We  assume  that  a  Green's  function  G(x,5)  is 
known,  satisfying  the  Laplace  equation,  a 
suitable  radiation  condition  and  the  adjoint 
free  surface  condition. 

-ui^G  -  2iu)UG^  +  U^G^^  +  gG^  =  0  at  z=0  (2.5) 

This  Green's  function  has  the  form: 

&(x,C;U)  »  -7  +  7--  iKx,5:U)  (2.6) 

1 

where  r  =  |x“ll  and  rj  =  |x-5'l  ,  where  5'  is 

the  image  of  5  with  respect  to  the  free  sur¬ 
face.  The  function  'J<(x, 5 )  shall  be  specified 
later  on.  We  define  ij>g  as  the  potential  in  x  £ 
Dg  and  as  the  potential  in  x  6  and  apply 
Green's  theorem  in  on  S  anJ  in  respec¬ 
tively.  We  obtain  for  'fg(x;U)  ■ 

S  c  Q 

-  2i~  I  ♦  (O  G(x,?)dn  +  -^  /  • 

^  c  “  ®  c 

•  It  W  " 

“  (  2it  ,  X  £  S  (2.7) 

(  0  ,  X  € 

and  for  ^j^(x;U)  «  '('^^(x)  : 
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//  [*.(5)  G(x,?)  -  G(x.?)  ♦^(i)]cl  S  + 

S  e  e 

2 

+  21  /  ij.  (?)  G(x.?)dn  -  f-  /  • 

•  G(x,?)  -  G(x.?)  ♦^(i)]dn  - 

0  ,  X  e 

2x  ,  X  €  S  (2.8) 

4x  ,  X  € 

where  c  is  the  waterline. 

We  consider  x  €  D  and  ,8dd  (2.7)  and  (2.8) 
while  we  write  ~^e  “  'J’>  w®  then  obtain: 

4x  (j>^  =  //  ^(?)  G(x,5)  d  + 

-  j7  G(x.i)  ki)  d  Sg  + 

s 

+  21—/  ♦(?)  G(x,0  dn  + 

2  ^ 

-  ^  /  ki)  It  g(x,?)  dn  + 

2 

+  -^  f  G(x,?)  ko  dn  (2.9) 

8  ^  -  -  35  - 


-2x  0(x)  +  //  a(p  G(x,|)  d  + 
S  X 


+ —  /  G(x,?)dn  “  4x  V(x)  for  x6S 

(2.11) 

while  ij>g  is  given  ly  (2.10)  with  Y(?)  -  0.  If 
we  wish  to  calculate  ifg  up  to  order  U  the  last 
integral  In  (2.10)  and  the  second  integral  In 
(2.11)  can  be  neglected.  We  then  obtain: 

4.(x;U)  -^//  o(i;U)  G(x,?;U)dS^,  x6D^  (2.12) 

and: 

-ioClSiU)  +  XT  //  XT  G(x.5;U)dS  - 


v(x),  xes 


(2.13) 


Uui 


We  consider  the  case  where  t  «  —  «  1  in 
Section  4  it  will  be  shown  that  a  an§  can  be 
expanded  with  respect  to  t  as  follows: 

o(x;U)  -  +  c’(x;U) 

4>(x;U)  »  ♦qCis)  +  ■'♦^(x)  +  ♦(x;U)  (2.14) 

where  0  and  are  O(t^)  as  t+0  while  G(x,?;U) 
has  to  be  created  less  trivial  as  shall  be 
shown  in  the  next  section. 


The  potential  1(1  may  be  considered  as  a 
source  and  dipole  cfiscribution  along  the  hull 
and  Che  waterline: 

a(C’)  -  ki')  and  Y(?’)  -  -^(V) 

together  with  the  notations: 

aj.«co8(0x,t),  a^«co8  (0x,T),  ajj«cos(0x,n) 

where  n  is  the  noraal  and  t  the  tangent  to  the 
waterline  and  T  «  t  x  n  the  blnormal.  We  ob¬ 
tain: 

“  h  '  ^  h* 

s  s 

-  21  ^  /  y(5)  G(x,5) 


3.  The  Green’s  function 

In  this  section  we  present  an  asymptotic 
expansion  of  the  Green's  function  G(x,£;U)  for 

T  •  —  «  1  and  V  ■  »  1 . 

This  can  be  obtained  by  means  of  constant 
frequency  u  and  constant  length  scale  L  for  U 
*  0.  For  convenience  sake  we  chose  L"1  hence, 

V  •  »  1 . 

The  Green's  function  follows  from  the 
source  function  presented  in  Wchausen  et  al. 
[23].  With  the  notation  (2.6)  wo  obtain  for  t 

<  i: 


(3.1) 


4x  <1 

0 

4« 


c 

X  t  D 

e 

X  €  D, 


+ 

G(x,t;U) 

- 

"  7 

*  «(x,i;U) 

1 

IX 

-  ('(x.i;!!) 

C(x,?)  dn 

with: 

7  ’■/* 

-  la  f 

t  J 

•(-(x.ClU) 

dO  /  dk  K(0,k)  + 

(2.10) 

0 

S 

*1^  / 

d0  /  dk  F(0,k) 

It  is  clear  that  with  the  choice  Y(?)  •  0 
the  integral  along  the  waterline  gives  no 
contribution  to  the  solution  up  to  order  U. 
Hence,  for  our  purpose  a  source  distribution 
is  the  appropriate  choice.  The  source  strength 
o(£)  is  a  solution  of  the  integral  equation: 


»/2 

when: 

F(8,k)  - 

^  k  expik[ g+t+l(x-?)  coaSl)  coaik(y-n)  ainO) 
gk  -  (<a+kU  cosO)^ 

(3.2) 
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Figure  2.  Contours  Lj  and  L2 


These  contours  are  chosen  such  that  the 
radiation  conditions  are  satisfied.  The  waves 
are  outgoing.  The  values  are  the  poles  of 
F(e,k). 


1  -  /l  -  4t  cosO 
2  T  cos  0 


1  +  /I  -  4  T  COO0 
-  10 

2  T  COS0 


For  small  values  of  t  these  poles  behave  as 
follows : 


/ gkj  ,  / gkj  (1)  +  0(t)  as  T+0  (3.3) 

7-^+  0(1)  as  t-K)  (3.4) 

The  behaviour  in  (3.3)  gives  rise  to  a  regular 
perturbation  series  with  respect  to  r.  In  con¬ 
trast,  (3.4)  originates  a  highly  oscillating 
contribution  which  gives  rise  to  e  non-uniform 
expansion.  However,  the  position  of  the  last 
two  poles  moves  to  infinity.  Therefore  it  can 
be  treated  separately.  If  t+0  the  contours  Lj 
and  become  the  same. 


Figure  3.  The  contours  Lj  and  L2  ^*0 

We  may  take  L  on  L.*  if  appropriate.  Ua 
write: 

F(0,k)  -  E(0.k)  - - r 

gk  -  (u+kUcos0)^ 

-  E(0,k)l— ^  +  — — °"||  +  O(t^),  as  T+0 
gk-sa  (gk-u^) 

where: 

E(0,k)  - 

k  CKp(k[  2+<+l(s-^  )cosO] )  co«(  k(y-n)8ln0| 
and  with  «(x,i;U)  »  '('^(x.S)  +  T\fj(x,p  +  .... 


-  2g  /  — - ^  J„(kB)dk  (3.5) 

L  gk-u^ 

4',(x,€)  =  /  d0  /  kcos0  - 

0  L*  (gk-m^)^ 

=  4ig^  COS0’  /  J,(kR)dk 

L*  (gk-m^)^ 

(3.6) 

where:  =  (x-S)^+(y-Ti)^  and  0'  “  arctg['^^) 

Expression  (3.5)  in  (3.1)  gives  the  pulsat¬ 
ing  source  function,  which  can  be  calculated 
with  the  algorithm  Fingreen,  see  Newman  [is]. 
Expression  (3.6)  is  a  correction  for  small 
values  of  T.  It  will  be  clear  that  one  should 
operate  carefully.  The  second  order  singulari¬ 
ty  needs  special  care.  With  the  help  of  Sonine 
Integrals  and  some  analytic  manipulations  it 
can  be  computed  with  the  help  of  Fingreen  just 
as  well.  In  this  way  a  series  expansion  of  the 
Green's  function  has  been  obtained.  However, 
the  poles  at  infinity  cause  trouble.  The  poles 
k2  and  k^  can  be  combined  for  large  values  of 
V  »  We  write: 

i|'(x,C:U)  -  :(’q(x,0  +  T'|'j(x,£)  +  ... 

v"^*j(x,p  +  ...  (3.7) 

and  find: 

'l'n(x,6)  ■  -4v  /  cxp( v(r+t; )sec‘'0)  * 

^  ~  ~  0 

*  sln[v(x-6)  secO]  . 

*  cos[v(y-n)  sln0  sec*’©]  sec^O  d0  (3.8) 

Expression  (3.8)  in  (3.1)  gives  the 
translating  source  function  in  still  water 
(sec  equation  13.36  of  Wchauaon  and  hnitonc 
[23]).  This  term  is  highly  oscillating  and  the 
amplitude  becomes  infinite  at  first  sight.  In 
caking  a  perturbation  expansion  of  (2.13)  it 
generates  a  Kelvin  pattern  related  to  the  os¬ 
cillating  source  strength.  Because  of  this 
oscillating  behaviour  it  gives  contribution  to 
(2.14)  of  O(t^)  as  T+0  and  can  be  disregarded 
in  our  analysis.  In  the  appendix  this  is  ex¬ 
plained  for  thin  ships.  For  other  ship  forms 
the  situation  is  more  conplos  and  the  problem 
is  related  to  the  low  Froude  number  theories, 
SCO  Brandsoa  and  Hermans  and  Eggers. 


4.  Expansion  of  the  source  strength 

In  this  section  an  approximate  solution  of 
(2.13)  will  be  derived.  Inserting  (2.14)  and 
(3.7)  in  (2.13)  one  obtains; 

-i(Oo  +  TOj  +  a)  +  -i;-  //  (Oq  +  TO^  +  a)  * 

s 

* v"^ii!^+,.0cts^  »  V(x)  (4.1) 
“x 

where  Gq  ”  G  -  i^g 

In  the  appendix  it  Is  shown,  for  thin 
ships,  that  in  the  case^that  are  regular 

functions  the  functions  do  not  lead  to  a 
contribution  to  the  source  strength.  Hence,  we 
obtain  for  the  unknown  functions  o^: 

S  X 

and: 

-i<»i(x)  °i(i)  - 

S  X 

S  X 

where  Gq(x,5)  is  the  zero  speed  pulsating  wave 
source. 

This  perturbation  approach  leads  to  a  fast 
algorithm  to  take  into  account  speed  effects 
once  a  fast  method  is  available  for  the  zero 
speed  diffraction  problem.  At  MARIN  the  dif¬ 
fraction  program  has  been  extended  with  the 
Flnngreen  subroutines  of  Newman.  The  diffrac¬ 
tion  program  has  been  adjusted  to  compute  the 
right-hand  side  of  (4.3)  Just  as  well. 

The  potential  functions  (2.14)  now  become: 

^0^5^  “  ir 

"  "  iiT  +  (4.4) 


Once  the  potentials 

known,  the  pressure  from  the  llnearlzef  Ber¬ 
noulli  equation  can  be  derived: 

p(x,t)  =  -P  1;^  ?(x,t)  -  PU  ?(x,t)  (4.5) 

also  defining: 

p(x,t)  -  Pg(x,t)  +  T  pj(x,t)  gives: 


9  " 

Pg(x,t)  »  -p  ■^i(>Q(x,t)  and 

(4.6) 

9  —  9  — 

Pj(x,t)  "  -p  '!'j(x,t)  -  PU 

Integration  of  the  pressure  over  the  mean 
wetted  surface  results  in  the  hydrodynamic 
reaction  force: 


Substitution 

delivers: 


n,  ds 
k 

of  the  pressure  expansion  (4.6) 


\ 


■  -J  Pi  •  "k 

with: 


For  the  unit  motion  in  the  J-mode  one  is 
now  able  to  write  the  added  mass  and  damping 
coefficients: 


-im  -  imag  , 

with  similar  definitions  for  a^^^  and  4j^* 

F(j .  is  the  reaction  force  in  the  k-mode  due 
to  a  unit  oscillatory  motion  in  the  J-th  mode. 


5.  Computations 


S 


It  can  \>Q  shown  (appendix)  chat  the  Integral 


1 


contributes  to  the  terra  proportional  to  —  • 

1!^ 

— .  Hence,  for  saall  values  of  U  the  source 


strength  is  Ivardly  influenced  by  the  Kelvin 
part,  whereas  the  potential  func;tion  is  in¬ 
fluenced  in  the  taro.  Theeo  terras  will 

bo  neglected  together  with  U^,  the  contribu¬ 
tion  of  the  Integral  along  the  waterline.  For 
the  offihore  application  we  have  in  alnd  the 
linear  correction  ceraa  aufflce. 


In  order  to  evaluate  the  practicability  of 
the  proposed  Green's  function  (3.5)  and  (3.6), 
calculations  have  boon  made  on  the  one  hand 
using  an  adapted  version  of  the  Flngreen  algo¬ 
rithm  and  on  the  other  hand  using  standard 
IHSl.  subroutines.  We  are  able  to  transform  the 
expression  of  in  (3.6)  Into  an  expression 
which  only  contains  derivatives  of  ’^q.  The 
term  ("g  in  (3.5)  and  also  pj  in  (3,6)  can  chon 
be  evaluated  using  Plngroon.  The  function 
has  also  boon  computed  using  standard  IMSL 
subroutines.  However,  care  oust  be  taken  for 
largo  values  of  R,  the  horizontal  distance,  in 
the  calculation  of  expreaalon  (3.6).  A  trans¬ 
formation  In  the  complex  plane  gives  an  equi¬ 
valent  expression  for  pj,  which  yields: 
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»  k^  K  (kR) 

“-  /  ■  o  ■  ,  [2kk.  co8k(z+C)  + 

”0  (k^  +  kj) 

+  (kg  -  k^)  8ink(z+C)]dk  + 

+  2iii*  (residue  of  (3.6)  in  k=kQ)  (5.1) 

Table  1  displays  for  a  few  values  of  R  in 
z+C  the  results  of  Fingreen  and  the  results  of 
IMSL  subroutines  for  the  expression  (3.6)  and 
(5.1).  The  accuracy  of  the  Fingreen  results 
amount  to  approximately  5  significant  figures. 
The  computer  time  needed  for  the  evaluation 
(3.6)  and  (5.1)  using  IMSL  subroutines  was  ap¬ 
proximately  100  to  500  times  larger  than  the 
time  needed  using  an  adapted  version  of  the 
Fingreen  subroutine. 

Table  1.  Results  of  computations  for 


2-K  -  -1.0  ,  ky  -  0.2 


R 

O.Ol 

0.1 

n.5 

2,0 

lO.O 

lOO.O 

FINGREEN 

.7142E-2 

.7100E-1 

.31171 

.50836 

-.4620) 

.14721 

IHSl  0,6) 
(i.l) 

.7142E-2 

.7100E-1 

.3116) 

,31171 

.50807 

.50836 

-.46165 

-.4620) 

.14721 

l*<,  •  -10. 0, 

.  ko  • 

R 

. .  '1 

O.l 

0.5 

2.0 

lO.O 

100.0 

FINGREEN 

.81^E-4 

.814E-) 

-,4076E-2 

-,16/6E-1 

-.9:3lE-l 

-.2)57E-2 

IKSL  (3.6) 
(5.1) 

.6l)E-4 

.SHE-) 

-.4071E-: 

-.I674r.-l 

-,1676E-1 

-.9:i6E-l 

-.«»2)lE-l 

-.2240E-: 

-.2)57E-2 

JK  •  -10. J.  ky  -  0.2 


K 

0.01 

0.1 

0.5 

3.0  lU.O 

lOO.O 

FINGREEN 

,ll8E-6 

.n8E-5 

-.5/5£-i 

-.12.'E-4  -.1097E* 

:  -.i;49E-2 

IHSl  0.6) 

-.M10E-5 

-.n,’K-4  -,10«9E- 

.*  -.1217E-; 

(5.1) 

- 

- 

- 

I097t- 

The 

dutches 

in  Table  1  indicate  that 

expres- 

slon  (3.6)  or 

(5.1) 

does 

not  result 

In  accu- 

rate  figures. 

The  computer  time  needed  for  the  calcu¬ 
lation  of  the  forward  speed  influence  was 
negligible  compared  with  Che  zero  speed  com¬ 
putations.  The  total  computer  tine  increases 
by  approximately  5*.  Once  these  forward  speed 
influence  coefficients  have  been  computed,  the 
calculation  for  other  forward  speeds  only  de¬ 
pends  on  some  little  extra  additlon/multlpli- 
cations. 

At  the  noQcnt  very  little  data  is  available 
on  the  hydrodynamic  reaction  coefficients  of 
ship  type  vessels  at  low  Froude  numbers.  In 
order  to  vnlldato  Che  presented  algorithm, 
computations  tiavc  been  made  with  a  series  60 
ship  (block  .70)  as  was  used  by  Vuges  [22]. 


Also  computations  have  been  performed  by 
the  Ecole  Nationale  Suparieur  de  K§canique  of 
Nantes  [  6]  for  the  same  ship  and  frequency 
range  with  a  program  as  developed  by  Grekas  et 
al.  [sj.  In  the  E.N.S.M.  program  also  use  is 
made  of  a  low  forward  speed  approximation, 
however  their  approach  is  different  then  the 
algorithm  presented  in  this  study. 

The  influence  of  forward  speed  effects  is 
most  clearly  expressed  by  the  hydrodynamic 
reaction  coefficients  Ajj,  and 

the  added  mass  and  damping  coe^'f  icients  of 
heave  into  pitch  and  pitch  into  heave.  In  Fig¬ 
ures  4  and  5  the  results  are  presented  for 
these  coupling  coefficients  for  =  0.0  and 
0.05.  The  zero  speed  hydrodynamic  coefficients 
of  the  two  programs  which  are  not  presented 
here  in  detail,  correspond  up  to  3  significant 
figures. 


Figure  4.  Added  mass  cj^upling  coefficients 
A35,  A52  (Ns*")  for  Fj^  x  0.0  and 
0.05 
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From  the  presented  coefficients  one  may 
conclude  that  the  correlation  of  the  two  pro¬ 
grams  is  quite  reasonable.  In  the  low  frequen¬ 
cy  range  the  added  mass  terms  and  cor¬ 
respond  very  good  and  in  the  higher  frequency 
range  the  damping  terms  B53  and  show  a 
reasonable  fit. 

In  spite  of  the  reasonable  correlation  of 
the  two  algorithms  one  still,  however,  feels 
the  need  of  the  correlation  with  model  test 
experiments. 


^  In  this  appendix  we  study  the  Influence  of 
on  the  source  strength  and  the  potential. 
First  it  will  be  shown  that  the  integral 

//  JT 

is  asj'mptotically  small.  We  rewrite  the  func¬ 
tion  as: 

’'12  2  ~  2 
=  -Im  2v  j  exp[v8ec  6(z-K+im)]8ec  0d0 
-ti/2 


with  (u  »  (x-Oco80  -  (y-n)  sin©  and  v  »  -S- 

3  3 

For  thin  ships  the  approximation  *  y- 

"x  ^ 

holds  and  the  source  distribution  (A. 1)  can  be 
jjrltten  as  a  distribution  along  the  projection 
S  of  S  on  the(x,z)  plane.  We  then  obtain: 

g  2  4 

■  2v^l  /  sec  0  8in0  • 

^  -11/2 

'  exp(v  sec  0(z+<I+iu))]d0  (A. 3) 

where  ui  »  (x  -  5)  cosO. 

We  therefore  consider  the  integral 

,  »/2 

I(x,2)'-2v  1  /  [jj  0  (C,C)  oxp( veec  w(z+<;)]* 

- 

*  axp{  Iv  8ec0(x-t)]dCdc)  soc^'OainOdO  (A. 4) 


where  (S  ,0)  are  the  endpoints  of  the  ship  at 
the  waterline.  The  integral  I(x,z)  in  (A. 4) 

consists  of  two  parts  l*(x,z)  with: 

+  _  ^2 

I  (x,z)  “  +  2  J  sec©  sin©  a  (£  ,0)  • 

-n/2  ° 

2  ^ 

•  exp[v{z  sec  0  +  i(x-£'  )8ec0}]d© 

as  V  +  «=  (A.6) 

The  main  contribution  is  generated  by  the  end¬ 
points.  This  is  well  known  for  low  Froude  num¬ 
ber  expansions.  Further  asymptotic  expansion 
leads  to: 

.  ,2o^(r,o)  ^^^2, 

I  (x,z)  =  T  - - - - -  . 

2z  +  i(x-5'')  cos© 

2  +  1 

•  exp[v(z  sec  ©  +  l(x-C'')  sec©}]  +  o[— 

-n/2 

=  0  (^)  (A. 7) 

If  we  proceed  with  partial  integration  each 
next  term  ^Ives  zero,  even  if  z»0.  The  next 
term  with  'J'j(x>0  in  (4.1)  gives  no  contribu¬ 
tion  to  0j(O  just  as  well. 

To  study  the  influence  of  'i'Q(x»5)  ou  the 
potential  we  study  the  integral: 

n/2 

JCx)  -  <18,-  -2v  /  U/o  a.i)  . 

S  I 

•  exp[v  8ec^0(z+C+lw)]d5  dcj  sec"©  d©  (A. 8) 


with  w  •  (x-S)  cos©  -  y  sin©. 

The  integral  along  S  can  be  evaluated  by 
means  of  partial  integration.  Making  use  of 
(A. 5)  we  obtain: 

J^x)  -  i  ^0.(5*,©)  • 


2  ± 

•  /  exp(v(z  sec  0  +  l(x-C  )  sec©  + 

-n/2 

-  i  y  soc^©  sin©)]  • 


in  the  limit  v  » 

First,  we  consider  the  integral  along  S. 
Integration  by  parts  results  in  the  major  con¬ 
tribution  bgcauso  no  stationary  points  are 
situated  on  S  or  its  boundary.  We  obtain: 

//  Ug(t,4)  oxp[v(C8ec^0  -  i  C8Oc0)]dt  dC  •' 

S 

“  — exp(-U^vsec  0)  + 

Iv^sec  0 

••  0/j(t  ,0)  ox?(-li  veec0)]-K)(-^)  (A. 5) 

V'* 


For  arbitrary  jtaiues  of  x  a  further  asymptotic 
expansion  of  J  (x)  is  possible  by  means  of  the 
method  of  stationary  phase.  A  Kelvin  pattern 
is  generated  at  the  bow  and  stern.  The  main 
term  behaves  like: 

/(x)  -  ©(-3)^)  -  0<U^) 

which  scans  chat  a  contribution  at  higher  or¬ 
der  than  the  linear  term  has  been  obtained  In 
the  wave  height.  For  the  calculation  of  the 
pressure  at  the  ship  a  almllar  analysis  shows 
that  higher  order  terras  are  obtained  as  well. 
Hence,  we  may  neglect  these  terras  if  one  is 
interested  In  linear  correction  terras. 
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DISCUSSION 
of  the  paper 

by  R.H.M.  Huijsmans  and  A.J.  Hermans 

"A  FAST  ALGORITHM  FOR  COMPUTATION  OF  3-D  SHIP  MOTIONS  OF  MODERATE  FORWARD  SPEED" 


DISCUSSION 
by  J.H.M.  Baar 


The  authors  have  presented  a  very  origi¬ 
nal  and  efficient  approach  to  the  forward 
speed  ship  motion  problem.  In  the  introduc¬ 
tion  the  authors  make  mention  of  the  large 
CPU-requirements  of  programs  based  on  the 
distribution  of  translating,  pulsating  sour¬ 
ces.  The  CPU-requirements  of  such  programs, 
however,  tend  to  decrease  drastically  at  the 
subcritical  Strouhal  numbers  considered  by 
the  authors.  The  required  CPU  is  in  such 
cases  comparable  to  that  of  zero  Froude  num¬ 
ber  program  based  on  pulsating  source  distri¬ 
butions.  The  proposed  algorithm  formally 
relies  on  expansions  with  respect  to  the 
Strouhal  number.  Specifically,  quadratic  and 
higher  order  terms  are  neglected.  However, 
it  seems  not  trivial  that  on  this  basis  the 
waterline  contour  integral  may  be  neglected, 
as  is  done  by  the  present  authors.  As  a  mat¬ 
ter  of  fact,  the  omission  of  this  term 
appears  to  be  in  contradiction  with  results 
obtained  in  the  low  Froude  number  theory  of 
wave  resistance.  Moreover,  a  simple  but 
effective  approximation  to  the  line  integral 
nay  easily  be  obtained  at  little  extra  costs, 
as  pointed  out  by  Inglis  in  Ref.  11. 

Author's  Reply 

We  thank  the  discusser  for  this  coimment 
on  our  paper.  We  are  aware  of  the  fact  that 
nowadays  there  exist  efficient  programs  for 
the  calculation  of  the  Green's  function  for  a 
translating,  oscillating  source  at  subcriti¬ 
cal  Strouhal  numbers.  However,  the  computer 
time  needed  for  those  calculations  is  still 
Hnearlv  dependent  on  the  number  of  forward 
speeds  used.  This  is  not  the  case  in  our 
approach,  where  only  for  the  first  forward 
speed  calculation  some  computational  overhead 
is  needed  with  respect  to  the  zero  speed 
calculations. 

For  other  forward  speed  values  there  is 
no  additional  compute**  time  needed.  The 
reiaark  of  the  discusser  with  respect  to  the 
deletion  of  the  ..uteri ine  integral  m  our 
representation  tor  the  potential  and  the 
source  strength  can  be  answered  by  usi  g  the 
same  arguments  as  used  in  the  appendix  of  our 
paper. 

The  waterline  integral  will  then  give 
terms  in  the  order  of  the  Strouhal  number  to 
power  four  or  higher  for  the  source  strength 
and  the  potential.  Therefore  this  waterline 
contribution  can  be  disregarded  from  our  an¬ 
alysis. 


DISCUSSION 
by  R.  Yeung 

The  authors  are  to  be  congratulated  on  a 
very  interesting  paper  which  proposes  a 
forward-speed  modification  of  the  zero-speed 
hydrodynamic  coefficient  in  a  low-speed  sense. 
Embedded  in  this  approximation  is  also  the 
fundamental  restriction  that  the  oscillation 
frequency  must  be  low.  Thus,  it  is  perhaps 
not  so  surprising  that  one  would  expect  a  dis¬ 
agreement  of  the  "genuine  3-D''  results  with 
those  obtained  by  the  authors'  approximation 
(Fig.  4)  in  the  higher  frequencies.  It  seems 
puzzling,  however,  that  the  opposite  trend  is 
observed  for  the  case  of  damping  (Fig.  5). 
Another  peculiar  feature  of  the  results  shown 
on  these  figures  is  that  the  relatively  small 
Froude-No.  (Fn=0.05)  calculations  show  no 
tendency  of  approaching  the  zero-Froude  No. 
calculations  in  the  low  frequency  limit. 

Since  the  leading-order  correction  proposed  by 
the  authors  is  proportional  to  T=Ua)/g,  it 
appears  to  suggest  that  such  a  forward-speed 
purturbation  may  nor  converge  uniformly  to  the 
zero-speed  limit.  It  will  be  helpful  if  a 
more  extensive  set  of  results,  including  the 
diagonal  values  of  the  added-mass  and  damping 
matrix,  are  available  for  comparison.  Can  the 
authors  comment  on  some  of  the  apperent  anoma¬ 
lies  raised  here?  Incidentally,  the  exact 
definition  of  the  abscissa  in  Figs.  4-5  are 
missing  in  the  oreprint. 

Author's  Reply 

The  results  shown  in  our  paper  for  a 
Series  60  ship  concern  the  heave-pitch  cou¬ 
pling  hydrodynamic  coefficients,  since  for 
these  coefficients  the  forward  speed  effect  is 
most  pronounced.  The  diagonal  values  of  added 
mass  and  damping  were  not  pre.'iented  in  our 
paper  for  Fn  »  0  and  Fn  »  0.05  because  they 
agreed  up  to  2  significant  figures  for  the 
translational  modes.  It  may  be  misleading  to 
suppose  from  Figs.  4  and  5  that  for  the  low 
frequencies  there  is  no  tendency  of  approach¬ 
ing  the  zero  speed  limit,  since  the  lowest 
calculated  frequency  amounts  to  0.4  red/'i.  If 
the  value  of  t  dnproerhes  zero  all  the  correc¬ 
tion  terms  in  our  analysis  approach  i^ro  in  a 
uniform  way.  It  is  still  not  very  clear  to  us 
why  the  differences  between  our  computations 
and  toose  from  ENS-M  [6]  take  a  different  form 
for  the  presented  added  mass  and  damping  coef¬ 
ficients  it  seafts  that  more  different  calcula¬ 
tions  have  to  be  perforised  to  gei-o  asore 
insight  in  that  matter. 
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DISCUSSION 
by  H.  Wang 

I  wish  to  commend  the  authors  for  simplify¬ 
ing  the  calculation  of  the  Green's  functionfor 
an  oscillating,  translating  source  by  taking  a 
series  expansion  approach.  I  have  the  follow¬ 
ing  three  questions: 

1.  The  contour  L*  appearing  in  Eq.  (3.6)  does 
not  appear  to  be  defined. 

2.  Does  the  troublesome  behavior  of  (p,  as 

T  -►  0  impose  a  lower  limit  on  the  values  of  t 
for  which  your  approach  is  applicable? 

3.  In  view  of  your  statement  that  the  computer 
time  needed  to  calculate  the  forward  speed 
influence  is  small  compared  to  the  zero  speed 
computations,  have  you  considered  a  more  com- 
pelex  approach  for  the  forward  speed  effect? 


Author's  Repl\ 


The  discusser  raises  the  question  regard¬ 
ing  the  integration  L*  as  displayed  in  for¬ 
mula  (3.5).  This  integration  contour  L*  is 
chosen  in  the  complex  plane  away  from  L  by 
some  arbitrary  small  parameter  e.  In  short 
L*A  L  +  ie.  In  this  way  it  is  possible  to  use 
partial  integration  on  formula  (3.6).  The 
remark  concerning  the  behaviour  of  $0  with 
respeci  to  t  is  treated  in  detail  in  the  appen¬ 
dix  of  the  paper.  The  troublesome  behaviour  of 
(p  itself  is  not  of  interest  to  us,  only  its 
influence  potential  ip  (x,t)  a.nd  on  the  source 
strength  a(x,t).  It  appears  from  the  appendix 
that  the  influence  is  of  order  (t^)  or  higher. 
=or  our  purposes  we  are  only  interested  in  the 
linear  correction  term  of  the  Green's  function 


expansion.  It  is  possible  though  to  extend  the 
analysis  up  to  order  (t^). 
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SEAI'EEPING  COMriJTATIONS  USING  TIME-DOMAIN  ANALYSIS 


S.  Llapis  and  R.F.  Beck 
The  University  of  Michigan 
Ann  Artor,  Michigan 


Abstract 

The  problem  of  a  ship  traveling  at  con¬ 
stant  forward  speed  and  forced  to  oscillate 
around  its  mean  position  is  formulated  using 
linear  time-domain  analysis.  The  hydrodynamic 
forces  acting  on  the  body  are  expressed  in 
terms  of  convolution  integrals  of  tlie  arbitrary 
motion  with  impulse  response  functions.  The 
determination  of  the  impulse  response  functions 
involves  solving  a  set  of  integral  equations 
for  the  velocity  potential  due  to  an  impulsive 
velocity  (a  step  change  in  displacement).  The 
integral  equations  are  solved  numerically  for 
bodies  of  arbitrary  shape  using  a  panel  method. 
One  of  the  integral  equations  must  be  solved  by 
time  stepping,  but  the  kernel  matrix  is  the 
same  at  each  time  step  and  is  closely  related 
to  the  kernel  matrix  used  to  solve  the  time  in¬ 
dependent  integral  equations.  The  added  mass 
and  damping  in  the  frequency  domain  is  found  by 
Fourier  transforming  the  time-domain  solution. 

Numerical  results  are  obtained  for  the  ad¬ 
ded  mass  and  damping  coefficients  in  heave  and 
pitch  of  a  Series  60,  Cg  =  .70  hull.  Compar¬ 
isons  are  shown  between  the  results  of  the 
time-domain  caloulatiors ,  the  more  conventional 
frequency-domain  calculations,  and  experiments. 
In  general,  the  comparisons  are  good. 

I .  Introductior, 

During  the  last  twenty  years  there  has 
bean  growing  interest  in  numerical  methods  for 
calculating  ship  motions  and  predicting  wave 
loads.  The  well  known  strip  theory  was  the 
first  jiumerical  msthoU  which  war  used  as  a 
practical  design  tool.  Despite  its  utility, 
strip  theory  gives  poor  results  at  low  frequen¬ 
cies  and  at  large  ship  speeds.  The  advent  of 
large,  high-speed  computers  led  to  the  develop¬ 
ment  of  three-dimensional  theories  that  removed 
some  of  tlia  deficiencies  of  strip  theory,  ilcst 
of  these  theories  use  a  singularity  distribu¬ 
tion  and  '•educe  the  problem  to  solving  a 
Fredholm  integral  equation  of  the  second  kind 
on  the  body  surface.  Several  authors  (Chang 
(1977),  Inglis  and  Price  (1982),  Cuovel  and 
Bougis  (1982);  have  presented  such  models  to 
compute  ship  motions  with  forward  speed  and 
found  good  agreement  witli  experimental  results. 


In  all  these  models  the  problem  is  formulated 
in  the  frequency  domain  leading  to  equations 
that  have  meaning  only  if  tJie  body  motions  are 
strictly  sinusoidal  in  time.  In  more  general 
situations,  such  as  a  ship  performing  a  man¬ 
euver  with  varying  speed,  the  frequency-domain 
approach  is  meaningless.  An  alternative  to  the 
frequency-domain  approach  is  to  formulate  the 
problem  directly  in  the  time  domain.  The  solu¬ 
tions  in  the  frequency  domain  and  time  domain 
can  be  related  through  the  use  of  Fourier 
transforms.  For  any  particular  problem  in¬ 
volving  only  zero  forward  speed,  one  formula¬ 
tion  or  the  other  may  be  more  convenient,  ’'sw- 
ever,  for  problems  involving  forward  speed  it 
appears  that  the  time-domain  approach  requires 
much  less  computational  effort  and  can  be 
easily  extended  to  more  general  cases. 

Cummins  (1962)  and  Ogilvie  (1964)  first 
discussed  the  use  of  time-domain  analysis  to 
solve  unsteady  ship  motion  problems.  The  zero 
forward  speed  problem  is  examined  in  detail  by 
Wehausen  (1967,  197l).  The  method  of  analysis 
is  based  on  the  work  of  Finkeloteln  (1957), 
which  is  expanded  on  in  both  Sto)cer  (1957)  or 
Wehausen  and  Lai  tone  (1960). 

Few  results  using  time-domain  analysis  are 
available  and  they  are  all  for  zero  forward 
speed.  Direct  solutions  in  two-dimensions  are 
presented  by  Adachi  and  Otimatsu  (1980), 

Ikebuchi  (1981)  and  Yeung  (1982).  Two- 
dimensional  time-domain  analysis  was  also  used 
by  Daoud  (19'^5)  and  Young  and  Kim  (',984)  as 
part  of  the  development  for  slender-body 
theories  of  ships  with  constant  forward  speed. 
Orsell  (1964)  and  Maskell  and  Uraell  ('970) 
developed  solutions  in  the  time  domain  for  a 
floating  semi-circle  using  the  Fourier  trans¬ 
form  of  the  frequency-domain  solution.  The 
same  technique  was  used  by  Kotik  and  Lurye 
(1968)  for  a  floating  hemisphere.  Lin  (1966) 
developed  a  mathemetical  formulation  of  the 
time-domain  problem  with  forward  speed.  Hia 
formulation  leads  to  equations  that  are  very 
complicated  and  are  not  amenable  to  numerical 
cotaputation. 

Recently,  Newman  (1985)  has  used  time- 
domain  analysis  to  determine  the  impulse  res¬ 
ponse  function  for  a  riq)it  circular  cyliivJer. 
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B<?c;>use  of  the  axial  symmetry  he  was  able  to 
use  "ring  sources"  and  reduce  the  problem  to 
solving  a  one-dimensional  integral  equation  at 
at  each  time  step. 

Beck  and  hiapis  (1985)  use  time-domain 
analysis  to  solve  the  radiation  problem  for  ar¬ 
bitrary  bodies  at  zero  forward  speed.  The 
solution  is  obtained  by  solving  a  pair  of  inte¬ 
gral  equations  using  panel  methods.  One  of  the 
integral  equations  must  be  solved  by  time  step¬ 
ping,  but  the  kernel  matrix  is  identical  at 
each  time  step  and  need  only  be  inverted  once. 
Comparisons  with  other  published  results  showed 
excellent  agreement.  Excellent  agreement  with 
experiment  was  cilso  found  for  the  time  history 
of  the  vertical  displacement  of  a  floating 
sphere  released  from  an  initial  displacement. 

The  work  presented  in  this  paper  is  the 
next  step  in  the  continuing  development  of  the 
time-domain  analysis  method.  The  computed  re¬ 
sults  presented  in  Beck  and  Liapis  (1985)  for 
simple  geometrical  shapes  at  zero  forward  speed 
have  been  extended  to  a  Series  60,  03=  .70 

ship  at  both  zero  and  constant  forward  speed. 

The  computed  results  presented  here  are 
not  complete  because,  as  discussed  in  section 
TV,  simplified  expressions  for  the  forward- 
speed  body  boundary  condition  and  Bernoulli’s 
equation  are  used.  The  simplified  expressions 
are  obtained  by  replacing  the  steady  forward 
motion  potential  with  the  frea-stream  poten¬ 
tial,  The  use  of  simplified  expressions  great¬ 
ly  eases  tJ\e  computational  burden  but  does  not 
affect  the  part  of  the  calculations  dealing 
with  time-domain  analysis.  Demonstration  of 
the  viability  of  time-domain  analysis  at  for¬ 
ward  speed  can  be  made  just  as  well  with  the 
simplified  expressions  as  with  the  complete 
expressions.  For  the  Series  60  hull  used  In 
the  present  calculations,  Inglis  and  Price 
(1982)  found  that  this  simplif ic.ation  has  lit¬ 
tle  effect  on  the  added  mass  aid  damping  coef¬ 
ficients  in  the  frequency  domain. 

In  the  paper  consideration  is  only  given 
to  tha  radiation  problem  of  a  ship  moving  at  a 
constant  forward  speed  and  forced  to  oscillate 
about  a  mean  position.  The  oxteraion  to  non¬ 
constant  forward  spaed  and  curved  trajectories 
is  in  principle  straight  forward.  Work  on  the 
exciting  force  problem  has  just  started  at  The 
University  of  Michigan. 

n.  Hathematical  Formulation 


Figure  1.  Coordinate  System  and  Control 
Volume 


It  is  assumed  that  the  fluid  is  incompres¬ 
sible  and  inviscid  and  that  the  flow  is  irrota- 
tional.  To  set  up  a  linearized  problem  it  is 
assumed  that  the  fluid  disturbances  due  to  tlie 
steady  forward  motion  and  the  unsteady  oscilla¬ 
tions  are  small  and  can  be  separated,  in  this 
case  the  total  'relocity  potential  can  ke  writ¬ 
ten  as 


*=  "<^0^  +  (1) 
where  the  term  (-Uo* 

tential  due  to  the  steady  translation  of  the 
vessel  and  the  potential  $(x,y,z,t)  contains 
all  the  unsteady  effects.  In  the  fluid  domain, 
each  of  the  potentials  must  satisfy  the  Laplace 
equation  subject  to  boundary  conditions  on  the 
free  surface,  the  body,  at  infinity  and  appro¬ 
priate  initial  conditions. 

The  free  surface  condition  is  linearized 
on  the  assumption  of  small  elevation.  Further¬ 
more  tile  interaction  at  the  free  surface  be¬ 
tween  the  steady  perturbation  velocities  and 
the  unsteady  potential  are  neglected  so  that 
the  boundary  condition  on  the  radiation  poten¬ 
tial  reduces  to 

9  9,3 

( —  -  Oq--)*}  +  g--4  »  0  on  r  •  0  (2) 

3t  3x  3s 

'more  9  »  acceleration  on  gravity.  The  kiiio- 

matic  boundary  condition  on  the  hull  can  bo 
linearised  to  give 


The  axis  system  shown  in  Figure  1  is  used 
to  formulate  the  linearised  problem  in  the  time 
domain.  The  axis  system  is  fixed  to  tlie  mean 
jwaltlon  of  tha  ship  and  travels  in  the  posi¬ 
tive  x-direction  with  constant  velocity  . 
The  I'.-axla  polr.ta  upward  and  [wsitivc  x  is 
toward  the  bow.  The  x-y  plane  is  coincident 
with  Uie  calm  water  level  and  the  origin  is  at 
midship.  The  ship  is  undergoing  small  un¬ 
steady  isotiona  around  its  saean  paaitlon  in 
othOTvlse  calm  water. 


vv  " 

r-  *  I  ^"kCk  +  akCk>  o"  So  (3) 

3n  I,., 

where 

Sq  ”  mean  underwater  hull  surface 
nj(  “  coopononce  of  generalised  unit  normal 
out  of  fluid  domain 
(ni,  nj,  nj)  »n 
(ng,  n-i,  n^)  ■  £  *  « 

£  »  (x,  y,  4) 
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5)^  =  amplitude  of  unsteady  motion  in  six 
degrees  of  freedom 
S2'  ~  linear  translation  along 

the  x,y,2  axes  respectively 
(54,  55,  jg)  =  rotational  motions  about 
the  x,y, z  axes  respectively 
=  gradients  of  the  steady  velocities  in 
the  normal  direction 
(m-i ,  m.2t  1113)  =  -(ri'V  )W 
(m^,  ms,  mg)  =  -(ii'VXrxW) 

W  =  velocity  vector  due  to  steady 
translation 
=  V(-UoX  +  $0) 

and  the  overdot  represents  differentiation 
with  respect  to  time. 

Since  an  initial  value  problem  is  being 
solved  the  gradient  of  the  radiation  lotential 
must  vanish  at  infinity.  In  addition  the 
initial  conditions  of 

$  =  0  for  t  <  0 

3<( 

—  =0  for  t  <  0 

at  (4) 

must  be  imposed. 

An  integral  equation  for  the  potential  on 
the  body  surface  can  be  derived  using  Green's 
theorem  and  a  Green  function  for  an  impulsive 
source  below  a  free  surface.  The  appropriate 
Green  function  is 


The  Green  function  represents  the  poten¬ 
tial  at  the  field  point  P  and  at  time  t  due 
to  an  impulsive  source  at  the  point  Q  sud¬ 
denly  created  and  annihilated  at  time  t  , 

This  source  acts  like  an  underwater  disturbance 
which  generates  a  Cauchy-Poisson  type  wave 
system  as  represented  by  the  G(P,Q,t— f)  term. 
The  integrated  form  of  (5)  is  given  by  Wehausen 
and  Laitone  (1960)  as  the  potential  for  a 
source  of  arbitrary  strength  moving  below  a 
free  surface.  It  is  aasil.y  shown  that  the 
Green  function  satisfies  the  following  problem: 

v2g  =  -471  6(P  -  Q)  5{t  -  t) 

a  a  a 

( - u— )2g  +  g — G  =0  on  s  =  0 

at  ax  dz 

3G 

G,  —  ”=  0  for  t  <  0  (6) 

at 

Applying  Green's  theorem  to  the  fluid 
volume  shown  in  Figure  1  and  enclosed  by 
Sz  U  Sr  U  Sf  U  So  yields 

dG  a$ 

fffUV^G  -  G72$J  dV  =  //($ - G— )dS  (7) 

V  g  an  3n 

Integrating  both  sides  of  (7)  with  respect  to 
T  from  0~  to  f*"  and  using  the  properties 

of  G(P,Q,t-T)  and  the  fact  that  4  satisfies 

the  baplace  equation  everywhere  in  the  fluid 

domain  gives: 


G(F,Q,t-T)  »  f-  -  --)6(t  -  t)  +  H(t  -  t) 
r  r ' 

00 

X  2/  d)c  /kg  sin(/kg(t  -  t)) 

0 

-  -  --)6(t  -  t)  +  H(t  -  T)G(P,Q,t-T) 

r  r ' 


(S) 


4(P,t)  =  -  /  dT  //  dS  (♦(0,t) 

‘‘1'  0  S 


aG(P,Q,t-T) 

an,. 


34(0, t). 

-  G(P,Q,t-T>  - . )  (8) 

'"q 

The  contribution  to  the  right  hand  side 
from  the  surfaces  at  infinity  vanish  because 
both  G  and  ♦  vanish  at  infinity. 


where 

p  «  (x,  y,  a) 
Q  -  («.  n,  c) 


r2 

“  (x 

-  0*  +  (y  - 

n)2  +  (z  - 

r'2 

-  (x 

-  «)2  +  (y  - 

71)2  +  (z  + 

c)2 

r2 

-  (x 

-  C  +  - 

t))2  +  (y  • 

-  ti)2 

i(t 

-  r) 

■  delta  function 

H(t 

-  t) 

"  unit  step 

fvuiction 

-  0  t  <  0 
»  1  t  >  0 


The  contribution  to  (8)  from  the  surface 
integral  over  the  free  surface  can  be  reduced 
to  a  line  integral  about  the  waterline  of  the 
vessel.  From  equation  (2)  it  is  found  that  the 
free  surface  boundary  condition  gives 

a  3  13  a  , 

—  =  —  «__( —  _  — ) 2  on  z  =  0 

an  3C  9 

Hence  the  contribution  to  (8)  from  the 
free  surface  may  be  written: 
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(13) 


1  t 

Jp  - - /  dT  //  dS  [$(Q,t) 

0  Sp 


3  9 

>:  ( - Uq— )2G{P,Q,t~T) 

at  35 

9  9 

-  G(P,Q,t-T)( - Uq— )"4(Q,t)] 

3t  35 


1  t 

4p,  = - /  j’  '^1  -  4>rG) 

4iig  0  r 


-Uq  (4Gt  -4.^0] 

where  r  •=  intersection  of  the  mean  hull 
surface  and  the  plane  z  =  0  .  The  positive 
sense  of  the  line  integral  is  in  the  counter¬ 
clockwise  direction. 


ip  may  be  separated  into  two  parts  which  can 
be  reduced  independently  as  follows: 

ip  —  +  ^F2  (10) 


The  final  result  for  i  at  a  point  in  the 
fluid  is 

'  rr  r 

♦  (P,t)  -= - /dr  //  dS  [« - G— 

4it  'o  s„  3n  3r.' 


«'F1  =  • —  /  II  [*(Q,t)  G^^(P,Q,t-r) 

4^9  0  Sp 


1  t  ,  ,  34  3G 

+ - /  dx  6  dn  (Uo^  (G - ♦— ) 

4rg  or  35  35 


-  G(P,Q,t-T)  4T.T.(e.T)] 


-  //  dS  /  dx  —  [4(0, x)  GT.(P,Q,t-x) 


4irg  Sp  0  3x 


-  G(P,Q,t-x)  4x(e,x)] 


34  3G 

-  Uq  (— G  -  4—))  (14) 

3t  3x 


Although  equation  (14)  is  derived  for  constant 
foward  speed  along  a  straignt  trajectory,  it 
may  easily  be  generalized  for  arbitrary  speed 
and  trajectory  (see  liapis  (1985)), 


—  //  dS  [4(Q,x)  G^  (P,Q,t-x) 

Sp 

-  G(P,Q,t-x)  4-  (Q,x)] 


In  the  usual  manner  of  potential  theory 
equation  (14)  can  be  reduced  to  a  pure  source 
distribution  by  considering  the  interior  flow 
and  subtracting  it  from  equation  (14).  The 
final  result  is: 


where  the  subscript  denotes  differentiation 
with  respect  to  the  given  variable.  Because  of 
the  initial  conditions  on  4  and  G  the  last 
expression  equals  zero.  The  4f2  term  is 

1  t 

*F2  - - I  //  [Uo2  (4Gfr  -  G4rf) 

'‘Fg  0  Sp 

-  2Uo  (4G5t  -  G*5x)] 

Integrating  one  half  of  the  last  term  by  parts 
with  respect  to  x  gives: 

1  t 

4p2  = - I  dx  //  dS  [  (SGrr  -  G4rr) 

4Fg  0  Sp 

“  ^o  ^4^0^  -  G^tx  4®5x  ”  ®45x] 

1  ^  3 

=■  —  /  dx  //  dS  — [0^2  (jGr  -  4rG) 

4Fg  0  Sp  35 

-  Uq  (4Sx  “  4xG>]  (12) 

Applying  Stokes'  theorem  to  the  last  form  of 
(12)  yields 


4(P,t)  =  -  —  /  dx  II  dS  G(P,Q,t-x>  a(Q,x) 
0  S„ 


-  -  /  dx  ^  dn  a(Q,x)  ni  G(P,Q,t-x) 

4Trg  0  r 


For  the  case  of  steady  state  oscillation 
of  frequency  a  at  constant  forward  speed, 
equation  (15)  can  be  reduced  by  setting 
a(Q,x)  =  0(Qi  6^“!  .  Making  the  substitutions 
and  interchanging  the  orders  of  integration  it 
can  be  found: 


1  t 

4(P)  = - II  dS  o(Q)  j  dx  e^WT  G(P,e:t-x) 


- - ^  dn  a(Q)  n-]  /  dx  G(P,Q,t-x) 

4Ttg  j-  0 


As  t  +  »  Wehausen  and  Lai  tone  (1960) 
show  that  the  time  integration  of  tlxe  Green 
function  reduces  to  the  usual  Green  function 
for  a  source  translating  with  constant  forward 
speed  and  sinusoidal  strength.  In  this  case 
equation  (16)  is  identical  to  the  form  of  the 
potential  used  by  Chang  (1977), 


37 


An  Integral  equation  for  the  source 
strength  may  be  found  by  differentiating  (15) 
with  respect  to  the  normal  on  the  body  and 
setting  it  equal  to  the  body  boundary 
condition.  Thust  we  may  write: 


a(P,t>  1  t  3G 

- o  - - -  —  f  dx  //  dS  a - 

3np  2  4ir  'g  s 


- - /  dx  ^  dr)  s  ni 

4wg  0  r 


Since  the  body  boundary  condition  is 
represented  by  the  sum  of  six  individual 
components,  it  is  useful  to  divide  the 
potential  into  six  individual  problems  each  of 
which  satisfies : 


=  %C)c  + 
3n 


The  coefficients  mk  defined  in  (3)  contain 
the  influence  of  the  steady  velocity  field  on 
the  body  boundary  condition. 

Similar  to  the  method  proposed  by  Cummins 
(1962)  or  Ogilvie  (1964)  we  can  consider  a 
ficticious  case  where  at  t  =  0  the  ship  jumps 
instantaneously  from  0  to  1  in  the  mode. 
This  jump  is  impulsive,  so  that  the  velocity  is 
5k  =  <S(t)  .  For  this  special  case  of  motion 
the  body  boundary  condition  is: 

3'fk 

—  ■=  nk6(t)  +  mkH(t)  (19) 

3n 


The  body  boundary  condition  (19)  suggests  that 
the  potential  (jik  can  be  decomposed  into  an 
impulsive  and  a  memory  part  such  thats 

^k(P/t)  °  '('ik(P)5(t)  +  Xk(P,t)  (20) 

If  we  set 


atik 

=  nk  on  Sq  (21) 

3n 

3Xk 

- -  mk  on  So 

3n 

then  the  body  boundary  condition  (19)  is 
satisfied  for  all  time. 

The  integral  equations  which  must  be 
solved  to  determine  'I’lk  ^k  found  by 

applying  integral  equation  (14)  on  the  )xjdy 
surface  and  substituting  equations  (20)  and 
(21).  Gathering  terns  proportional  to  4(t) 
gives  an  integral  equation  for  '('ik 
remaining  tersno  yield  an  equation  for  Xj^  . 

The  details  of  the  derivation  may  be  found  in 
Llapls  (1985);  the  final  results  aret 


1  „  3  11 

'I'lkO?)  ^  -  If  ds  - -) 

So  r- 

=  —  ffdS  (-  -  — )nk 

2*  si 


1  311 

Xk{P,t)  +  —  f/  dS  Xk  — t - ) 

2’'  So  r 


1  t  3G(P,Q,t-x) 

+  —  /  dx  ffdSXy. - 

2^^  0  an^ 


Uo2  /■  3G  ,aXk 

+ - /  dx  0  dp  (Xk —  -  G - ) 

2Tig  0  y  35  35 


h  3G 

-  —  J  dx  p  drt  Xk  — 

vg  0  r  ax 


--  //  dS  mk( - -) 

2r  r  r- 


+  --  /  dx  //  dS  mk  G(P,Q,t-x) 

2it  0  So 


The  '/’ik  problem  describes  the  fluid  nvo- 
tion  during  the  impulsive  stage  and  may  tie 
interpreted  as  an  infinite  fluid  problem  satis¬ 
fying 


'I'lk  "=  0  on  z  =  0 

a-l-ik 

=  nk  on  So 


V’i'ik  +  0  at  «o 

The  Xk  potential  represents  the  motion 
of  the  fluid  subsequent  to  the  initial  impulse 
and  can  be  considered  as  composed  of  two  com¬ 
ponents.  The  first  results  because  of  a  change 
in  body  orientation  due  to  tlie  impulse  in  velo¬ 
city,  After  the  impulse  in  velocity  the  body 
will  have  a  unit  displacement  in  the  k'^^  mode, 
which,  in  the  presence  of  the  steady  velocity 
flow  field,  results  in  a  change  of  fluid  velo¬ 
city  on  the  body  surface.  In  order  for  the 
body  boundary  condition  to  remain  satisfied 
this  change  must  be  cancelled  out.  Therefore, 
3Xk/3n  must  have  the  value  mk  on  the  body 
surface  for  all  t  >  0  . 

The  second  component  is  the  result  of  the 
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impulsive  velocity  {the  problem)  inducing 

a  disturbance  into  the  flow  field  which  in  sub¬ 
sequent  times  will  propogate  as  a  wave  motion 
away  from  the  body.  Consequently,  will 

satisfy  the  ccanplete  free  surface  condition  for 
t  >  0  .  At  t  =  0  X)j  will  meet  the  fol¬ 
lowing  initial  conditions 

X)^  =  0  on  2  =  0 

3Xk  3'1'ik 

- -  _g -  on  2  «=  0 

3t  32 


To  aid  in  computational  efficiency  it  is 
convenient  to  explicitly  identify  the  two  com¬ 
ponents  of  Xjj  as 


Xk(P,t)  = 

'l'2k(P)  H(t)  +  Xk(P,t) 

(24) 

In  equation  (24)  the  'f'2k(P)  function  repre¬ 
sents  the  value  of  Xj^  during  the  impulsive 
phase  of  the  motion.  It  satisfies  the  fol¬ 
lowing  boundary  conditions: 

3 1)1 2k 
---  = 

3n 

on  Sq 

>l'2k  “  0 

on  2  =  0 

(25) 

Vi(i2k  +  0 

at  “ 

In  order  for  Xj^  to  meet  the  proper  boundary 
£ondition8  it  is  not  difficult  to  show  that 
X)5(P,t)  satisfies  the  following  conditions! 


^o  t  _  3G(P,Q,t-T) 

-  —  J  dr  9  dn  Xv - 

ng  0  r 


=  —  /  dt  //  dS  m^  G(P,Q,t-T) 
Zir  0  So 


+  —  /f  dS  n^  G(P,Q,t) 

2’'  s; 


X)J  =  0  at  t  =  0 


3X  39ik 

—  =  -g -  on  2  =  0  at  t  =  0 

9t  '  3z 


3X„ 

-  =0  on  So  for  t  >  0 

9n 


,  9  9  2  9  ,  _ 

[( —  -  Uq — )  +  g — J  +  i|i2k)  “0  on  2  =  0 

9 1  9x  92 

for  t  >  0 


(26) 

From  the  boundary  conditions  on  the  free  sur¬ 
face  and  the  integral  equation  for  Xj;  it  can 
be  shown  that 

9^X]j  3’l'2)t 

— --  =  -g -  onz=»0t  =  0  (27) 

3z 

The  integral  aquation  for 
found  by  taking  the  limit  of  the  integral  equa¬ 
tion  for  Xj^  (aquation  (23))  at  t  =  0  .  This 
gives 


1 

2n 


ff  dS 
So 


9G(P,Q,t) 


1  t 

-  --  /  dT  //  dS  il»2k 
2^  0  So 


9G(P,0,t-T) 


9n 


Q 


(29) 


The  potential  for  an  arbitrary  forced  mo¬ 
tion  in  the  direction  is  found  as  the  con¬ 
volution  of  ij)]j(P,t)  with  the  velocity  of  the 
motion.  Using  equations  (19)  and  (24),  the  ex¬ 
pression  for  the  velocity  potential  due  to  ar¬ 
bitrary  motion  becomes i 


t 

*k(l’ft)  »  /  dt  i)>k(P»T)Ck(t-T) 


0 


“  ’l'1k*P)Ck(t)  +  'l'2k'P)Ck(t) 
t  _ 

+  /  dT  X)j(P,T)«)c(t-T)  (30) 

0 


where  the  integral  equation  which  must  to 
solved  to  find  ,  i|'2k(P)  X]^(P,t) 

are  given  by  (22),  (28)  and  (29)  respectively. 
It  is  easily  shown  (see  Cummins  (1962)  or 
Liapis  (1985))  that  satisfies  the 

body  boundary  condition,  the  free  surface 
condition,  and  the  conditions  at  infinity  for 
all  t  . 
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The  form  of  the  general  potential  (30) 
can  be  directly  compared  to  the  formulation 
developed  by  Ogilvie  (1964,  equation  (11)). 
Ogilvie  has  four  potentials  '('dj  ,  , 

'I'jk  ,  and  Xjk  •  His  I'ljt  and  'I’jk  are  iden¬ 
tical  to  the  presently  defined  and  • 

Ogilvie's  memory  potentials,  Xijj  airf  X2jt  , 
have  been  combined  into  the  present  Xj^  ,  in 
fact,  it  can  be  shown  that 

__  t 

=  ^1k  +  /  X2X  .  (31) 

0 

After  determining  the  hydrodynamic  forces 
acting  on  the  body,  Ogilvie  uses  an  integration 
by  parts  to  combine  the  effects  of  X^j^  and 
X2X  into  a  single  memory  function  Kjj^  .  in 
the  present  work,  X^j  and  X2)t  have  just 
been  combined  at  an  earlier  stage  of  _^e  devel¬ 
opment.  Integral  equation  (29)  for  Xjj  can  be 
obtained  by  combining  the  integral  equations 
which  would  have  to  be  solved  to  determine 
Ogilvie's  X^j^  and  X2)t  .  The  advantage  of 
the  present  formulation  is  that  it  saves  com¬ 
putational  effort,  since  only  one  integral 
equation  needs  to  be  solved. 


Fjk(t)  a  -p  //  ds  p  nj 
So 

3'fk 

■=  -p  //  dS  —  nj  -  p  //  dS  (W  V4)(.)  n^ 
So  So 

(33) 

The  second  term  of  (33)  involv's  deriva¬ 
tives  of  the  potential,  a  quantity  which 

is  difficult  to  evaluate.  This  qr -dient  of  the 
potential  may  be  eliminated  using  the  following 
theorem  developed  by  Tuck  and  presented  in 
Ogilvie  and  Tuck  (1969)  '.or  see  ogilvie 
(1977)): 

/ /  dS  [mj*]^  +  nj(W*V4jj)]  =  -  ^  nj  ^  (^xn) ’W 

So  - 

(34) 

where  ^  =  unit  vector  tan-'entlal  to  the 
waterline  curve  r  .  For  w..il-sided  vessels 
(^xn)  =  k  ,  the  unit  vector  in  the  s-direction. 
Applying  (34)  to  the  second  term  in  (33),  the 
expression  for  the  unsteady  forces  acting  on 
the  hull  is: 


The  unstecuJy  pressure  in  the  fluid  is 
given  by  the  linearized  Bernoulli  equation: 


P 


pW'V4)j 


(32) 


Fj)((t)  =  -p  //  dS  -  nj  +  p  //  dS  4]^  mj 

*0  ®o 

+  p  ^  d2  tj  (_fxn)'M  (35) 

r 


The  forces  acting  on  the  body  are  found  by 
integrating  the  pressure  over  the  instantaneous 
underwater  hull  surface.  However,  it  is  much 
more  convenient  to  be  able  to  integrate  the 
pressure  over  t)»e  mean  position  of  the  hull. 

To  do  this,  the  pressure  is  expanded  in  a 
Taylor  series  about  the  undisturbed  hull  posi¬ 
tion  and  integrated.  Furthermore,  because  of 
the  waves  on  the  free  surface  and  tl»e  motion  of 
t}ie  hull,  an  additional  contribution  is  ob¬ 
tained  from  a  line  integral  around  the  water¬ 
line  of  the  undisturbed  huil.  The  details  of 
this  derivation  may  be  found  in  Ogilvie  (1964). 
The  resulting  expressions  for  the  forces  in¬ 
volve  tile  usual  pressure  integral  terms  over 
the  undisturbed  hull  surface  given  in  equation 
(33)  and  extra  terms  involving  products  of  the 
steady  perturbation  velocitlea  and  gradient  of 
the  unsteady  potential.  These  extra  terse  are 
generally  assumed  small  and  neglected.  Appar¬ 
ently,  there  are  no  numerical  results  to  ^rlfy 
this  assumption.  Since  the  extra  terms  in¬ 
crease  the  complexity  of  the  expressicne  for 
the  hydrodynamic  foroes  acting  on  the  'ody,  and 
because  they  will  all  equal  zero  under  the  sim¬ 
plifying  assumption  made  for  the  numerical  cal¬ 
culations  presented  in  this  paper,  t  e  extra 
term  will  be  left  off  in  the  subseqi.snt  deriva¬ 
tion,  The  reduced  expression  for  the  linear¬ 
ised  foroes  acting  on  the  body  is 


Equation  MS)  can  bo  reduced  further  by  using 
the  form  of  4)^  given  ie  (30).  The  final  ex¬ 
pression  for  the  unsteady  force  acting  on  the 
body  in  the  direction  duo  to  arbitrary  mo¬ 
tion  in  the  k'^'  direction  is 

Fjx{t)  -  -uj)ci:){(t)  -  bj)cC)t(t)  -  cj)ti;k(t) 
t 

-  /  di  Kj)^(t  -  t)  Ck't)  (36) 
0 

where 

“jk  •  P  //  <^  flk  "j 
So 

bjjj  -  p{  //  as  4 2k  nj  -  //  dS  oj 
3o  Sq 

-  ^  df  nj  (^x£)*W  ] 

r 

«jk  -  p(  -//  i-Tk  “j 

So 

r 
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3X]c(Q,t) 

Kjk(t)  =  p[  +  //  dS  - 

Sq  3 1 

-  //  dS  X)j(Q,t)  mj 
So 


-  ^  d£  nj  X)5(Q,t)  (4x11) -W  ] 

r 

Eqviation  (36)  is  in  a  form  useful  for  the 
calculation  of  ship  motions  because  all  of  the 
coefficients  are  independent  of  the  past 
history  of  the  unsteady  motion.  The 
coefficient  jjj^  is  a  constant  depending  only 
on  ship  geometry,  bjj^  and  c-^jj  are  constants 
which  depend  on  ship  geometry  and  forward 
speed.  In  the  equations  of  motion  for  the 
vessel  the  Cjjj  term  adds  to  the  hydrostatic 
restoring  force  coefficient.  The  and 

bj)j  are  part  of  the  added  mass  and  damping 
terms  respectively.  All  the  memory  of  the 
fluid  response  is  contained  in  the  function 
Kj)5(t)  ,  which  is  dependent  on  ship  geometry, 
speed,  and  time. 


'I  “ 

Aj)t(iis)  =<  /  dt  Kjj^(T)  sinujT 

li)  0 


Bj)j(w)  =  bj]^  +  /  dt  Kj]5(T)  COSUJT 
0 

^jk  “  ‘^jk 

As  can  be  seen  from  equation  (40),  pj)^  and 
bj)5  are  the  frequency  independent  parts  of  the 
added  mass  and  damping  respectively.  All  fre¬ 
quency  dependence  of  the  added  mass  and  damping 
are  contained  in  the  memory  function  Kjj^  .  The 
coefficient  Cj)^  is  a  frequency  independent 
modification  to  the  hydrostatic  restoring  force 
coefficient. 

The  same  type  of  decomposition,  which  has 
just  been  developed  for  the  potential  method, 
can  also  be  used  for  the  source  distribution 
technique.  The  development  exactly  parallels 
the  potential  method.  Therefore,  only  the 
final  expressions  will  be  given  here.  Similar 
to  (20)  and  (24)  the  source  strength  and 
potential  are  decomposed  into 


The  coefficients  pjjj  ,  bj)^  ,  cjj^  and 
Kj)^  can  be  directly  related  to  the  more  usual 
frequency-domain  coefficients.  Consider  a 
motion  amplitude  of  the  form 


0)c(P,t)  =  aH(P)«(t)  +  +  Y)j(p,t) 


and 


(41) 


i;k(t)  «  0  t  <  0 

-  t  >  0  (37) 

Substituting  the  notion  (37)  into  the  force 
equation  (36)  and  taking  the  limit  as  ti.  '  goes 
to  infinity  yields 


Fjk(t)  »  -  iubjk  -  cjk 

-  /  dr  i<je”^*^i  (38) 

0 


'I'lktP) 


1  1 
--  //  dS  ak(Q)(- 
4?  o'  r 

®o 


1 

— ) 
r' 


ii'2k(P> 


--  //  ds  Sk(e)t- 
4f  c  r 

®o 


1 

-) 

r’ 


Xk(P.t) 


1  t 

—  /  dT  /f  dS  G(P,Q,t-T) 

0  So 


---  /dT  11’  G(P,Q,t-T) 

^'‘9  0  r 


In  the  frequency  domain,  the  hydrodynamic  foroa 
on  the  body  for  sinuaoldal  notion  is  given  by 

Fjk  -  (»^Aj)((m)  -  iuBjk(u)  -  Cjk  (39) 

where 

Aj)c(  01)  «  adt'o'i  mass  coetficiont  in  frequency 
doe.  ’■  i  n 

Bj).(tii)  •"  damping  ct'ef ficient  in  freqviancy 
domain 

Cjk  •  restoring  force  coefficient 


- //  dS  «(P.Q.t) 

At  c 


1 

At 


/dr  //  dS  8k(0i  G(p,c,t-T) 
0  So 


(42) 


where 

a)((P)  ^  part  of  source  strength  due  to 

impulsive  velocity  in 
di rectlon 


Equating  the  real  and  imaginary  parts  of  (38) 
and  (39)  gives  the  following  e.xp,reBaiorm  for 
>  ®jk  '  Gjk  in  terms  of  the  tlne- 

dobain  coefficients! 


8ktP)  “  part  of  nouroa  strongth  due  to 
displacement  in  k*-^  direction 

Yk(P,f)  "  time  dependent  part  of  source 
strength  due  to  motion  in  toe 
direction 
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'^1k'  '^2k'  “  saiiie  meaning  as  in  (20)  and 

(24) 

The  integral  equations  for  ofe  ,  Bjj  and 
are  found  by  gathering  terms  after  substituting 
(41)  into  (17)  and  using  (19).  The  final 
results  are: 

ak(P)  1  3  1  1 

■  ■  2: 

2  4ir  So  3np 

(43) 

Bk(P)  1  3  1  1 

. . //  dSn  6)c(e) - ( - -)  =  «>k 

2  4’^  So  3np 

(44) 


duces  the  continuous  singularity  distribution 
to  a  finite  number  of  unknown  potential  (or 
source)  strengths.  The  integral  equations  are 
satisfied  at  collocation  points  located  at  the 
null  points  of  each  panel.  This  gives  a  system 
of  algebraic  equations  which  are  solved  for  the 
unknown  potential  (or  source)  strengths. 

In  the  presentation  which  follows  only  the 
numerical  solution  to  the  potential  method  will 
be  discussed.  The  techniques  used  in  the 
source  method  are  very  similar  and  therefore 
will  be  omitted. 

The  integral  equations  (22)  and  (28)  for 
'(’ik  '^2k  contain  no  memory  terms.  To 

solve  them  the  method  of  Hess  and  Smith  (1964) 
is  followed.  Assuming  constant  values  for  "^ik 
ard  '(’2k  over  each  quadrilateral,  equations 
(27)  and  (28)  may  be  discretized  as: 


7k(P,t)  1  3  1  1 

- -  //  dSQ  Yk(Q.t)  — ( - ;) 

2  4"  So  3np  r  r> 


It  3  ^ 

- /  dx  //  dSg  Yjj(Q,t) - G(P,Q,t-T) 

0  So  3np 

Vo^  t  3 

-  -  /  dx  ^  dn  niKkfQ'f) - G(P,Q,t-x) 

4»9  or  3np 


M 

I  Aim  (^qk^m  ^  (Pq^i  ^  “  1,2,.../M 
m=1  q  °  1,2  (47) 

where 


M  =  number  of  quadrilateral  elements 

('l'qk)n  “  strengths  of  '('ik  r  '^2k  over  the 
m^''  element 


Ain;  =  1  i  ® 


1  3 

-  —  //  dSg  ak(Q) - G(P,Q,t) 

So  3np 

It  3  _ 

+  "  /  dx  //  dSg  Sk(Q)  — G(P,Q,t-T)  (45) 

0  So  3np 

The  source  strength  8t  sny  time  for  a  pre¬ 
scribed  motion  is  found  by  a  convolution  of  Tj, 
and  the  motion  velocity  as  fellows 

t 

I  (p,t)  »  /  dx  Ok(P,T)  c(t't) 

^  0 

-  ak(P)C(t)  +  ek(p)c(t) 

t 

♦  /  dx  Ykii}>»  k(t“t)  (46) 

0 

The  hydrodynamic  fores*  acting  on  the 
body,  the  added  oasa,  Uie  damping  anJ  the 
hydrostatic  restoring  forces  are  found  )>y  sub¬ 
stituting  squatlons  (42)  into  (36)  and  (40). 

Ill,  Humarical  Msthods 

Itis  integral  squations  for  the  potential 
method  (sq.  (22),  (28)  and  (29))  or  the  souroe 
method  (eq.  (43),  (44)  and  (45))  are  solved 
numerically  using  a  panel  oethed.  The  body 
surfecs  is  spproxinated  by  an  enaembls  of  plane 
quadrilateral  slsmenta  of  constant  potential 
(or  souroe)  etrungth.  Tbia  cUsoretisation  re- 


“  —  I J  dS  ^  ’  V  I-  -  — )  i*m 
21-  S;;;  r  r’ 

S5,  ■  surface  are*  of  m^^*  quadrilateral 

nj,  •  unit  normal  vector  to 
quadrilateral 

r2  -  (Xi  -  5)2  +  (y^  -  n)2  +  .  (;)2 

r*2  -  (Xi  -  5)2  +  (yj^  -  n)2  +  (li  +  5)2 

jCi,yi,Ci  »  coordinates  of  the  i^(i  colloaation 
point 

1  N  11 

(Bi  )i  -  —  ^  !!  dS  { - -)(nk)p 

2»  B-i  «•  r* 


1  M  11 

(02)1  -  r-  I  II  ds  ( - ;)(i»k)a 

2»  m«i  Sb  r  r 

(nk)B  (Bk)B  defined  in  eq.  (3) 

The  evaluation  of  the  coof f icionta  Aij, 
arrl  (Bq)i  involvea  integrals  of  the  infinite 
fluid  potential  (  1/r  )  and  Its  derivatives 
ovsr  each  panel.  They  ere  evaluated  by  using 
the  nunsricnl  tschniquea  developed  by  Heat  and 
Smith  (1964).  For  small  values  of  r  the 
Intsgrsls  are  done  exactly.  For  Intsrsediata 
values  of  r  a  multipole  expansion  is  used. 
For  large  values  of  r  a  siaple  monopola  ex¬ 
pansion  is  used. 
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To  solve  equation  (29)  for  X)j(p,t)  a 
time  stepping  method  must  be  used.  A  trapezoi¬ 
dal  rule  iS  used  bo  evaluate  the  convolution 
integrals  with  the  result  that: 

-  1  -  3  1  ; 

Xk(P,t)  +  ~  //  dS  -— ( - -) 

2ir  So  r  r 


At  » 


+  --  ^  //  dS  X)j(Q,tu) 


aG(P,Q,t-tn) 


2Tr  xysxl 


n=l  So 


N  Uo 


3G(P,e,t-t„) 


+  r  [  -~4  'ih  (Xk(Q.tn) - - - 

n=1  2Tig  [>  35 

3Xk(Q»  tp) 

-  G(P,Q,t-tn)  - - -  ) 

35 


Oc  _  3G(P,Q,t-tn) 

+  —  £  dn  Xlc(Q,tn)  - 

ng  f  3t 


’  ,  ,  ,  ,  3G(P,Q,t) 

--  //  dS  |.nkG(P,Q,t)  -  'I'lk - - - ) 

3o 


-  '  ~  311 

Xk<P,ti,)  t  ~  //  dS  XjjCQ.t},) - ( - ) 

2ir  So 


At  _  3G(P,Q,0) 

+  --  //  dS  Xk(C,tN)  - 

4v  So 


At  “o  _  3G(P,Q,0) 

*  [i  dn  (Xk(Q»tN)  — - - 

2  2Ttg  p  3^ 

d\iQ,t^) 

-  G(P,Q,0)  - ) 

35 


Uo  _  3G(P,Q,0) 

+  —  ^  dti  X)c(g,t}j)  - ] 

ng  r  3t 


1  3G(P,Q,tjj) 

=  --  //  dS  (nkG(P,Q,tN)  -  'I'lk - - - ) 

2^  So 


At  N 

+  r-  V  a  (“k  G(P,Q,tN-tn) 

n°l  So 

3G(P,C,tN-tn) 


At  N 

+  r  //  (“k  G(P,Q,t-tn) 

n“l  So 


3G(P,Q,t-tn) 


where  At  •  constant  tine  step  size  and  the 
prime  on  the  8UBur.ation  symbol  denotes  that  1/2 
weights  are  to  be  used  for  the  end  points  of 
the  trapezoidnl  integration  rule. 

The  time  stepping  is  started  at  to  "  0 
where  Xj;  equals  zero.  At  each  subsequent 
tine  step  wily  Xj;(p,tf))  t£  unknown:  all  other 
values  of  Xk(P,t)_  (i.e.  Xk(P,t(<_^)  , 

'  •••'  Xy(P,to)  )  are  known. 
Gatliering  betas,  equation  (48)  nay  he  rewritten 
to  yield  an  equation  for  the  unknown  X^lP.tjj) 
at  the  latest  (  t^  )  time  step: 


At  N-1  .  3G(P,0,tn-tn) 

-  r-  I  //  dS  Xk(C,tn)  - . 

2»  n-1  So  2n 


N-l  Uo‘  -  3G(P,0,!:N-tn) 

I  [  a  ^k(C'<n) 

n-1  2ig  r 


3X(C>,tn) 

-  C{P,Q,tN-tn) - -—) 


*  f  dri  Xk(0,tr,)  -  •  ] 

ig  r  3t 


Because  BX^/Sf  is  difficult  to  evaluate 
nuoerlcally,  the  tern  involvin'^  it  is  simpli¬ 
fied  based  on  a  method  used  by  Guovel  and 
Bougis  (1982).  The  tern  may  be  resolved  into 
its  components  In  the  local  l-n-s  coordinate 
system  as  shown  in  figure  1  and  then  reduced  as 
foiiowe  t 


A3 


i  dll  —  G  =  t  dn  (n*i)  —  0 
r  35  r  '  ~  ?.n 


,  3X  .  ,  3X  . 

+  i  dn  (S'i)  —  G  +  J  di,  <i*i)  —  G  (50) 

Y  - 9s  p  H 


The  first  term  is  zero  because  8X/3n  =  0 
on  the  body  surface.  For  a  wall  sided  ship 
(s*i^)  =  0  and  the  second  term  equals  zero. 

For  the  computed  results  in  this  paper,  this 
term  has  been  neglected  for  all  vessels  based 
on  the  assumption  tliat  most  bodies  of  interest 
are  wall  sided  over  most  of  their  length.  The 
third  t^rm  can  be  integrated  by  parts  to  elimi¬ 
nate  3X/3£  .  Assuming  the  variations  along 
the  waterline  of  the  direction  cosines  of  f 
are  small,  the  final  approximation  for  the 
waterline  integral  is  s 

3X)5(Q,tjj) 

i  dn  G(P,Q,t-tn)  - 

r  35 


3G(P,Q,t-tn) 

^  dti  Xk  (g,tn)  - . . (51) 

p  31 

At  each  tine  step  equation  (49)  is  solved 
using  the  same  panel  discretization  used  to 
solve  for  'i'lk  /  'i’jlc  •  ^^>8  Integral  is 

evaluated  by  subdividing  r  into  a  seriesjof 
straight  lino  segments.  The  strength  of  Xjj 
on  a  line  segment  is  assumed  equal  to  the 
strength  of  the  panel  below  it.  The  system  of 
equations  which  must  be  solved  at  each  time 
step  has  the  form: 

M  _ 

I  Aiju  (^)t(tfj))m  “  i  «  (52) 

m>l 

where 

N  >  number  of  quadrilateral  elements 

N  >  number  of  time  steps 

(Xk(t(j))B  ■  value  of  Xk(P,t)  on  the 

panel  at  the  t(]  time  step 


i  >  B 


4«Io 


3  1 


Hm  “  ’  ♦  ( - I  -7) 

»  r  3e  r' 

»  n 


1  1 


-  --  //  ds  a.  .  V  (-  -  -- 


Sb 


A  Wo 


3  1 


t  /  an  -  -! 

»  P  98  r*’ 


1  “ 

Bi  =  I  {  ((nk)a  //  dS  G(P,Q,tN) 
m=1 

3G(P,Q,tN) 

-  //  as  — - ) 

Sm 

At 

I  [  K)m  //  as  G(P,e,tK-tn) 
2^  „=1 

aG(P,Q,tij-tn) 

-  (*210)^.  //  as  — - - 

Q 

3Gvf,Q,tN-tn) 

'  //  as  (Xk(t^))„  -p - ]  } 

Sm 

S-'-  Ot,"  _ 

-  I  tt  I  [ - {X)c(tn))m*  /  dn 

m*  n=1  2ng  p^* 

9G(P,g,tH-t^)  3G(P,Q,tK-tn) 

X  (  — -  i.  (jfi)  - - ] 

35  -  31 

Uo  -  3G{P,Q,tN-tn) 

+  --(>()c(tn))m*  /  dn .  ] 

rg  P  .  3t 


Note  that  for  the  line  integral  terms  in 

largo  braejeets  are  only  used  for  panels  on  the 
free  surface.  Furthermore,  m-*  denotes  that 
only  the  panels  on  the  free  surface  are  used 
in  the  summation  for  the  line  integral  terms. 

In  the  derivation  of  the  above,  use  is 
made  of  the  fact  that 

G(P,Q,0)  »  0 

3G(P,Q,0) 

— - . -  -  0 

3n 


3G(P,Q,0)  3  1 

- "  2q  —  — 

3t  3i  r' 


(53) 


A  very  important  property  of  the  coeffi¬ 
cient  matrix  Ai^  In  aquation  (52)  is  that  it 
is  independent  of  time.  As  a  result  it  needs 
to  be  inverted  only  once  at  the  beginning  of 
the  time  stepping.  For  a  sufficiently  large 
number  of  panels  this  property  results  in  a 
significant  computational  advantage  over  the 
frequency  domain  formulation. 

The  rlght-han]  side  tera  involves  the 

Integrals  of  the  Green  function  and  its  deri- 
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(55) 


vatives  over  each  quadrilateral.  They  are 
evaluated  by  using  coordinate  mapping  and  Gauss 
quadrature.  The  arbitrary  quadrilateral  is 
first  mapped  into  a  square.  A  product  Gauss 
rule  is  then  used  to  evaluate  the  integral. 

Over  most  of  the  panels  for  the  series  60  ship 
discussed  in  the  next  section  a  2x2  Gauss  rule 
was  sufficiently  accurate.  For  certain  panels 
a  4x4  Gauss?  rule  was  required.  The  line 
integrals  are  evaluated  by  a  one- 
dimensional  trapezoidal  rule  along  the  water 
line. 

The  evaluation  of  G(P,Q,t)  with  an  ef¬ 
ficient  and  accurate  method  is  one  of  the  nsost 
important  elements  in  this  problem.  Depending 
on  the  values  of  P  ,  Q  ,  and  t  three  meth¬ 
ods  are  used  to  evaluate  G(P,Q,t)  :  a  power 
series  expansion,  an  asymptotic  expansion  and  a 
Filon  integration  scheme.  The  details  may  be 
found  in  Bec)c  and  Liapis  (1985  Appendix  B). 

IV.  numerical  Results 

The  results  presented  in  this  section  are 
for  a  Series  60  model  forced  to  oscillate  in 
heave  and  pitch.  The  Series  60  model  is  a  par¬ 
ent  form  (L/B  »  7.0,  B/T  =  2.5,  LCB/L  =  .5% 
forward)  for  ttie  Cg  =  ,7C  series.  This  model 
has  been  tested  by  Gerritsma  (1966)  and 
Gerritsma  and  Beu)celman  (1964).  In  addition, 
Chang  (1977),  Inglis  (1980)  and  Inglis  and 
Pric"  (1982)  have  presented  numerical  results 
using  frequency-domain  calculations. 

As  previously  mentioned,  for  the  numerical 
results  presented  in  this  paper  two  simplifica¬ 
tions  have  bean  made.  The  first  is  that  mj 
has  been  approximated  by 

mj  a  (0,  0,  0,  0,  +0Qn3,  -Uon2)  (54) 

The  approximation  (54)  is  equivalent  to  neg¬ 
lecting  the  effects  of  t)ie  steady  perturbation 
velocities  on  the  body  boundary  condition. 

This  approximation  was  made  because  of  the  dif¬ 
ficulty  of  determining  .  The  use  of  the 
complete  value  for  Oj  ,  as  given  in  equation 
(3)  would  not  alter  the  time-domain  computer 
program;  it  would  nearly  require  different 
input  values. 

The  second  simplifying  assumption  is  that 
in  the  computation  for  the  hydrodynamic  pres¬ 
sure  the  steady  velocity  vector,  W  ,  can  be 
approximated  by  the  free  stream-vector t 


M  «  (-Uq,  0,  0) 

This  assumption  is  consistant  with  neglecting 
the  steady  perturbation  potential  in  the  body 
boundary  condition.  The  elimination  of  the 
steady  perturlaatlon  velocities  in  equations 
(54)  and  (55)  greatly  eases  the  computational 
burden  but  it  does  not  affect  the  time-domain 
analysis  procedure. 

The  quadralateral  elements  into  which  the 
body  surface  was  subdivided  for  most  of  the 
calculations  presented  in  this  section  are 
shown  in  figure  2.  There  are  108  panels  on  the 
half-body.  Tlie  panels  are  smaller  near  the 
ends  because  they  are  critical  for  the  pitch 
calculations,  it  has  bean  found  that  the 
results  can  vary  up  to  5%  depending  on  the 
panel  distribution  for  a  fixed  number  of 
panels . 

One  of  the  major  problems  with  time-domain 
analysis  is  the  oscillatory  tail  which  occurs 
in  the  memory  functions,  K]^(P,t)  ,  at  large 
time  as  they  approach  zero.  Figure  3  is  a  plot 
•o'f  the  memory  function  in  heave  at  zero  for¬ 
ward  speed  versus  time.  The  three  curves  cor¬ 
respond  to  the  potential  method  of  calculation 
(equations  (22),  (28)  and  (29))  for  76  and  108 
panels  respectively  and  the  source  method 
(equations  (42),  (43)  and  (44))  for  7S  panels. 
The  time  step  size.  At  ,  is  sluswn  in  the 
nondiraensional  form  defined  as: 

At*  =  At  /gTT  (56) 

For  the  smaller  number  of  panels  the  oscil¬ 
latory  tail  is  clearly  visible. 

The  oscillatory  error  at  largo  time  is  ap¬ 
parently  thi>  result  of  the  integral  etjuation 
method  of  solution  anil  not  numerical  inaccura¬ 
cies,  Adachi  and  Ohmatsu  (1979,  1980)  examined 
the  two-dimensional  problem  and  found  that  the 
oscillatory  error  in  the  cime-domnin  is  the 
equivalence  of  the  irregular  frequencies  in  the 
frequency  domain.  Since  Irregular  frequencies 
also  exist  in  three-dimensions,  it  is  assumed 
that  the  oscillatory  errors  seen  In  figure  3 
aro  also  the  equivalence  of  irregulsr  frequen¬ 
cies. 

Adachi  and  Ohnatsu  show  that  using  the 
source  method  the  oscillatory  error  cannot  be 
eliminated  regardless  of  time  step  sire  or  ruo- 
ber  of  panels.  However,  using  orthogonality 
arguments  they  show  analytically  that  the 
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p-itential  method  can  have  a  solution  which  is 
free  of  oscillatory  error.  Because  of  numeri¬ 
cal  errors  the  computed  results  might  not  be 
free  of  these  oscillations,  but  at  least  the 
potential  method  should  converge  to  the  proper 
solution  given  a  sufficient  number  of  panels 
and  small  enough  time  step  size. 

Figure  3  shows  that  fo^  small  times  all 
three  methods  give  approximately  the  same  re¬ 
sults.  At  large  time  the  potential  method  does 
have  less  oscillatory  error  than  the  source 
method.  Furthermore,  when  the  number  of  panels 
is  increased  to  108  and  the  time  step  size  de¬ 
creased  to  At*  =  .06264  the  oscillatory  error 
almost  disappears.  There  are  still  slight 
oscillations  and  flat  spots  in  the  M  =  108 
curve  but  they  are  small.  Presum^lbly  a  further 
increase  in  the  number  of  panels  and  a 
decreased  step  size  would  eliminate  them  fur¬ 
ther. 

Figure  4  is  reproduced  from  Beck  and 
Liapis  11985)  and  is  presented  to  demon 'trate 
that  the  oscillatory  error  can  eliminated 
given  a  sufficient  number  of  panels  and  ’  small 
enough  time  step  size.  The  figure  shows  the 
memory  fmiction  for  a  sphere  in  heave.  It 
shouli'  be  noted  tliat  the  memory  function  in 
Beck  and  Liapis  is  defined  in  terms  of  the 
acceleration  of  the  inotion.  Thus,  K(t)  _u8ed 
in  this  paper  is  the  time  derivative  of  K{t)  . 
The  solid  curve  is  the  analytic  result  of 
Barakat  (1962)  obtained  by  Fourier  transforming 
''Is  frequency-domain  result.  As  shc<wn  in  the 
fioure  the  oscillatory  error  has  almost  disap¬ 
peared.  The  ag”8ement  between  t4ia  present 
numerical  computations  and  the  analytic  result 
is  excellent. 

Figures  5-9  show  the  nondlRensional  added 
(aasa  and  damping  coefficients  (  A  and  Sj)^  ) 
for  the  Sene  60  ship  as  a  function  of  non- 
dlnensional  fr  qusncy.  Five  different  sets  of 
data  ate  presented.  The  solid  lines  are  the 
roBults  ccoputed  by  time-domain  analysts  using 
the  potential  method  presented  In  this  paper. 
For  the  calculations  108  panels  on  the  half¬ 
body  were  used  and  the  time  step  size  was  At* 

-  0.fc264  .  The  sciall-dash  cuf  -n  are  the 
experimental  results  of  Gerritsuva  (1966)  for 
zero  forward  speed  and  Gerritsoa  and  Beukelman 
(1964)  for  a  Froude  number  of  ,2  .  The  large- 
dash  curves  are  strip  theoi  •  results  The 
strip  tlioory  results  were  computed  using  the 
coefficient.^  of  Saivosen,  Tuck  and  Faltenson 
(1970)  and  a  source  distribution  technique  to 
solve  the  two-dioetisilonal  problem.  The  results 
computed  by  thrae-ditien*  ior.al  methods  In  the 
frequency  domain  uii.ng  source  panel  techniques 
are  shown  as  cronses  .vnd  MteriskB.  Ti'.e 
crosBOB  are  the  results  of  Inglls  (1980)  for 
Eero  forward  speed  and  Inglls  ard  .urlce  (1982) 
for  a  Froude  number  of  .2  .  The  reeulte  ara 
for  their  IP2  method  which  corresf^ondB  to  the 
method  presented  in  tills  paper,  the  asterisks 
wore  presented  by  Chang  (1977).  Chang's  re¬ 
sults  are  plotted  in  dlRenslonal  form  and  no 
taodsl  length  or  dsnaity  are  given  in  the  paper. 
To  nondicwnsionalvEe  Chang's  results  a.  laodsl 


length  of  10  ft  (3.048  m)  was  used.  Note  that 
not  all  of  vhe  coefficients  were  plotted  by 
Chang. 

Figure  5  shows  the  added  mass  and  damping 
in  heave  for  zero  forward  speed.  As  can  be 
seen  all  the  rsults  agree  reasonably  well,  For 
the  added  mass  the  present  calculations  fall 
between  those  of  Chang  and  Inglis.  The  singu¬ 
larity  in  Inglis'  results  around  u*  =  5,0  is 
the  irregular  frequency  in  the  frequency  domain 
calculation.  The  time  domain  calculations  also 
exhibit  erratic  tjeh’ivior  in  this  region.  Pre¬ 
sumably  if  more  panels  were  taken  in  the  numer¬ 
ical  model  the  curves  would  be  smoother  as  was 
found  in  Bock  and  Liapis  (1985)  for  a  sphere. 

Figure  6  presents  the  cross-coupling  coef¬ 
ficient  between  heave  and  pitch.  At  zero  for¬ 
ward  speed  A35  =  A53  and  B35  =  B53  ;  thus 
only  A33  and  B35  are  plotted.  The  differ¬ 
ences  in  the  computed  values  of  A35  ,  B35 

and  A33  ,  B53  are  less  than  3%  in  all  cases. 

The  cross-coupling  coefficients  ara  the  most 
sensitive  measures  of  the  numerical  accuracy  of 
the  program  because  they  involve  taking  the 
differences  between  the  two  ends  of  the  model, 
which  have  beer  exaggerated  due  to  a  multipli¬ 
cation  by  the  lever  arm.  The  reason  Inglis' 
results  are  sc  much  larger  than  the  others  is 
not  known.  Note  that  both  the  present  results 
and  the  experimental  results  cross  zero  and 
become  negative. 

The  pitch  added  mass  and  damping  ie  pre¬ 
sented  in  figure  7.  As  with  heave  the  time- 
domain  curves  are  not  smooth  at  high  frequen¬ 
cies  due  to  d  presumed  lack  of  the  number  of 
panels  and  too  big  a  time  step  size.  Similar 
to  A35  ,  Inglis'  results  for  Ajj  are  too 
large  around  the  peak  values. 

The  added  mass  and  damping  coefficients 
for  the  ship  moving  at  a  constant  forward  speed 
of  Froude  number  equal  to  .2  ate  shown  In  fig¬ 
ures  6  and  9.  The  cOK.putational  time  for  these 
results  is  almost  the  same  as  for  the  zero  for¬ 
ward  speed  ease.  The  additional  calculations 
which  must  be  made  to  include  the  lino  integral 
terms  has  very  little  effect  on  the  total  coq- 
putar  time.  Arbitrarily  deleting  the  line 
integral  term  frem  the  oalculatlons  alters  the 
results  a  masioua  of  20».  Most  of  tlie  altera- 
tioi\  to  the  memory  function  curve  due  to  the 
effect  of  the  line  Integrals  occurs  around  the 
peak;  of  the  curve  arid  at  large  time. 

The  forward  speed  results  all  suffer  f'.oa 
oscillations  in  the  monory  function  at  large 
time.  This  is  the  sane  problem  as  discuesed  in 
rofarence  to  figure  3.  The  same  paneling  was 
usad  for  Ixrth  <•  0  and  K,,  »  .2  ,  While 
the  paneling  was  sufficient  for  the  zero  speed 
case,  it  ^parantly  need*  further  rafinocent  in 
the  forward  sfwed  cass.  In  addition  the  tine 
step  size  and  Bsaxiaun  time  for  the  calculations 
has  to  be  adjusted  in  order  to  improve  the  jwe- 
dictiona.  .vc-  can  be  seen  in  figures  8  and  9 
the  oscillations  in  the  tail  of  the  oarnory 
functions  haa  lead  to  oscillations  in  the  added 
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mass  and  damping  coefficients. 

The  heave  added  mass  and  damping  is  shown 
in  figni'e  8.  For  the  added  mass  ail  the 
results  agree  reasonably  well;  the  damping 
shows  a  much  larger  spread  between  the  various 
predictions .  The  hook  at  high  frequency  in  the 
time-domain  analysis  curve  is  false  and  is  the 
result  of  the  oscillatory  tail. 

The  pitch  added  inertia,  pitch  damping, 
and  heave-pitch  cross-coupling  curves  all  show 
strong  influences  of  the  oscillatory  tail  and 
need  further  investigation,  \<hen  compared  to 
the  other  theoretical  calculations  and  to  the 
experiments  the  time-domain  predictions  ’I 
have  the  correct  magnitude,  but  the  curves  are 
not  smooth.  As  an  example,  figure  8  shows  the 
added  mass  and  damping  in  pitch.  The  time- 
domain  curves  are  not  shown  in  the  low  fre¬ 
quency  range  ^jecause  the  results  in  that  region 
depend  on  the  arbitrary  method  of  closure  of 
the  memory  function  at  large  time.  A  closure 
technique  was  necessary  because  tlie  computer 
run  was  inadvertantly  stopped  before  the  memory 
function  return  to  zero.  Lack  of  time  and  com¬ 
puter  funds  prevents  a  re-run.  As  can  be  seen 
the  results  are  in  the  proper  range.  The 
oscillations  and  low  frequency  results  can  be 
improved  by  better  numerical  techniques  at 
large  cii’n , 

V.  Conclusions 

The  use  of  time-domain  analysis  has  been 
shown  to  be  a  viable  alternative  to  the 
frequency-domain  approach  for  solving  the 
radiation  problem.  Either  method  can  be  used 
to  find  the  added  mass  and  damping.  However, 
the  time-domain  solution  can  bo  extended  to 
problems  of  variable  forward  speed  and  curved 
tra  joctori  es . 

As  cofluxared  to  a  frequency-domain  formula¬ 
tion,  tine-domain  technique  can  bo  ex  oixiod 
from  zero  to  constant  forward  speed  with  only 
minor  modifications.  The  computer  time  for  the 
forward  speed  case  is  only  slightly  larger  than 
the  Eero  speed  case. 

The  major  disadvantages  of  tine-domain 
analysis  are  all  related  to  the  beh.ivior  of  the 
memory  functions  at  large  time.  RelatiM  to  tlie 
irregular  frequencies  in  the  frequency  domain, 
an  oocillatory  error  appears  in  the  tail  of  the 
tine-domain  memory  function  as  it  approaches 
serii  at  l.irge  time.  By  solving  for  the  wilo- 
cl  ty  ]x)tential  directly,  tlic  cacillatory  error 
can  presumably  be  m’^de  as  small  a*  necessary  by 
UB.'ivj  time  steps  and  quadrilateral  eleoonts 
which  are  sufficiently  snail.  Unfortunately, 
this  greatly  increases  the  coojniter  time.  For 
the  calculetioas  presented  in  this  jxtper  ueing 
constant  time  step  sise  and  aiaplo  trapasoidal 
time  integration,  50%  of  the  coopirer  time  is 
used  to  obtain  the  tail  of  the  maaory  function. 
To  make  tlBe-doB.iln  analysis  us  ful  for  routine 
caicubitions  a  nethod  must  be  found  to  give 
good  definition  to  the  tail  of  the  memory  func¬ 
tion  without  tremendous  expenditure  of  computer 


time.  Variable  time  step  size  and/or  asymp¬ 
totic  analysis  will  be  investigated  in  tlie  near 
future. 

Acknowledgement 

This  work  was  supported  by  the  Fluid 
Mechanics  Program  of  the  Office  of  Naval 
Research,  Contract  Number  N00014-85-K-01 18, 

Refc  nces 

1.  Adachi,  H.  and  Ohmatsu,  S.  (i979).  On  the 
influence  of  irregular  frequencies  in  the 
integral  equation  solutions  of  the  time- 
dependent  free  surface  problems.  Journal 
of  Engineering  Mathematics,  Vol.  16,  No. 

2,  pp.  97-119. 

2.  Adachi,  H.  and  Ohmatsu,  S.  (1980).  On  the 
time  dependent  potential  and  its  applica¬ 
tion  to  wave  problems.  Proceedings  13th 
Symposium  on  Naval  Hydrodynamics,  ONR , 
Washington  D.C.,  pp.  281-302. 

3.  Barakat,  R,  (1962),  Vertical  motion  of  a 
floating  sphere  in  a  sine-wave  sea.  Jour¬ 
nal  of  Fluid  Mechanics,  Vol,  13,  pp.  540- 
556.  Also  corrections  in  an  unpublished 
report  entitled  "Forced  periodic  heaving 
of  a  semi-immersed  sphere." 

4.  Beck,  R.F.  and  Liapis,  S,  (1985).  Trans¬ 
ient  motions  of  floating  bodies  at  zero 
forward  speed.  Submitted  for  publication 
to  the  Journal  of  Fluid  Mechanics. 

5.  Chang,  M.-S.  (!977).  Computation  of 
three-dimensional  ship-motions  with  for¬ 
ward  speed.  Proceedings  Second  Interna¬ 
tiona  i  Confere nee  on  Numerical  Ship  Hydro¬ 
dynamics,  University  of  California, 
Berkeley,  pp.  124-135. 

6.  Cumnlns,  w.K,  (1962).  The  impulse  res¬ 
ponse  function  amd  ship  notions. 

Schif fstechni k,  Vol.  9,  pp.  101-109. 

7.  tMoud,  N.  (1975).  Potential  flow  near  to 
a  fine  ship’s  Ixiw.  Report  No.  177,  De¬ 
partment  of  N.ival  Arcliitecture  ajv!  Marine 
Engineering,  T7ie  University  of  Michigan, 

8.  Finkelstein,  A.B.  (1957).  The  initl.ll 
value  jicblee  foi  transient  water  waves. 
Coamunicatl ins  on  Pure  aivd  Applied  Math- 
oHaticB ,  Viil.  10,  pp,  51  1-522. 

9.  Geri’itsma,  J.  .itxi  Houkelman,  W.  (1964). 

The  distribution  of  tlie  hydrodynamic 
forces  on  a  heaving  and  pitching  shlpBodol 
In  still  water.  Report  No.  22,  Ship¬ 
building  l.t.s3ratory,  Technological  Univer¬ 
sity  of  Deilt,  Delft,  Netherlands. 

10.  Gcri’iteiu,  J.  Distribution  of  hydrody¬ 
namic  forces  along  the  length  of  a  ship 
model  in  waves.  Poi>ort  N-.  144,  Ship¬ 
building  Laboratory,  Technological  Unlver- 
olty  of  iclft.  Delft,  Nothorlands. 


11.  Guevpl,  P.  and  Bougia,  O'.  (1902),  Ship- 
motions  with  forward  speed  in  infinite 
depth.  International  Shipbuilding  Pro¬ 
gress,  Vol.  29,  No.  332,  pp.  105-117. 

12.  Hess,  J.h.,  and  Smith,  A.M.O.  (1964). 

Calculation  of  nonllttln..  fi...., 

about  arbitrary  three-dimensional  bodies. 
Journal  of  Ship  Research,  Vol.  8,  No.  2, 
pp.  22-44. 

13.  Ikebuchi,  T.  (1981).  Hydrodynamic  forces 
on  a  body  moving  arbitrary  in  time  cn  a 
free  surface.  Journal  Kansai  Society  of 
Naval  Architects,  Japan,  No.  181,  pp.  45- 
53. 

14.  inglis,  R.B.  (1980).  A  three-dimensional 
analysis  of  the  motion  of  a  rigid  ship  in 
waves.  Ph.D.  thesis.  Department  of  Mech¬ 
anical  Engineering,  University  College, 
London . 

15.  Inglis,  R.B.  and  Price,  W.G.  (1982).  A 
three-dimensional  ship  motion  theory  — 
comparison  between  theoretical  prediction 
and  experimental  data  of  the  hydrodynamic 
coefficients  with  forward  speed.  Transac¬ 
tions  Royal  Institution  of  Naval  Archi¬ 
tects,  VO).  124,  pp.  141-157. 

16.  Kotik,  J,,  and  Lurye,  J.  (1968).  I.ave 
oscillation  of  a  floating  cylinder  or 
sphere.  Sch if f s tichnik ,  Vol,  15,  pp.  37- 
38. 

17.  Liapis,  S.  (1985),  Time-domain  analysis 
of  ship  moticcs.  Ph.D.  thesis,  Departmsnt 
of  Naval  Architecture  and  Karine  Engin¬ 
eering,  The  University  of  Michigan,  in 
preparation . 

18.  Lin,  W.C,  (1966),  An  initial -value  prob¬ 
lem  for  the  motion  of  a  ship  moving  with 
constant  mean  velocity  in  an  arbitrary 
seaway.  Report  No.  NA-66-9  of  College  of 
Engineering,  University  of  California, 
Berkeley. 

19.  Haskell,  S.J.,  and  ursell,  F,  (1970),  The 
transient  motion  of  .  floating  body. 
Journal  of  Fluid  HecharJcs,  Vol.  44,  part 
2,  pp,  30r-?13. 

20.  Newman,  J.N.,  (1985),  Trai.sient  axisym- 
metric  motion  of  a  floating  cylinder, 
submitted  for  publication  in  the  Journal 
of  Fluid  Meciianlcs. 

21.  Ogllvie,  T.F.  (1964).  Recent  progress 
toward  the  understanding  and  prediction  of 
ship  motions.  Proceedings  5th  Symposium 
on  Naval  Hydrodynamics,  ONR,  Washington, 
D.C.,  pp.  3-128. 

22.  Cgilvie,  T.F.  and  Tuck,  E.O.  (1969).  A 
rational  strip  theory  of  ship  motion i 
Part  1.  Report  No,  13,  Department  of 
Naval  Architecture  and  Marine  Engineering, 
The  University  of  Michigan,  Ann  Arbor. 


23.  ogilvie,  T.F.  (1977).  Singular  perturba¬ 
tion  problems  in  ship  hydrodynamics. 
Advances  in  Applied  Mechanics,  Vol.  17, 
pp.  91-188. 

24.  Salvesen,  N.,  Tuck,  E.O.,  and  Faltinsen, 
r>.  11970).  ship  motions  and  sea  loads. 
Transactions  Society  ot  Naval  Architects 
and  Marine  Engineers,  Vol.  78,  pp,  250- 
287. 

25.  Stoker,  J.J,  (1957),  Water  waves.  Inter¬ 
science  Publishers,  Inc,,  New  York. 

26.  Urs'^ll,  F.  (1964).  The  decay  of  the  free 
motion  of  a  floa' ing  body.  Journal  of 
Fluid  Mechanics,  Vol,  19,  pp.  305-314. 

27.  Yeung,  R.W.  (1932).  The  transient  heaving 
motion  of  floating  cylinders.  Journal  of 

Engineering  Mathematics,  Vol.  16,  pp,  97- 
1 19. 

28.  Yeung,  R.W.,  and  Kim,  S.H.  (1934).  A  new 
development  ii,  the  theory  of  oscillating 
and  translating  slender  ships.  Procee¬ 
dings  15th  SymposlUB  on  Naval  Hydro¬ 
dynamics,  OIW,  Washington,  D.C.,  pp,  195- 
218, 

29.  Wenausen,  J.V.  and  Lai  tone,  E.V.  (1960). 
Surface  waves .  Handbuch  der  Physik, 
Springer-Verlf g,  Berlin,  pp.  446-778. 

30.  Wehausen,  J.V,  !1S6?),  initial -value 
problem  for  the  motion  in  an  undulating 
sea  of  a  body  with  fixed  equilibrium  posi¬ 
tion,  Journal  of  Engineering  Mathematics, 
Vol.  1 ,'  pp.  1-19. 

31.  Wehausen,  J.V,  (19  71),  The  motion  of 
floating  bodies.  Annual  Review  of  Fluid 
Mechanics ,  Vol,  3,  pp,  237-268. 


48 


(LSD 


Time-Domain  Calculation  - 

Experiment , 

Gerritsraa  and  Beukelman  (1964)  - 

Strip  Theory  — - 

Frequency-Domain  Calculation,  +  +  + 

^  Inglis  and  Price  (1982) 

(  Frequency-Domain  Calculation,  *  *  * 

I  Chang  (1977) 
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DISCUSSION 
of  the  paper 

by  S.  Liapis  and  R.F.  Beck 
"SEAKEEPING  COMPUTATION  USING  TIME-DOMAIN  ANALYSIS" 


DISCUSSION 
by  H.  Wang 

I  extend  ny  congratulations  to  the 
authors  for  successfuly  completing  the  calcu¬ 
lations  for  a  three-dimensional  time-domain 
analysis  for  an  oscillating  ship  advancing 
with  nonzero  forward  speed.  It  should  serve 
as  a  useful  alternate  calculation  procedure 
to  the  more  usual  frequency-domain 
approaches. 

At  several  places  in  your  paper,  you  men¬ 
tion  that  your  approach,  for  the  forwaro  soeed 
case,  requires  much  less  computation  effort 
than  the  frequency-domain  approach.  I 
believe  that  the  principal  reason  for  this, 
which  is  never  explicitly  mentioned  in  your 
paper,  is  due  to  the  fact  that  even  for  the 
forward  speed  case,  you  are  able  to  retain  a 
relatively  simple  expression  for  the  Green 
function,  given  in  Eq.  (5).  It  contains 
only  a  single  integral  with  a  regular 
integrand.  By  contrast,  the  Green  function 
for  this  case  in  the  frequency  domain 
approach  contains  double  integrals,  who  » 
integrands  contain  poles. 

Author's  Reply 

We  would  like  to  thank  H.T.  Wang  for  his 
comments.  Certainly  the  time  domain  approach 
has  several  advantages  over  the  more  conven¬ 
tional  frequency  domain.  First,  one  is  not 
constrained  to  solving  sinusoidal  problems. 

The  method  can  be  used  to  solve  seakeeping 
problems,  wave  resistance  problems,  maneuver¬ 
ing  problems  or  any  combination.  Secondly, 
there  should  be  a  computational  advantage. 

The  time-domain  Green  function  is  computat¬ 
ionally  far  simpler  than  the  Green  function 
for  a  pulsating  and  translating  source  It 
should  be  noted  here  that  the  Green  function 
may  he  evaluated  for  both  cases  of  zero  and 
non-zero  forward  speed  in  the  same  way. 
Furthermore,  the  kernel  matrix  in  equation 
(52)  is  identical  for  all  times,  and  need 
only  be  inverted  once.  For  a  large  number  of 
panels  this  is  a  significant  advantage  over 
the  frequency  domain.  The  main  problem  of 
this  method  is,  as  discussed  in  the  paper, 
related  to  the  oscillatory  behavior  of  the 
memory  functions  at  large  time.  This  oscil¬ 
latory  error,  which  is  due  to  the  irregular 
frequencies,  may  be  reduced  to  any  desirable 
tolerance  by  increasing  the  number  of  panels 
and  tiate  steps.  Unfortunately,  this  greatly 
increases  the  computer  time  and  we  are  pres¬ 
ently  investigating  more  efficient  alter¬ 
natives. 
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LINEAR  HYDRODYNAMIC  COEFFICIENTS  OF  SHIPS  WITH  FORWARD-SPEED 
DURING  HARMONIC  SWAY,  YAW  AND  ROLL  OSCILLATIONS 


Keiichi  Yamasaki 
Nippon  Kokan  K.  K. 
Tsu,  Japan 
and 

Masataka  Fujino 
University  of  Tokyo 
Tokyo,  Japan 


Abstract 

This  paper  describes  a  numerical  method 
for  calculating  the  lateral  hydrodynamic 
forces  and  moments  acting  on  a  ship  with  a 
hull  of  arbitrary  shape  during  such  lateral 
motions  as  sway,  yaw  and  roll.  For  the 
purpose  of  investigating  the  validity  of  the 
present  method,  the  linear  hydrodynamic 
coefficients  of  several  kinds  of  ship-like 
bodies  such  as  a  flat  plate,  Series  60  model, 
and  a  container  ship-model  are  calculated  and 
compared  with  the  experimental  results  of 
forced  oscillating  tests  as  well  as  the 
numerical  values  obtained  by  the  Strip  Method, 
It  was  seen  that  the  present  method  has 
excellent  prediction  v-iiue  regarding  both  the 
effects  of  forward  speed  and  the  frequency 
of  motion  of  the  various  hydrodynamic 
coefficients  when  compared  to  the  Strip  Method. 


1.  Introduction 

The  so-called  Strip  Method  has  been 
generally  used  to  predict  the  lateral  hydro- 
dynamic  forces  and  moments  acting  on  a  ship. 
There  remain,  however,  several  problems  to  be 
resolved  regarding  the  prediction  accuracy 
of  the  Strip  Method,  For  example,  the  effects 
of  a  ship's  forward  speed  on  the  lateral 
hydrodynamic  coefficients  cannot  be  adequately 
predicted  by  this  method.  In  the  Strip  Theory 
synthesis,  the  fluid  motions  around  a  ship  are 
described  in  an  approximate  manner  by  the 
two-dimensional  fluid  motion  in  transverse 
planes  normal  to  the  longitudinal  axis  of 
the  ship.  Consequently,  the-  three-dimensional 
effects  on  the  hydrodynamic  forces  cannot  be 
successfully  identified  by  the  Strip  Method, 
Therefore,  it  is  necessary  to  establish  a 
calculation  method  by  which  the  three-dimen¬ 
sional  effects,  in  particular,  the  effect  of 
a  ship's  forward  speed  on  the  hydrodynamic 
coefficients  can  bo  determined  in  a  valid 
manner , 

According  to  the  slender  body  assumption 
as  indicated  by  Chapman  2)  ,the  fluid 
motion  around  a  threc-diraenslonol  body  may  be 
approximately  dotorrainod  by  unsteady  two- 
dimensional  flow  in  space-fixed  pianos  normal 


to  the  longitudinal  axis  of  the  body.  That 
is  to  say,  the  fluid  motion  in  an  arbitrary 
space-fixed  plane  normal  to  the  ship's 
longitudinal  axis  is  determined  by  repeatedly 
calculating  the  fluid  motion  at  various  in¬ 
stances  after  the  ship's  bow  begins  to  penet¬ 
rate  this  plane. 

By  determining  the  fluid  motion  in  the 
transverse  planes,  which  are  placed  at  equal 
intervals  along  the  ship’s  longitudinal  axis, 
the  three-dimensional  fluid  motion  around  a 
ship  can  be  obtained;  then,  the  hydrodynamic 
forces  and  moments  acting  on  a  ship  can  be 
evaluated  by  integrating  the  hydrodynamic 
pressure  over  the  entire  wet  surface  of  the 
hull. 

In  the  following,  the  two-dimen.sional 
fluid  motion  in  the  above-stated  transverse 
planes  is  obtained  using  the  numerical  method. 
At  the  time  of  calculation,  the  two-dimensional 
Infinite  region  is  replaced  by  a  finite  region 
by  introducing  an  artificial  open  boundary  at 
a  distance  of  sufficient  distance  from  the 
ship.  At  the  boundary,  it  is  necessary  for  the 
waves  generated  by  a  ship's  motion  to  pass 
outwardly  through  the  boundary  in  a  manner 
that  a  boundary  does  not  exist.  For  this 
purpose,  Orlanski^)  and  Chan^)  imposed  Sommer- 
feld's  radiation  condition  on  the  open  boundary 
and  treated  it  by  means  of  the  finite  dif¬ 
ference  scheme.  In  this  paper  as  wall, 
Soramerfeld’s  radiation  condition  is  imposed 
on  the  open  boundary  and  treated  in  a  manner 
similar  to  the  above.  The  radiation  condition, 
however,  is  replaced  by  a  more  relaxed  condi¬ 
tion,  that  is  to  say,  a  numerical  error  is 
positively  allowed  to  exist  in  the  equation 
describing  Sommerfeld's  radiation  condition. 

By  making  use  of  a  relaxed  condition  instead 
of  an  exact  radiation  condition,  it  becomes 
possible  to  have  the  free  surface  waves, 
which  are  generated  by  ship's  motion  and  then 
propagated  toward  the  outer  region,  pass 
smoothly  through  the  open  boundary. 

In  addition  to  the  radiation  condition, 
the  linearized  free  surface  condition  and 
body  surface  condition  are  demanded  aS 
boundary  conditions  to  bo‘ satisfied.  The  two- 
dimensional  Laplace's  equation,  which  is  the 
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governing  equation  in  the  fluid,  is  solved  by 
means  of  the  Boundary  Element  Method  (B.E.M.). 

By  utilizing  the  present  method,  the 
hydrodynamic  forces  and  moments  acting  on 
a  ship  are  calculated  for  an  arbitrary  motion 
if  the  ship's  motions  are  known.  In  the 
following,  however,  the  linear  hydrodynamic 
coefficients  of  sway,  yaw  and  roll  motions  are 
exclusively  calculated  and  compared  with  the 
experimental  data.  Comparisons  are  made  for 
three  cases  consisting  of  a  flat  plate.  Series 
60  model,  and  a  container  ship.  In  particular, 
the  effects  of  the  ship's  forward  speed  on 
the  hydrodynamic  coefficients  are  disccussed 
by  presenting  the  numerical  and  experimental 
results.  Furthermore,  the  hydrodynamic 
coefficients  of  the  Series  60  model  obtained 
by  the  Strip  Method  are  compared  with  the 
numerical  results  obtained  by  the  present 
method. 


Side  View 
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(i)  The  fluid  is  incompressible,  ir- 
rotational  and  inviscid. 

(ii)  The  ship's  lateral  motions  are 
infinitesimal. 

(iii)  The  ship's  hull  can  be  regarded  as 
a  slender  body. 

The  coordinate  systems  used  for  the  for¬ 
mulation  ate  shown  in  Fig.  1.  0"-x"y"z"  is  a 

body-fixed  coordinate  system  with  its  origin 
at  the  intersection  of  the  ship's  bow  and 
waterline.  Another  system  O'-x'y'z'  advances 
in  a  straight  manner  in  the  mean  course  of  the 
ship  at  a  forward  speed  of  'J,  The  velocity 
potential  <t>  describing  the  fluid  motion  around 
a  ship  is  as  follows: 

<i)  (x',  y',  z',  t  )  =  Ux'  -i-<p  (.  x',  y',  7.',  l)  (1) 

The  velocity  potential  V  of  the  right-hand 
side  denotes  the  fluid  motion  as  a  result  of 
unsteady  ship  motion.  The  three-dimensional 
Laplace's  equation,  the  kinematic  and  dyna¬ 
mic  conditions  of  the  free-surface ,  which  the 
velocity  potential  ‘P  satisfies,  are  as 
follows: 


w 


a/ 2  5^,2 


in  fluid  ) 


(2) 


on  z'  =  C  >  (1) 


where  C  is  the  elevation  of  the  free  surface 
and  ^  the  acceleration  of  gravity, 

In  consideration  of  the  above-stated  asr 
sumptions  (ii)  and  (iii),  eqs,  (2),  (3)  and  (4) 
may  be  reduced  to  the  following; 


,  ,2  + 

dy 


^  0 


in  fluidi 


M  (Iv  +  =  ^  O"  =  0.  ''' 


_df 

di 


Ci>)  ("f^  +  ii  ==  0  on  z'  =  0,  (7) 


Fig.  1  Coordinate  systems  used  in  formula¬ 
tion 


2.  Formulation 

In  order  to  calculate  the  hydrodynamic 
lateral  forces  acting  on  the  ship  advancing  on 
a  free  surface,  the  following  conditions 
are  assumed  to  exist: 


Based  on  the  assumption  that  lateral  dis¬ 
placement  s(t),  yaw  angle  a(t),  and  roll  angle 
0(t)  are  sufficiently  small,  the  coordinate 
systems,  O'-x'y'z'  and  0"-x"y"2",  have  the 
following  relation: 

x'  =  x'  -  y'  a(  t  ) ,  (6) 

y'  =  y'  -  8(l)-(xQ-x')»(l)-(i'-ZQ)(?(t)  , 

(9) 
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i"  =  z'+y'  (9(l)  ,  (10) 

where  xq  is  the  horizontal  distance  from  the 
ship's  bow  to  the' center  of  gravity,  and  zg 
the  height  of  the  center  of  gravity  from  the 
surface  of  the  water. 

Let  the  hull  shape  be  represented  by 

HCx"  ,y‘',z'')  =  0  .  (11) 

then  the  body  surface  condition  is  described  by 


The  velocity  potential  <p  may  be  divided 
into  two  parts: 

^y,z,l)=9p(y,i,l)+Y^(y,z,t)  infix,  (18) 

where  <Py  and  <Pi,  correspond  to  longitudinal  and 
^3teral  motion  of  a  ship,  respectively.  By 
decomposition  of  <p  into  and  <Pi,  the  body 
surface  condition  (17)  may  be  divided  into  the 
following  equations: 

sy’i,  an  an 

dy  Dy  f)  t,  at  ,  (la) 


ay,.  ^  an 

dy  dy  dz  dz 


[• 


(t  )-Ua(t )+{  Xu-X+U(T-l  )  }i(t ) 


onn(x'',y',z'’)=0  .  (12) 

Considering  that  the  ship's  motion  is 
small,  the  body  surface  condition  can  be  satis¬ 
fied  on  mean  ship  hull  surface  H(x',  y',  z')=o 
rather  than  on  the  exact  ship  hull  surface. 

By  substituting  eqs.  (1),  (8),  (9)  and  (10) 
into  eq.  (12) ,  the  body  surface  condition  at 
the  mean  hull  surface  may  be  expressed  as  fol¬ 
lows: 


ttM  ^  M 

ay'  ay'  dz*  dz' 


(  8  (t  )  -U  a(l  ) 


+  (z  -ly-y^Ct)  (20) 

Moreover,  and  <Pi  must  satisfy  the  radiation 
condition  at  the  open  boundary.  The  radiation 
condition  may  be  commonly  expressed  as  follows; 

ay  ^d<p 

ar  +  Ca^  =  o>  (21) 

where  is  the  differentiation  in  the  normal 
outward  direction  at  the  open  boundary,  and  C 
is  the  phase  speed  of  the  waves. 


+(xo-x'  )a(t)  +(  z'-zq)0 

on  H(x',y',  z')=0.  (13) 

Using  the  coordinate  system  0-yz  de¬ 
fined  in  a  space-fixed  transverse  plane  fij^ 
which  ia  situated  at  x'=X  at  the  instance 
t=T  (see  Fig.  1),  eqs.  (5),  (6),  (7)  and 
(13)  may  be  newly  expressed  as  indicated  by 
Chapman  2)  as  follows: 


^y 


a^_  ^ 
at  a  z 


ay 

at 


+  =  0 


in  fluid,  (14) 

on  z  =  0  ,  (15) 

on  z  =*  0  ,  (16) 


an  ,  W  an. 

D  a  *■  -1  D  * 


‘at 


+  [8(t)-Uo(l)+{xa-X+U(T-t  )}a(t) 

+  (z-z,)(9(t)]|l'-y5(t)g. 


on  Ii(y,z,l  )  =0 


•  iT-J^t^T.  (17) 


Namely,  y?  is  determined  by  solving  the 
eqs.  (14),  (15),  (16),  (19),  and  (21),  and  y,, 
by  solving  the  eqs.  (14),  (15),  (16),  (20), 
and  (21) ,  respectively.  On  the  assumption  that 
lateral  motions  of  a  ship  are  sufficiently 
small,  the  free  surface  conditions  eqs.  (15) 
and  (16)  ,  which  are  satisfied  by  ,  may  be 
satisfied  along  the  streamlines  on  z=0  ge¬ 
nerated  by  uniform  longitudinal  motion. 

On  the  other  hand,  the  free  surface  con¬ 
dition  for  <Pf  is  substituted  by  the  rigid  wall 
condition. 


This  substitution  does  not  seriously  affect 
the  predicted  hydrodynamic  lateral  forces 
because  *Pf  has  no  significant  effect  on  the 
hydrodynamic  lateral  forces. 

3.  Hydrodynamic  Lateral  Forces  and 
Moments 


The  hydrodynamic  lateral  force  f(T,  X) 
and  roll  moment  ra(T,  X)  acting  on  a  ship's 
section,  which  is  situated  in  the  space-fixed 
plane  fiz  at  x'"X  at  the  instance  t«T,  ate 
expressed  by 


In  the  S-x  plane,  the  hull  surface  H  is 
a  function  of  time  t  as  described  by  the  first 
term  on  the  right-hand  side  of  eq,  (17),  The 
remaining  terms  on  the  right-hand  side  of  eq. 
(17)  denote  contributions  of  such  lateral 
motions  as  sway,  yaw,  and  roll. 


f(T,X)=— 2(0^  ^^*^y*^*  *  (21) 

m(T,X)=— 2j0^‘''|p^{hy  (z-ZQ)-hty}d»,  (24) 

whore  p  is  fluid  density,  n»(ny,  n^)  is  a 
normal  inward  unit  vector  of  the  ship's  hull. 
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Contour  integration  is  performed  along  the 
surface  of  the  hull  from  the  keel  to  the  in¬ 
tersection  of  the  hull  and  waterline. 

Consequently,  the  hydrodynamic  lateral 
force  Y(T),  yaw  moment  N(T),  and  roll  moment 
M(T)  acting  on  the  entire  ship  at  the  in¬ 
stance  t=T  are  obtained  by  integrating 
eqs.  (23)  and  (24)  over  the  ship  length. 


motions  are  described  as  follows  (see  the 
bottom  of  Fig.  2) : 

A22%+B22’?2+A2/%+B24'?4+A26%+.B26^6  =^2  (30) 

A44  ^4+B  44  ^4+^44  ^4+^42  Vz  ■'■B42  Vz  ■*■^46  %  "^^45  %  ”  ^4 

(31) 

Afi6%+B66%+A62^2+Bs2’?2+A«4i')4+B64’94  =  ^  6  (32) 


Y(T)  =/‘'f(T,X)dX 

0 

(25) 

N(T)  =/'(xQ-X)f(T,X)dX 

0 

(26) 

M(T)=/^m(T,X)dX 

0 

(27) 

4.  Determination  of  Hydrodynamic 
Coefficients 


Vz,  ^4  and  Vb  denote  sway,  roll  and  yaw, 
respectively,  and  Aij,  Bi j ,  Cij  the  hydro- 
dynamic  coefficients.  F^,  F^  atid  Fg  re¬ 
present  the  external  forces  acting  bn  a  ship, 
if  any. 

In  order  to  determine  the  hydrodynamic 
coefficients  of  eqs,  (28)  -  (32)  as  functions 
of  frequency  ui  by  experiments,  the  follow¬ 
ing  harmonic  motions  are  imposed  on  the 
model  of  a  ship; 


With  the  body-fixed  coordinate  system 
shown  at  the  top  of  Fig.  2,  the  linear 
equations  of  sway  and  yaw  motions  are  des¬ 
cribed  by 


m v=Yv  v+Yv v+Yr  r  +  (Yr-mU)r  ; 


Iz2r=NvV  +  NvV  +Nr  r  +Nr  r 


(I)  pure  sway: 

8(l)=sinail  ,  a  ( t  )  =  (?( I  )  =  0  ,  (33) 

(II)  pure  yaw: 

a(l)=8in(Ul  1  8(t)-Ua(l)=0  ,  ^?(t)  =  0, 

(34) 


(III)  combined  motion: 

m  is  the  mass  of  a  ship,  and  I^z  the  mass  ,  ,  .  o 

moment  of  inertia.  Using  the  space-fixed  a(t)  =  8in(ui  ,  s(t)  =  P(i)  =  0,  (33) 

coordinate  system,  on  the  other  hand,  the 

linear  equations  of  sway,  yaw  and  roll  (IV)  pure  roll: 


Container  Ship 
U 


z 


Fiq.  2  Coordinate  r.yr terns  used  in  cvalira- 
tions  of  hydi odynamic  coefficients 


(?(l)  =  8in(ut  ,  8(l)  =  s(l)  =  0. 

Table  1  Nondimensionalisntion  of  hydro- 
dynamic  coefficients 
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In  the  harmonic  oscillation  tests,  the 
hydrodynamic  forces  at  the  instance  T,  when 
the  acceleration  of  the  model  (or  angular 
acceleration)  becomes  zero  are  comprised  of 
hydrodynamic  forces  dependent  only  on  velocity 
(or  angular  velocity).  In  a  similar  manner, 
the  hydrodynamic  forces  at  the  instance  of 
zero  velocity  (or  zero  angular  velocity) 
consist  of  hydrodynamic  forces  resulting 
from  only  acceleration  (or  angular  accelera¬ 
tion)  .  Therefore,  the  linear  hydrodynamic 
coefficients  of  eqs.  (28)  -  (32) ,  which  are 
related  to  the  acceleration  and  velocity  of  a 
ship,  are  easily  determined  by  selecting  the 
time  T  of  integrals  (25)  -  (27)  as  the 
instance  when  the  velocity  and  acceleration 
of  the  model  become  zero,  respectively.  The 
linear  hydrodynamic  coefficients,  which  are 
obtained  in  this  manner,  are  “nondimensiona- 
lized"  in  the  manner  shown  in  Table  1. 


5.  Numerical  Method 


In  the  following,  the  numerical  method 
for  determining  the  two-dimensional  fluid 
motion  in  the  space-fixed  transverse  plane  Six 
is  described. 


to  the  open  boundary.  However,  undesirable 
contamination  of  the  free  surface  wave 
occurred  resulting  from  the  presence  of 
the  open  boundary.  In  this  paper,  therefore, 
the  exact  radiation  condition  (21)  was  re¬ 
placed  by  the  more  relaxed  condition  expressed 
as; 


dV  dV 


(37) 


The  non-zero  value  of  E  on  the  right-hand 
side  permits  a  numerical  error  for  the  left- 
hand  side  term  of  the  exact  radiation  condi¬ 
tion  (21) .  Fig.  3  shows  the  finite  difference 
scheme  of  satisfying  eq.  (37)  in  i-l  plane, 
where  t  and  ^  denote  the  time  and  the 
spatial  direction  normal  to  open  boundary, 
respectively,  in  the  vicinity  of  the  open 
boundary.  Let  '/’(r.j)  denote  the  velocity 
potential  at  t= r  and  ^=j,  then  eq.  (3i) 
applied  to  the  point  I  marked  in  Fig.  3  is 
expressed  as  follows: 

¥>(r+Ul)='/’(r-1.2)  +  (l-Za){^(r,l)-V^r,2))  +  2e, 


where  .  and  £  =  liAt 


(38) 


5-1.  Radiation  fjndition  at  the  Open 
Boundary 

When  calculating  the  two-dimensional 
flow  in  the  transverse  plane  ilx  ,  as  men¬ 
tioned  in  the  above,  infinite  fluid  region 
iS'  replaced  by  a  finite  region,  which  is 
bordered  by  an  open  boundary,  Sommer  fold's 
radiation  condition  is  then  imposed  on  this 
open  boundary.  OrlanskiJ)  and  Chan^)  have 
utilized  the  finite  difference  technique  in 
order  to  deal  with  Sommerfeld's  radiation 
condition  in  a  numerical  manner.  Initially, 
following  the  technique  used  by  Otlanski 
and  Chan,  the  authors  applied  their  technique 


In  a  similar  manner,  eq.  (37)  applied  to 
the  points  II  and  III  is  expressed  as 

■|-(^^(r.2)-nr-1.2)+<i®(r-l,3)-‘/>(r-2.3)} 

+cf'^  {';P(T-l,2)-'/’(r-l,3)i  =e  *  .  (39) 

and 

•|•{V^(r-i,3)-V•(^-2,3)-'^'>(r-^.4)-V’(^-3.4)^ 

+a‘'{^'’{r-2,3)-V^(r-2,4)}  .  I** ') 

a  ^  and  £ ’'  in  the  above  equations  correspond 
to  a  and  £  of  eq.  (38),  respectively. 


* 


Fig.  3  Finite  difference  Boheoe  of  the  open 
boundary 


,40;  arc  known  in  advance,  „ +■  ,  and  >  can 
be  ter  mined .  in  order  to  avoid  pccxiacing 

a  significant  numerical  error,  which  .might  be 
caused  -.Thsn  the  difference  of  potential  values 
.at  two  adjacent  points  is  significantly  .small, 
the  following  addition.al  restrictions  are 


tui  0  '  ^ 


c 

o 

imposed.  Namely,  if 

a> 

:V-'(r~l,2)-V(T-l,3); 

or 

a: 

;v'(  r-2.3)-'V’(r-2,4)  ; 

V- 

Oi 

and  then 

D 

O 

V'’(r-l,2)-V''(r-l,3)  » 
or 

V’(r-2.3)-'r(  r  -2.4)  «■  0 

and  ate  the  extreme  values  of  V 

on  the  boundaries. 

In  order  to  si'pp.ress  t.hc  ?.}•£  '■  t.fve 

propagation  at  the  open  ,  a 

reasonable  range,  i  of  tcj.  ,38)  -s  det'r 
.mined  by  t-he  •  lo'-,,ig  equan.-.nnr ,  which  is 
dependent  val^o. 
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a  -  0  , 

if 

A 

o 

(41) 

11 

i  f 

Osia*=Sl  , 

(42) 

a  =  1  , 

if 

l<a*  . 

(43) 

The  value  of  £  .  on  the  other  hand,  is  deter¬ 
mined  in  the  following  way;  in  the  case  of 
eq.  (42),  £  is  equal  toj'^'^and  in  the  case 
of  eq.  (41)  (or  (43)),  £  is  replaced  by  the 
mean  value  of  obtained  by  substituting 
a^=0  (or  a^=l)  into  eq.  (39)  and  eq.  (40). 
Furthermore,  it  is  important  to  select  Ai 
and  so  that  it  is  possible  for  the  value 
of  may  exist  between  zero  and  one. 


5-2.  Free  Surface  Condition 


.^s  previously  mentioned,  the  free  sur¬ 
face  condition,  which  <Pf  must  satisfy,  is  eq. 
(22).  On  the  other  hand,  must  satisfy 
the  more  rigorous  free  surface  conditions 
(15)  and  (16).  The  finite  difference  ex¬ 
pression  of  both  equations  is  as  follows: 


C(y4'  ■  ‘"T ‘ "T  y  ®  ‘  ^  • 

(M) 

^i( y  •+- Av  ,  0  1 1  I  0  t  i  C(y  ^  )  • 

(451 

wr.^re 


Ay=.A(^(y,0,t). 

'  W  • 


(46) 


The  singularity  which  occures  at  the  inter¬ 
section  of  the  ship's  hull  and  free  surface 
was  avoided  by  imposing  an  additional  con¬ 
straint  expressed  as 

3yVi  "  ‘Kv  .0  ,  i  )  •'  0  .  (47) 


fig.  4  Boundary  elementa  and  r:ode.<i 


5-3.  Numerical  Procedure 


The  fluid  motion  in  the  space-fixed  Six 
plane  is  determined  by  repeatedly  calculating 
the  fluid  motion  at  various  instances  after 
che  ship's  bow  penetrates  the  transverse 
plane.  In  order  to  resolve  the  two-dimen¬ 
sional  boundary  value  problem,  the  Boundary 
Element  .Method  (B.E.M.)  wa  employed.  Fig.  4 
shows  a  typical  example  of  the  fluid  domain 
and  boundaries  used  in  the  following  numerical 
computations.  The  procedure  of  solving  the 
velocity  potential  cf’i  shal*  be  briefly  des¬ 
cribed  hereinafter. 

1>  at  t=0  ;  Assume  that  before  the 
ship's  bow  penetrates  tue  ilx  plane,  the 
fluid  is  at  rest,'  and  Vl  is  equal  to 
zero  on  the  free  surface  I',,  and  the 
open  boundary  as  well.  At  the  boun¬ 
dary  under  the  keel,  the  velocity 
potential  ft,  is  constantly  zero  because 
of  the  antisymmetry  of  the  flow  caused 
by  the  lateral  motion. 

2)  at  t=t  ;  At  the  time  the  bow 
penetrates  the  Six  plane  and  thereafter, 
Laplace's  equation  is  solved  by  B.E.i-i. 
in  order  to  satisfy  the  body  surface 
condition  on  Fy  .  Then,  the  values  of 

‘fl,  on  1  [I  and  on  Fp  are  cal¬ 

culated. 

3)  at  t“t  ;  Obtain  the  values  of  Vi, 
at  the  internal  points  adjacent  to 
the  open  boundary,  which  is  imperative 
in  the  treatment  of  .tommer  feld ' s  radia¬ 
tion  condition.  Thereafter,  obtain  the 
value  of  V\  on  Fp  at  the  following 
step  of  t“t+At, 

4)  Determine  the  values  of  F'l  on  IJ  at 
time  step  t"t+At  by  using  the  free 
surface  condition. 

5)  In  order  to  determine  Ti.  value  at 
t”ttAt  ,  the  free  surface  in  the 
vicinity  of  the  hull  and  hull  surface 
are  .ag.ain  .subjected  to  division  be¬ 
cause  the  hull  shape  at  tnttAt  varies 
from  tliat  at  t^t. 

6>  Delet'fsine  the  valuer,  of  Vi  at  the 
new  nodal  jxaints  on  IJ  by  the  linear 
interpolation  of  'r\  values  obtained  at 
the  step  4) . 

7)  Return  to  the  step  2) . 

ay  repeating  the  .-ilxive-ment ioned  proce¬ 
dure,  the  values  of  v'(  in  the  uace-fixed  Six 
pl,me  can  Ivj  deterrair''d.  The-  ttie  hydro- 
dymralc  forces  and  moments  icting  on  the  hull 
section  nitu.nted  In  the  anell,  can  lie 
e-aslly  obtaineti  by  eq.-i .  (23)  .and  (24).  In 
order  to  calculate  the  hy\lro<)yTi.inic  forces 
and  rxxacnts  acting  on  the  entire  :thip,  the 
hull  was  divided  into  40  .sections,  and  the 
fluid  :aotions  in  41  transverse  pUines  were 
obtained  in  the  following  numerical  calcula¬ 
tion  procedure.  the  time  step  At,  the  size 
of  fluid  region,  and  total  mimber  of  elements 
used  for  calculation  are  presented  in  7'able  2. 
Prior  to  i>ef forming  numeric.al  calculation,  the 
sectional  shat>CB  of  the  ship's  hull,  which  are 
not  given  in  the  Ixxiy  plan,  are  estimated 


Table  2  Tima  step,  size  of  fluid  region,  and 
total  number  of  elements  on  the 
boundaries 


Body  shape 

time  step 

size  of  fluid 
reqion 

total  number 
of  elements 
on  boundary 

fit=(I,/U)/N 

yiiiox 

J'min 

Flat  plate 

N  =  200  1 

4*c;- 

-4*d 

132 

Series  Sf 
and 

Container.. 

K  =  400 

8*d 

1 

-6*d 

<:  19C 

Fig,  5  Treatment  of  blank  space  behind  the 
stern  frame  in  numerical  calcula¬ 
tions 

employing  the  spline  interpolation  method. 
Furthermore,  in  order  to  carry  out  the  numri- 
cal  calculation  in  an  efficient  manner,  the 
propeller  aperture  behind  the  stern  frame  was 
filled  with  a  hypothetical  piece  of  dead  wood 
as  illustrated  in  Fig,  5, 


6.  Numerical  Results  and  Comparisons 
with  Experimental  Data 


Fig,  6  Pree-surface  profiles  in  various 
transverse  planes  (flat  plate, 
d/L=0,l,  Vmax'“^^'  Fn=0'J-8) 


6-1,  Free  Surface  Waves  Generated  by  a  Yawed 
Flat  Plate 

For  the  purpose  of  assuring  that  the  waves 
generated  by  the  ship's  motions  completely 
pass  through  the  open  boundary  without  being 
subjected  to  undesirable  contamination,  the 
free  surface  profiles  ■•'ere  calculated  for 
the  yawed  surface-piercing  flat  plate  having 
a  draft-length  ratio  (=d/L)  of  0.1  and  a  for¬ 
ward  speed  eqr.jl  to  Fn=0.18  .  Fig.  6  illu¬ 
strates  the  calculated  free  surface  elevations 
in  the  transverse  planes  situated  at  various 
X  (=x/l;  positions.  As  shown  in  this  figure, 
the  waves  generated  by  a  yawed  flat  plate 
completely  pass  through  the  open  boundary, 
which  is  situated  at  a  distance  equal  to  4d 
from  the  plate.  The  free  surface  profiles 
shown  in  Fig.  6  are  in  good  agreement  with 
the  calculation  results  of  Chapman  (see  Fig. 

8  of  reference  1)  ) . 


F'g.  7  Comparison  of 
calculated  by 
Chan's  method 


free-surface  profiles 
the  present  method  and 
(flat  plate.  d/L=0.1. 
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Free-surface  slevations  observed  at  the  location  y=Hd  {flat  plate, d/L=0 . 1 ,  Fn=0.1R) 


Fig.  8 

In  Fig.  7,  the  results  of  numerical  cal¬ 
culation  presented  in  Fig.  G  are  compared  with 
a  different  numerical  result  under  similar 
circumstances,  which  was  obtained  by  making 
use  of  a  wider  fluid  region,  that  is  to  say, 
yniax”®'^  as  the  results  obtained  by 

Chan's  method.  Fig.  8  shows  the  time  history 
of  the  free  surface  elevation  at  tlie  position 
y=‘!d.  The  results  obtained  by  the  present 
method  have  high  correlation  among  themselves 
regardless  of  the  difference  of  the  width  of 
the  fluid  region  used  at  the  time  of  numerical 
calculation.  As  fat  as  the  wave  profile  cal¬ 
culated  by  the  authors  is  concerned,  on  the 
contrary,  undesirable  defects  were  ocserved  in 
the  wave  profile  obtained  by  the  method  used 
by  Chan. 

6-2.  Linear  Hydrodynamic  Derivatives  of 
a  Flat  Plate 

The  calculated  hydrodynamic  derivatives 
of  a  flat  plate  are  shown  in  Figs.  9  .and  10, 
toge'-her  wit  i  the  experimental  results  ob¬ 
tained  by  Kashiwag'-l.  Tim  draft-length  ratio 
of  the  place  is  0.1,  and  tne  Froudo  numbers 
during  the  experiments  ate  0.2  and  0.4  .  The 
non-dimensional  f.  'quency  used  for  the  ab¬ 
scissa  is  defined  by  w  -■^U'JTyir  •  hs  pre¬ 
sented  *n  Figs,  9  and  10,  Ivath  results  are  it: 
good  agreement.  Tn  particular,  it  is  interes¬ 
ting  to  note  that  tne  numerical  solution  is 
capable  of  predicting  in  an  effective  manner 
the  forward  speed  effects  on  the  hydtodyn-amic 
dor ivativcs . 

6-3.  Series  60  Model 

In  Figs.  11  to  18,  the  calculated  hydro- 
dynamic  derivatives  of  the  llerios  60  ..lodel  with 


Ci)=0.7  are  presented,  together  with  the  ex¬ 
perimental  results  obtained  by  van  Leeuwen®) . 
Eacn  figure  includes  three  types  of  numerical 
results  obtained  by  the  present  method,  which 
are  designated  as  S.  60,  R.  C.,  and  F.  P.  ,  S, 
60  denotes  the  prediction  results  for  the  ex¬ 
act  Series  60  hull  shape.  R.  C.  and  F.  P., 
however,  indicate  the  numerical  prediction 
performed  by  substituting  a  rectangular  cylin¬ 
der  and  a  flat  plate,  respectively,  for  the 
exact  Series  60  hull  sh.ipe. 

In  several  hydrodyn.imic  derivatives,  as 
seen  in  Frg.  11  to  18,  there  exists  remarkable 
difference  between  the  predicted  values  ob¬ 
tained  by  the  Strip  Method  and  experimental 
results.  In  particular,  the  agreement  of  the 
coupling  coeff icient.s  is  poor.  On  the  other- 
hand,  the  nu.morical  results  obtained  by  the 
present  method  under  the  flat  plate  approxima¬ 
tion  explain  well  the  qualitative  tendency  of 
the  frequency  dependence  of  the  hyticodynaraic 
derivatives.  However,  the  fretiuency  at  which 
the  hydrodynamic  derivatives  achieve  their 
peak  values  cannot  be  predicted  by  the  flat 
plate  .approximation  method.  Rectangular  cylin¬ 
der  approximation  significantly  improve.s  the 
agreement  o*'  the  peak  frequencies  between 
numerical  prediction  and  experimental  results, 
but  the  quantitative  agreement  of  the  hydro¬ 
dynamic  derivatives  is  p-ior  when  compared  to 
the  results  obtained  by  flat  plate  approxi¬ 
mation.  To  ttio  contrary,  the  numerical  re¬ 
sults  obtained  fur  the  exact  Series  60  hull 
form  shows  significantly  poaitivo  agreement 
with  the  experimental  results.  In  particul.ar, 
the  improvement  of  the  prediction  accuracy  of 
the  derivatives  N'g'  N'^i  N'r  and  Y'j;  are 
excellent  comp-nred  with  the  numerical  results 
obtained  using  the  Strip  Method. 
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Fig.  9  Lineat  hydrodynamic  derivatives  of  Fig.  10  Linear  hydrodynamic  derivatives  of  a 

a  flat  plate  with  d/L»0.1  obtained  flat  plate  with  d/L=0.1  obtained  by 

by  pure  sway  pure  yaw 


6-4,  Container  Ship 

The  predicted  hydrodynamic  coupling  coef¬ 
ficients  of  awain-vaw  and  roll-yaw  of  a  model 
of  container  ship  are  illu.strated  in  Figs.  19 
to  26,  together  with  the  experimental  results^), 
as  well  as  the  numerical  predictions  of  the  New 
Strip  Method,  The  non-dimensional  frequency 
used  for  the  abscissa  of  these  figures  is 
defined  by  • 

Except  for  5525  ®  frequency  range, 

the  hydrodynamic  coupli.ng  coefficients  of  sway- 
yaw  obtained  by  the  present  method  are  in  good 
agreement  with  the  experimental  results.  Fur¬ 
thermore,  the  forward  spaed  effects  on  the 
hydrodynamic  coefficients  can  bo  positively 
predicted  by  the  present  method.  In  general, 
however,  differences  between  the  predicted 
hydrodynamic  coefficients  of  roll-yaw  coupling 
and  the  experimental  results  appear  to  be 
significant  in  comparison  to  the  differences 
observed  among  other  hydrodynamic  coefficients. 
Nevertheless,  the  present  method  is  capable  of 


excellently  predicting  the  forward  speed  de¬ 
pendence  of  the  roll-yaw  coupling  coefficients, 
with  the  exception  of 

On  the  contrary,  the  New  Strip  Method 
does  not  succeed  in  predicting  the  numerical 
values  of  most  hydrodynamic  coupling  coeffi¬ 
cients  at  a  sufficient  level  of  accuracy. 

According  to  the  numerical  calculation 
performed  by  Troesch®) ,  it  is  found  that  the 
forward  speed  effect  on  the  coupling  coeffi¬ 
cients  of  sway-yaw  is  predicted  well.  How¬ 
ever,  the  forward  speed  effect  on  the  roll- 
yaw  coupling  coefficients  does  not  appear  to 
have  been  positively  predicted  by  the  cal¬ 
culation  method  used  by  Troesch  (see  reference 
8)  I. 
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Fn  =  C.2 


Fn  =  0.2 


Fig.  12  Y'v  versus  a/  for  Series  60  model  Fig.  14  NV  versus  u/  for  Series  60  model 


Pig.  IS  N'^  versus  a/  for  Series  60  model  Pig*  -17  Vf  versus  w'  for  Series  60  model 


Fig.  16  NV  versus  n/  for  Series  60  model 


Fig.  18  Y'l;  versus  cu'  for  Series  60  model 
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19  A52  versus  g)  for  a  container  ship- 

model 


Fig.  22  B26  versus  at  for  a  container  ship- 

model 
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Fig,  20  B52  versus  w  for  a  container  ship- 

model 


Fig.  23  A„  versus  a)  for  a  container  ship- 
model 


Fig.  21 


Ajj  versus  u)  for  a  container  ship- 
model 


Fig.  24  b<5  versus  ^  Cor  a  container  ship- 

model 
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cribed  in  this  paper  ate  restricted  to  the 
radiation  problem  of  lateral  ship  motions, 
needless  to  say,  the  present  methodology 
may  be  applicable  to  the  radiation  problem  of 
such  vertical  ship  motions  as  heave  and 
pitch,  and  to  the  diffraction  problem  of 
waves . 
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Fig.  25  Ag4  versus  iu  for  a  container  ship- 
model 


Fn 

RM. 

KSM. 

EXP 

0.15 

0.25 

— 

0 

— 

— 

A 

I _ I - 1 - 1. 

0  2  4  6 


Fig,  26  B54  versus  Q  for  a  container  ship- 

model 

7.  Conclusions 


As  a  result  of  comparing  the  numerical 
hydrodynamic  coefficients  predicted  by  the 
present  method  with  the  experimental  results, 
it  is  found  that  the  present  method  effectively 
predicts  both  the  effects  of  the  ship's  for¬ 
ward  speed  and  frequency  of  motion  on  the  hyd¬ 
rodynamic  coefficients  of  a  ship-like  three- 
dimensional  body.  In  particular,  the  predic¬ 
tion  accuracy  of  the  hydrodynamic  coupling 
coefficients  between  sway,  yaw,  and  roll 
motion  is  significantly  improved  using  the 
present  method,  particularly  when  compared 
to  the  so-called  Strip  Method.  Needless  to 
say,  however,  it  is  emphasized  that  attempts 
to  improve  the  predicted  value  of  hydro- 
dynamic  coefficients  must  be  continuously 
made  since  the  present  method  is  not  suffi¬ 
ciently  accurate  regarding  the  predicted 
value  of  a  small  number  of  hydrodynamic 
coefficients. 

Although  the  numerical  calculations  dea- 


References 


1)  Chapman,  R.  B.  :  Free  Surface  Effects  for 

Yawed  Surface-Piercing  Plates,  Journal 
of  Ship  Research,  Vol,  20,  No.  30 
(1976)  . 

2)  Chapman,  R.  B.  :  Numerical  Solution  for 

Hydrodynamic  Forces  on  a  Surface- 
Piercing  Plate  Oscillating  in  Yaw  and 
Sway,  Proceedings  of  1st  International 
Conference  on  Numerical  Ship  Hydro¬ 
dynamics  (1975)  . 

3)  Orlanski,  I.  :  A  Simple  Boundary  Condi¬ 

tion  for  Unbounded  Hyperbolic  Flows, 
Journal  of  Computational  Physics,  Vol. 

21  (1976). 

4)  Chan,  R.  K.  C.  and  Chan,  F,  W,  K.  :  Nu¬ 

merical  Solution  of  Transient  and  Steady 
Free-Surface  Flow  about  a  Ship  of  a 
General  Hull  Shape,  Proceedings  of  13th 
Symposium  on  Naval  Hydrodynamics  (1980)  . 

5)  Kashiwagi,  T,  :  On  Stability  Derivatives 

of  a  Ship  Advancing  at  a  High  Speed, 
Journal  of  the  Kansai  Society  of  Naval 
Architects,  Japan,  No.  189  (1983)  . 

6)  van  Leeuwen,  G.  :  li.e  Lateral  Damping  and 

Added  Mass  of  a  Horizcntally-Oscillating 
Ship-Model,  International  Ship  building 
Progress,  Vol.  12,  No.  126  (1956). 

7)  SR  131  Panel  :  Measurement  of  the  Hydro- 

dynamic  Coefficients  of  the  Equations 
for  Lateral  Motions  of  a  Ship,  Report  of 
The  Shipbuilding  Research  Association  of 
Japan,  No,  213  (1976) . 

8)  Troesch,  A.  W.  :  Sway,  Roll,  and  Yaw 

Motion  Coefficients  Based  on  a  Forward- 
Speed  Slender-Body  Theory-Part  2, 

Journal  of  Ship  Research,  Vol.  25,  No.  1 
(1981) . 


68 


DISCUSSION 
of  the  paper 
by  K.  Yamazaki 

"LINEAR  HYDRODYNAMIC  COEFFICIENTS  OF  SHIPS  WITH  FORWARD  SPEED 
DURING  HARMONIC  SWAY,  YAW  AND  ROLL  OSCILLATIONS" 


DISCUSSION 

by  R.  Yeung  and  s.  Kim 

The  authors  are  to  be  congratulated  on  an 
extensive  set  of  computations  and  comparison 
with  experiments.  The  formulation  used  here 
is  what  we  called  the  "Forward-speed  Transient 
Formulation"  in  the  paper  of  Yeung  and  Kim 
(1984),  in  which  a  short  review  of  a  number  of 
modern  ways  of  computing  hydrodynamic  coeffi¬ 
cients  was  given.  The  transient  approach 
appears  to  offer  some  additional  potential  com¬ 
pared  with  the  traditional  "strip  theory"  and 
the  more  recent  "unified  theory"  that  utilized 
time-harmonic  two-dimensional  solutions.  In  a 
paper  presented  in  the  last  meeting  of  this 
conference  (Yeung  &  Kim,  1981),  we  have  pro¬ 
vided  similar  comparison  of  numerical  and 
experimental  results  for  the  heave  and  pitch 
motions  of  three-dimensional  hull.  The  authors 
are  apparently  aware  of  our  work  since  their 
f ixed-and-moving  frames  space-time  relations 
were  initially  exploited  by  us  for  conceptual 
clarity.  Our  work  also  explained  how,  in  the 
presence  of  a  body  of  finite  lateral  dimension, 
the  solution  obtained  in  a  single  transverse 
plane  of  the  fixed  frame  of  reference  could  be 
used  to  obtain  the  hydrodynamic  coefficients 
for  time-harmonic  motions.  Such  a  procedure 
ceases  to  be  useful  if  the  free-surface  condi¬ 
tion  is  non-linear  as  the  authors'  initial  for¬ 
mulation.  Indeed,  the  nonlinear  conditions 
were  simply  irrelevant  in  such  a  theory.  These 
points  have  apparently  been  taken  for  granted 
by  the  authors  in  this  work. 

Our  work  in  1981  led  us  to  think  about  the 
exact  role  played  by  the  presence  of  trans¬ 
verse  waves  in  such  a  formulation.  Our  1984 
paper  explained  how  such  missing  transverse- 
wave  effects  terras  can  be  recovered.  We  won¬ 
der  if  the  authors  Can  comment  on  the 
importance  of  transverse-wave  effects  on  their 
lateral-motion  hydrodynamic  calculations. 

The  method  used  by  the  authors  to  solve 
the  unsteady  two-dimensional  problem  utilized 
an  open  boundary  condition  that  can  only  acco¬ 
modate  a  single  phase  velocity.  Such  a  condi¬ 
tion  breaks  down  when  waves  of  various 
frequencies  exist  and  is  propagating  through 
this  boundary  simultaneously.  Since  the  only 
test  indicated  in  the  papier  was  that  due  to  a 
flat  plate  in  steady  motion,  we  are  curious  how 
it  actually  performed  in  situations  where  waves 
are  generated  by  Idlmal  osc i  1  lai  ions  oS  well 
by  the  change  in  the  body  dimension.  Can  so.me 
numerical  results  be  included  to  assess  the 
effectiveness  of  the  proposed  boundary  condi¬ 
tion  in  such  a  situation? 


Finally,  can  the  authors  justify  why  the 
open  boundary  condition  (21)  is  compatible 
with  the  forward-speed  steady  potential  <J)P, 
which  satisfies  the  rigid  free-surface  con¬ 
dition?  We  feel  that  they  are  inconsistent. 


Yeung  R.W.  &  Kim,  S.H.  (1981): 

"Radiation  Forces  on  Ships  with  Forward  Speed" 
Proc,  3rd  Int.  Conf.  Numer.  Ship  Hydrodyn.  p 
499-515,  Bassin  d'  Essais  des  Crenes,  Paris 
France. 

Yeung,  R.W.  &  Kim,  S.H.  (1984)"  "A  New 
Development  in  the  Theory  of  Oscillating  and 
Translating  Slender  Ships",  Proc.  15th  Symp. 
Naval  Hydrodyn.  pp195-212,  Hamburg,  W.  Germany. 

Author's  Reply 

The  authors  are  grateful  to  Prof.  Yeung 
and  Dr.  Kim  for  their  discussions.  Both  the 
calculation  method  presented  in  our  paper  and 
the  method  indicated  by  the  discussers  are  the 
modifications  of  the  method  indicated  initially 
by  Chapman.  Therefore,  it  is  natural  that 
there  are  some  similar  points  in  the  concep¬ 
tion  of  both  methodologies.  In  our  method, 
the  hydrodynamic  forces  are  predicted  by  cal¬ 
culating  the  time-histories  of  the  fluid 
motions  in  the  various  space-fixed  transverse 
planes,  which  are  independent  respectively. 

This  method  makes  it  easy  to  impose  the  non¬ 
linear  condition  to  the  free  surface  in  the 
two-dimensional  transverse  planes.  Our  final 
aim  is  to  predict  the  hydrodynamic  forces  and 
moments  acting  on  ships  during  the  arbitrary 
notions,  not  the  time- harmonic  motions. 

The  effects  of  the  transverse  waves  on 
the  lateral  hydrodynamic  forces  occur  in  the 
low  frequency  region  of  ship  motions  at  the 
low  forward-speed.  However,  the  lateral  forces 
in  such  a  frequency  region  are  largely  influ¬ 
enced  by  viscosity  rather  than  by  the 
transverse  waves,  and  then  it  may  not  be 
thought  that  we  can  get  better  results  than 
those  obtained  in  our  paper,  even  if  the 
transverse  waves  are  taken  into  account.  As 
the  result  of  comparisons  between  the  pre¬ 
dicted  hydrodynamic  coefficients  and 
experimental  results,  shown  in  our  paper,  it 
appears  that  the  calculation  method  presented 
in  our  paper  may  provide  considerably  improved 
predictions  of  hydrodynamic  coefficients, 
although  the  effects  of  transverse  waves  can¬ 
not  be  completely  neglected. 

In  the  space-fixed  transverse  plane,  the 
waves  generated  by  the  oblique  towing  of  a 
flat  plate  can  be  regarded  as  the  waves  which 
are  generated  by  imposing  the  lateral  velocity 
with  a  step-like  shape  on  the  flat  plate.  The 
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generated  waves,  therefore,  have  the  compo¬ 
nents  of  an  frequencies  as  shown  in  Fig.  6. 
Consequently,  the  open  boundary  condition  (21) 
can  make  the  waves  pass  through  the  open  boun¬ 
dary  in  the  situation  as  mentioned  by  the 
discussers. 


The  open  boundary  condition  (21)  indi 
cates  that  the  tirae-differenciation  of  some 
physical  quantity,  which  expresses  the  veloc 
ity  potential  in  our  paper,  relative  to  the 
frame  of  reference  advancing  together  with  the 
quantity  is  null  at  the  instance  when  the  quan¬ 
tity  passes  through  the  open  boundary.  We 
consider,  therefore,  that  equation  (21)  holds 
good  regardless  of  other  conditions  satisfied 
by  the  quantity. 
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FREE  SURFACE  POTENTIAL  OF  A  PULSATING 
SINGULARITY  IN  HARMONIC  HEAVE  MOTION 


A.  CLEMENT.  P.  FERRANT 
LaboratoIre  d'HydrodynamIque  Navale 
ENSM  -  1.  Rue  de  la  Nod  -  44300  NANTES 
FRANCE 


Abstract 

Several  expressions  of  the  Green  (unction 
relative  to  a  pulsating  source  of  strength 
q(t)  =  qo  cos  Mt%  heaving  harmonically  at  the 
same  frequency  under  the  free-surface  of  a  per¬ 
fect  fluid  are  given.  The  free-surfac^  condition  Is 
linearized  and.  as  we  assume  steady  state  condi¬ 
tions.  the  kinematic  quantities  are  periodical  In 
time.  The  velocity  potential  Is  then  given  as  a 
Fourier  series,  each  term  of  this  expansion  being 
a  function  of  Its  proper  wavenumber  n*u^/g  and  of 
the  amplitude  parameter  a/b.  The  free-surface  Is 
shown  to  be  a  superposition  of  regular  waves  at 
frequency  nu  instead  of  a  simple  monochromatic 
wave  as  In  the  case  of  the  stationary  pulsating 
source.  The  numerical  results  presented  hereafter 
show  that  the  amplitude  of  the  harmonic  compo¬ 
nents  of  the  wave  field  are  not  monotonous  func¬ 
tions  of  the  frequency. 


1 ,  Introduction 

The  modellzatlon  of  the  ship  motions  In  a 
seaway  by  the  potential  flow  theory  leads,  at  the 
first  stop,  to  a  fully  nonlinear  mathematical  pro¬ 
blem.  Even  In  the  simple  case  of  a  surface 
piercing  body  at  zero  forward  speed  In  a  regular 
wave  train,  nonllnearltles  arise  from  the  three 
following  oircumstances: 

-  the  free-surface  condition  Includes  quadratic 

terms  of  the  fluid  velocity: 

-  In  the  mechanical  equations  of  motion,  se¬ 
veral  terms  may  be  nonlinear  as.  (or  example, 
the  hydrostatic  restoring  forces  and  the  mooring 
forces: 

-  the  fluid  domain  is  bounded  by  moving  sur¬ 
faces;  the  free-surface  and  the  submerged  body 
surface. 

The  perturbation  expansion  techniques  based 
on  single  or  multiple  small  parameters  C  OQILVIE 
(1963).  LEE  (1968).  POTASH  (1971).  PAPANI- 
KOLAOU  &  NOWACKI  ( 1980) _ 1  permit  to  re¬ 

duce  this  complex  problem  Into  soveral  linear 
problems.  Considering  only  the  first-order  terms, 
we  are  led  to  the  classical  radlatlon-diftraotlon 
problem  which  has  received.  In  the  last  years, 
many  solutions  by  various  numerical  approaches. 


This  linear  problem  Is  generally  solved  In 
the  frequency  domain  and  the  resulting  numerical 
predictions  of  forces  and  motions  are  sufficiently 
accurate  to  satisfy  the  common  engineering 
needs.  Unfortunately,  the  situations  when  the 
basic  assumptions  of  the  linear  theory  become  no 
longer  valid  are  of  critical  Interest  In  ships  and 
offshore  structures  design.  In  particular,  the  ana¬ 
lysis  of  their  safety  and  survivability  requires  a 
good  knowledge  of  their  response  in  very  steep 
waven  or  near  their  resonance  frequency  which 
are  cases  where  nonlinear  behaviours  may  appear 
and  must  be  carefully  Investigated. 

At  the  present  time,  the  simulation  methods 
basod  on  time  marching  procedures  seem  to  be 
the  most  powerful  to  modellze  such  phenomena 
[  FALTINSEN  (1977).  QREENHOW  and  al.- 
(1982).  VINJE  and  31,(1963).  LIN  and  al.- 
(1984),  . . , Their  major  advantage  Is  to  take 
simultaneously  Into  account  the  different  nonllnea¬ 
rltles  of  the  problem.  Ne  artholess.  the  lack  of  a 
suitable  radiation  condition  In  the  time  domain 
restricts  their  use  to  the  study  of  transient  pro¬ 
blems  over  short  periods  of  time.  Furthermore, 
the  large  amount  of  computing  time  necessary  to 
f^eate  simple  2D  geometries  Indicates  that  one 
cannot  reasonably  hope  to  modellze  realistic  30 
cases  in  that  way  for  the  moment,  anc*  even  In  a 
near  future. 

The  resolution  of  the  complete  nonlinear 
problem  In  the  froquency  domain  Is  not  more 
conceivable  at  the  moment.  But  we  believe  that 
such  an  approach  could  be  helpful  to  refine  our 
knowledge  of  the  nonlinear  phenomena  Involved  In 
the  seakeeping  problem.  In  order  to  simplify  that 
task.  It  Is  essential  to  study  uncoupled  problems 
presenting  only  a  single  type  of  nonlinearity.  It  will 
help  us  to  clearly  separate  the  effect  of  the  wave 
eteepneas.  the  body  motions  amplitudes,  the  non¬ 
linearity  ot  the  restoring  forces .  on  the  global 

result.  With  that  point  of  view  we  began  to  study 
Uiv.  -aae  of  fully  submerged  bodies  performing 
forced  harmonic  motions  of  large  amplitude.  The 
frequency  parameter  and  the  depth  of  immersion 
are  chosen  such  that  the  free-surface  condition 
may  still  be  linearized.  For  this  particular  kind  of 
wave  radiation  problems,  the  nonllnearltles  arise 
only  from  the  body  boundary  condition.  When  the 
amplitude  of  the  forced  motion  becomes  at  least 
as  large  as  a  typical  body  dimension,  the  usual 
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linearization  based  on  an  expansion  of  the  poten¬ 
tial  Into  Taylor  series  around  the  mean  body 
position  is  not  longer  valid.  In  such  a  situation, 
we  can  imagine  to  solve  the  problem  by  means  of 
integral  equations  written  on  the  actual  time- 
depending  boundary  Instead  of  Its  mean  position. 
This  implies  the  use  of  moving  singularities  of 
pulsative  strength.  The  new  Green  functions  rela¬ 
tive  to  these  singularities  are  formulated  by  some¬ 
what  complex  expressions  which  must  be  t.-ans- 
formed  in  order  to  make  them  more  suitable  for 
numerical  computations.  The  study  of  the  heaving 
pulsating  source  potential  is  presented  In  this 
paper 


2.  Mathematical  formulation. 


.-b+a 

M’(t) 

-b-a 


The  fluid  Is  of  Infinite  depth  and  lateral 
extent;  It  Is  assumed  to  be  Inviscid,  homogeneous 
and  Incompressible.  Surface  tension  and  free- 
surface  nonlinearitles  are  neglected.  The  flow  is 
Irrotatlonal  and  Is  represented  by  a  velocity  poten¬ 
tial  ♦.  which  Is  a  function  of  the  space  coordi¬ 
nates  and  of  the  time  t. 

A  source  of  pulsative  strength  q=qoCos<i)t 
located  under  the  free-surfaco  is  subject  to  a 
forced  heaving  motion  at  the  same  frequency  «. 
Its  position  Is  given  by; 


M'(o. ,0. ,-b  +  a  cosoit)  ,  (2.1) 

with  the  condition  a  <  b 


The  velocity  potential  Is  the  solution  of  the 
following  mathematical  problem,  for  M  located  In 
the  tower  half-space  O-  : 

fae<K,t)  -  SfK.M' )oawat  (2. 2. a) 
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a  « 


at 


a4> 
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(2.2.b) 


W  - -  0  ,  S - 0} 


(2.2.C) 


to  the  mean  frae-surface  plane  z  =  0;  the  gene¬ 
ral  solution  of  (2.2>  Is  then  written  as  follows; 


r  ___x _  _i_  1 

♦tr  [  i»l'|(t)  H«;i(t)J 


(2.5) 


The  use  of  (2.5)  In  (2.2)  yields  the  follo¬ 
wing  problem  for  <)>; 
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This  type  of  problent  Is  conimonly  solved  by 
using  a  double  Fourier  transform  over  the  hori¬ 
zontal  coordinates  x  and  y. 

With  the  help  of  the  following  Identities; 
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valid  for  z=0.  with  n  =  {x-x')cose  + 

+  {y-y'>8lne,  the  tree-surface  boundary  condition 
Is  then  transformed  Into  an  ordinary  differential 
equation  for  the  Fourier  transform  $  of  c: 


+  2e  ~  +  gk|  5  (0,k,t)  (2.8) 
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being  defined  by: 
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3.  Classical  results 


The  radiation  condition  Is  Inlrlnaloally  satls- 
flod  by  the  solutions  of  this  problem,  owing  to  the 
additional  vanishing  term  2«  8e/3t  in  the  linea¬ 
rized  free-surface  condition.  A  particular  aolutlon 
of  (2. 2.  a)  Is  given  by; 


coacjt 


(2.J) 
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In  order  to  simplify  further  calculations. we 
shall  rather  take: 
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being  the  Image  point  of  M'  with  reepeo 


For  a  stationary  source.  z‘<t)  ts  constant 
(z'o  =  -b)  and  the  right-hand  side  of  (2.8)  ts  a 
simpte-hdrmonic  function  of  time,  since  we  have 
q(t)  =  qocosut.  Considering  only  the  sfeady-atate 
solutions.  (2.8)  Is  solved  immediately,  and 
givoa: 
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<3.  2) 


wher®  kx  =  u*/g  <3. 2) 

The  function  may  now  be  obtal- 

nad  by  taking  the  Inverse  double  Fourier  transform 
of  4i  according  to  (2.9),  and  at  last  «<M.M'.t) 
Is  obtained  ihrough  (2. 4), As  It  Is  well  known.  * 
Is  a  simple-harmonic  function  of  the  time,  and 
may  be  written  as: 

-  |ReCG(N,M')  (3.3) 

where  (3(M,M')  Is  the  Green  function  ot  the 
problem.  This  function  has  been  widely  studied, 
and  the  most  known  expressions  of  it  are  given 
oelow.  C(3.  5  to  (3.  8)  3 

In  the  following,  wo  shall  take  b  as  the 
reference  length,  and  account  for  the  fact  that  Q 
Is  axisymmetric  about  the  vertical  axis  passing 
through  M'.The  new  variables  are  then: 


Near-fleld 


R  -  C(x-x' )%  (y-y*  )^3  /  b 
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The  denominations  are  given  according  to 
F.  Noblesse  (1980). 
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These  results  are  well-known;  the  details 
and  demonstrations  may  be  found  In  the  refe¬ 
renced  papers. 

4.  Heaving  source. 

In  the  general  case  of  a  periodically  moving 
singularity  of  pulsative  strength,  the  same  basic 
method  can  bo  used  to  derive  the  Green  function. 
Let  us  apply  It  to  the  case  of  the  heaving  source. 

The  first  difference  from  the  stationary 
source  problem  lies  In  equation  (2.8).  which 
gives  now: 
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with  cylindrical  ooordinstes.  and  b  being  taken  as 
the  reference  length. 

The  right-hand  side  of  (4  3)  is  not  longer  a 
simple-harmonlo  function  of  the  time,  but  It  Is  still 
periodical,  and  may  th«ratoro  be  written  as  a 
Fourier  ssriss 

From  the  Identity: 
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The  equation  (4.  3)  Is  solved  separetely  for 
each  !erm  of  the  Fourier  expansion  of  Its  right- 
hand  side,  end  once  again,  we  shall  retain  only 
the  steady-state  solutions.  The  double  Fourier 
transform  o;  o  Is  therefore: 
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4)  being  written  as  the  Inverse  Fourier  trans¬ 
form  of  $  (2.9),  the  complete  potential  <s>  Is 

then  given  by: 


we  obtain  the  alternative  form  of  and  Hp  : 
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where  the  interval  of  Integration  over  0  has 
been  reduced,  since  the  kernel  Is  an  even  func¬ 
tion  of  e.  and  (0)  Is  a  vanishing  positive  quantity. 
The  prime  of  If^  denotes  the  first  derivative  of  this 
function.  This  expression  of  the  velocity  potential 
Includes  higher-order  harmonic  forms.  Further¬ 
more,  the  expansion  of  the  kernel  of  the  integral 
and  of  the  first  terms  of  (4.5)  contains  stationary 
components.  The  total  velocity  field  has  conse¬ 
quently  a  non-zero  mean  value  corresponding  to  a 
steady  flow.  This  component  will  be  clearly  Identi¬ 
fied  after  a  re-arrangement  cf  (4.5). 

-The  calculation  of  the  first  part  of  «  la 
straightforward. 

-The  second  part,  ofM.M'.t).  may  bo  writ¬ 
ten  as; 
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The  Inner  Integrals  will  be  written  as: 
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We  have  then  to  account  for  the  Influence  of 
the  poles  k'=  Kf,-l(0)  and  l<"=  K^i+KO). 
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By  considering  the  closed  contour  (C)  In  the 
complex  plane  K  =  k+lm  =  pe'^.  for  the  so(;on,J 
intograls  In  .4.10).  we  may  express  ant; 
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Tno  lost  Integral  term  of  may  be  expressed 
In  terms  of  standard  functk'na.  and  Introducing 
the  new  notation: 
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With  the  help  of  the  Integral  formulation  of  the 
modified  Bessel  functions  tr^: 
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We  ftave  then  : 
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Note:  With  the'.e  new  expressions,  the  steady 
flow  component  clearly  aopears  to  bo  the  mean 
val'ie  of  the  velocity  potential  of  two  pulsative 
sources  heaving  symetrically  with  respect  to  the 
plane  Z  =  0,  without  any  free-surface  effect  (I.e. 
“double-model*  steady  component) .  This  result  Is 
:  ;t  surprising,  since  for  permanent  flows,  the 
free-surfaca  boundary  condition  is  reduced  to: 
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Alternative  expressions  more  suited  to  nu¬ 
merical  computation  remain  to  be  developed.  Be¬ 
fore  doing  so,  let  us  first  Identify  the  terms: 
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For  this  purpose,  we  shall  use  the  Identity: 
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Double  Integral  formulations. 


A  look  at  (4.  18)  and  (4.  19)  yields  the 
following  remark: 

The  Inner  double-integral  of  (4.  19)  is  ob¬ 
viously  of  the  same  kind  as  the  basic  expression 
of  the  Green  function  of  the  stationary  pulsating 
source.  Z  -Z'  simply  becomes  Z  -1  +  A  coso, 
while  each  harmonic  n  has  Its  own  wavenumber 
Kn.The  expression  given  In  C4.  IS)  Is  consequent¬ 
ly  subject  to  the  same  transformations  that  lead  to 
the  classical  single-integral  formulations  (3.5)- 
(3.8).  We  give  thereafter  the  double-integral  ex¬ 
pressions  we  have  obtained  In  that  way. 
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If  Is  now  obvious  that  (4.  15)  represents  the 
coefllclant  of  the  n-t.''  order  term  In  the  Fourier 
expansion  of  cosot/MMLft)  (with  a  change  of 
sign  since  z  <  0  and  A  <  1  ) ,  the  mean  value  of 
which  is: 


'Haskind-type'  formula 
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‘Modified  Haskind-type'  formula 
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The  complete  velocity  potential  may  n.ow  be 
expressed  as  follows: 
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'Near-fleld  type'  formula 
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Free-surface  elevation. 


The  free-surface  boundary  condition  being 
linearized,  the  wave  height  Is  simply  given  by: 
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where  the  terms  Tin(t)  are  the  harmonic 
components  of  the  wave  field,  which  may  be 
obtained  through  (4.24)  from  the  Fourier  expan¬ 
sion  of  the  velocity  potential.  For  Instance,  the 
Near-fleld  type  formula  (4.23)  gives,  after  some 
m&nipulatlons: 
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The  classical  asymptotic  expansions  of  Jo. 
Ho,  and  e^Ei(z)  provide  the  following  asymptotic 
form  of  (4.26): 
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The  far-fleld  Is  consequently  a  superposition 
of  regular  waves  of  celerity  C,.,  =  g/nu.  Owing  to 
the  linearization  of  the  free-surface,  the  energy 
transmitted  In  the  far-fleld  Is  the  sum  of  the 
energies  transmitted  by  each  ray  of  the  wave 
spectrum. 


S.Nume.ical  results. 

The  free-surface  pattens  given  In  figures  2 
and  3  have  been  computed  from  the  mocJIfled- 
Haskind  type  formula  (4.22)  In  most  cases,  and 
from  the  Near-Fleld  type  formula  (4.23)  when  the 
radial  d'stance  H  c.  js  approaching  zero.  In  both 
cases,  the  double  Integral  was  performed  by 
using  two  successfve  eight-points  Newton-Cotes 
adaptatlve  integration  schemes.  The  Inner  Integral 
being  evaluated  with  at  least  12  exact  decimal 
digits,  the  final  result  Is  believed  to  be  sufficiently 
accurate  to  satisfy  our  present  goal.  The  special 
functions  Jo,  la,  Yo.  Ho.  are  evaluated  by  stan¬ 
dard  numerical  schemes  giving  a  typical  accuracy 
of  10-*. 

The  wave  pattern  In  the  vicinity  of  the  singu¬ 
larity  (fig.  2  and  3)  clearly  exhibits  the  higher 
order  components  generated  In  the  near  field 
propagating  outwar''s.  For  the  sake  of  legibility, 
the  vertical  scales  are  magnified.  In  both  cases 
(Ki=0.0  and  Ki=1.0  at  t=T/2).  we  give  as  a 
reference  a  view  of  the  free-surface  above  the 
■equivalent*  stationary  source  radiating  the  same 
amount  of  energy  at  Infinity. 


Figure  4  shows  the  evolution  of  the  far  field 
wave  amplitude  coefficients  for  values  of  the  fun¬ 
damental  wavenumber  In  the  range  (0.,  5.1,  As 
In  the  preceeding  and  In  the  following  calcu¬ 
lations,  the  total  energy  transmitted  at  Infin’ty  Is 
set  to  a  constant  (  =1.)  as  the  frequency  Is 
varied.  These  coefficients  are  obtained  by  multi¬ 
plying  the  asymptotic  expression  of  the  wave 
height  of  each  harmonic  (4,26)  by  In  order 
to  cancel  the  radial  distance  dependancy. 

Figure  5  shows  the  rate  of  energy  trans¬ 
mitted  by  the  first  four  rays  as  a  function  of  the 
fundamental  wavenumber;  the  normalization  rule  is 
the  same  as  In  the  preceeding  calculations. 

Finally,  we  give  on  figure  6  the  evolution  of 
these  energy  rates  for  the  first  four  harmonics 
when  the  amplitude  ratio  a/b  Is  varied  from  0.  to 
0.96,  and  the  frequency  parameter  Ki  from  0.  to 
5.  This  representation  by  distinct  surfaces  gives 
us  a  global  Illustration  of  the  phenomenon.  It 
demonstrates  that,  for  a  given  amplitude  ratio, 
the  variation  of  the  rate  of  energy  transmitted  by 
each  ray  is  not  a  monotonous  function  of  the 
fondamental  wavenumber.  For  amplitudes  ratios 
up  to  0.7,  the  maxima  of  the  curves  occur  for 
values  of  the  frequency  parameter  around  0.5. 

Although  this  unexpected  behaviour  has  been 
highlighted  In  the  case  of  a  single  heaving  pul¬ 
sating  source,  one  may  believe  that  a  rather 
similar  phenomenon  would  appear  In  the  case  of  a 
submerged  body  performing  large  amplitude  hea¬ 
ving  motions.  This  remains  to  be  confirmed  by  the 
resolution  of  such  a  problem  by  an  integral  equa¬ 
tion  method  Involving  moving  pulsat.ng  singulari¬ 
ties.  This  constitutes  the  final  goal  of  our  present 
work.  Anyhow,  wo  hope  that  these  preliminary 
results  will  offer  a  valuable  guideline  In  the  choice 
of  the  parameters  when  studying  the  nonllnearltles 
associated  with  the  body  boundary  condition, 
either  In  the  time  or  In  the  frequency  domain. 
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Figure  2:  Frse  surface  ehvatlon  at  timo  r/2  Figure  3;  Frae  surface  elevation  st  time  T/2 

above  a  pulsating  source  -  u^b/g  =  0.5  above  a  pulsating  source  -  u^b/g  =  1.0 


Figure  4:  Far  field  wave  amplitude  ooetUdenta  of 
the  first  rays 


N.B  :  The  total  radiated  energy  Is  set  to  a  constant  as  the 
frequency  Is  varied  (see  Figure  5) 
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Figure  5:  rate  of  onergv  radlatod  by  tho  first 
rays  versus  fundamontal  wave  number 


fourth  harmonic 


Figure  6;  rate  of  energy  radiated  by  each  of 
the  first  four  rays  as  a  function  of  a/b  and 
m^b/g. 


N.  B  ;  See  figure  5  for  precise  values  on 
the  vertical  scale 
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Abstract 

Progress  in  developing  a  tool  to  compute 
large-amplitude  ship  motions  is  reported.  In 
particular,  a  method  to  calculate  transient 
two-dimensional  potential  flow  about  a  body 
moving  in  a  free  surface  is  described.  The 
flow  problem  is  formulated  as  an  initial¬ 
boundary  value  problem  in  which  the  velocity 
potential  along  the  free  surface  and  the  posi¬ 
tions  of  the  moving  boundaries  are  sought  as 
solutions  of  a  coupled  system  of  differential 
equations.  An  implicit  finite-difference 
method  is  used  to  advance  the  solution  of  the 
coupled  system  of  equations  in  time.  The  aux¬ 
iliary  problem  of  computing  the  velocity 
potential  inside  the  fluid  region  is  solved  by 
a  method  which  is  based  on  boundary-fitted 
coordinates  and  is  directly  extensible  to 
three-dimensional  flows.  Results  from  calcu¬ 
lating  the  potential  flow  about  a  body  in 
forced  heave  motion  are  presented.  The  hydro- 
dynamic  force  on  the  body  has  been  obtained 
and  compared  with  the  hydrodynamic  force 
predicted  irom  second-order  perturbation 
theory. 


I,  INTRODUCTION 

In  recent  years  attention  of  naval  archi¬ 
tects  and  ocean  engineers  has  focused  on  how 
vessels  and  offshore  structures  react  to 
large-amplitude  ocean  waves.  The  attention 
has  been  motivated  by  the  capsizing  of  vessels 
in  large  breaking  waves  and  structural  failure 
due  to  the  slamming  forces  associated  with 
such  waves.  It  is  therefore  of  interest  to 
have  a  method  available  to  determine  the 
forces  on  a  floating  body  and  how  the  body 
will  react  in  these  extreme  conditions.  Since 
little  is  known  of  how  a  ship  reacts  even  to 
non-breaking  waves,  it  would  even  be  extremely 
valuable  to  have  a  method  available  for 
predicting  ship  motions  in  the  presence  of 
large-amplitude  non-breaking  waves.  The 
method  would  be  of  practical  value  in  a  sys¬ 
tematic  study  of  how  ship  design  ohcn^ies  would 
add  stability  in  rough  seas. 


Researchers  have  spent  much  effort  in 
devising  methods  for  computing  large-amplitude 
ship  motions.  Their  work  is  usually  based  on 
the  assumptions  that  the  fluid  is  incompressi¬ 
ble  and  the  fluid  motion  is  irrotational .  The 
assumptions  lead  to  the  existence  of  a  velo¬ 
city  potential,  which  simplifies  the  problem 
formulation.  But,  since  the  equations 
describing  the  free  surface  are  nonlinear  and 
cannot  be  linearized  for  large-amplitude 
waves,  great  difficulties  arise  in  the  compu¬ 
tation  of  solutions  to  free-surface  potential 
flow  problems.  When  a  body  is  present  in  the 
free  surface,  additional  difficulties  related 
to  the  intersection  of  the  free  surface  and 
the  body  occur.  For  instance,  the  potential 
flow  in  the  region  is  known  to  be  singular, 
Lin  et,  al.  [1]  have  recently  described  some 
aspects  of  the  singularity.  Dagan  and  Tulin 
[2]  and  Fernandez  [3J  discuss  nonlinearities 
in  fluid  flow  about  blunt  bodies.  Because  of 
the  formidable  difficulties,  most  of  the  work 
on  nonlinear  free-surface  flows  has  been  for 
two-dimensional  flows. 

Many  authors  have  formulated  the  2-D 
problem  as  an  initial-boundary  value  problem 
whose  solution  is  obtained  from  an  integral 
equation  for  functions  defined  along  the  boun¬ 
daries  of  the  fluid.  Longuet-Higgins  and 
Cokelet  [l|]  used  such  a  method  combined  with  a 
time-stepping  procedure  to  calculate  free- 
surface  heights  with  no  body  present.  Faltin- 
sen  [5]  and  Vinje  and  Brevig  [6-8]  have  used 
the  integral-equation  approach  in  their  stu¬ 
dies  of  fluid  motion  in  the  presence  of 
bodies.  They  make  the  restrictive  assumption 
that  the  fluid  domain  is  periodic  and  use 
complex-variable  techniques  that  cannot  be 
extended  to  three-dimensional  problems. 
Greenhow  et.  al.  [9]  hove  applied  the  method 
of  Vinje  and  Brevig  to  the  capsizing  of  a  body 
in  the  free  surface.  Baker  et.  al.  [101  have 
developed  a  generalized  vortex  integral- 
equation  technique  that  has  been  used  for  a 
body  under  the  free  surface.  It  is  not  clear 
whether  the  generalized  vortex  method  is  suit¬ 
able  for  numerical  computations  when  a  body 
intersects  the  free  surface  or  whether  it  will 
be  computationally  efficient  when  it  is 
extended  to  three  dimensions.  Thus,  even  for 
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computing  nonlinear  two-dimenaional  free- 
surface  potential  flows,  full  generality  has 
not  been  attained. 

This  paper  describes  progress  made  in 
developing  a  tool  to  compute  large-amplitude 
ship  motions.  The  method  discussed  is  based 
on  an  initial-boundary  value  formulation,  and 
it  is  a  method  that  is  directly  extensible  to 
three  dimensions.  The  velocity  potential 
along  the  free  surface  and  the  positions  of 
the  moving  boundaries  are  sought  as  solutions 
of  a  coupled  system  of  differential  equations. 
An  implicit  finite-difference  method  is  used 
to  march  the  solution  of  the  coupled  system  of 
equations  forward  in  time.  The  auxiliary 
problem  of  computing  the  velocity  potential 
inside  the  fluid  region  is  solved  by  a 
finite-difference  method  based  on  boundary- 
fitted  coordinates.  Haussling  Ll1]  ha.s 
presented  a  review  of  such  techniques  used  fo'- 
fluid  flow  problems. 

Results  from  calculating  the  potential 
flow  about  a  cylinder  in  forced  heave  motion 
are  presented.  The  hydrodynamic  force  on  the 
body  has  been  obtained  and  compared  with  the 
hydrodynamic  force  predicted  from  second-order 
perturbation  theory. 


II.  MATHEMATICAL  FORMULATION 

The  physical  flow  problem  is  to  compute 
transient  two-dimensional  flow  about  a  body 
moving  in  a  free  surface.  It  is  formulated 
mathematically  as  a  potential  flow  problem  in 
which  the  velocity  potential  along  the  free 
surface  and  the  position  of  the  moving  free 
surface  are  sought  as  the  solution  of  a  non¬ 
linear  initial-boundary  value  problem. 

In  particular,  the  physical  problem  is  to 
determine  the  fluid  motion  caused  by  the 
prescribed  movement  of  a  body  partially  sub¬ 
merged  in  a  fluid  and  the  resulting  hydro¬ 
dynamic  force  on  the  body.  The  prescribed 
motions  are  forced  harmonic  heave  motions 
never  so  large  that  the  body  becomes  com¬ 
pletely  submerged  in  or  rises  out  of  the 
fluid.  The  body  considered  in  this  paper  is  a 
closed  U-shaped  cylinder.  Gravity  is  the  only 
body  force  acting  on  the  fluid  which  is  invis- 
cid,  incompressible,  and  initially  at  rest. 
The  fluid  motion  is  irrotational  and  thus  a 
velocity  potential  41'  is  assumed  to  exist. 
Surface  tension  is  neglected. 

All  variables  are  nondimensionalized. 
Lengths  are  scaled  by  a  length  L  characteriz¬ 
ing  the  size  of  the  body.  Time  is  scaled  by 
l/o-  where  c  is  the  frequency  of  the  body 
motion  in  radians/second.  Velocities  are 
scaled  by  crL;  the  velocity  potential  4’’,  by 

2  2  2  2  1 
crL  ;  pressure,  by  p<r  L  ;  and  force,  by  po-  L  . 

Here  p  is  the  fluid  density.  Thus,  for  exam¬ 
ple; 


X'  =  L  X,  y'  =  L  y,  t'  =  t/o-  , 

<}>'  =4.L^  ,  p'  =  p(r\S,  F'  =  pA^F, 

where  {x,y)  are  variables  representing  the 
coordinate  system,  t  is  time,  p  is  pressure, 
and  F  is  force.  The  primed  variables 
represent  dimensional  quantities;  the 
nonprimed  variables,  no'- dimensional  quanti¬ 
ties. 

The  fluid  region  is  described  in  terms  of 
a  fixed  (x,y)-coordinate  system  chosen  so  that 
the  y-axis  points  vertically  upward  and  the 
undisturbed  free  surface  is  at  y  =  0  (Fig.  1). 


Figure  1  -  U-Shaped  Body  in  the  Free  Surface 
at  Time  t  =  0.0 

A  fluid  region  of  infinite  depth  and  infinite 
lateral  extent  is  modeled  by  a  rectangular 
tank  so  deep  that  the  effect  of  the  bottom 
boundary  is  insignificant  and  so  wide  that  no 
waves  reflect  from  the  side  boundaries  during 
the  time  for  which  the  fluid  motion  is 
modeled.  The  rectangular  tank  is  bounded  by 
the  lines  y  =  -h,  x  =  w,  and  x  =  -w.  The  con¬ 
tour  of  the  body  moving  in  the  free  surface  is 
given  as  a  function  of  time  t  and  a  parameter, 
a,  by  the  equations 

X  =  B^(a,t)  :  A  (cos(a)  -  0.1  cos(3  a))  (la) 

y  =  By(a,t)  =  A  (3ln(a)  +  0.1  sln(3  a)) 

-  hp  cosU)  (1b) 

where  A  is  a  measure  of  the  size  of  the  body, 
a  is  the  angle  measured  counterclockwise  from 
the  direction  of  the  positive  x-axis  (Fig.  2), 
and  hp  is  the  amplitude  of  the  heave  motion. 

The  position  of  the  free  surface  is  given  in 
terms  of  a  parameter  e  and  the  time  t  by 
X  =  x„(e,t)  and  y  =  y„(e,t).  The  functions 

I*  r 

x_(e,t)  and  y,,(e,t)  are  to  be  calculated, 
f  r 

Since  the  flows  considered  in  this  paper 
are  symmetric  about  the  y-axls,  only  the  half 
of  the  fluid  region  where  x  >  0  is  considered 
(Fig.  3).  The  region  is  bounded  by  five 
curves.  Across  the  boundaries  AE  (x  =  0), 
CD  (x  =  w),  and  ED  (y  s  -h)  there  is  no  flow. 
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X  =  xo  +  A[cos(a)-0.1cos(3a)] 
y  =  yo  +  A  (sln(a)  +  0.1sin(3a)] 

Figure  2  -  Geometric  Description  of  the  Moving 
Body  Contour 


Figure  3  -  Fluid  Region  for  Flow  Syrametrlc 
About  the  y-Axis 

The  curved  line  AB,  given  by  Equations  (1a,b), 
Is  the  contour  of  the  moving  body.  BC  is  the 
free  surface,  whose  location  roust  be  computed. 

The  velocity  potential  satisfies  the 
Laplace  equation 

A4>  =  0  (2) 


body,  this  condition  is  given  by 

=  0  at  X  =  w  (3) 

Similarly,  at  the  bottom  boundary,  about  six 
half-beams  below  the  free  surface,  vanishing 
normal  velocity  is  specified  by  the  equation 


•I*  =  0  at  y  =  -h 

y 


(4) 


At  the  boundary  AE  directly  beneath  the  body, 
where  a  symmetry  condition  is  specified  as  a 
wall  condition,  the  velocity  potential  must 
satisfy  the  equation 


=  0  at  X  =  0 


(5) 


Along  the  body  contour,  the  normal  velocity  is 
known  from  the  prescribed  motion  of  the  body. 


In  fact,  the  normal  velocity  of  the  body  at 
(B  (a,t),B  (a,t))  is 

X  y 


V  (a,t)  =  n  BB  /Bt  +  n  BB  /Bt 

n  XX  y  y 

wnere  ’n(a,t)  =  (n  ,n  )  is  the  unit  normal 
X  y 

directed  into  the  fluid  given  by 


(n  ,n  )  =  (BB  /da,-dB  /da) 

X  y  y  X 

/[(BB  /aa)^+(BB  /Ba)^]^^^ 

X  y 

The  required  boundary  condition  for  <j>  at 
(3^(a,t),By(a,t))  on  the  body  contour  is  thus 


9n 


=  4  n  +  d)  n 

XX  y  y 


BB 

_y 

Bt 


n 


y 


(6) 


The  free-surfoce  coordinates  x_(e,t)  and 

F 

y  (e,t)  have  been  parameterized  in  terms  of  e. 

r 

The  parameterization  e  is  chosen  such  that  for 
fixed  e  the  functions  x„(e,t)  and  y„(e,t; 

V  P 

describe  the  path  of  a  fluid  particle.  In 
other  words,  e  is  a  Lagrangian  va-iable.  The 
velocity  potential  on  the  free  surface  i.s  also 
parameterized  in  terras  of  the  Lagrangian  vari¬ 
able  e  by  4)  :  (()p(e,t) ,  An  equation  to  be 

satisfied  by  (J>p(e,t)  can  be  obtained  from 

Ber.ioulli's  equatioii,  which  can  be  expressed 
as 


in  the  fluid  region  and  is  subject  to  certain 
boundary  conditions.  (Fluid  velocity  in  the 
x-direction  is  given  by  u  =  fluid  velocity 

in  the  y-direcLlon,  by  v  41  ,)  ,u  a  solid 

y 

boundary,  the  normal  velocity  of  the  fluid 
must  equal  the  normal  velocity  of  the  solid 
boundary  since  fluid  cannot  penetrat;  the 
boundary  and  no  cavities  are  assumed  to  form 
in  the  fluid.  In  particular,  at  stationary 
boundaries  the  normal  velocity  must  vanish. 


At  the  right  vertical  boundary  of  the  flow 
domain,  about  16  half-beams  away  from  the 


p  +  .0?  +  (()>^  +  4,2)/2  +  (g/ff^L)  y  =  0  (7) 
Bt  “  y 

where  p  is  pressure,  g  is  the  acceleration  of 
gravity,  (r  is  the  frequency  of  the  forced  har¬ 
monic  heaving,  a.nd  L  is  the  characteristic 
length.  Bernoulli's  equation  .'3  valid  on  the 
free  su»-face  and  throughout  ihe  fluid  region. 
At  the  free  surface,  the  pressire  is  ussumeu 
to  bo  zero  and  a  particular  case  of 
Bernoulli's  equation,  the  dyrainlc  free-surfaoe 
boundary  condition,  results: 
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dcfi  D<t) 

—  (e.t)  =  --  (x„(e,t),ypCe,t),t) 
dt  Dt 


Here  D/Dt  =  <}>  a/dx  +  <(>  9/ay  +  a/at  is  the 
X  y 

derivative  following  the  motion  of  a  fluid 
particle.  The  kinematic  free-surface  boundary 
condition,  which  states  that  no  fluid  particle 
on  the  free  surface  can  leave  the  free  sur¬ 
face,  is  expressed  by  the  two  equations 

dx  Dx 

—  (e,t)  =  ~  (x„(e.t),y  (e,t),t) 
dt  Dt 

= 'i'^Cx  (e,t),y  <e,t),t)  (9) 

X  r  r 

dyp  Dy 

~  (e,t)  =  ~  {x_(e,t),y  (e,t),t) 
dt  Dt  ^ 


where  a(e)  is  a  prescribed  function. 

In  summary,  we  seek  the  solution  of  an 
initial-boundary  value  problem  for 
X  =  Xj,(e,t),  y  =  yp(e,t),  <>  =  <t)p(e,t)  on  the 

free  surface  and  x  =  x  (e,t)  y  =  ya(e,t)  on 

O  D 

the  body  contour,  in  which  e  is  a  Lagrangian 
variable  that  parameterizes  the  free  surface 
and  the  body  contour.  These  five  functions 
obey  the  evolution  Equations  (8),  (9),  (10), 
(14),  and  (15)  subject  to  the  initial  condi¬ 
tions  (11),  (12),  (13),  (16),  and  (17),  The 
velocity  potential  in  these  equations  must 
satisfy  Equation  (2)  subject  to  the  Neumann 
boundary  conditions  (3),  ('I),  (5),  and  (6)  and 
a  Dirichlet  boundary  condition  along  the  free 
surface  governed  by  Equation  (8). 

The  force  on  the  ''ody  is  calculated  by 
integrating  the  pressure  over  the  wetted  sur¬ 
face  of  the  body.  Because  the  flow  problem  is 
symmetric  about  x  =  0,  the  x-oomponent  of  the 
force  on  the  body  vanishes: 


=  ^  (x  (e,t)  ,y  (e,t)  ,t)  (10) 

y  r  r 

At  t  =  0,  the  velocity  potential  on  the  free 
surface  is  given  by 

<^p(e,t=0)  =  0  (11) 

and  the  free  surface  is  such  that 

yp(e,t=0)  =  0  (12) 

The  parameter  e  and  the  function  Xp(e,t)  can 
be  arranged  so  that 

x_(e,ts0)  =  e  (13) 

r 

It  is  convenient  to  parameterize  the 


fluid  at  the  body  contour  by  a  Lagrangian 
variable  e  so  that  x  =  Xg(e,t)  and  y  =  yg(e,t) 

along  this  bo  indary.  This  is  possible  since 
fluid  particles  along  the  solid  boundary  can 
never  leave  that  boundary,  except  possibly  to 
become  free-surface  particles  at  the  intersec¬ 
tion  of  the  body  and  the  free  surface.  Thus 

dx  Dx 

—  (e,t)  =  —  (Xj,(e,t),y  (e,t),t) 
dt  Dt  ®  ® 

<!yg  Dy 

~  (e,t)  s  “  (x  (e,t),y  (e,t),t) 
dt  Dt  ®  ® 


F  =  0  (18) 

X 

The  y-coraponent  of  the  force,  positive  upward, 
is  given  by 

F  =  -2  f  p(a,t)  n  (a,t)  (ds/da)  da  (19) 

y  ;  y 

where  (n  ,n  )  is  the  unit  normal  at  the  body 
X  y 

contour  directed  into  the  fluid  and  s. 
Increasing  in  the  counterclockwise  direction 
along  the  body,  represents  arclcngth.  Because 
of  symmetry,  the  pressure  is  integrated  over 
the  half  the  wetted  length  of  the  body  given 
by  X  =  B,<a,t)  and  y  =  B  (a,t)  where 

^  y 

-n/2  <  a  <  a  (t),  (The  function  a-(t)  depends 

K  A 

on  the  position  of  the  intersection  of  the 
free  surface  and  the  body  contour.) 


Ill,  NUMERICAL  SCHEME 
The  functions  x_(e,t),  y  (e,t),  4'_(e,t) 

r  t*  r 

along  the  free  surface  and  x  (e,t),  y  (e.t) 

B  o 

along  the  body  contour  obey  five  coupled  first 
order  differential  equations  in  time  with 
specified  Initial  conditions.  In  addition, 
the  velocity  potential  must  satisfy  specified 
boundary  conditions  at  all  times.  To  solve 
these  equations  a  finite-difference  method  is 
used. 


Boundary  Functions 


*  <!>y(»g(e.t),yB(e,t),t) 

subject  to  the  initial  conditions 
X  (e,0)  5  B  (a(o),0) 

D  X 

yg(e,0)  =  By(a(e),0) 


(15)  Each  of  the  five  boundary  functions  is 
discretized  with  respect  to  time  and  space 
using  a  fixed  time  step  At.  The  discretized 
forms  of  the  functions  are  denoted  by 

(16) 


(17) 


*FJ^=  *p(«j.  nAt) 


(20a) 


0 

Fj 


'i>„(e,,  nAt) 

FJ  r  J 

for  j  =  1,  .  .  .  ,  N,  and 
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^Bk  =  ^20e) 

for  k  =  1,  .  .  .  ,  M.  (The  subscript  j  will 
be  used  for  a  free  surface  variable  and  the 
subscript  k  for  a  variable  along  the  body  con¬ 
tour.)  Thus,  the  boundary  functions  are 
discretized  into  boundary  grid  points  that  are 
now  assumed  to  move  as  if  they  were  associated 
with  fluid  particles.  The  evolution  Equations 
(8),  (9),  (10)  for  <<>p(e.t),  Xp(e.t),  yp(e,t) 

and  the  evolution  Equations  (14),  (15)  for 
x„(e,t),  y„(e,t)  are  applicable  to  these  par- 

tides  and  are  replaced  by  finite  difference 
equations  based  on  the  Euler-modified  method. 
The  finite-difference  equations  are  given  by 


4k  = 


^8°’=  ^22e) 

In  Equations  (21a-e)  ard  Equations  (22a-e), 
the  subscript  j  »‘uns  over  all  possible  free- 
surface  grid  points,  and  the  subscript  k  runs 
over  all  possible  body  grid  points.  The 
Intersection  of  the  free  surface  and  the  body 
is  treated  as  a  body  point  obeying  Equations 
(21d,e)  subject  to  an  initial  condition  given 
by  Equations  (22d,e). 

The  numerical  scheme  is  implicit.  An 
initial  estimate  for  the  five  functions  at  the 
(n+1)-st  time  step  is  obtained  by  linearly 
extrapolating  from  two  previous  time  steps. 
(For  the  first  time  step,  the  initial  estimate 
is  the  initial  condition.)  The  functions  are 
corrected  iteratively  by  using  Equations 
(21a-e).  The  iterative  procedure  is  stopped 
when  the  x-  and  y-values  have  satisfied  an 
absolute  error  criterion  of  the  form 


(n+1 ) 

=  Xpj  +At 

xj  xj 

(21a) 

,^(n+1,2)  _  ^(n+1,2+1)| 

(23) 

(n+1) 

^Fj 

=  Ypj  +At 

(21b) 

and  the  ^-values  along  the  free  surface 
satisfied  the  relative  error  criterion 
by 

have 

given 

^  .(n+1)  2  ,(n+1)  2  . 

*  )/2 

-(g/L<r^)  (yj"^  yJ^*’^)/2 
Bk  Bk  xk  xk 


4"*"-  -r-' 


.(m)  ,  ,  (ra)  (ro) 

*xf  ^ar 

for  l!  :  j  or  k,  ni  =  n  or  n+1,  and  G  =  B  or  F. 
The  Initial  conditions  become 


(0) 

X- .  =  e. 
Fj  j 

(0) 

^Fj 


II  .  ^(n+l.n//n+1.2+1), 

whenever  ^  |  >ti 


The  superscripts  (n+1, 2)  and  (n+1, 2+1)  in 
Equations  (23)  and  (24)  refer  to  the  2-th  and 
(2+1)-st  corrected  solutions  of  the  system  of 
differential  equations  at  time  step  n+1.  Gen¬ 
erally,  the  stopping  criteria  for  the  itera¬ 
tive  procedure  in  the  Euler-modified  method  at 
each  time  step  are  that  the  maximum  absolute 
change  in  the  x-  and  y-values  on  the  free  sur¬ 
face  and  the  body  is  =  C.001  and  the  max¬ 
imum  relative  change  in  the  -values  on  the 
free  surface  is  -  G.001  for  (^-values 

greater  in  absolute  value  than  =  0.000001. 

Each  of  the  five  discrete  evolution  equa¬ 
tions  has  or  ^  on  the  right  side.  In  par- 
X  y 

tlcular,  to  compute  the  right  sides  of  Equa¬ 
tions  (21a-e),  (Ajj  and  along  the  moving 

boundaries  of  the  fluid  region  must  be  com¬ 
puted  from  the  solution  of  the  Laplace  equa¬ 
tion  for  .  The  solution  method  for  this 
equation  is  described  in  the  next  section. 
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To  prevent  numerical  instabilities  on  the 
computed  free  surface  from  arising,  a  linear 
filtering  scheme  due  to  Shapiro  [123  is  used. 
The  filtering  scheme  has  been  used  success¬ 
fully  by  Ohring  and  Telste  [13]i  Haussling  and 
Coleman  [14],  and  several  other  researchers. 
It  has  been  applied  at  fixed  intervals  of 
time,  and  has  been  especially  helpful  near  the 
intersection  of  the  free  surface  with  the  body 
contour. 

Unless  some  method  is  used  to  maintain  a 
reasonable  grid  spacing  along  the  free  surface 
and  the  body  contour,  grid  points  will  congre¬ 
gate  in  some  areas  and  become  sparse  in  other 
areas.  A  method  is  used  to  keep  a  uniform 
distribution  of  points  along  the  body  contour 
and  a  prescribed  distribution  of  grid  points 
along  the  free  surface.  The  prescribed  free- 
surface  distribution  is  such  that  the  free- 
surface  length  between  the  body  and  the  j-th 
free-surface  grid  point  is  a  constant  fraction 
of  the  total  free-surface  length  between  the 
body  and  the  outer  boundary.  The  scheme 
allows  one  to  follow  the  movement  of  boundary 
grid  points  within  a  time  step  as  if  they  were 
fluid  particles  and  to  shift  the  grid  points 
to  other  fluid  particles  at  the  end  of  each 
time  step.  To  shift  the  grid  points,  cubic 
spline  interpolation  is  used  to  fit  the 
arclength  as  a  function  of  grid  point  number 
along  the  free  surface  and  the  body  contour. 
The  positions  of  the  grid  points  along  the 
free  surface  and  the  hull  are  shifted  and  the 
values  of  all  pertinent  functions  interpo¬ 
lated,  using  the  cubic  splines,  to  their  new 
values.  The  redistribution  of  grid  points,  of 
course,  affects  the  initial  guess  for  the 
Euler-modified  method  at  time  step  n+1 .  How¬ 
ever,  if  the  shifting  is  done  every  time  step 
and  the  time  step  is  sufficiently  small,  the 
redistribution  scheme  has  been  found  to 
proceed  smoothly. 


the  body  below  the  surface.  In  other  words, 
the  intersection  point  may  not  move  with  the 
fluid.  Since  the  free-surface  and  hull  boun¬ 
dary  conditions  all  involve  time  derivatives 
following  the  fluid  motion,  they  cannot,  in 
general,  be  directly  applied  over  a  time 
interval  to  predict  quantities  at  the  inter¬ 
section  point.  Special  methods  for  handling 
this  point  must  be  developed.  However,  for 
heaving  motions  of  an  almost  wall-sided  body, 
the  intersection  will  be  essentially  a  fluid 
particle.  Therefore  for  the  current  study, 
the  body  Equations  (14)  and  (15)  are  applied 
directly  at  this  point.  Inaccuracies  in  this 
approach  will  become  apparent  in  the  form  of  a 
deviation  from  zero  of  the  pressure  at  the 
intersection  point.  In  fact,  such  pressure 
deviations  might  be  used  in  a  methoa  to  more 
accurately  follow  the  intersection  point  as 
would  be  necessary  for  more  complicated  body 
shapes.  One  such  scheme  has  been  tested  but 
has  proved  to  be  numerically  unstable. 

The  pressure  at  all  the  grid  points  along 
the  body  including  the  intersection  is  calcu¬ 
lated  from  a  finite-difference  version  of 
Bernoulli's  equation: 


(n*1/2)  .  (n)  2  ^  ^(n)  2 

^  xk  yk 


+ 


.(n+1)  2 
9  ,  + 

xk 


^(n+1) 

yk 


2 


)/4 


-  (g/<’\)(  +  y^"^  )/2  (25) 

The  pressure  is  the  pressure  at  the  k-th  fluid 
particle  on  the  body  at  time  t  =  (n+1/2)st. 
The  force  on  the  body  at  this  time  is  calcu¬ 
lated  by  numerically  integrating  the  pressure 
along  the  body  contour.  Trapezoidal  quadra¬ 
ture  is  used. 


Because  of  numerical  errors,  grid  points 
cannot  be  expected  to  remain  exactly  on  the 
body  as  the  solution  of  the  initial-boundary 
value  problem  is  advanced  in  time.  Numerical 
errors  arise  from  the  redistribution  scheme 
and  from  replacing  the  differential  equations 
by  finite  difference  aquations.  To  correou 
for  for  such  errors,  grid  points  that  move  off 
the  body  are  shifted  back  to  the  body.  This 
IS  accomplished  by  computing  the  counterclock¬ 
wise  angle  about  the  center  of  the  body  from 
the  direction  of  the  positive  x-axis  (Fig.  2). 
Every  body  grid  point  at  a  location  slightly 
off  the  body  surface  at  a  certain  value  of 
that  angle  is  relocated  to  the  point  on  the 
body  having  the  same  value  of  that  angle. 

At  the  intersection  of  the  free  surface 
and  the  body  contour  difficulties  arise.  At 
this  point  both  the  free-surface  boundary  con¬ 
ditions  and  the  boundary  conditions  associated 
with  the  solid  boundary  apply  at  a  particular 
instant  of  time.  However,  the  fluid  particle 
at  the  intersection  may  move  to  a  position  on 
the  free  surface  or  may  move  to  a  position  on 


Laplace  Solver 

To  solve  the  Laplace  equation  for  <t>  ,  a 
finite  difference  method  based  on  boundary- 
fitted  coordinates,  due  to  Thompson  et.  al. 
[15],  is  chosen.  The  finite-difference  method 
involves  mapping  the  time-dependent  fluid 
region  onto  a  fixed  computational  region.  The 
coordinates  (  and  n  in  the  computational 
region  are  such  that  they  obey  the  Laplace 
aquation  with  x  and  y  as  dependent  variables: 


♦  1  -  0  (26b) 
XX  yy 

The  boundary  conditions  for  (  and  n  along  a 
given  boundary  are  Dlrichlet  if  a  particular 
mesh  distribution  along  the  boundary  is 
proscribed.  The  boundary  condition  of  one 
coordinate  is  Dlrichlet  and  that  of  the  other 
coordinate  is  Neumann  if  mesh  orthogonality 
near  a  particular  boundary  is  desired. 
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Since  all  computations  are  to  be  done  in 
the  fixed  (5 ,n)-computational  region,  it  is 
convenient  to  interchange  the  independent  and 
dependent  variables.  When  this  is  done,  the 
Equations  (26a, b)  for  (  and  h  become 


-2^  ’‘^4  *  ’'Sn  ■■  ° 

(27a) 

-2^  y^r,  *  =  ° 

(27b) 

where 

2  2 
“  =  X,,  +  y„ 

(270 

^  =  x^  X,  ^  y^  y, 

(27d) 

(270 

To  obtain  a  mesh  that  wraps  around  the  body 
and  conforms  to  the  other  boundaries,  the  phy¬ 
sical  fluid  region  is  divided  into  several 
subregions  (Fig.  t). 


Figure  4  -  Subregions  into  which  the  Fluid 
Region  is  Divided 


Each  subregion  is  mopped  onto  a  rectangle  of 
computational  space.  In  each  rectangle  of 
computational  space,  the  inverted  Laplace 
equation  is  solved  subject  to  Dirichlet  boun¬ 
dary  conditions,  transformed  Neumann  boundary 
conditions,  or  taalchlng  boundary  conditions 
where  rectangles  overlap. 

The  Laplace  equation  for  the  velocity 
potential  ^  transforms  exactly  as  Equations 
(26a, b).  The  transformed  Laplace  equation  is 
given  by 

=  C  (27f) 

where  o , ^  ,  y  are  defined  by  Equations  (27c- 
e). 

Wherever  possible,  central  differencing 
is  used  to  discretize  Equations  (2ia-r).  At 
the  boundaries  of  the  fluid  region  where  a 
Neumann  boundary  condition  is  specified, 
second-order  one-sided  finite  differences 


replace  some  of  the  derivatives  in  Equations 
(27a-f).  (See  Coleman  and  Haussling  [16]  for 
more  details.)  The  resulting  system  of  quasi- 
linear  equations  for  x,  y,  and  ^  at  the  grid 
points  is  solved  by  successive  overrelaxation. 

Lin  et.  al.  [1]  cite  the  works  of  various 
researchers  who  show  that  a  logarithmic  singu¬ 
larity  exists  ir.  the  velocity  potential  of 
free-surface  potential  flow  near  the  intersec¬ 
tion  of  the  free  surface  with  a  vertical 
wavemaker  in  horizontal  motion.  But,  since 
the  body  contour  for  the  problem  considered  is 
nearly  vertical  at  the  intersection  with  the 
free  surface  and  since  the  horizontal  velocity 
component  of  the  body  is  zero,  the  logarithmic 
singularity  in  the  velocity  potential  may  be 
relatively  weak.  Thus  special  numerical 
treatment  of  the  singularity  may  not  be  criti¬ 
cal.  In  fact,  nothing  special  has  been 
included  in  the  numerical  method  to  accommo¬ 
date  such  a  singularity  if  it  .should  arise. 


IV.  RESULTS 

Several  forced  harmonic  heave  motions  of 
the  U-shaped  body  in  the  free  surface  have 
been  considered.  The  shape  of  the  body  has 
been  fixed  by  setting  the  parameter  A  in  Equa¬ 
tions  (1a,b)  to  0.7407  in  all  cases.  With  A 
set  to  this  value,  the  half-beam  of  the  body 
and  the  draft  of  the  body  are  both  0.6667. 
Amplitudes  considered  were  h^^b  =  O.05,  0.3 

and  0.4,  in  which  h^^  is  the  amplitude  of  the 

motion  and  b  is  the  half-beam  of  the  body. 
Most  researchers  consider  values  of  the  fre- 
2 

quency  parameter  bo  /g  that  lie  between  U.O 
and  2.0.  In  this  study  the  frequency  parame¬ 
ter  is  restricted  to  lie  in  tne  interval  from 
1.5  to  2.0  since  this  interval  contains  the 
frequencies  for  which  nonlinear  effects  are 
greater. 

Linear  theory  for  the  problem  of  an 
oscillating  body  in  a  fluid  of  infinite  depth 
and  lateral  extent  predicts  that  the 
wavelength  far  from  the  body  will  approach 

A/L  =  2o  g/Lo^  :  2w  (b/L)  g/bo^ 

asymptotically  in  time  [173.  The  dimensions 
of  the  rectangular  tank  are  taken  to  be  about 
one  such  wavelength  deep  ana  four  wavelengths 
in  half-length.  Thus,  if  the  frequency  param- 

p 

cter  bo^/g  Is  no  smaller  than  1,  the  depth  h 
should  be  about  4  and  the  length  should  be 
about  16.  This  region  la  long  enough  that  no 
waves  will  reach  the  side  boundary  during  the 
first  feu  periods  of  forced  motion.  Since  the 
region  is  more  than  half  a  wavelength  deep, 
the  effects  of  flnita  depth  can  be  ignored. 
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The  fluid  region  has  been  divided  Into 
five  time-dependent  subregions.  Each  subregion 
has  been  mapped  onto  a  fixed  rectangle  of 


1 

12x18 


III 

18x12 


Figure  5  -  Mesh  Size  in  Each  Subregion  of 
the  Computational  Region 

computational  space  (Figs.  *1,  5).  The  size  of 
the  mesh  in  each  of  these  subregions  has  been 
depicted  in  Figure  5.  A  total  of  2916  grid 
points,  counting  twice  those  points  where  two 
subregions  overlap,  has  been  used  for  the 
grids  that  cover  the  computational  and  fluid 
regions.  There  are  3*1  equally  spaced  grid 
points  on  the  half-body  contour.  At  the  far 
right  vertical  boundary,  at  the  bottom  hor¬ 
izontal  boundary,  and  at  the  vertical  boundary 
below  the  body,  grid  points  position  them¬ 
selves  in  a  way  that  makes  the  mesh  near  these 
boundaries  orthogonal.  At  the  far  '■Ight  boun¬ 
dary  there  are  25  grid  points;  at  the  bottom 
boundary,  102  grid  points;  on  the  vertical 
boundary  directly  beneath  the  body,  where  a 
syimnetry  condition  is  specified  as  a  wall  con¬ 
dition,  18  points.  The  Initial  distribution 
of  grid  points  on  the  free  surface  is  arranged 
so  that  the  mesh  near  the  intersection  of  the 
free  surface  and  the  body  is  approximately 
uniform  in  both  the  x-  and  y-directions  (Fig. 
6),  and  the  mesh  near  the  intersection  of  the 
free  surface  and  the  far  right  boundary  is 
also  approximately  uniform  m  both  directions. 


X 

Figure  6  -  Initial  Nesh  Near  the  Body 

There  arc  90  grid  points  along  the  free  sur¬ 
face. 

The  Iteration  for  the  solution  to  the 
Laplace  equations  for  the  changing  mesh  and 
for  the  velocity  potential  is  done  simultane¬ 
ously.  It  iis  found  that  the  mesh  does  not 


change  greatly  from  time  step  to  time  step  and 
hence  a  test  for  the  convergence  of  lA  suf¬ 
fices.  This  convergence  test  is  that  the 
square  root  of  the  sum  of  the  squares  of  the 
residuals  at  the  34  body  points  should  be  less 
than  0.001.  A  spot  check  of  the  solution 
iterates  indicated  that  the  relative  change  in 
lA  near  the  body  was  about  0.1  percent  when  the 
criterion  was  satisfied. 

For  the  solution  of  the  Laplace  equa¬ 
tions,  an  overrelaxation  factor  of  1.4  was 
chosen  for  grid  points  inside  the  computa¬ 
tional  region.  For  grid  points  on  the  body, 
where  a  Neumann  boundary  condition  is  speci¬ 
fied,  such  a  large  relaxation  factor  caused 
instabilities  in  the  solution  process  for  •P  . 
The  instabilities  first  appeared  in  areas 
where  the  body  curvature  was  large.  No  com¬ 
pletely  satisfactory  explanation  of  the  prob¬ 
lem  was  found,  but  numerical  experimentation 
led  to  the  use  of  underrelaxation  factors 
between  0.75  and  1.0  on  the  body.  Such  under- 
'•elaxation  factors  on  the  body  eliminated  the 
instabilities. 

Figures  7-10  depict  some  results  of  com¬ 
puting  the  free-surfaoe  position  during  the 
first  two  periods  of  forced  motion  with  the 

amplitude  such  that  h  /b  =  0.4  and  the  fre- 
2  ^ 

quency  such  that  bu  /g  r  2.  A  lime  step  of 
at  :  0.02  resolved  one  period  of  motion  into 
about  314  time  steps.  Figures  7  and  8  show 
the  free  surface  and  the  body  with  a  fixed 
coordinate  system.  Figure  7,  corresponding  to 
times  between  5.**  and  8.8,  shows  a  ri.sing  body 
and  a  sinking  free  surface  near  the  body;  Fig¬ 
ure  8,  for  times  between  9.0  and  11.4,  shows  a 
descending  body  and  a  >-islng  free  surface. 
Figures  9  and  10  show  similar  >-03ults,  but  the 
coordinate  system  in  these  figu’^es  is  fixed  to 
the  heaving  body.  The  time-dependent  details 
of  the  f’-ee  surface  near  the  body  are  clearer 
in  this  f>'atne  of  reference.  Flgu'e  9  shows  a 
''islng  body  between  the  times  6.2  and  9.0; 
Figure  10,  a  descending  body  between  the  times 
9.2  and  12.2.  It  is  interesting  to  note  that 
the  slope  of  the  f'*eo  su'-face  near  the  body  is 
largest  at  about  the  time  the  body  has 
attained  its  raaximun  height.  Results  for  com¬ 
puting  the  vertical  fO'-ce  on  the  heaving  U- 
shaped  body  arc  depicteo  in  Figure  11.  From 
Uie  flga’-e  it  is  seen  that  the  force  has 
become  pc-iodlc  in  less  than  one  period  of 
forced  motion.  Also  shown  on  the  figure  is  a 
curve  of  the  force  vs.  time  predicted  from  the 
second-order  theory  of  Papsnikolaou  and 
Nowackl  [18].  The  other  curve  is  a  linear 
magnification  of  the  results  from  calculating 
the  force  when  the  amplitude  of  nsotion  Is 
eight  limes  smaller  (h^^'b  =  0.05)  but  the  fre¬ 
quency  of  the  motion  is  the  same.  Qualitative 
agreement  among  the  curves  appears  to  be  good. 
The  deviation  between  the  computed  nonllnea'- 
force  and  either  the  linear  or  the  second- 
order  force  represents  aspects  of  force  which 
could  not  be  predicted  from  linear  or  second- 
order  theory. 
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Figure  8  -  Pree-Sur face  Elevations  Near  Body  for  t 
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Figure  11  -  CoiaparlSiW  of  Computed  nonlinear  Force  with  Linear  Force  and  with 
Second'^'-der  Force  aa  Functions  of  Time  t 


it -ithei-  comparison  of  the  computed  force 
with  the  force  predicted  by  second-o;  der 
theory  is  obtained  from  a  Fourier  analysis  of 
the  curve  of  force  va,  time  for  tiie  iaat 
period  of  forced  n'Otion.  hcoordinti  to 
second-order  theory,  the  total  dimensional 
fo»'ce  on  the  bod)  when  its  ceijt.er  ^*Q>yg^ 

oscillates  vertioelly  secording  to  the  formula 
^0  “  f'^oinlet)  is  given  by 


F  »  2  (fg  A  <.9r»  /St) 

♦  2^g  b^  0  F,si..<  ct  ♦  4  ,) 

*  2  b^  ,2 

«  2  i»g  0^  8ln(2  et  ♦  j  (26) 

Where  e  *  h^/b  is  the  perturbation  parescster. 

The  first  term  rcpreao.ots  the  hydrostatic 
fofoe  on  the  body  at  its  neutral  water  posi¬ 
tion.  The  second  term  represents  the  first- 
order  fores  on  the  body,  and  the  laut  two 
teraa  represent  second-ordtr  tsodifioaticna  to 
the  first-order  force  on  the  body.  A  Fourier 


analysis  of  the  computed  nonlinear  force  v.s. 
time  curve  will  produce  coefficients  of  the 
Fourier  expansion  in  the  orthogonal  functions 
( 1 .Sin'ni) .coaCntl ) .  The  coefficients  ore 
obtained  .rroB  the  usual  integrals  by  numerluai 
integration.  Ir,  tliO  onse  of  the  computed  non¬ 
linear  force,  the  center  rf  the  booy 

oscillates  vertlcnlly  according  to  t.se  formula 
y.  E  h,-Cos(et)  Instead  of  y  a  h,,3in(i»i). 

After  considering  this  dtfferenee,  the  non- 
llnear  results  esn  be  used  to  .'v  :'lve  st  the 
five  paranolers  describing  the  force  in  Equa¬ 
tion  t?8>.  The  procedure,  of  course,  assumes 
that  thv  contribution  to  the  force  from 
third-order  effev-'ts  is  tnsignlfiesnt.  Table  1 
sitows  how  the  computed  resulta  compare  with 
those  of  Lee  [173,  and  Papaniltolaru  snd 
Hnwacl'l  [13  3.  Th*  Qomputed  results  seem  to  be 
good  sreopt  for  the  second-ordtr  amplitude 
Fg^,  The  dlsoreparcy  in  the  second-order 

force  amplitude  is  probably  due  to  i.nsufri- 
cient  accuracy  in  the  coaputeh  roj.Olncer 
force.  Since  first-order  oontrltutlotis  t<  the 
force  are  doRinant,  the  relative  accuracy  of 
the  reffialnihg  force  when  cho  first-order  pred¬ 
ictions  are  subtracted  is  small.  The  error  is 
onapounded  since  values  calculated  f 'r.«  the 
reaininder  sre  divided  by  th.»  square  of  the 
perturbf-tloh  parameter,  a  small  number,  to  get 
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figure  12  -  first-  end  Second-Order  forces  Versus  Frequency  Number  for  U-Shaped  Cylinder 


F2,.  £>nd  The  computed  second-order  phase 

angle  is.  however,  sxe silent. 


the  computed  fo>‘ce  was  less  than  one  pereen  . 
Thus  the  error  seems  to  bo  quite  small. 


TABLE  1 

FIRST- 

‘^'ICIEMTS 

AND  SECOND-ORDER  FORCE  COEF- 

Lee 

Papanlkclaou 

and 

Nowaokl 

Computed 

Nonlinear 

Results 

O.M 

">.68 

0.67 

*1 

350' 

357* 

357“ 

*^20 

-0.2 

-0.19 

•0.23 

0.62 

0.68 

0.82 

5' 

107* 

108* 

2 

A  rough  estimate  of  the  accuracy  of  the 

force  ocraputations  can  be  obtoined  from  two 

sets  of  computations  In  which  only  the  time 
step  is  different.  One  .<iuoh  numerloal  test 
was  conducted  for  this  problem  with  the  fre- 
2 

quenoy  parameter  a  b/g  =  1.7  and  the  amplitude 

of  the  taotion  such  that  h^/b  =  0.3.  The  two 

time  steps  used  were  at  =  0.02  and  at  a  0.01. 
After  about  t  s  2,  the  average  difference  in 


Various  frequeicles  of  forced  motion  have 
bean  considered  for  the  aiplitude  co-respond- 
Ing  to  hp/b  I  0.3,  Fredlctlons  of  the  coeffi¬ 
cients  for  second-order  theory  were  made  and 
compared  with  tnooe  of  Papanlkolaou  and 
tiowackl  (18],  Potash  (193.  ond  Lee  (173.  The 
results  are  presented  in  Figures  12  and  13. 
The  computed  first-order  coefficients  agree 
well  with  the  previously  computed  results. 
The  computed  second-order  phase  angle  agrees 
well  wit.h  the  results  of  papanlkolaou  and 
Nowaokl.  The  magnitude  of  the  slnkage  (the 
third  term  in  Equation  (28))  agrees  well  with 
the  previously  computed  results,  but  the  mag¬ 
nitude  of  the  oscillatory  part  of  the  second- 
order  foroe  does  not  agree  so  well.  This  is  a 
reflection  of  the  relative  error  in  the  non¬ 
linear  foroe  wnen  the  first-ordor  foroe. 
accounting  for  most  of  the  foroe,  has  been 
subtracted.  It  is  doubtful  that  there  Is  more 
than  about  one  digit  of  accuracy  in  the  com¬ 
puted  second-order  results.  To  obtain  these 
results,  the  fluid  motion  resulting  from  about 
two  periods  of  forced  harmonic  oscillation  was 
computed,  and  the  foroe  for  the  last  period  of 
the  motion  was  decomposed  into  Its  Fourier 
components. 
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Figure  Vj  -  Phase  Angle  ef  Forces  of  First-  and  Second-Order  Versus  Frequency  Number 
for  U-Shaped  Cylinder 

V,  CONCLUSION 

A  ootiputer  program  to  compute  the  fluid 
motion  resulting  from  forced  harmonic  heaving 
of  £  U-shaped  body  in  a  free  surface  has  been 
produced.  The  program  computes  forces  in  rea¬ 
sonable  agreement  with  the  results  of  previous 
researchers  who  used  second-order  perturbation 
theory.  The  foioes  have  been  computed  for 
esses  of  signifioafit  nonlinear  fluid  motion. 

The  computer  program  will  be  modified  to  VI.  ACKNOWLEDGMENTS 

handle  a  variety  of  body  shapes  end  motions. 
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tion  of  the  free  surface  and  the  body  has  not  under  its  Independent  Research  Program, 
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Additional  research  needs  to  be  performed 
befors  this  method  can  be  applied  to  the  gen¬ 
eral  problem  of  ship  motio.is  in  two  or  three 
dimensions.  Satisfactory  results  have  been 
obtained  for  a  heaving  U-shaped  cylinder,  but 
heaving  wedge-shaped  bodies  or  blunt  bodies  in 


horizontal  tuotion  in  the  free  surface  e'e 
known  to  have  nwe  singular  fluid  flow 
behavior.  Before  such  behavior  can  be  treated 
properly,  a  mors  sophisticated  treatment  of 
the  flow  near  the  hull/water  surface  intersec¬ 
tion  will  be  required.  Such  a  treatment 
should  include  both  the  oyna-nlo  free-aurface 
equation  and  the  kinematic  condition  associ¬ 
ated  with  the  solid  boundary  of  the  cylinder. 
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Abstract 

This  paper  makes  some  progress  towards  the 
study  of  the  extreme  motions  of  a  ship  in 
heavy  weather  which  may  result  in  two  types  of 
highly-transient  and  dangerous  behaviour  - 
capsize  in  beam  seas  and  slamming.  Doth  are 
essentially  two-dimensional  potential  flow 
problems  requiring  treatment  of  fully  nonlin¬ 
ear  free  surface  and  body  conditions.  The 
method,  which  is  based  upon  Cauchy's  integral 
theorem  vas  originally  proposed  by  Longuet- 
Higgins  and  Cokelet  (1976  and  1978)  to  study 
nonlinear,  time-dependent  waves,  especially 
when  breaking  and  further  developed  by  Vlnje 
and  Brevig  (1981b)  to  include  fixed  or  moving 
bodies.  For  surface  piercing  bodies  the 
intersection  of  the  free  surface  with  the  body 
surface  causes  special  problems.  The  treat¬ 
ment  of  these  intersection  points  used  by  Lin, 
Newman  and  Yuc  (I98^i)  appears  to  bo  robust  for 
the  majority  of  flows  but  needs  modification 
for  some  high  speed  slamming  problems  in  order 
to  include  Jet  separation  near  the  intersec¬ 
tion  points.  Results  arc  presented  for 
transient  motion  of  a  wedge  displaced  from 
equilibrium  and  then  released  in  calm  water, 
/.lid  for  the  classical  problem  of  wedge  entry 
into  calm  water,  for  which  the  effect  of 
gravity  ii  important  in  some  rerpects. 

The  study  of  capstse  of  ship-like  bodies 
will  be  attempted  in  a  "numerical  wave  tank" 
with  incident  waves  moving  towards  the  body 
being  generated  by  a  wavemaker  at  one  end  of 
the  tank.  As  a  first  step,  wave  motions  in 
the  tank  caused  by  a  wavemaker  performing 
slfeplc-harcionlc,  constant  forward  velocity 
end  modulated  motions  are  compared  with 
cxporltscnts .  Excellent  results  have  been 
obtained,  and  the  atudy  of  the  capsialng  of 
floating  bodies  will  be  undertaken  In  the 
light  of  this  experience. 

1.  Introduction 


Over  the  last  decade  there  has  been 
considerable  progress  made  tow.srds  under¬ 
standing  the  nonlinear  free  surface  effects 


If  the  waves  are  assumed  to  be  steady  then 
analytical  work  (see  eg  Longuet-Higgins  and 
Fox  (1977)  and  (1978))  shows  that  as  limiting 
steepness  is  approached  many  properties  of  the 
wave  (eg  phase  speed,  momentum  flux,  kinetic 
and  potential  energies)  are  no  longer  monotonic 
with  steepness.  Such  results  have  relevance  to 
the  phenomena  of  intermittent  whitecapping, 
which  dissipates  energy  and  promotes  air-sta 
exchanges  and  pollution  dispersion.  Of  more 
relevance  to  ocean  engineers  is  the  study  of 
the  growth  of  instabilities  of  waves  of  less 
than  limiting  steepness  (see  Longuet-Higgins 
(1978a)  and  (1978b)).  These  instabilities 
cause  modulation  of  the  wovetraln,  where  one 
crest  will  grow  at  the  expense  of  its  neigh¬ 
bours.  When  the  crest  is  close  to  limiting 
steepness  a  local  and  very  fast  growing  insta¬ 
bility  arises  which  leads  directly  to  breaking. 

Breaking  itself  is,  of  course,  highly 
transient  requiring  treatment  of  the  tlrao- 
dependent  free  surface.  Unlike  the  steady  state 
case,  there  is  no  frame  of  reference  which 
freezes  the  free  surface,  although  local  models 
of  the  overturning  crest  when  viewed  from  a 
freely  falling  frame  of  reference  have  been 
proposed  (see  eg  Lenguot -Higgins  (1980)  and 
Greenhow  (1983)K  The  ejected  jet  from  the 
wave  crest  may  travel  at  2-J  times  the  phase 
speed  of  the  wave  and  is  known  to  give  large 
pressures  upon  impact  with  a  solid  surface 
(sec  Cuaborbatch  (I960)). 

On  the  numerical  side  there  has  been 
considerable  progress  in  calculating  a  variety 
of  2-dtaensional  time-dependent  free  surface 
flows  using  either  the  point  vortex  method 
(see  eg  Baker,  Merion  and  Orteag  (1982), 

Roberts  (1982))  or  the  present  approach  based 
upon  Cauchy's  integral  tiveoren  (see  Longuet- 
Higgins  and  Cokelet  (1976),  Now  (1983),  Dold 
and  Peregrins  (1984)  and  Vlnje  and  Brevig 
(1961a)).  Vinjc  and  Brevig't  approach  which 
solves  a  Fredholm  Integra  1  equation  of  the 
second  kind  with  variables  in  the  physical 
(rather  chan  transformed)  nisns.  is  particulsvly 
sultod  to  ocean  engineering  applications  since 
bodies  may  be  Introduced  cither  below  the  free 
surface  (see  Brevig,  Greenhow  and  Vtnjo  (1982)), 


which  arise  when  ocean  waves  becooo  steep. 
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or  on  the  free  surface  (see  Greenhow,  Vinje, 
Brevig  and  Taylor  (1982)).  For  this  latter 
case  a  special  problem  arises  at  the  inter¬ 
section  points  of  body  and  free  surfaces,  where 
both  the  velocity  potential  <(>  and  stream 
function  \i/  are  specified  by  the  requirement 
that  both  free  surface  and  body  boundary  con¬ 
ditions  must  be  specified  here.  If,  as  in  Lin, 
Newman  and  Yue  (1984)  and  the  present  paper,  we 
do  specify  both  (ji  and  iji  here  then  flows 
which  are  regular  (eg  a  standing  wave  with  a 
vertical  wall  through  a  node  or  antinode)  are 
correctly  treated  while  for  flows  with  a 
singularity  at  the  intersection  point  the 
numerical  scheme  approximates  the  local  behav¬ 
iour  in  such  a  way  that  the  global  solution, 
and  hence  body  forces  and  motions,  remain 
realistic.  To  understand  these  remarks  we  re¬ 
cap  on  previous  work  on  the  implusive  start-up 
to  velocity  U  of  a  wavemaker  at  one  end  of  a 
long  tank  of  finite  depth  h.  By  expanding 
the  free  surface  displacement  n  and  velocity 
potential  in  powers  of  time  t.  Peregrine 
(1972)  shows  that! 

n  =  — in[tanh(^)]  +  0(t*) 

Tt  4n 

for  small  t.  We  see  that  equation  1  predicts 
that  close  tc  the  wavemaker  (small  x)  the  free 
surface  elevation  becomes  logarithmically 
infinite.  (For  a  similar  singularity  in  steady 
state  linear  theory  see  particularly 
Kravtchenko  (1954)).  Experiments  of  Greenhow 
and  Lin  (1983)  confirm  expression  I  for  a 
variety  of  depths  and  velocities  U,  except 
close  to  the  wavemaker  where  a  Jet  is  ejected 
almost  perpendicularly  to  the  wavemaker.  llie 
numerical  results  described  In  Lin,  Newman  and 
Yue  (1984)  also  conflra  equation  I  except  that 
the  free  surface  displacement  near  the  wave- 
maker  is,  of  necessity,  finite  (sec  figure 
5.5).  Thus  although  locally  the  fluid  motion 
is  crudely  resolved  at  the  intersection  point, 
the  validity  of  the  results  away  from  the 
intersection  is  not  significantly  affected. 

For  other  typos  of  wavemaker  motion  this 
treatment  of  the  intersection  point  also 
appears  to  give  realistic  fluid  motions  (see 
section  5). 


The  traditional  approach  to  capsize  study  is 
based  on  the  static  stability  of  the  ship  in 
calm  water  (see  Newman  (1980)  pp. 290-295  and 
the  references  therein).  This  clearly  lacks 
justification  and  applicability  when  the  ship 
is  in  big  waves  and  where  hydrodynamic  forces 
are  comparable  to  hydrostatic  forces  (see 
Greenhow  (1985)  for  the  forces  on  a  half- 
immersed  cylinder  in  large  waves.)  Recently 
the  "Ships  in  Rough  Seas  (S.I.S)"  project  in 
Norway  and  the  "SiFESHIP"  project  in  the  U.K. 
have  tried  to  extend  our  understanding  of  ship 
capsize.  On  the  theoretical  side  "S.I.S." 
resulted  in  the  present  approach,  while  the 
results  of  "SAFESKIP"  Included  a  study  of  the 
stability  of  model  equations  thought  to 
describe  the  build-up  of  rolling  of  the  ship 
(see  Odabasi  (1982)).  These  two  approaches 
appear  to  be  complimentary:  for  roll  motion 
increasing  over  many  wave  cycles  the  present 
approach  is  not  very  suitable,  while  sudden 
capsizing  events  (against  which  the  helmsman 
can  take  little  or  no  action,  see  Dahle  and 
Kjaerland  (1980))  may  be  realistically 
calculated.  As  a  first  step  in  this  direction 
section  5  presents  free  surface  elevations 
generated  in  a  "numerical  wave  tank"  with  the 
wavemaker  performing  various  motions,  and  the 
results  are  compared  with  experiments.  The 
close  agreement  obtained  encourages  further 
work  where  ship-like  cross  sections  will  be 
Introduced  into  the  numerical  wave  tank  and 
their  motions  calculated. 

2.  Outline  of  the  Mathematical/Numerical 
Formulation 

Apart  from  the  treatment  of  the  intersection 
points  of  free  and  body  surfaces,  the  method 
used  is  that  of  Vinje  and  Brevig  (1981b)  while 
for  the  wavemaker  problem  reference  can  be  toiide 
to  Lin,  Newman  and  Vue  (1984).  Ue  therefore 
confine  ourselves  to  an  outline  of  the  method 
only.  Under  the  usual  assumptions  of  two- 
dimensional  flow  of  an  incompressible,  hoao- 
genoous  and  irrotational  fluid  we  have  a 
complex  velocity  potential i 

0(e,  t)  •  >(x,  y,  t)  +  lv(x,  y,  t)  {>) 


Similar  coeescnis  apply  to  the  transient  whore  Z  ”  x  *  ly,  f  is  the  velc  .t,'  ■•otenttal 

motion  of  a  wedge,  displaced  from  equilibrium  and  y  Is  the  stream  function.  ..i;:.-:  i  and 

and  then  reloaaed  in  calm  water  (see  section  3).  satisfy  the  Canchy-Rlcmann  equation  8  is 

In  experiments  with  high  speed  entry  of  a  wedge  analytic  and  hence  Cauchy's  thcoroa:  holds: 
into  calm  water,  a  narrow  jet  moves  quickly  up 
the  wedge  side  and  as  the  wedge  motion  Is 
retarded  this  jet  leaves  the  wedge  surface, 
particles  in  the  joc  tip  moving  almost  freely 
under  gravity.  In  the  numerical  scheme  however 
the  intersection  point  particle  is  kept  on  the  for  zq  outside  any  closed  contour  C  within 

wedge  surface:  this  results  In  negative  (though  the  fluid.  Here  we  take  C  to  be  the  free 

rather  small)  pressures  on  the  wetted  surface  surface,  wotted  body  surface, the  bottom  and 

of  the  wedge  which  is  clearly  unphysical.  A  two  vertical  boundaries.  For  the  wedge  entry 

modification  of  Che  miaerical  scheme  Is  deseri-  problem  these  vertical  boundaries  arc  distant 

bed  in  section  4  to  cope  with  this,  hut  again,  and  although  periodicity  Is  assumed  hero,  this 

apart  from  the  local  behaviour  of  the  inter-  Is  irrelevant  since  no  significant  disturbance 

section  point  the  fluid  and  body  motions  remain  reaches  these  boundaries  during  the  time  of 
realistic.  simulation.  For  the  wavemaker  and  capsizo 


A  -  0 

C  z  -  ZQ 


simulations,  the  wavemaker  forms  one  vertical 
boundary,  while  for  downwave  a  fixed  vertical 
boundary  is  imposed.  Use  of  equation  3,  which 
reduces  a  two-dimensional  problem  to  a  one¬ 
dimensional  problem,  is  extremely  advantageous 
since  the  resolution  of  sharply  curved  free 
surfaces,  such  as  occur  in  wave  breaking  or 
slamming,  may  be  obtained  on  mainframe 
computers. 

On  the  contour  C  we  know  either  on 
the  free  surface  (designated  as  Ci)  or  iji  on 
the  fixed  or  moving  solid  boundaries  (desig-ia- 
ted  as  C,!,).  On  the  free  surface  $  is  speci¬ 
fied  initially  while  on  the  bodyi 


ij((x,y,t)  =  U(,(y-yc)  “  Vj.(x-X(.)  -  %6R* 


where  (x,.,  y^.)  and  (U(-,  v^.)  are  the  posi¬ 
tion  and  velocity  of  the  centre  of  gravity  of 
the  body,  9  is  Che  angular  velocity  and  R 
is  the  radius  vector  from  (xj,y{)  to  the 
point  considered  (x,  y).  A  similar  expression 
gives  i|i  on  the  wavemaker  while  on  fixed 
boundaries  i(i  =  0. 

Taking  either  real  or  imaginary  parts  of 
equation  3  with  zg  obtain  the 

following  Fredholm  equations  of  the  second 
kind  I 


iiJi(xo,  yoi  t)  +  Re  /  "  0 


z  -  Zj+l 
Zj  -  Zj+1 


for  z  on  C  between 
Zj  and  Zj+i^ 


^  ^J~l  for  z  on  C  between 

Zj  -  Zj-i  ^j-1  Zj 


otherwise 


Then  equation  3  becomes 


6 

z-Zk 


I  Tkj  Bj  =  0  for  k  =  1  to  N  (9) 
J  =  1 


where  the  integrated  influence  function  Tkj 
is  given  by  simple  logarithmic  expressions 
(see  Vinje  and  Brevig  (1981b)). 

Taking  the  real  or  imaginary  parts  of  equa¬ 
tion  9  according  to  equations  5  and  6  gives  Che 
required  matrix  equation.  The  contribution 
from  the  intersection  points,  where  both  $ 
and  are  known  occurs  only  on  the  right  hand 
side  of  this  equation. 

The  above  procedure  solves  the  system  for  the 
initial  time.  To  step  forward  in  time  wo  apply 
a  mixed  Eulcrian/Lagranglan  scheme,  following 
particles  on  the  free  surface  but  not  on  the 
body  surface  (except  at  the  intersection 
points.)  From  Bernoulli's  equation  wo  have 


for  zg  on  and 

O'jlxg,  yg,  t)  +  Rod  f  iV)  •  g  (6) 

t  -  Zg 

for  zg  on  Hero  a  Is  the  angle  between 

two  tangents  of  C  at  zg  (mathematically 
equal  to  *  for  any  smooth  part  of  C,  but 
generally  different  from  u  numerically, 
especially  in  regions  of  sharp  curvature.) 

The  principal  valued  contour  integrals  in 
equations  3  and  6  are  not  known  explicitly 
since  they  Include  unknowns  (either  4  or 
(')  at  other  points  around  the  boundary. 
Discrctising  the  contour  into  points  Zk  along 
C  and  assuming  a  linear  variation  of  the  pot¬ 
ential  along  C  between  points  gives  a  matrix 
equation  for  the  unknowns.  Explicitly  vo 


“  >sww*  -  gy  (10) 

giving  the  new  velocity  potential  at  the  new 
free  surfuce  position  given  froo  the  velocity 
w*  of  the  partlcloi 


u  +  Iv  »  {“) 
3z 


Equations  10  and  11  arc  stepped  forward  In 
time  using  Runge-Kutta  or  HaBsalngs's  methods. 

To  solve  for  the  pressures  on  the  body 
points,  and  hence  Integrate  to  give  the  body 
forces  and  accelerations,  requires 
the  body  since 


0(z)  -  [  Ai(*)  Bi 


On  the  free  surface 


with  the  linear  influence  function  given  byi 


•Ijuu*  -  gy 
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whilst  on  the  body 


*31  “ 


UcV*'VcU  +  [  (uc“u)(x-x^^)  + 


(Vc-v)(y-yj,)]  .9  +  (y-yc)iixc  ‘ 

(14) 

(x-X(,)ay^  -  JsR*e 

see  Vinje  and  Brevig  (1981b).  Here  (a)j^,ay^) 
and  8  are  the  transitional  and  rotational 
accelerations  of  the  centre  of  gravity.  These 
are  unknown  but  may  be  factored  out  of  the 
equations  forming  four  separate  problems: 


3:|:2  .. 

3t  3t  ^  3t  ^yc  3t  ^  ®  3t 


(15) 


Now  Cauchy's  theorem,  equation  3,  holds 
for  each  of  the  four  composite  problems  with 
on  the  free  surface  given  by  equation  13 
while  i(!2  =  ^3  =■  1(14  =  0  on  the  free  surface. 

The  full  nonlinear  problem  is  given  by  the 
superposition  of  these  four  unphysical  problems, 
giving  body.  This  gives  a  3X3 

system  of  equations  for  (a^  ,  Sy  )  and  9‘,  so 
that  the  body  accelerations  and  nence  motion 
can  be  obtained. 

11)0  numerical  scheme  appears  to  be  remark¬ 
ably  stable  and  no  explicit  smoothing  was  used 
in  any  of  the  ealculatlona.  for  the  slamming 
slmulatlont'.  removal  or  introduction  of  points 
on  the  free  surface  was  avoided  since  this 
generally  leads  to  breakdown  within  a  few  time 
steps.  Typically  there  was  84  points  on  the 
fre.!  surf hC  on  the  body  and  180  in  total. 
Ttils  degrra  v5  a  -uracy  required  about  8  seconds 
per  time  s  .  •  .  ■  -.’R  3(1  used  as  a  scalar 

machine,  o.  •  ids  per  ti  ic  stop  on  a  VAX 

li/780. 

3.  Transient  Motion  and  Kiitry  of  a  Hedge  in 
luitially  Cclw  W.ater 

The  problem  of  alamwing  of  shins  in  large 
waves  is  quite  cooplos  but  if  the  wavelength 
is  long  it  may  be  .approximately  correct  to 
consider  the  huil  entering  calm  water  with  a 
Velocity  equal  to  tho  relative  velocity  of  the 
moving  hull  and  moving  frea  surface  in  the  real 
situation.  Even  with  this  assumption  the 
numerical  simulation  of  bodies  entering  the 
water  with  smnll  dcadrise  angle  ia  difficult 
because  of  the  very  large  velocities  encount¬ 
ered  in  the  splash  zone.  Some  preliminary 
studios  of  cylinder  entry  (relevant  to  the 
slamming  of  0(1  rig  cross  meobera)  havu  also 
encountered  this  difficulty,  and  the  preaent 
study  therefore  corcentratos  on  accurate 
almuLation  of  the  entry  of  a  wedge  of  largo 
dtadrlse  angle  which  le  relevant  to  the 
slaasalug  of  the  bow  sceCton  of  some  ships,  hut 


not  to  mid-ship  slamming. 

We  first  look  at  the  transient  motion  of  a 
wedge  of  half-angle  a  =  15°  displaced  from 
equilibrium  and  then  released  in  calm  water. 

For  a  circular  cylinder,  the  same  problem  has 
been  calculated  using  linearised  hydrodynamic 
Theory  by  Maokell  and  Ursell  (1970)  assuming 
that  the  displacement  from  equilibrium  of  the 
cylinder  is  small.  With  this  restriction  the 
results  of  Vinje  and  Brevig  (1981b)  show  good 
agreement  at  least  for  the  first  cycle  of 
oscillation  after  which  the  assumption  of 
periodicity  of  the  fluid  domain  makes  compari¬ 
son  invalid.  For  large  displacements  from 
equilibrium  nonline.ar  effects  came  into  play: 
Ylm  (1971)  and  Chapman  (1979)  attempt  to 
include  some  of  these  effects  for  a  wedge  by 
applying  the  body  condition  on  the  exact  body 
position,  but  still  retaining  a  linearised 
free  surface  condition.  The  present  solution 
is  fully  nonlinear  in  both  conditions.  Figure 
3.1  shows  the  transient  motion  of  the  fluid  and 
wedge  when  the  wedge,  with  vertex  just  submer¬ 
ged,  is  released  Into  calm  water.  The  wedge 
oscillates  vertically  about  tis  equilibrium 
position  (vertex  at  y  »  -4.6).  The  free 
surface  particle  motion  is  also  shown  including 
that  of  the  intersection  point  which  moves  in 
an  almost  elliptic.sl  orbit  during  the  first 
cycle.  Whereas  the  calculations  here  could  be 
continued  without  much  trouble,  figure  3.2 
shows  that  for  heavier  wedges  (equilibrium 
position  of  vertex  at  y  “  -9.2),  the  wave 
travelling  away  from  the  wedge  breaks.  Due  to 
poor  resolution  at  the  wavo  crest  we  cannot 
follow  the  overturning  but  even  with  better 
resolution  the  calculation  would  have  to  bo 
dlscontitiuei  within  a  few  time  steps  due  to 
re-entry  of  the  jet  ejected  from  the  crest. 

Alao  shown  is  a  curious  niunerical  effect  caused 
by  poor  resolution  of  the  fete  surface  near  the 
Intersection  point,  which  causes  the  fluid  to 
move  too  fat  up  the  wedge  side.  This  effect 
disappears  with  better  r.'.solutlon  as  shown. 


Figure  3.1s.  Transient  motion  of  a  wedge 
moving  down.  Free  surface  particles  are 
marked  x. 
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Figure  3, It.  Transient  motion  of  a  wedge 
tjoving  up  again.  Locus  ot  interiection 
point  marked  with  cho  arrow. 


Dotted  linos  are  from  a  simulation 
with  poor  resolution. 

For  high  jpoed  entry,  or  slassBiog,  of  a 
wedge  a  considerable  amount  of  experimental 
work  is  .eveilable  (see  eg  Chuang  (1967))  while 
nearly  all  theoretical  work  .inglecta  gvuvity, 
thereby  allowing  simpler  free  surface  conJi- 
tlona.  TlUs  is  Justified  for  high  entry 
speeds  since  locally  the  fluid  accolctation  is 
much  higher  than  gravity.  'Rios  Wtgnev  (1932) 
approximates  wedges  by  flat  platas  moving  with 
the  initial  entry  speed  In  an  infinite  fluid. 
This  problem  has  an  analytic  solution  (by 
confoit'-jl  mapping)  and  givos  ilw  pressure 
dictributlon  along  the  wedge.  Von  Kas-ssat. 
(1929),  on  the  other  hand,  gives  Che  force  on 
the  body  during  impact  and  subeiorgenco  in 
taros  of  the  rata  of  change  of  fluid  mwaanc  w 
which  is  related  to  the  added  nass  of  the  body 
In  Infinite  fluid.  More  recently  Doctors 
(1901)  seoks  to  simulate  a  ulanming  event  by  a 


superposition  of  the  solutions  of  the  Cauchy- 
Poison  problem,  but  this  requires  non-zerc 
pressures  to  b"  applied  Co  the  free  surface. 

If  the  body  velocity  or  acceleration  is 
censtant  and  gravity  is  ignored,  then  some 
analytical  progress  is  possible  since  the  flow 
is  self-similar  (see  Gurevich  (1965)  for  a 
discussion).  For  the  constant  velocity  case 
Garabedian  (1953)  shows  that  the  arc  length 
between  any  two  free  surface  particles,  measured 
along  the  free  surface,  lemainc  constant 
throughout  the  motion.  Mackie  (1969)  gives 
bounds  on  the  contact  angle  6  between  the 
free  surface  and  the  v-edge:  thus  0  <  8 
and  also  8  ^/2  ~  a  which  is  stronger  if  the 

•,/edge  half-angle  o  5  ”//,•  Johnstone  and 
Mackie  (1973)  give  the  exact  relationship  bet¬ 
ween  a  end  8  and  sho'v  that  in  some  cases 
(a  >  79°)  the  free  surface  cannot  remain 
convex  Co  the  fluid  unless  the  pressure  on  the 
wetted  wedge  surface  becomes  negati'.e. 

Alttiough  the  present  nu.ni  ricai  scheme  cannot 
give  definitlvi  answers  concerning  the  rela¬ 
tionship  bet'setn  o  and  8  with  gravity 
included,  Che  second  effect  of  negative 
pressure  on  the  wedge  has  been  observed  for 
a  “  15°,  see  figure  3.3.  This  is  clearly 
unphysical  and  the  experiments  of  Greenhow  and 
Lin  (1983)  show  that  a  jet  emerge?  from  the 
wedge,  see  figure  3.6.  The  negtlve  pressure 
arises  because  th-s  intersection  point  is  kept 
on  Che  wedge.  In  the  early  stages  of  entry 
this  is  corract,  but  when  the  jet  rising  up  the 
wedge  side  becomes  thin,  the  pressure  gradient 
within  the  fluid  must  become  very  small.  The 
interaection  point  particle  then  freely 

under  ^ravit.v,  but  the  present  scheme  oontlnu- 
ally  moves  this  point  back  onto  the  wedge 
surface.  Section  6  seeks  to  reiaady  this 
situation. 


Figure  3.3a.  lUgh  Speed  £-ntry  ot  «  Wedge. 
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Figure  3.3b.  High  Speed  Enlry  of  a  Wedge 
showing  pressure  distribution  along  the 
wetted  surface  idotted).  The  region  of 
small  negative  pressure  is  shaded. 


Figure  3.4.  Water  Kntiy  of  .1  Wei'gj* 
((rots  CriHMihov  and  Mn  (I'fHS)). 


I 


Figure  3.4a.  High  Con-stant  Speed  of  Entry 
of  a  Wedge. 


Figure  J.^».  High  Cinistunt  Speed  ol  Entry 
of  a  yedge  ■  close  up  near  iuter»ection 
point  , 

Figure  3.4  slmws  high  constant  vc’loclCy 
wedge  enliv  tor  whi'li  gravity  should  be  negli¬ 
gible  and  (or  which  the  conataocy  oT  arc  length 
between  any  two  fluid  particles  should  hold, 
this  is  apitvosiBiii  'y  true  although  particles 
near  the  Intersect lun  point  spread  out  while 


those  away  from  it  move  closer  together.  The 
splash  height  predicted  by  the  conformal  mapping 
technique  of  Dobrovol ' skaya  (1969)  appears  to 
be  too  great.  This  could  be  a  gravity  efiect, 
but  the  comparison  is  som«!that  doubtful:  In 
thl-'  numerical  scheme  the  position  of  the 
intersection  point  is  strongly  dependent  on  the 
spacing  between  the  free  surface  particles 
(although  the  position  uf  the  rest  of  the  fret 
surface  is  not),  whilst  Hughes  (1972)  casts 
doubt  on  Dobrovol ' akava’ 8  results. 


Figure  0.6.  Tsst  of  self -slsi la: Ity  for 
different  -sonsfant  velaetttee  of  entry 
of  a  (*  v»l.  0  v**Ji  ♦  v  •  J.) 


with  nsoMrlCAl  scheme  bolding  j«S  aoto 

aucfftc*. 


For  moderate  constant  velocity  of  ei.trj 
figure  3.6  shows  that  the  assumption  o.'  self- 
aiiaila“ity  of  the  flow  (based  upon  ncgelecting 
gravity)  is  correct  in  the  early  stages  of 
entry  only.  Here  we  have  superposed  free 
surfa's  profiles  for  wedge  velocities  of  v  =  i, 

2  and  3  when  the  wedge  has  reached  two  differ¬ 
ent  positions.  For  the  early  stagec  of 
Immersion  self-similarity  holds  quite  well, 
with  some  discrepancy  near  the  intersection 
p-)i.,t  possibly  due  Co  the  numerical  scheme. 

Whet,  the  wedge  is  will  immersed  self-similarity 
only  holds  for  the  higher  speeds  of  entry:  for 
mode  ate  speed  the  jet  which  had  risen  up  Che 
wedge  side  starts  Co  fall  back  into  the  fluid. 
This  effect  is  not  thought  to  he  numerical 
(figure  3.7  shows  its  development)  and  it  occurs 
later  for  higher  wedge  entry  velocities.  How¬ 
ever,  alchougn  it  is  clear  that  gravity  plays 
an  important  rcle  here,  the  flow  is  not  etti  irely 
physical  since  the  numerical  scheme  holds  the 
jet  onto  the  wedge  resulting  in  negative 
pressure  on  the  upper  part  of  the  wetted  wedge 
surface.  Once  again  this  jet  should  be  allowed 
to  fall  off  the  weJf-e  surface,  particles  vithin 
the  jet  moving  almost  freely  under  gravity!  the 
next  section  seeks  to  modify  the  numerical 
scheme  to  allow  this  to  happen. 

i. •  Hodi f icat ion  of  the  Hetaerlcal  Scheme 
to  allow  tlie  jet  to  leave  the  wedge  surface. 

le  section  3  ws  showed  that  the  asaumption 
that  the  jet  of  fluid,  initially  ejected  up  the 
wedge  surface  at  Urge  k?'!®!,  remaining  on  the 
vedjt  is  unpbysieal  end  results  in  nggatiio 
pce,H.surea  on  the  wetted  wedsv  surface.  Clearly 
in  the  very  thin  Jets  produced  the  inter  section 
OCJint  pffticle  must  behave  very  much  «s  a 
lirojortile  (sloes  cns  prcssire  gradient  in  the 
jet  is  very  emsll)  and  thud  auet  aowe  awoy  ffo« 
the  w>:dfie  aurfoce  to  a  parabola.  In  this  sect- 
ioo  tfc  present  roar  prr. I Istit.ary  results  where 
this  is  allow*®  to  haptjcn.  The  program  cho-k* 
the  ptesoure  <?s  the  vetted  vwdge  surface  at 
earn  ti»e  at^p.  !!  ibis  iieeoaues  n''gst£v«  cho 
interaect i po  point  it.  srsrg«;diid  a*  an  ordinary 
i tee  surface  point,  and  a  new  interreccloa 
p.-int  la  introduced  w'hcre  the  pressure  on  the 
wrtted  "dp, a  autfsce  in  mro.  Tile  velocity 

at  ibis  poinl  IP  also  tmeded  and  it 
linearly  Intcrpnlsv.td  between  ncighboarltvg 
points.  Thuj  we  havs  new  inlcifil  cov-d)  titfjm 
for  the  program  te  restart . 

Thy  reaulf*  of  eurh  a  procedure  are  ci<iiy 
(^..rtfaily  slosa  the  jot  bcinj  long 

sod  thin,  it  rather  poorjy  resolved.  Csnsequ- 
aitily  the  peiltcon  'of  thb  («t  tip  la  unreliable 
aM  iSAy  in  fact  feove  loa»d<!  the  -.-edge  aoselepe 
above  ?b«  surfate,  liavevav  this  is  not 

tJtoajht  to  aifuct  the  rest  of  the  fluid 
tigniffdaiTtvy,  wb.f-th  BJsy  be  calculased  rw'iably. 
Tlgurce  9.1a  and  b.J  show  high  v',iid  law  cphi-tant 
*, loads  of  wedge  e-nsr\  wbare  the  letoreoctiih 
poit<  Visoveg  down  the  w-^ttod  vodgi  s-srfaco  >  s 
the  jet  ‘■'poris  off"  ivo®  the  wedge.  Figure 
4.1b  t-hows  the  {'reaettras  on  th.'t  wetted  wedge 
eurfac*  w^t.lch  tsow  rthaaSu.  pscitlv*  eve<-ywl>«r». 


Figure  High  constant  speed  entry  of  a 

wedge.  •  indicates  Intoracctton  point  of 
wedge  and  free  surface.  Ttie  dotted  linos 
joining  points  o  indicate  the  jot  assitning 
t>arttcles  in  the  jet  are  in  free  (light. 

To  avoid  the  problees  associated  with 
trying  to  resolve  the  jet  nunertcally  one  can 
assuiae  the  Intersection  point  does  indeed  wove 
off  the  wedge  as  a  projectile,  the  Velocity  of 
projection  being  given  by  previous  tlec  steps, 
nr  by  the  assiusption  of  self-slssllarity  in  the 
early  stages  of  entry  (which  agrees  closely 
with  the  fluaerlcally  calculated  velocity), 
this  gives  the  realistic  looking  dotted  lines 
on  figures  ti.l  and  4.2.  We  notice  that  although 
the  jet  overturns,  it  does  not  do  so  as  such  as 
In  the  espcrleent  shown  l.r  figure  3.4.  This 
amy  be  due  to  the  theory  DoivUcCing  viscosity 
and  surface  tension. 

Further  work  on  this  phonosMinon,  partieu” 
larlv  with  wedges  of  different  angles.  Is 
needed  but  it  i«  hope  that  the  present  study 
will  provide  u  basis  for  ntuserical  siaulations 
of  the  slaaning  cylinders,  both  l.ito  calas 
water  and  in  waves. 
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Figure  4.1b.  Pressure  profilr-a  o«  the 
wetted  part  ef  tiro  wedgo  surface^ 


Figure  4.2,  I.O'v  .spend  entry  of  a  wsdge. 
Syabois  as  in  fi;pire  4. la. 


5.  Nonlinear  Waves  Generated  by  a  Havemakjr. 


As  mentioned  in  the  introduction,  we  now 
make  the  first  step  towards  numerical  simula¬ 
tion  of  ship  capsize  in  beam  seas.  Previous 
theoretical  and  experimental  work  oa  the 
survival  of  a  Salter's  Duck  in  extreme  waves 
bv  Greenhow  et  al  (1982)  shows  that  the  present 
scheme  is  suitable  for  the  simulation  of  cap¬ 
sizing  behaviour  in  beam  seas.  In  that  study, 
however,  experimental  data  for  the  locations  of 
the  intersection  points  of  the  body  and  free 
surface  are  required,  and  a' so  the  choice  of 
initial  conditions  is  not  mathematically  justi¬ 
fied,  but  merely  suggested  by  the  wave  profile 
in  the  experiments.  The  intersection  point 
problem  has  already  been  discussed  and  this 
section  seeks  to  overcome  the  problems  assoc¬ 
iated  with  the  choice  of  initial  conditions  by 
setting  up  a  realistic  two-dimensional 
"numerical  wave  tank"  in  which  to  place  float¬ 
ing  or  fixed  bodies.  Waves  are  generated  by  a 
wavemaker  at  one  eno  cf  the  tank  undergoing 
different  types  of  motion  -  simple  harmonic, 
constant  forward  velocity,  and  modulated 
motions.  The  numerical  results  are  summarised 
and  some  of  them  are  compared  with  experiments. 
This  provides  an  essential  prerequisite  for  the 
detailed  study  of  ship  capsize. 

In  the  work  of  Lin  (1984),  Lin,  Newman  and 
Yue  (1984),  the  present  numerical  scheme  Is 
used  successfully  to  simulate  the  waves  gener¬ 
ated  by  simple-harmonic  motion  of  the  wavemaker. 
The  numerical  results  are  confirmed  by  linear 
wave  theory  when  the  wavemaker  oscillations  are 
small,  a.id  comparisons  between  the  numerical 
calculations  and  the  experimental  measurements 
are  given.  The  numerical  simulation  for  this 
case  can  be  continued  in  time  without  apparent 
limitation.  More  drastic  waves  can  be  genera¬ 
ted  when  the  stroke  of  the  wavemaker  is  large. 

As  shown  in  figure  5.1,  a  breaking  wave  is 
generated  by  the  wavemaker  performing  cosine 
motion  with  full  stroke  A  «  0.30  (nondimension- 
alised  by  the  depth  of  the  tank  h)  and 
frequency  w  “  1.5539.  The  free  surface 
proriies  are  plotted  at  times  t  “  3.4,  3.5  ... 
4.4. 


Figure  5.1.  Wumerical  Simulation  of  a  breaking 
wave.  Wavemaker  has  cosin  motion  with 
W“  1.5539,  A  »  0.30,  t  -  3.4,  3.5.  ...  4.4. 
(from  Lin,  Newman  and  Yus  (1984).) 
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Figure  5.2.  Free  survace  profile  of  an 
undular  bore.  Wavemaker  has  constant  forward 

velocity  U  ■'  0.30,  t  ”  0.2,  0.4,  ...20.0. 

Further  study  of  the  wavemaker  problem  has 
been  conducted  when  the  wavemaker  moves  with 
constant  velocity  from  a  state  of  rest. 

Figure  5.2a  shows  the  development  of  undular 
bore  with  wavemaker  velocity  U  “  0.40  (non- 
dimensional  ised  by  /gh).  The  lo.iding  wave  Is 
travelling  ste.idily  with  an  approximate  veloc¬ 
ity  of  1.0  which  is  the  maximum  group  velocity 
of  the  surface  wave  in  shallow  water.  The 
evolution  of  the  free  surface  profiles  is 
plotted  at  every  other  time  step  (t  •  0.2,  0.4, 

).  For  clarity  each  curve  is  shifted 
slightly  up  and  to  the  right. 

For  the  wavemaker  with  a  higher  velocity  the 
leadirg  wave  may  break.  Figure  5.3  shows  free 
surface  profiles  t  »  0.5,  1.0  ...  5.0  with 
ur.vcmaker  velocity  U  “  0.90  in  whith  case  the 
large  wave  stoepnesa  causes  breaking.  The 
numerical  scheno  breaks  down  a  few  stops  after 
the  last  curve  plotted  because  the  free  surface 
Interoocts  itself. 

As  shown  in  figure  5.4,  It  has  been  found 
that  the  mean  water  level  of  the  utidular  bore 
above  the  original  free  svrface  is  proportional 
to  the  nc'-.dlBonsional  forward  velocity  o*  the 
wavemaker.  Tlic  transition  from  a  nonbreaking 
undular  boro  to  a  breaking  wave  occurs  when  U 
is  about  0.33,  and  the  corresponding  mean  water 
level  Is  about  301  higher  than  the  original 
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water  depth.  This  transition  is  similar  to 
that  which  occurs  when  a  uniform  flow  meets  an 
area  of  still  water  in  a  long  horizontal 
channel.  The  theoretical  study  by  Peregrine 
(1966)  and  the  experimental  measurements  by 
Favre  (1935)  and  Binnie  and  Orkney  (1955), 
indicate  that  undular  bores  form  when  the 
ratio  of  the  change  in  water  level  to  the 
initial  depth  of  water  is  less  than  0.28.  If 
this  ratio  is  greater  than  0.28  but  less  than 
0.75  there  are  still  undulations  but  the  first 
one  at  least  is  breaking.  For  greater  differ¬ 
ences  in  depth  there  is  no  undulation. 
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Figure  5.3.  Numerical  calculation  of  a 
breaking  wave.  Wavemakcr  has  constant 
forwc.-d  velocity  with  U  "  0.90, 
t  -  0.5,  1.0.  ....  5.0. 
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Figure  5.0.  Relationship  between  the  moan 
water  !•  /cl  above  the  free  surface  and  the 
non'/ittcnsional  wavetaaker  forward  velocity  U. 

In  Che  preaeiic  context,  not  only  la  the 
transit .on  from  undular  bore  to  breaking  wave 
similar  to  the  above,  but  the  transition  from 
breaking  to  another  type  of  free  surface 
motion  also  takes  place.  Note  that  the  mnan 
water  level  in  figure  5.3  is  about  0.75.  For 
I'  oijoal  to  or  greater  than  1,  thort  can  bo  no 
wave  in  front  of  the  wa/cnakor  becauac  the 
Viivcmakor  velocity  exceeds  the  wave  group 
velocity.  As  shown  in  figure  5.5,  fluid  near 
the  wavenake  piles  up  snd  forms  a  singular 
Jet  at  the  waveaaker  face.  For  small  time  the 
ahset  of  thia  Jet  la  lagarlchalc  (aee  oguacion  1 


for  the  analytic  result  of  Peregrine  (197-)  or 
Lin  (1984))  and  the  coniparir.jn  of  analytical 
and  numerical  results  shown  in  figure  5.5  i;. 
good. 
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Figure  5.5.  t.^mparison  between  analytical  and 
numerical  results  for  the  free  surface 
elevation.  Waveitaker  has  impulsive 
motion  with  tj  »  I .  The  analytical  solution 
(e'.juatlon  1)  is  from  Peregrine  (1972)  or 
lin  (1984).  (From  Lin,  Newman  and  Yue  (1934)). 

In  order  lo  ge\!rrate  a  specific  wave, 
especially  a  bre.sking  wave,  at  a  desired  loc¬ 
ation  in  the  tank,  it  is  necessary  to  let  the 
wavemaker  perform  modulated  motion.  Comparison 
between  the  numerical  calculations  and  experi¬ 
mental  raoasure.nenta  of  the  wave  profiles,  and 
the  fluid  particle  velocity  beneath  the  wave 
crest  is  underway  as  a  Joint  project  between 
the  I)i!partmont  of  Ocean  Engineering  and  the 
Parsons  Laboratory,  Department  of  Civil  Engin¬ 
eering  at  M.l.T.  Figure  5.6  shows  a  sample  of 
Che  wavemakcr  motion  from  which  a  plunging 
breaker  can  be  gcnor.sted  in  the  middle  of  the 
tank.  Figure  5.7  shows  a  comparison  between 
numerical  calculation  and  experimental  measure¬ 
ment  of  the  time  history  of  the  wave  elevation 
at  a  point  (wave  probe)  1.9*  away  from  the  mean 
wavemakcr  position.  llu'DO  typos  of  wave  - 
nonbreaking,  spilling  breaker  and  plunging 
breaker  -  have  boon  studied.  The  initial 
comparisons  are  promising  but  final  comparisons 
are  still  not  available. 
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Figure  5.6.  Modulated  waveraaker  morion 
history  in  the  experiment.  Water  depth  “  60  cm. 
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Figure  5,7.  Free  surface  elevation  as  a  time 
history  at  a  wave  probe  1.9m  (nondimensional 
X  “  3.1667)  away  from  the  mean  wavemaker 
position —“experimental  mo-asurements  +  +  + 
numerical  calculation. 

6.  Conclusion 


lliis  paper  extends  and  exploits  the  numeri¬ 
cal  scheme  of  Vinjs  and  Brevig  (1981)  for  non¬ 
linear  free  surface  effects  with  bodies  present. 
Using  the  treatment  of  the  intersection  point 
of  free  and  body  surfaces  suggested  by  Lin, 
Newman  and  Yuc  (1984),  the  transient  motion  of 
a  wedge  in  Initially  calm  water  is  simulated. 
However,  for  slamming  of  a  wedge  into  calm 
water  this  treatment,  which  seeks  to  satisfy 
both  free  and  body  boundary  conditions,  does 
not  allow  the  fast  Jet  of  water  moving  up  the 
wedge  to  leave  its  surface i  this  results  in 
negative  pressure  on  the  upper  part  of  the 
wetted  wedge  surface.  Physically  we  need  to 
relex  the  body  boundary  condition  at  the  inter¬ 
section  point  when  this  happens.  A  modified 
scheme  is  Introduced  which  allows  the  Jot  to 
"peel  off"  the  wedge  surface,  although  the 
numerical  resolution  of  the  Jet  itself  Is  poor. 
Further  work  on  this  phenomenon,  which  occurs 
in  cylinder  slamming  (see  Sreenhow  and  Lin 
(1983))  and  may  well  occur  In  some  capsize 
situations,  is  needed. 


In  order  to  studv  capsize  a  "nunerical  wave 
tank"  has  been  set  up  and  tested  for  various 
waveraaker  motions.  With  constant  wavemaker 
velocity,  the  behaviour  of  the  free  surface  is 
dependent  on  the  wavemar.ers  speed:  at  low  speed 
an  undular  bore  is  formed:  at  moderate  speed  a 
breaking  wave  is  produced:  at  high  speed 
(exceeding  the  group  velocity  of  the  waves)  ‘he 
water  simply  piles  up  In  front  of  the  wavemaker. 
These  transitions  are  qualit.ttivel y  similar  to 
those  which  occur  in  exserimencs  where  a  flow 
of  water  meets  an  area  of  calm  water. 

With  small  amplitude  simple  hanacnic  motion 
the  free  surface  agrees  well  with  linear  theory, 
whilst  for  impulsive  motion  the  agreement  with 
equation  1  Is  good.  Por  modulated  motion  a 
breaking  wave  may  be  produced  in  the  tank  which 
agrees  well  v;ith  experiments.  It  is  hoped  to 
introduce  ship-like  bodies  into  such  waves  and 
to  study  their  capsizing  in  detail. 
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NUMERICAL  SOLUTION  FOR  TWO-DIMENSIONAL  WEDGE  SLAMMING  WITH  A 
nonlinear  FREE-SURFACE  CONDITION 
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Bethesda,  MD  20084 


Abstract 

Using  the  Cauchy  method  with  a  semi-Lagrangian 
representation  of  flow,  straight-sided  and  flared  wedges 
are  considered  with  a  nonlinear  free-surface  boundary 
condition.  Singularities  at  the  spray  tip  and  the  spray 
root  are  identified,  and  special  treatments  of  the 
singularities  are  investigated.  Free  surface  elevations  and 
pressure  distributions  on  the  wedges  are  obtained  for  half 
wedge  angles  of  less  than  30  degrees  for  both  straight- 
sided  and  flared  wedges.  The  numerical  solutions  are 
found  to  be  prone  to  instabilities  and/or  inaccuracies. 

Introduction 

It  is  well  known  that  bow  slamming  and  deck  wet¬ 
ting  can  be  serious  problems.  Design  of  bow  shapes 
which  minimize  these  unwanted  aspects  of  ship  motions 
in  a  seaway  indeed  is  an  important  task  for  naval  ar¬ 
chitects.  This  task  specifically  requires  prediction  of  the 
pressure  distribution  on  the  bow  and  of  the  wave  height 
when  a  ship  bow  enters  the  water  surface. 

The  problem  was  first  investigated  by  Wagner'. 

Many  attempts  to  improve  upon  Wagner’s  original  ap¬ 
proximate  solution  have  been  made  since.  Early  studies 
were  mostly  concerned  with  the  simplest  possible  body 
shapes,  namely  two-dimensional  symmetric  wedges;  fur¬ 
thermore,  gravity  effects  were  ignored.  Both  analytical 
approximations^’^’’*  and  numerical  studies^’*’’  of  this 
self-similar  flow  may  be  found  in  the  literature. 

Tiic  problem  becomes  considerably  more  complex 
when  gravity  effects  are  included.  Simplifications  based 
on  linearization  of  the  free-surface  boundary  condition, 
with  the  body  boundary  condition  also  linearized®’*  or 
treated  exactly*®,  were  therefore  introduced. 

A  numerical  method  for  calculating  free-surface 
flows,  with  the  exact  nonlinear  free-surface  boundary 
condition,  was  recently  proposed  by  Longuet-Higgins  and 
Cokelet"  and  subsequently  used  by  several 
investigators*^"*®.  In  particular,  calculation  of  the  com¬ 
plex  potential  by  using  Cauchv’s  formula  has  been 
demonstrated  to  be  practical*^’*®.  Nevertheless,  the 
method  presents  difficulties  when  a  solid  body  intersects 
the  free  surface. 

This  numerical  technique  is  used  here  to  study  the 
slamming  problem,  with  free-surface  nonlincarities  and 
gravity  effects  included.  Two  two-dimensional  body 
shapes,  namely  an  infinite  straight  wedge  and  a  flared 
wedge,  are  considered.  The  usual  assumptions  of  incom¬ 


pressible  and  inviscid  fluid  and  irrotational  flow  are 
made.  Infinite  fluid  velocities  may  then  occur  at  a  corner 
point  or  at  the  body  and  free-surface  juncture  point. 

Singularities  at  a  corner  point  or  at  the  juncture 
point  may  not  pose  serious  problems  in  practice  so  long 
as  they  only  influence  the  flow  locally.  However,  in  the 
present  time-stepping  numerical  method,  the  singularity 
at  the  juncture  point  influences  the  solution  at  all  subse¬ 
quent  time  steps,  and  thus  can  have  disastrous 
cumulative  effects. 

Two  main  methods  for  calculating  the  complex 
potential  may  be  used.  One  method  is  based  on  an  ap¬ 
plication  of  the  Cauchy  theorem,  the  other  makes  use  of 
source  or/and  dipole  distributions.  The  Cauchy  method 
is  used  in  the  present  study. 

Problem  Formulation 

A  symmetrical  two-dimensional  body  is  supposed  to 
enter,  with  constant  speed  and  at  right  angle,  the  free 
surface  of  a  liquid  initially  at  rest.  The  x  and  y  axes  are 
taken  along  the  initial  free  surface  and  along  the  body 
centerline,  respectively,  as  is  shown  in  Figure  1 .  The 
fluid  is  assumed  incompressible  and  inviscid.  The  flow 
can  then  be  represented  by  means  of  the  velocity  poten¬ 
tial  iji,  which  satisfies  the  Laplace  equation  at  all  times; 

=  0  (1) 

Fluid  particles  on  the  free  surface  satisfy  the  following 
kinematic  and  dynamic  boundary  conditions**. 

Dx/Dt  =  (2) 

Dy/Dt  =  (}>y  (3) 

D^Dt  “  -gt]  +  (V'ti)*/2  (4) 

where  g  is  the  acceleration  of  gravity  and  rj  the  elevation 
of  the  free  surface.  On  the  body  surface,  the  following 
boundary  condition  holds; 

•  n  “  0  (.^1 

where  V  is  the  velocity  of  the  body  and  n  is  the  unit  out¬ 
ward  normal  vector  to  the  body  surface.  The  initial 
conditions 

^  “  0  “  1^1 

hold  everywhere  in  the  fluid  at  time  i  “  0. 
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Only  the  case  of  a  pointed  body  entering  the  free 
surface  impulsively  is  examined  here.  Therefore,  neither 
the  distortion  of  the  free  surface  prior  to  the  entrance  of 
the  body  nor  compressibility  effects  need  be  considered, 
as  would  be  necessary  for  the  more-complex  case  of  a 
flat-bottomed  body. 

It  is  convenient  to  reformulate  the  problem  of  a 
body  moving  downward  into  a  liquid  at  rest  as  an 
equivalent  problem  in  which  the  liquid  moves  upward 
past  the  stationary  body.  Let  F  =  $  +  i^'  represent  the 
complex  potential  for  this  equivalent  flow.  The  stream 
function  may  be  taken  equal  to  zero  on  the  surface  of 
the  body.  Furthennore,  we  then  have  '9  ~  -Vx  as 
y-»-«>,  where  V  is  the  upward  velocity  of  the  liquid  past 
the  body.  The  complex  potential  F  may  be  expressed  as 
the  sum  of  the  complex  potential  Vy  -  iVx  corresponding 
to  the  uniform  stream  in  the  upward  direction  and  of  the 
complex  potential  <!•  +  i^  corresponding  to  the  distur¬ 
bance  flow,  as  follows: 

F=^>■^•i’i'=^+i^p^■  V(y-ix)  (7) 

The  condition  ♦  =  0  on  the  body  surface  then  yields 

V  “  Vx  (8) 

This  body  boundary  condition  is  equivalent  to  condition 
(5).  The  disturbance  complex  potential  ^  iip  is 
identical  to  the  complex  potential  of  the  flow  due  to  a 
body  penetrating  the  free  surface  of  a  liquid  at  rest.  The 
potential  -t-  ii^  satisfies  the  free-surface  boundary  con¬ 
ditions  (2),  (3),  (4),  the  body  boundary  condition  (8)  and 
the  initial  conditions  (6). 

The  slamming  problem  is  only  significant  for  small 
values  of  the  time  after  the  initial  impact.  The  far-ficld 
boundary  is  therefore  not  important  for  this  problem.  In 
the  present  study,  the  body  is  assumed  to  enter  at  the 
center  of  the  free  surface  of  water  contained  in  a  rec¬ 
tangular  tank. 

Nondimensional  Parameters 

The  depth  and  width  of  the  water  tank  arc  taken 
equal  to  L  and  2L,  respectively.  Coordinates  arc 
rendered  nondimensional  with  respect  to  L,  The  non- 
dimensional  depth  and  width  of  the  tank  thus  are  equal 
to  1  and  2,  respectively. 

Time  is  rendered  nondimensional  with  respect  to  the 
time  T  «  L/V  required  for  the  wedge  to  travel  from  the 
free  surface  to  the  bottom  of  the  tank,  where  V  is  the 
speed  of  the  wedge.  Ttic  nondimensional  penetration 
depth  of  the  wedge  tip  below  the  equilibrium  free  surface 
therefore  is  equal  to  the  nondimensional  time  after  initial 
conlBct. 

The  depth  L  of  the  tank  may  be  chosen  arbitrarily. 
In  this  study,  the  value  of  L  is  adjusted  to  the  speed  V 
of  the  wedge  so  as  to  utisfy  the  relation  gL/V*  »  1 .  The 
reference  tlm  '4  md  the  reference  length  L  are  then 
relMed  to  one  *• '  Jicr  by  the  relation  t  “  gT^. 

Me*  nod  of  Complex  Analytic  Function 

This  disturbance  potential  i  -f  lip  is  a  complex 
analytic  function.  Therefore,  it  satisfies  the  Cauchy  in¬ 
tegral  fomula 


2tAP(Zq)  =  f  ^  [/J(z)/(z-Zo)]dz  (9) 

where  the  point  Zq  is  inside  the  closed  contour  c.  If  the 
real  part  or  the  imaginary  part  of  p  is  specified  on  the 
boundary  contour  c,  the  Cauchy  integral  (9)  yields  a 
Fredholm  integral  equation  of  the  second  kind  by  taking 
its  real  part  or  its  imaginary  part,  respectively'^.  The 
boundary  contour  c  is  divided  into  straight  segments 
within  which  the  complex  potential  is  assumed  to  vary 
linearly.  A  set  of  linear  simultaneous  equations  for  deter¬ 
mining  the  unknown  values  of  the  potential  or  the 
stream  function  at  the  selected  knots  on  the  boundary 
contour  can  then  be  defined  and  solved  numerically. 

The  complex  velocity  w(Zq)  corresponding  to  the  in¬ 
fluence  function  defined  by  the  equation 

2mw(zo)  =  [j3iz)/(z-Zo)2]dz  (10) 

is  singular  at  the  nodal  points  of  the  discretized  contour. 
However,  this  property  has  no  practical  effect.  Indeed, 
the  values  of  the  complex  potential  at  the  nodal  points 
are  always  finite.  Finite  values  of  the  complex  velocity  at 
the  nodal  points  along  the  boundary  contour  are  then 
provided  by  numerical  differentiation  of  the  complex 
potential  along  the  contour. 

The  potentials  and  the  positions  of  the  nodal  points 
on  the  free  surface  at  each  time  step  are  determined  by 
using  a  combination  of  the  Runge  Kutta  method  and  the 
Hammings  method  for  solving  the  simultaneous  ordinary 
differential  equations  (2),  (3),  (4)'^  Finally,  the  pressure 
distribution  is  obtained  from  the  Bernoulli  equation 

--  -  7  +  (W'!  -  r, 

“  HI) 

The  mathematical  nature  of  the  slamming  probletn 
considered  in  the  present  study  is  very  similar  to  the 
wavemaker  problem  studied  by  Lin  ei  al'*  by  using  the 
method  of  Vinje  and  Brevig'^  Tljcreforc,  the  numerical 
techniques  used  in  these  previous  studies  for  calculating 
the  complex  potential,  the  complc.x  velocity,  and  the 
pressure  distribution  have  been  adopted  here. 

Singularity  at  a  Junction  Point 

The  prcseticc  of  a  singularity  at  a  junaure  point  be¬ 
tween  a  solid  body  and  a  free  surface  raay  be  illustrated 
by  considering  the  initial  flow  due  to  vertical  motion, 
with  speed  V  .  of  a  flat  plate  along  the  segment  |x|<  I  of 
an  unbounded  free  surface.  At  the  initial  instant  t  ••  0, 
the  boundary  conditions  u  •  0  for  [xt  >  1  and  v  “  -V  for 
|x|  <  1  hold  on  the  free  surface  y  -  0.  Equivalently,  the 
complex  potential  P  •  i  ixft  satisfies  the  conditions  | 

••  0  for  |x|  >  1  and  tp  ■  Vx  for  lx|  <  1 ,  Far  away  front 
the  plate,  wc  have  u-iv  ■  0  -  ^  +  itp. 

This  boundary-value  problem  may  be  solved  if  the 
nature  of  the  solution  is  specified  at  the  points  z  ■■  x  -t- 
iy  ■  4:  1 .  Thus,  if  the  complex  potential  is  assumed  to 
ic  finite  at  z  <•  $  1 ,  we  have  the  well-known  solution 

P  -  iVz  -  iV(zi  -  l)'-^ 

as  may  be  verified.  The  complu  velocity  then  it  given  by 
djj/dz  -  u  -riv  -  iV  -  iVr/(i^  -  l)**^ 
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The  velocity  thus  has  a  square  root  singularity  at  the 
points  z  =  +  1 . 

Determination  of  the  pressure,  given  by  the  Ber¬ 
noulli  equation 


p/Q  -  -ij>(  -  /2-rj 

requires  the  time  derivative  of  the  potential 

On  the  free  surfaee,  the  pressure  p  vanishes  and, 
furthermore,  we  have  r]  =  0  and  u  =  0  at  the  time  t  =  0; 
this  then  yields 


^t  = 

on  the  free  surface  |x|  >  1  at  the  initial  time.  Time  dif¬ 
ferentiation  of  the  flat-plate  boundary  condition  ip  =  Vx 
while  following  a  fixed  point  (x,0)  of  the  flat  plate  yields 

9tp/0t  =  O=  3tp/3t-V3tp/3y 

We  then  have 

iPt  = 

on  the  flat  plate  |x!  <  1  at  the  initial  time.  The  real  part 
<t>(  and  the  imaginary  part  ipj  of  the  time  derivative  of 
the  complex  potential  /3,  are  then  specified  on  the 
segments  |x|  >  1  and  |x|  <  1  of  the  real  axis,  respectively. 
The  solution  of  the  classical  problem,  given  by 


n/J(Uo)  =■  iV{z^-  1)‘''2  j 

-l 


{X-Zo)(l-X^)'^2 


shows  that  is  singular  at  the  points  z  °  ±  1 . 

A  finite  velocity  at  the  points  z  »  ±  1  may  be  ob¬ 
tained  by  displacing  the  singularities  at  z  ■=  ±1  slightly 
outside  the  fluid  domain  for  instance  at  z  =  ±a  with 
a>  1,  as  follows: 

u-iv  =  iV-iVz(z2-t)i'V(z2-a2) 

The  singularities  at  z  »  a  may  be  placed  close  to  the 
spray  root,  as  in  the  zero-gr.tvity  problem**,  by  takUtg 
the  value  of  a  slightly  larger  than  I. 

Ttius  singularities  may  be  considered  to  be  outside 
of  the  fluid  domain,  litis  approach  is  familiar  in 
methods  usitig  source  or  doublet  di.stribuiions  on  the 
boundary.  For  example,  in  wing  theory  the  nose 
singularity  may  be  located  slightly  inside  the  actual  nose 
boundary’  of  the  wiitg.  In  the  present  case,  the  singularity 
at  the  wedge  vertex  is  considered  to  be  inside  the  stagna¬ 
tion  point. 

In  the  wedge  slamming  problem  singularities  ntay  be 
associated  with  the  spray  lip,  spray  root,  and  wedge 
vertex.  Tlic  ntosi  innsortam  singularities  are  the  spray  tip 
and  root  singularities.  Nevertheless,  when  the  problem  is 
solvetl  numerically  with  discretized  intervals,  all  (he 
velocity  valuc,s  arc  finite  even  at  or  near  the  spray  lip. 
However,  if  the  intervals  near  the  singularity  arc  loo 
stnall  the  stability  of  the  solution  1$  affected.  This  is 
unlike  other  hydrodynamic  problems,  where  for  a  cotw- 
plctcly  smooth  and  analytic^  solution,  without 


singularities  on  the  boundary,  usually  the  smaller  the  size 
of  interval  the  better  the  accuracy  of  the  solution.  When 
the  half  wedge  angle  is  large,  the  interval  which  must  be 
taken  at  t  =  0  to  allow  a  stable  solution  is  too  large  to 
give  an  accurate  solution.  This  is  especially  true  when  the 
mass  conservation  is  checked.  That  is,  the  area  under  the 
wave  above  the  t  =  0  flat  free  surface  should  be  equal  to 
the  area  surrounded  by  the  instantaneous  position  of  the 
wedge  surface  at  time  t  >  0,  the  wedge  surface  at  time 
t  =■  0,  the  t  =  0  free  surface,  and  the  y  axis. 

Because  the  spray  tip  velocity  in  the  present  problem 
is  infinite,  the  finite  numerical  v^ues  of  velocity  at  the 
spray  tip  are  in  a  sense  arbitrary  because  the  velocity 
changes  very  rapidly  with  distance  from  the  spray  tip. 

The  boundary  values  selected  at  the  spray  tip  have  a  very 
large  effect  on  the  solution.  Although  the  free  surface 
condition  is  satisfied  near  the  spray  tip  the  potential 
should  be  obtained  as  the  solution  except  at  t  =  0  where 
<}>  =  0.  At  t  =  0  the  solution  of  the  free  surface  is 
obtained  from  the  Bernoulli  equation  which  contains  a 
velocity  squared  term.  Thus  Vinje  and  Brevig*^  obtained 
the  location  of  the  juncture  point  by  interpolation  from 
the  neighbor  points  and  solved  for  the  complex  potential. 
Lin,  et  al**,  directly  computed  the  values  of  both  the 
location  and  the  potential  of  the  spray  tip  and  claimed  to 
have  obtained  a  robust  stable  solution  which  matches  the 
analytical  solution  for  a  simple  wave  maker  problem.  At 
each  time  step  they  obtained  the  velocity  at  the  spray  tip 
by  spline  curve  interpolation  from  the  potentials  obtained 
on  the  wedge,  and  the  boundary  condition  on  the  wedge. 
Using  this  value  in  the  spray-tip  free-surface  condition, 
the  next  time  step  location  of  the  spray  tip  and  the  value 
of  the  potential  at  the  new  spray  tip  were  found.  Thus 
all  the  physical  values  at  the  spray  tip  were  obtained 
without  solving  the  boundary  value  problem.  These 
values  supplied  the  quantities  required  in  solving  the 
boundary  value  problem  for  the  complex  potential. 
Equation  (9).  The  treatment  of  the  juncture  conditions 
needs  more  careful  attention. 

Because  of  irregular  boundary  conditions,  for  dif¬ 
ferent  kinds  of  singularities  used  at  the  juncture  points, 
different  solutions  are  obtained  even  though  the  boun¬ 
dary  values  are  identical.  The  methods  that  were  in¬ 
vestigated  arc  as  follows:  Method  (1),  at  each  time  step 
the  location  and  the  potential  of  the  spray  tip  are  ob¬ 
tained  front  the  free  surface  boundary  conditions,  equa¬ 
tions  (2),  (3),  and  (4);  Method  (2),  at  each  lintc  step  the 
location  of  the  spray  tip  is  interpolated  from  the 
neighboring  free  surface  points  and  the  potential  is  aim- 
puted  by  the  Cauchy  method;  Method  (3).  at  each  lime 
step  the  location  of  the  spray  lip  is  obtained  from  the 
free  surface  conditions,  equations  (2)  and  (3),  and  the 
potential  is  obtained  from  the  Cauchy  solution. 

In  Figure  2  free  surface  elevations  obtained  by  the 
three  different  methods  of  treating  the  singularity  arc 
compared.  Large  differences  in  the  sliapes  of  the  free 
surface  near  the  .spray  tip  oamr  between  the  predictions 
of  the  different  methods.  Simple  exiscrimems^*’*’  in¬ 
dicate  that  the  results  of  method  (I)  arc  much  more 
reasonable  than  the  other  two  meihods.  This  means  that 
the  present  problem  has  the  juncture  point  as  a  singular 
paint  and  that  the  singular  point  requires  full  free  sur¬ 
face  conditioiw  in  addition  to  the  wedge  boundary  condi¬ 
tion.  If  it  were  not  a  singular  point,  the  free  surface 
^apes  obtained  by  the  three  autthods  should  be 
identical. 
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In  Figure  3  complex  potentials  obtained  by  two  dif¬ 
ferent  methods  of  treating  the  singular  point  are  com¬ 
pared;  One  method  takes  the  potential  f  =  0  from  the 
free  surface  condition  and  the  stream  function  ip  =  Vx 
from  the  wedge  boundary  condition  at  the  juncture 
point;  the  compiex  potentials  are  obtained  by  the  Cauchy 
method  using  the  known  boundary  values  including  those 
of  the  juncture  point.  The  other  method  assumes  that 
only  the  stream  function  is  given  at  the  juncture  point 
and  solves  the  complex  potentials  incuding  that  of  junc¬ 
ture  point.  The  two  solutions  are  very  different.  If  the 
juncture  point  were  a  regular  point,  the  two  solutions 
should  be  identical. 

In  addition,  in  the  wedge  slamming  problem  for  a 
large  wedge  angle,  a  serious  difficulty  seems  to  be 
associated  with  the  singularity  at  the  spray  root.  When 
the  free  surface  interval  near  the  wedge  is  small,  this 
singularity  causes  the  solution  to  break  down.  If  the  in¬ 
terval  is  large,  a  stable  solution  can  be  obtained  but  mass 
conservation  is  violated.  The  mass  conservation  can  be 
enforced  by  iteration,  adjusting  the  velocity  at  the  spray 
tip,  because  the  velocity  is  singular  at  the  spray  tip.  Then 
the  wave  height  at  the  wedge  is  a  function  of  the  inter¬ 
val.  If  the  interval  is  too  large  the  free  surface  height  is 
quite  small. 

Numerical  Results  and  Discussion 

The  numerical  computations  are  divided  into  two 
major  parts:  Part  (1),  solution  of  the  Cauchy  problem 
for  complex  potentials  and  complex  velocities  at  each 
time  step:  Part  (2),  solution  of  simultaneous  ordinary 
differential  equations  for  the  locations  and  potentials  of 
the  free  surface  at  the  next  time  step  using  solutions 
from  the  Part  (1)  computations.  Therefore,  the  singular 
behavior  of  even  one  point  affects  the  whole  solution. 

The  wave  heights  caused  by  straight-sided  symmetric 
wedges  with  half  wedge  angles  of  oc  =  IS"  and  30’  are 
shown  in  Figures  4-6.  These  were  computed  by  the  Vinje- 
Brevig-Lin  method.  When  the  wedge  angle  becomes  large 
the  free  surface  interval  has  to  be  large  to  ensure  stabili¬ 
ty,  but  this  leads  to  inaccurate  results  because  mass  con¬ 
servation  is  not  preserved.  When  the  free  surface  interval 
is  too  small,  no  matter  how  small  the  time  step,  the  solu¬ 
tion  breaks  down  with  a  few  time  steps.  The  intervals  are 
shown  as  dots  in  I'igures  4-6  and  in  succeeding  figures. 
The  corresponding  pressure  distributions  are  given  in 
Figures  7  and  8.  Negative  pressures  near  the  spray  tip  are 
noticeable.  This  may  require  the  consideration  of  flow 
separation.  When  larger  intervals  are  used  and  the  mass 
conservation  condition  is  enforced  smaller  fre  .  surface 
elevations  are  predicted  at  the  wedge,  as  shown  in  Figun. 
9.  This  shape  of  free  surface  docs  not  compare  favorably 
with  the  experimental  results. 

For  the  sake  of  sintplicity  we  also  consider  fiored 
wedges  with  a  shape  given  by: 

X  «  a,{y-d)  +  ajfy-d)^ 

where  d  is  the  location  of  wedge  vertex.  Since  (be  boun¬ 
dary  condition  on  (lie  body  is 

t^'  -  Vx 

The  solution  can  be  obtained  without  any  odditionai 
difficulty. 


The  results  for  flared  wedges  are  shown  in  Figures 
10-13.  The  narrow  initial  shape  of  the  flared  wedge  does 
not  help  very  much  in  providing  stable  solutions.  If  the 
flare  becomes  large,  the  basic  stability  trouble  still  exists 
for  the  flared  wedge.  Figure  1 1  shows  positive  pressure 
over  the  wedge  so  that  flow  separation  on  the  surface 
will  not  occur. 

As  long  as  wedge  angles  are  reasonably  small  the 
present  results  seeni  to  be  reasonable  because  the  mass 
conservation  rule  is  less  violated  and  the  free  surface 
shape  is  close  to  the  experimental  result'®’*^.  However,  a 
basic  understanding  of  the  singularities  at  the  spray  tip 
and  the  spray  root,  especially  as  associated  with 
numerical  stability,  is  required. 

Because  the  Cauchy  solution  can  be  obtained  with 
any  closed  boundary,  where  the  appropriate  boundary 
values  are  known  even  when  the  boundary  is  submerged, 
the  spray  may  be  cut  away  at  the  thin  spray  sheet.  Then, 
the  spray  sheet  has  one  boundary  as  a  free  surface  and 
the  other  as  the  solid  surface  of  the  wedge.  When  a  col¬ 
ocation  point  is  at  the  free  surface  side  of  the  thin  spray 
sheet,  by  connecting  this  point  and  an  arbitrary  point  on 
the  wedge,  a  closed  contour  can  be  obtained.  The 
resulting  solution  does  not  include  the  spray  tip  behavior, 
but  since  the  spray  tip  has  undesirable  features,  such  a 
solution  may  be  useful.  Figure  14  is  such  a  solution.  This 
is  obtained  by  eliminating  the  spray  tip  from  the  next 
colocation  point  at  an  early  time  step.  The  elliptic  shape 
of  the  free  surface  resembles  the  experimental  results  of 
wedge  entry.'"’ 

Although  the  Cauchy  method  with  a  semi- 
Lagrangian  representation  of  the  flow  is  an  attractive 
method  for  solving  the  slamming  problem  with  a 
nonlinear  free  surface  boundary  condition,  the  spray  tip 
and  spray  root  singularities  are  great  hindrances.  At  t  = 
0,  the  juncture  point  of  the  wedge  and  the  free  surface 
contains  these  two  singularities.  Since  the  stream  function 
on  the  wedge  is  known  at  any  time  and  the  potential  at 
t  =  0  is  zero  at  the  juncture  point,  the  value  of  the  com¬ 
plex  potential  can  be  obtained  at  any  time  from  the 
boundary  conditions  without  using  the  Cauchy  formula. 
However,  the  regular  Cauchy  solution  at  t  0'*'  does  not 
satisfy  f  =  0  at  the  juncture  point.  That  is,  the  juncture 
point  is  not  a  regular  point.  In  such  a  problem  with  a 
singular  point  normal  numerical  procedures  do  not 
.necessarily  give  a  solution.  The  singular  point  needs  to 
be  hanJW  separately.  Because  the  velocity  at  the 
singular  point  is  infinite,  the  location  of  the  spray  tip 
.should  be  at  infinity.  Therefore,  interpolation  of  the 
velocity  at  the  singular  point  front  vetocifles  at  neighbor- 
ini}  points,  or  an  approximate  value  calculated  from  a 
neighboring  point,  is  investigated.  Because  the  distance 
from  the  singularity  cannot  be  too  small  in  order  to 
mainiain  a  stable  solution,  and  because  such  a  stable 
solution  cannot  automatically  satisfy  the  condition  of 
mass  conservation,  even  if  we  could  pick  a  solution 
which  is  close  to  an  experimental  value,  the  basic  prob¬ 
lem  does  not  seem  to  be  solved  numerically  in  general. 
Nevertheless,  when  the  wedge  angle  is  sufficiently  small 
the  sp'ution  is  relatively  stable  and  reasonable.  This 
seems  to  indicate  that  the  spray  root  singularity  is  wo:-sc 
than  the  spray  tip  singularity. 
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Figure  !  -  Boundary  Value  Problem  of  Wedge  Entry 
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Figure  2  ~  Compaiiscns  of  Free  Surface  Elevation  of 
30*  Wedge  Entry  by  Three  Different  Methods 
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Figure  3  -■  Comparisons  of  f  and  of  30"'  Wedge  Entry 
by  T'ao  Different  Methods  at  Juncture 
Points  at  t  =  +  0,  and  V  =  1 
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Figure  4  —  Free  Surface  Elevations  r\  at  Succcsssive  Tim. 
Interval.*!  Caused  by  a  Wedge  with  a  ««  13®  and  V«  1 
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Figure  10  —  Ffc?  Surface  Ele'-aiion  rj  CasiscJ  by  a 
Flared  WwJgc.  x  -  Q  i^lb  (y.d)  +  20  (y-d)*  with  V  -  ! 


DISCUSSION 
of  paper 

tit  Ylia 

NUMERICAL  SOLUTION  FOR  TWO-DIMENSIONAL  WEDQE  SLAM:k,..G  WITt  m 
NONLINEAR  FREE-SURFACE  CCVOITION 


DISCUSSION 
by  S.H.  CaHsal 

The  author  discusses  one  of  the  main  prob¬ 
lems  associated  with  the  Cauchy  method,  that 
is  the  condition  at  the  point  common  to  the 
free  surface  and  the  body.  As  figure  3  of  the 
paper  shows  a  different  solution  seems  to 
exist  corresponding  to  the  method  used  at  the 
juncture  points.  This  figure  suggests  that  the 
problem  is  not  really  well  defined  as  Fritz 
John  wrote  in  his  paper  on  "waves  in  the  pres¬ 
ence  of  an  inclined  barrier".  Additional  con¬ 
ditions  can  be  imposed  on  the  problem.  These 
conditions  are  related  to  the  conservation  of 
energy.  Following  the  observation  by  the 
author  that  the  method  doss  not  conserve  mass, 

I  would  li.'re  to  ask  the  author  if  the  energy 
of  the  system  is  monitored  or  the  energy  of 
the  system  is  considered  as  a  control  tor  < '■ 
numeric  problem.  As  suggested  by  John  the 
energy  conservation  seems  to  be  the  key  rr 
the  proper  r'election  of  the  "singularity  or 
the  solution. 

DISCUSSION 
by  Mori 

When  the  water  is  dribbl-!i:g  up  along  the 
wedge  surface,  ■'..(e  ron-tlip  condition  seems 
important.  And  the  development  of  the  boundary 
layer  may  affect  the  structure  of  flow  at  the 
top.  What  do  you  thi-k  about  this? 

Author’s  Reply 

I  thank  both  discussers  for  their  interest 
in  the  present  problem.  Both  are  concerned 
with  the  flow  behavior  .near  the  spray  tip.  I 
agree  with  Professor  Mori  that  the  considera¬ 
tion  of  viscosity  would  change  the  flow  struc¬ 
ture  near  the  spray  tip.  Since  the  similar 
problem  with  viscosity  is  considered  in  the 
paper  presented  next  to  mine  I  hope  that  wo 
can  compare  the  differanoe  there. 

I  also  agree  with  Professor  Calisal  that 
we  might  need  another  condition  for  the  better 
solution.  It  would  be  useful  to  think  about 
inclusion  of  both  mass  and  energy  conservation 
conditions  in  the  least  mean  square  sense 
although  we  recognize  a  singula''ily  at  the 
juncture  point  in  the  analytical  solution  and 
know  the  kind  of  singularity  is  a  key  to  the 
unique  solution,  the  precise  interpretation  of 
this  feature  in  the  numerical  solution  isi  not 
easy. 
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SLAHMItJG  SIMULAflONS: 


AN  APPLICAYION  OF  COMPUTATiONAL  FLUID  DYNAMICS 


P.  Gsllagher  and  R.C.  -IcGregor 

DepsrSinent  of  Naval  Architecture  and  Ocean  Engineering 
University  of  Glesgow 
Glasgow r  Scotland 


Abstract 

This  paper  uescribes  a  number  if  finite 
difference  time  marching  solution  techniques 
and  their  application  to  specific  problems 
associated  with  the  slamming  of  ship  sections . 
Primarily,  a  hydrodynamic  water  entry 
simulation  is  developed  using  program  SLAM. 
This  code  is  based  on  the  SOLA/VOP  method  but 
includes  the  use  of  source  distributions  in 
defining  the  dynamics  of  rigid  bodies  within 
the  flow  domain.  A  further  feature  is  the 
capability  of  representing  the  motions  of 
curved  boundaries  within  the  constraints  of  a 
rectangular  finite  difference  mesh.  The  results 
of  a  number  of  flow  modelling  exercises  are 
presented.  The  paper  also  describes  work 
carried  out  to  model  the  effect  of  a  trapped 
air  layer  beneath  the  ship  section.  One  and  two 
dimensional  finite  difference  formulations  of 
the  equations  of  mass  and  nementura  conservation 
are  solved  in  association  with  two  and  three 
dimensional  representations  of  the  fluid /fret 
surface  motions.  Post-impact  behaviour  for  a 
flat  plate  is  examined  using  a  specialised 
model  of  the  trapped  air  bubble.  The  data 
obtained  from  these  tests  is  used  to  define 
future  work  to  simulate  the  full,  three- 
dimensional  ship  slamming  problem. 

1 .  Introduction 

Whilst  making  a  passage  in  heavy  weather , 
severe  motions  may  cause  hydrodynamic  impact 
loadings  on  certain  forward  areas  of  ship 
hulls.  This  well  recognised  phenov-’non  of 
slamming  may  give  rise  to  two  distinct  forms  of 
loading,  namely 

a.  bow  flare  loading,  and 

b.  bottom  Impacts. 

The  first  of  these  two  cases  may  be  examined 
with  regard  to  the  local  time  rate  of  change  of 
added  virtual  mass.  The  second  case  may  be 
Idealised  by  the  classical  water  entry  problem, 
though  it  is  thought  that  air  entrapment, 
surface  roughness,  marine  growth  and 
'pre-wetting'  serve  to  complicate  considerably 
the  modelling  process. 

Drs  P  Gallagher  SRC  McGregor 
Glasgow,  Acre  Road 


Research  into  slamming  on  marine  vehicles 
has  concentrated  in  the  two  distinct  areas  of 
seakeeping  and  local  hydrodynamics.  For 
seakeeping,  the  main  aims  have  been  to  predict 
slamming  frequency  and  overall  response  whereas 
consideration  of  the  hydrodynamic  problem  at 
the  point  of  contact  seeks  to  quantify  the 
local  slam  loading  distribution. 

This  paper  deals  with  the  work  carried  out 
in  the  Department  of  Naval  Architecture  and 
Ocean  Engineering  at  the  University  of  Glasgow, 
into  the  use  of  computational  fluid  dynamics  to 
model  the  latter  of  these  two  problems. 

The  hydrodynamics  of  slamming  has  often  been 
studied  in  the  past  by  using  the  concept  of  the 
'idealised' water  entry  problem.  In  particular, 
during  the  19303,  Von-Karman  (1)  and  Wagner  (2) 
sought  to  quantify  the  msjor  features  of  the 
impact  of  wedges.  Based  on  this  early  work, 
Szebekely  (3),  Fabula  (4)  and  Bisplinghoff  and 
Doherty  (5)  all  made  cent; ibutlons  to 
improvements  in  the  compul’.ation  of  slam 
loading.  Nevertheless,  the  loads  predicted 
using  such  techniques  were  considerably  higher 
than  those  measured  at  sea. 

It  was  not  until  Chuang  (6,7)  reported  the 
findings  of  a  series  of  drop  tests  using  flat 
plates  find  wedges  that  the  discrepancy  was 
explained  by  his  finding  that  considerable 
quantities  of  air  could  be  trapped  beneath  a 
bluff  body  as  it  approached  an  initally  flat 
free  surface.  This  lead  to  a  cushioning  of  the 
impact  and  reduced  the  impact  pressures 
considerably. 

A  number  of  attempts  to  compute  the 
formation  of  this  air  layer  were  subsequently 
made  by  various  authors .  Verhagen  ( 8  > ,  Lewison 
and  Maclean  (9)  and,  later,  Koehler  and 
Kattleboroughs  (10)  used  one-dimensional  finite 
difference  models  of  the  conservation  equations 
for  the  air  layer  coupled  to  models  of  varying 
degrees  of  sophistication  to  describe  the  fluid 
free  surface  motions.  The  techniques  employed 
all  seemed  to  be  capable  of  providing  good 
numerical  models  of  air  entrapment,  through  no 
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rigorous  parawetric  surveys  of  the  effect  of 
impact  velocity,  mass  loading,  section 
deadrise/curvature  or  surface  shape 
imperfections,  were  carried  out.  Furthermore, 
none  of  the  techniques  claimed  to  be  capable  of 
following  the  impact  through  the  complete 
impact  time  history. 


The  fluid  domain  is  also  considered  to  contain 
free  boundaries  representing  the  contours  of 
bodies  in  steady  or  accelerated  motion.  The 
physical  constraints  of  mass  and  me  lentum 
conservation  within  this  arbitrarily  shaped 
domain  may  be  represented  by  solutions  to  the 
continuity  coupled  Navier  Stohes  equations. 


The  aim  of  the  present  study  was  to  provide 
a  complete  water  entry/air  entrapment 
simulation  technique  for  ship  shaped  sections 
or  bodies  of  arbitrary  shape.  The  section  was 
not  necessarily  to  ba  moving  in  a  direction 
normal  to  the  free  surface,  nor  was  the  free 
surface  required  to  be  initially  flat  or 
quiescent.  It  was  also  specified  that  the  model 
should  not  be  confined  to  a  two-dimensional 
representation  or  inviscid  Clow  formulations. 

Section  II  of  tfiis  paper  deals  with  the 
design  of  a  finite  difference  time  marching 
model  of  the  impact  of  an  arbitrarily  shaped 
body  into  a  viscous  or  inviscid  fluid.  Section 
III  briefly  describes  the  early  work  involved 
in  setting  up  a  separate  model  of  the  air 
entrapmoj>t  problem  in  order  to  study  the 
numerical  simulation  of  this  phenomevion  in 
isolation.  Section  IV  proposes  a  technique  to 
be  used  to  model  the  hydrodynamics  of  the 
sluum  iiig  problem  in  full. 

II. _ Hydrodynamic  Model 


Eqtmtions  of  Fluid  Motion 

The  equations  stated  in  this  section  are  for 
two-dimensional  flow  of  a  viscous 
incompressible  fluid.  Their  derivation  may  be 
found  in  many  standard  text  books  on  fluid 
mechanics  (11,12).  Cartesian  (x,y)  co-ordinates 
are  used  throughout  along  with  the  standard 
convention  of  representing  the  x  and  y 
components  of  the  velocity  vector  by  u  and  v, 
respectively,  and  pressure  by  the  letter  p. 


Hass  conservation  may  be  represented  by  the 
well  known  continuity  equation  for  an 
incompressible  fluid 


V.u 


3u  5v 
8x  ^  3y 


0 


(1) 


The  equations  for  momentum  conservation  in  a 
viscous  flow  may  be  stated  for  each  co-ordinate 
direction  as!- 
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The  computational  Domain 

Figure  1  illustrates  the  general 
computational  domain  to  be  examined.  The  fluid 
is  bounded  by  a  free  surface,  solid  walls  (eg 
the  bottom  boundary)  and  radiation  boundaries, 
tipstraam  influx  conditions  may  also  l)e  set. 
These  may  be  either  steady  or  harmonic  in 
nature,  the  latter  being  an  analogue  of  a  flap 
type  wave  maker. 


£  +  v-|^  +  “  g  “  +  v7^v  (3) 

3t  3y  3x  8y 

where  p'  »  presaure/density 

g  =  acceleration  duo  to  gravity 
V  -  kinematic  viscosity. 


Pig  1 
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Primitive  variables  lu,v,p)  were  used 
throughout  the  work.  It  also  proved  convenient 
to  formulate  the  following  Poisson  equation  in 
pressure 


gx  3y  ax  3y 


+  -JrV.u  -  vV^(V,u) 

3t 


(4) 


This  equation  was  the  basis  of  mary  oarly 
numerical  solutions  to  free  surface  problems 
involving  the  Kavier  Stokes  equations  (13),  eg 
Marker  and  Cell  method. 


v(n  n 
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X  y  15x  '  y  y  XX' 


3u  Jv,  3v, 

(x—  +  -r-l"  1*  "  v-  “  0 
3y  3x  y  y  3y 
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where  n^  .  .g  +  (g)"]"* 

n^=.[-.g)r 

This  was  a  difficult  equation  to  satisfy 
numerically  and  so  some  degree  of  approximation 
was  required.  In  this  respect,  the  work  of 
Hirt,  Nichols  and  Shannon  (15,16)  was  followed. 
The  details  are  beyond  the  scope  of  this  paper 
but  may  be  found  in  Reference  ( 24 ) . 


Boundary  Conditions  on  Fluid  Velocity 


Boundary  Conditions  on  Fluid  Pressure 


When  considering  flow  near  a  solid  wall, 
conditions  on  normal  and  tangential  velocity 
components  are  required.  In  the  former  case, 
the  zero  normal  fluid -flux  condition 

u.n  =  0  (5) 


For  inviacid  flow  the  Neumann  condition 
3P* 

=  0  (10) 

an 

was  used  at  stationary  solid  boundaries.  For 
viscous  flow,  the  condition s- 


was  applied. 

Two  situations  exist  for  the  tangential 
velocity  component.  For  viscous  flows,  the 
zero-slip  condition s- 

u.s  =  0  (6) 


was  used  when  it  was  considered  that  viscous 
shear  effects  were  negligible.  A  free-slip 
condition  was  applied  via  the  eq'Uation:- 


3  (u.s) 


3tj 


(7) 


Downstream  or  radiation  boundaries  were 
generally  modelled  using  the  Soramerfeld 
radiation  condition  (14)  given  by:- 

-ii  *  c  =  0  (8) 

gt  x3x 


where  i(i  may  be  any  variable.  Other  methods, 
such  as  matching  techniques  or  the  application 
of  high  levels  of  viscous  damping  were  also 
studied.  However,  equation  (8)  and  its 
numerical  analogues  proved  the  most 
successful. 


The  free  surface  Ixjundary  was  defined  to  be 
the  outer  contour  of  the  fluid  as  opposed  to 
soir.e  mean  level  at  which  conditions  upon 
velocity  and  pressure  were  to  be  applied.  The 
application  of  the  continuity  conditions  was 
tied  directly  to  the  numerical  modelling 
process  and,  hence,  will  be  discussed  later. 
However,  in  the  case  of  viscous  flow  it  was 
possible  to  define  the  zero  tangential  stress 
condition  along  the  free  surface  contour  asi- 


3P'  _ _ 1  3w 

3n  R  38 

e 

whet's  Rq  =  Reynolds  number 
and  w  »  vorticity 
was  applied. 


(11) 


Owing  to  the  application  of  the  Sommerfeld 
radiation  condition  to  the  velocity  field  at 
the  edges  of  the  computational  domain,  a  zero 
normal  pressure  gradient  condition  was  thought 
most  appropriate  in  these  areas. 

The  pressure  was  generally  set  to  zero  along 
the  contour  of  the  free  surface  for  inviscid 
flows.  For  computations  in  which  viscosity  was 
considered  to  be  important,  the  zero  normal 
stress  condition  was  invoked  using 

P'  -  =0  (12) 

in  a  manner  complementary  to  equation  (9)  (the 
zero  tangential  stress  condition). 

Accelerating  boundaries  were  given  a  normal 
pressure  gradient  proportional  to  their  rate  of 
change  of  velocity,  thusj- 

where  Uj^  =  body  velocity  vector 

wj,  >•  rotational  velocity  vector 

and  »  ((x  -  Xg),(y  -  y^Xz  -z^) ) 

where  (x,y,z)  is  the  position  on  the  )x3dy 
surface 

and  (Xg,yg,Zg)  la  the  position  of  the  body 
centre  of  gravity. 
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The  solution  algorithm  chosen  for  the 
continuity  equation  allowed  for  a  different 
interpolation  of  the  way  in  which  the 
accelerating  boundary  affected  the  dynamic 
j>re8sure  field.  This  was  the  resulc  of  a 
special  interpretation  of  the  SOLA  coda  which 
is  described  later. 

The  Finite  Difference  Method 


A  number  of  excellent  texts  exist  on  the  use 
of  the  fini*-e  difference  method  In  solving  the 
partial  differential  equations  representing 
fluid  motions  <17,18).  However,  it  became 
evident  during  this  work  that  most  standard 
finite  difference  algorithms  were  unsuitable. 
These  problems  generally  arose  as  a  result  of 
the  presence  of  the  free  surface  and  other 
moving  boundaries.  Experimentation  with  the 
techniques  showed  that  simple  rectangular 
finite  difference  meshes  produced  the  fastest 
numerical  solutions  to  the  desoretised 
equations  of  motion.  It  wc."*  with  this  in  mind 
that  a  way  was  sotight  in  wliich  to  represent 
moving  boundaries  within  a  fluid  domain  which 
had  been  discratised  using  a  rectangular  mesh. 

As  a  direct  result  of  adopting  this 
philosophy  toward  the  discretisation  of  the 
fluid  domain,  an  extremely  simple  computational 
mesh  could  be  defined.  The  mesh  was  allowed  to 
extend  above  the  initial  free  surface  level 
forming  a  computational  domain  which  contained 
full  finite  difference  cells,  partially  full 
cells  and  empty  cells.  The  continuity  equation 
was  solved  over  full  cell's  only.  The  partially 
full  free  surface  cells  were  subject  to  a 
volume  fluxing  technique  derived  from  the 
Volume  of  Fluid  Method  (19)  which  Itself 
satisfied  continuity  conditions  locally.  A  more 
detailed  description  of  the  technique  is  given 
later  in  this  section.  A  similar  taethod  was 
chosen  to  represent  the  contours  of  moving 
bodies  within  the  domain  and  this  also  is 
detailed  later. 

A  staggered  nodal  arrangement,  fig.  2-2)  was 
chosen  such  that:- 

a.  the  horizontal  component  of  velocity  was 
computed  at  the  midpoint  of  cell  sides. 

b.  the  vertical  component  of  fluid  velocity 
was  computed  at  the  midpoint  of  the  top  and 
bottom  of  cell  boundaries. 


with  truncation  error  given  by:- 
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As  with  the  continuity  equation,  simple  time 
and  spacial  difference  operators  were  used  to 
descretise  the  momentum  conservation  equations. 
A  forward  time  step:- 


n+'i  n 

3u  '^ij  "  '^ij  At  3 
- 2 


was  most  commonly  applied,  though  central  and 
higher  order  forward  marching  schemes  were  also 
examined . 


The  convection  terms  were  discretised  using 
central  difference  schemes.  None  of  the 
instabilities  normally  associated  with  this 
choice  of  finite  difference  operator  were 
experienced.  There  were  two  possible 
explanations  for  this.  Firstly,  the  nature  of 
the  dynamic  simulation  routine  required 
rigorous  conservation  of  mass  at  eacli  time 
step.  Secondly,  a  variational  algorithm  in 
energy,  inspired  by  the  work  of  Sasaki  (20)  was 
applied.  In  the  development  of  this  by 
Gallagher  (21),  lavjs  of  energy  conservation  are 
strictly  adhered  to,  making  it  difficult  for 
numerical  instabilities  to  grow. 


Thus,  for  the  mesh  given  in  fig.  2  the 
convection  terms  in  equation  (2)  become s- 
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whore  vj^j  is  a  mean  value  of  v  taken  from 
surrounlllii^g  nodes. 


c.  the  pressure  was  computed  at  cell 
centres • 


This  arrangement  may  be  recognised  as  the 
Los  Alamos  'T3'  grid.  The  continuity  equation 
was,  thus,  desoretised  using  the  central 
difference  formula «- 
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Pressure  gradients  in  equations  ( 2 )  and  ( 3 ) 
were  computed  using  simple  central  difference 
formulae,  loi- 

/3p\  *Pijt>a  -  Ax^  3^p 

“  Ax  •  12  3^3 
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Fig.  2  'T3'  Computational  Mesh  and  Primary 
Variables  (p,U,V) 


The  diffusion  terms  wore  computed  using 
second  order  central  difference  formulae:- 
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The  combination  of  the  above  simple 
approximations  led  to  straightforward  explicit 
time  marching  schemes  in  velocity.  Many  more 
complex  solution  methods  wore  examined,  the 
QUICK  schemes  of  Leonard  (22)  being  one  such 
example.  However,  it  was  found  that  the 
accurate  solution  of  continuity  at  each  stop  of 
the  procedure  meant  that  little  difference  was 
evident  when  higher  order  difference  operators 
were  employed. 


The  Continuity  Solver 


The  inclusion  of  the  last  two  terms t- 


-|■(V.u)  +  vV^Wu)  (21) 

on  the  right  hand  side  of  equation  (4),  had 
previously  l)oen  used  as  a  correction  factor  in 
the  time  marching  of  the  discretisod  Naviet 
StoJees  equations  (13).  Consideration  of  the 
initial  conditions  for  the  water  entry  problem 
showed  that  such  a  formulation  would  be 
inappropriate . 

Early  in  the  worlt,  simple  Iterative 
continuity  solver  was  applied  at  each  stage  in 


order  to  overcome  the  above  problem.  Later,  the 
SOLA  algorithm  was  found  to  offer  the  same 
facility  but  with  the  added  advantage  of 
providing  the  dynamic  pressure  field.  This 
algorithm  has  been  well  documented  (23)  and 
will  not  be  redefined  here.  However,  the 
technique  was  modified  in  order  to  deal  with 
the  moving  laoundaries  and  a  review  of  these 
changes  is  given  below. 

The  contour  of  each  boundary  was  represented 
by  simple  volume  source  distributions.  The 
continuity  equation  was,  thus,  re-written  for 
any  computational  cell  containing  some  part  of 
the  body  contour  as;- 

"ijtl  '  '^ij 


■  W  “  °ij 

where  Q^  are  the  m  sources  contained  within 
the  finite  difference  cell 


and  Dij  is  the  cell  divergence. 

This  representation  of  coll  divergence  was 
used  to  solve  for  the  dynamic  pressures  and 
continuity  condition  via  the  SOIA  code.  This 
algorithm  computed  the  divergence  in  each 
finite  difference  cell  and  equaled  it  to  a 
change  in  pressure  given  by:- 

'^^ij  “  "  '^ij'^  9p'  ' 


where 


5D 

3p' 
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2At(1/(Ax)^  )•  1/{Ay)^) 


The  velocities  at  ceil  sides  were  then 
updated  using t- 


1t+1 

“ij 


'i'j 


At  .  ,)c 
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k  ^  At  .  ,k 
'‘ijti  *  -S’  ' 


.k+1 
lJ+1 

)c+1  )c  At  .  ,'x 
''ij  ■  ^'ij  -  a7 


(24) 


and 


)c+1  )( 

Vij  "  l+1j 


Ij  ' 

.  At,  ,){ 

Sy^^ij 


It  can  be  shown  that  this  technique  is 
equivalent  to  a  relaxation  solution  to  the 
pressure  equation  given  byi- 


-  ^  “iJ  • 


(25) 
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By  analogy  vith  the  pressure  wave  aquation t- 


2 

V  P 


2 

3  P 
3t^ 


(26) 


the  change  in  source  strength  may  be  directly 
related  to  the  pressure  field,  given  that  the 
time  step  is  calculated  using  the  formula 


_ 1 _ 

2C^(1/(Ax)^  +  1/(Ay)^) 


(27) 


The  wave  phase  speed  was  taken  as  that  given 
by  the  shallow  water  formula 


where  g  “  9.81m3~2 


and  h  =  depth  of  the  fluid. 


(28) 


The  complete  computational  cycle  is  shown  in 
fig.  3.  It  is  a  simple  explicit  time  marching 
method  which  will  be  familiar  to  users  of  the 
SOLA  scheme.  A  Poisson  pressure  solver  is 
included  for  the  'steady'  pressure  field  given 
by  !- 


A  discret'sed  form  of  this  equation  was 
solved  using  successive  over-relaxation.  It 
will  also  be  noted  that  stages  are  included 
which  over  the  moving  of  the  body  and 
free-surface  and  the  sssooiated  book-keeping 
routines . 


START 


Book-keeping 


Pig.  3  Cosiplete  Computational  Cycle 


The  major  task  of  the  book-keeping  routines 
was  to  keep  track  of  the  shape  of  the 
computational  domain.  It  hae  already  been  noted 
that  a  volume  fluxing  algorithm  was  employed  to 
track  the  free  surface  shape  and  an  analogous 
method  was  used  to  follow  ths  position  of  the 
body.  As  with  the  VOP  method  (19),  a  fluid 
fractional  voluss  was  defined  for  each  call 
aat- 

Pj,j  “1.0  -  'full'  computational  call 
0  <  Pj^j  <  1.0  -  'surface'  computational  cell 


The  computation  of  the  fluid  fractional 
volume  at  each  time  stop  followed  a  similar 
method  to  bhat  amployed  in  tha  Volume  of  Fluid 
method.  A  transport  equation  in  Pt- 


3t 


0 


(30) 


waa  diacratiaed  in  order  to  supply  an  explicit 
tlma  marching  formula  for  tha  fluid  fractional 
volume,  for  tha  control  volusea  shown  In 
fig.  2,  tha  equation  waa  re-writtan  in 
oonaervatlon  fora  asi- 


“  0.0  -  'amply'  computational  cell 

Similar  body  fractional  voluaea  (PB)  were 
defined  to  repraaant  tha  interface  between 
fluid  end  the  (eolid)  aK>vlQg  boundary. 


jLi  hh.  « m 

3t  *  3x  3y 


W,u 


0 


(31) 


Por  full  cells  ^  .u  waa  equal  to  taro  euch 
that  the  change  in  P  could  be  equated  to  volume 
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fluxes  in  and  out  of  the  cell  and  was 
identically  zero.  For  free  surface  cells,  this 
was  not  the  case.  It  was  found  that,  centrally 
differenced  schemes  for  the  terms  in  equation 
(31)  resulted  in  a  simple  exchange  of  fluid 
between  cells.  In  these  cases,  aquation  (31) 
reduced  to  equation  ( 30 )  without  the  use  of  the 
correction  term  FV.u.  Upwinded  schemes  required 
that  the  correction  term  be  included  in  order 
that  the  transport  equation  be  identically 
satisfied. 

It  should  be  noted  that  the  form  of  equation 
(30)  is  similar  to  the  free-surface  Icinematic 
condition  given  by:- 


The  Variational  Energy  Balance 

A  technique  (21)  which  proved  useful  in 
bounding  the  total  energy  of  the  system  and, 
hence,  supressing  numerical  instabilities,  was 
derived  from  the  wor)c  of  Sasalci  ( 20 ) . 

The  variational  statement  for  fluid  Icinetic 
energy 5- 

J  •  I(a(u  -  il)^  +  a(v  -  0)^)AxAy 

(34) 

+  ^(5:>jp(u^  +  v^)AxAy  -  KI)  »  0 


3p 

at 


V 


(32) 


For  near  horizontal  free  surfaces ,  it  is 
clear  that:- 


Of 

•ST 


a 


an 


may  l>e  made, 

where  u,v  are  the  final  discrete  solution, 

u,v  are  the  approximate  discrete 
solution, 

a  la  an  unicnown  weighting  function, 


The  analogy  also  shows  that  a  careful 
evaluation  of  OP/ay  is  required  In  order  to 
retain  accuracy.  The  VOF  technique  uses  a 
one-sided  or  donor-acceptor  differencing  scheme 
to  overcome  this  problem.  In  this  woric,  it  was 

found  unnecessary  to  follow  such  a  method.  A 
boo)c-)caeping  check  was  employed  to  examine  the 
orientation  of  the  free  surface  relative  to  the 
call.  The  resulting  computation  dealt  with  the 
discontinuous  nature  of  the  function  P  normal 
to  the  free  surface  in  simple  and  convenient 
manner  (24). 

The  updating  of  the  body  fractional  volume 
was  a  much  simpler  tas)t.  (Ving  to  the  use  of 
discrete  sources  to  represent  the  motion  of  the 
body,  the  diangs  in  body  fractional  volume  at 
each  time  step  was  simply  given  byi- 


emd  X  is  the  Lagrange  multiplier 


KI  is  given  originally  aa  the  initial 
Icinetic  energy  of  the  fluid  but  may  be  adjusted 

to  account  for  free  surface  potential  energy 
and  wor)c  done  on  the  system. 

Differentiation  of  equation  (34)  allows  the 
formulation  of  a  correction  factor  or 
fractional  adjustment  rats  x  to  be  madei- 


_ KI _ 

*  ^^)A*Ay 


(35) 


Furthermore,  this  may  be  mad  to  compute  the 
final  discrete  solution  (u,v)  from  the  values 
of  (us,v),  thusi- 


AF8  -  At(EQ^)/AsAy 
where  };Qb,  represents  the  sum 
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2q  U  /N 

(3T) 

\|  m  ■  1  -7^  •  X  U 

2  0  ♦  pX 

of 

•ourc4 

2a  ^  A 

(36) 

cell. 

•  ITT-pX-  * 

When  the  body  frsctionel  volume  reached  a 
value  of  1.0  (to  within  some  fixed 
computational  tolerance)  within  any  finite 
difference  cell,  thet  particuler  cell  was 
excluded  from  any  further  computation.  Any  cell 
with  FO  equal  to  one  wee  fully  within  the 
fluid. 


It  wee  not  necaseary  to  apply  the  correctionc 
et  every  time  step  to  svoid  numerical 
inetebility  though  the  simplicity  of  ths  method 
generslly  ellowed  this  to  be  done  without 
drameticelly  Inoreaeing  the  computetlonel 
time. 


A  particulerly  intereeting  eltuation  eroee 
«^en  bothc- 

0  <  Fij  <  1  end  0  <  Fb^j  <  1 

For  the  weter  entry  problem,  this  condition 
defined  tlte  poeition  of  tbe  eprey  root. 


Experimentetion  With  (tumericel  Wodele 

Two  elmple  flow  modele  were  defined  in  order 
to  etudy  viscous  free  surfecs  flows  and  the 
SOLA/Source  method.  From  an  Mrllar  model  (25) 
e  great  deal  wae  learned  concerning  the  use  of 
the  free  eurfece  height  oonwectlonAfoluma 
fluxing  routinee  with  thie  particular  code. 
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FP£e  surface  teiOiT  free  surface  height 


Tl*  5TCP 


PlOTS  OF  FS  HEIGHT,  Va  VaTOftS 
FOR  aouoe 


uo 

i.67  m 


Time  Step  0.0000  secs 
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Fig.  4  Viscous  Flow  Past  a  Rectangular  Box 


Fig.  6  Heaving  Barge  in  Inviscid  Shallow  Water 


y  oirection  /  t&WS 
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Figure  4  shows  the  typical  problem  of  viscoue 
flow  past  a  rectangular  prism  beneath  a  free 
surface  at  a  Reynolds  number  of  800.  Two  bound 
vortices  may  clearly  be  seen  behind  the  box. 

The  mesh  size  for  this  computation  was 

“  0.05m  and  &y  “  0.025m.  A  60  x  40  mesh  was 
used  which  severely  taxed  the  computational 
resources  available.  Regretably,  it  was 
conceded  that  this  situation  was  unlikely  to 
change  during  the  course  of  the  research  ani 
that  most  modeJ.ling  would  be  confined  to 
inviscid  flows . 

The  SOIiA/source  method  was  applied  to  a 
number  of  simple  problems.  One  such  example  is 
illustrated  in  fig.  5.  An  idealised  “section 
through  a  semi-auhmersible  is  defined  by  a 
collection  of  rectangular  prisms.  Discrete 
source  points  ware  distributed  about  the 
contour  of  the  body  to  which  an  harmonic 
roll/heave  motion  could  be  applied.  The 
strength  of  each  source  was  calculated  from  the 
resultant  local  normal  velocity  vector.  The 
time  step  was  chosen  based  on  equations  (27) 
and  (28)  (Reference  (26)). 

A  Similar  type  of  problem  was  examined  using 
the  code  designed  to  simulate  the  water  entry 
problem.  Figure  6  shows  the  initial  time  step 
for  the  solution  of  the  inviscid  flow  about  a 
heaving  barge  in  shallow  water.  A  aeries  of 
computations  of  the  added  mass  coefficient  for 
this  barge  geometry  for  various  beam  to  draught 
and  draught  to  depth  ratios  were  made.  Figure  7 
shows  a  comparison  of  these  results  with  those 
given  by  Newman  and  Flagg  ( 27 ) .  The  comparison 
showti  that  an  acceptable  level  of  accuracy  waa 
achieved  with  a  tolerance  on  V.u  of  10“^. 

Finally,  an  example  of  the  capabilities  of 
program  SLAM  is  presented.  ThiJ  algorithm 
contained  all  the  features  mentioned  thus  far. 
The  example  of  the  water  entry  of  a  circular 
cylinder  is  chosen  In  order  to  Illustrate  the 
use  of  the  SOLA/sourco  algorithm  in  computing 
the  flow  about  a  curved  boundary  on  a 
rectangular  finite  difference  grid.  Some  360 
discrete  sources  were  placed  around  the  contour 
of  the  cylinder.  A  fisl'ly  coarse  mesh  of 
0.1  r  O.im  was  chosen  on  b  3.Qb  deep  by  6.0m 
wide  coMputatiooal  domain.  The  cylinder  was  of 
la  rodlus. 

figure  8  shows  a  number  of  flow 
visualiaatlons  of  the  water  entry  of  the 
cylinder.  Only  .alternate  velocity  vectors  are 
plotted  for  olertty. 

Figure  9  shows  a  plot  of  t)i*  slam 
coefficient  history  versus  the  non-dlststtsioual 
Imserrlon  given  byi-* 


where  Vj,  is  fciia  Impact  velocity  of  the  body 
t  is  the  elapsed  time 
and  D  is  the  cylinder  diameter  (2.0m) 

A  coiaparisor,  with  the  time  histories  deduced 
experimentally  by  Camptmll  at  al  (28)  and  the 
formulas  given  by  Kaplan  and  Silbert  ( 29 ) ,  with 
r.nd  without  a  spray  root  correction,  show  good 
agreement . 

Further  computations  were  carried  out  ua.'.r.g 
ship  shaped  sections,  details  of  which  may  be 
found  in  Reference  (24).  It  was  difficult  to 
find  data  for  slam  load  time  histories  from 
other  sources  in  order  to  form  a  basis  for 
comparison.  However,  in  most  oases  a  separate 
load  time  history  was  computed  using  a  rate  of 
change  of  added  virtual  mass  approach.  A  Lewis 
form  three  parameter  mapping  technique  was  used 
to  generate  the  added  mass  values  at  various 
draughts . 

The  total  slam  load  could  then  l>e  computed 
using  the  well-known  foroulas- 


whero  Pg  is  the  slam  force 

Mg  is  the  added  virtual  mass  at 
draught  z 

The  present  method  tended  to  predict  higher 
loadings,  perhaps  as  a  result  of  the  presence 
of  the  spray  root. 

ITI  Studies  on  Air  Bntrapment 
Introduction 

An  investigation  was  carried  out  in  order 
t)i8t  the  solution  procedure  for  the  equations 
of  mass  and  momentum  conservation  in  the  air 
layer  strapped  )jenMth  a  bluff  body  during 
impact  could  be  studied  In  isolation.  It  was 
hoped  that  some  insight  could  be  gained  as  to 
how  to  treat  the  air  layer  in  the  post-inpmct 
phase  of  a  slam.  In  particular,  some  knowledga 
concerning  the  thickness  of  the  layer  and  the 
magnitude  and  distribution  of  pressure  was 
required. 

Once  satisfied  that  a  tonslstent  nuesricai 
model  had  been  developed,  a  parametric  study 
was  tindertaken  to  produce  pressure  and  load 
time  histories  for  bodlss  of  vari'ing  geoeietry. 
A  further  study  was  carried  out  into  the  effect 
of  three-dimensional  flow  mbdeiling  tqson  the 
lo.ad  time  histories  for  ths  air  sAtrapewnt 
problem. 
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Potential  Flow  Model  of  Free  Surface  behaviour 

(33) 

Flgxire  10  slxiwe  iihe  fluid  domain  for  the 
air  (!«trapmsnt  pixMilem  elocm  with  the  lAltial 
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conditions  for  the  variables  in  the  air  layer. 
Laplaco's  equation 


«  0  (40) 

was  to  be  solved  over  the  fluid  ^dcwain,  with 
free  slip  zero  normal  flux  conditions  on  the 
two  side  Md  bottom  boundaries  and  the 
potential  at  the  mean  free  surface  level  found 
from  Bernoulli's  relationships- 

|^+gn+'—  (41) 

at 

where  n  is  the  free  surface  height 

% 

Pa  is  tJie  pressure  in  air  layer 

and  p  is  the  density  of  water. 

The  free  surface  height  is  found  via  the 
linearised  free  surface  kinematic  conditionj- 


=  V 

ac 


a^ 

3y 


(42) 


Equations  ( 40 )  to  ( 42 )  were  introduced  into 
the  time  marching  simulation  via  the  following 
time  marching  procedure.  The  potential  on  the 
free  surface  at  each  trme  step  was  computed 
as!- 


One  Dimensional  Equations  for  *.\r  liay-ar 

A  oAf  dimensional  model  of  t)\«  air  layer  as 
shown  in  fig.  11  was  chosen  in  order  to  rtmove 
the  problems  associated  with  mesh  contraction 
along  the  y  axis. 


l^(x)»Po  ]  ll,  Eqn  V).Mi 


[  FW  Oawir; 


Pig.  11  Initial  Conditions  for  Air  Entrapment 
Problem 


This  approach  la  well  documented  (8,?,  1C)  and 
was  thus  considered  suitable  for  the  test 
program  to  be  carried  out.  Maas  conservation 
may  be  expressed  asi* 


3(‘^a*^) 

at 


(46) 


At(gn' 


(43) 


ft  recursive  relationship  for  the  pocential 
within  the  fluid  domain  was  formulated  using 
successivu  over  relaxation,  thus:** 


4*^*^  •  (i  • 


3(1 


777 *  C>' 


applied  to  1  <  i  <  ix-1 


where  pj  is  the  density  of  air  layer 
h  is  the  air  gap  thic)cnft88 
and  Uj  is  the  air  velocity. 

One  dimensional  conservation  of  momentum  was 
given  byi- 


3u 

15t"^  “a 


J.!!i 
r  a*; 


(47) 


1  <  j  <  jx 

where  IJ  represents  the  node  numharing  system 
in  the  X  and  y  diraotj^ens, 
respectively. 


where  pj  is  the  pressure  in  the  air  layer. 

f.t  any  given  instant  the  rats  of  change  of 
tha  tnicknesa  of  the  air  layer  was  eotprwssed 
asi- 


w  is  the  son  relaxation  factor 
and  $  la  the  mesh  ratio  &x/dy. 

A  regular  30  x  20  aseh  was  used  to 
dlscratiee  the  fluid  domain  and  it  was  found 
that  the  dlaoret*  residual  of  ths  Laplace 
aquation  csuld  be  reduced  tc  a  value  of  the 
order  *0“®  within  one  thousand  Iteiotions. 


3h 


iia) 


Equations  (46)  to  (48)  provided  the  means  to 
solve  fur  cha  four  unknowne  H  and  if 
«  convenient  rslatiorinhlp  between  pressuis  and 
dsaeity  could  be  found,  in  prsotioe.  the 
adiabatic  formulation 


•Kie  fra«  aurfacs  heiifht  was  computed  using 
the  explicit  formula.* 


(49) 


n+1 

‘1  ■ 
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n 
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ft 

ix-1,J 


>/dy 


(40) 


where  y  >  1.4,  the  ratio  of  epeoifle  heatc,  wee 
applied  euoceeefully. 
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Many  nuinerioal  schemes  were  experimented 
with,  the  fall  details  of  which  may  be  found  in 
Reference  ( 24 ) .  The  moat  robust  methods  used  a 
simple  explicit  time  marching  formulation  and 
central  differencing  for  the  convection  terras. 

The  air  layer  was  split  up  into  a  one 
dimensional  finite  difference  mesh.  The  mesh 
was  staggered,  with  nodes  at  cell  sides  and 
h,  Pj  and  pg  at  cell  centres.  The  pressure 
nodes  coincided  in  the  vortical  plana  with  the 
free  surface  potential  nodes. 

The  computational  cycle  proceeded  as 
follows.  The  rate  of  change  of  air  gap 
thickness  th)  was  computed  first  using  a 
discrete  form  of  equation  (48)s- 

11^  ,Vb-  (n;-  <50) 

The  velocity  field  (Ug)  was  then  updated 
using  a  backward  time  step  central  difference 
formulation,  ie:- 


whore  Cg  “  330ms" 

These  pressure  values  were  then  useds- 

a.  to  compute  the  total  load  on  the  body 

b.  in  equation  (43)  to  calculate  the  fraa 

surface  potential  for  the  next  time  step. 

Figure  12  shows  a  full  flow  chart  for  the 
computational  procedure.  A  time  step  of 
1.25  X  10"^  was  'jsed  initially,  the  full 
simulation  requiring  some  100  steps  in  total. 

Numerical  experiments  wer;j  also  carried  out 
with  a  model  which  included  energy  transix>rt 
within  the  air  layer.  Few  conclusions  could  bt 
made,  however,  owing  to  the  lack  of  information 
concerning  dissipation  machanlisms  within  the 
flow. 


n  n-1  dt  n-1  ,  n-1  n-1  . 

^j="aj  -^'^aj  <Vl-"aj-l> 


(51) 


it  ,  n-1  n-1  . 

srr  - p.-* 


-n-1  '*^aj+‘j  *^aj-V 
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whore  pgj  is  the  moan  density  at  velocity 
node  j ,  ie  t - 


Further  studies  were  carried  out  with  a  two- 
dimensional  air  layer  modsl  coupled  to  a 
throe-diraansional  fluid  domain.  Figure  13  shows 
the  nodal  arrangement  for  this  loodel.  The 
equations  of  motion  for  Che  air  layer  veto 
identical  to  those  already  given  except  for  the 
extra  terms  used  to  accoomodnte  th«  variable 
Vg.  The  nuneriial  procedure  was  similar  to  that 
previously  described.  Tho  reeulto  of  using  this 
modal  are  discussed  in  a  later  section. 


Having  updated  the  velocity  field,  the 
discrete  density  values  were  updated  using  ths 
following  backward  tiao  step,  central 
difference  expression t- 


where  u^j  ie  s  ttean  velocity  at  pressure 
node  I. 


The  pressure  flsld  wss  then  calculated 
directly  using  the  Identity i- 


Results  From  Simulations  Oalng  the 
One  Dlmensiopal  Air  Sntraj.  tent  Hodal 

Having  mn  tho  simulation  for  s  fiumbor  of 
dlffei'ont  deadr.laa  angles.,  initial  iwpact 
voloeitiea  and  mass  loadings,  it  va»  realised 
that  there  were  four  possible  ispact  scennrtoB 
to  be  considered  prior  to  including  air 
entrapm.«nt  in  the  hydrodytWfcsin  slaesing  saad*’ . 

*n)«se  weret- 


a.  full  air  nntrapaamt  with  preoaure 
before  oo»>tect, 


b.  full  air  er.trapaant, 

peaa 

after  contact. 

c.  hlr  ciahioning 
before  contact , 

caiVy, 

s«ak 

d.  etr  cushioning 
after  contact. 

only. 

peak 

Figure  14  above  a  plot  of  the  domains  of 
■beh-.-  'a?  as  a  fur,ct.'.o»>  of  the  deadrise  angle 

and  ’jetiuantus  poi  unit  aret' ,  It  tsn  be  seen 
that  plstea  with  deadriso  anglee  (8)  Up  to 
0.25'^  always  trtppjd  air.  Above  thia  value  of 
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'2  Flow  Cti«rt.  for  Mi  Snervjwwflt 
Sl«Vll«tiOQ 

tht  type  0#  ii3p«ot  <(CW«rio«  dnp»nrt#3  upon 
th«  o#  tlto  ImCv  »nd  It*  iftltlAl  voloclty* 

vith  lov  •»»•*  lotdiR?*  utn«i{«d  to  trtp 
»iir  a'Vd  •  p\'**«usr«  p«*l(  with 

of  to  S.5®.  PTMO'iro  pa«>t« 
ooald  «iao  b«  mp«ri*nc«d  for  lnt<jnM41«t« 
pl*t«  lo*<Stc^  for  <JiMkdrl««  op  to  3^. 


Fig,  13  Arrangsaent  of  Ho4««  and  9rinci,pal 

Varlabloa  for  Thra^-Oiiwmeional  Mr 
%ntrapa«nt  SlauXation 


Ho  prassura  p«ak9  vtera  «>{p*riencod  for  ’  heavy ' 
eaaa  loadings  though  It  should  b«  noted  thati 
bslow  daadiia*  angles  of  the  free  surface 
saniwged  to  gain  a  downward  coaipoiient  of 
velocity  at  the  centreline.  This  reduced  the 
•fffectiva  i»pact  velocity  and  would  need  to  be 
teaen  into  coneldaratloo  in  design  of  e  unified 
water  entry  code. 

tt  heusse  clear  that  full  consideration  of 
all  evch  posaihle  ecenarlot  would  ba  difficult 
CO  include  in  a  eingle  code  dealing  with 
slaasaiim  Inpact. 

"Figure  15  shows  a  typical  ti»e  history/ 
presevue  distritmtion  fro<«  ittpact  scenario  d. 
?h«  horitontai  and  vertical  ecalee  are 
distorted  for  clarity,  hence  the  deadrice  angle 
appears  greater  than  its  actual  value  of  1.0^. 

tibara  poaslhle.  i«  lepaot  categories  a.  and 
c..  »l**s  Jotd  ooaificieote  and  peak  pressure 
ooefficaeots  were  "wjuputed  asi- 


(541 

($51 

where  is  the  initial  iapact  valccity 


129 


Deadrisfe  Angle  R  ( Degrees) 


T»»al  Lead  (KH) 


p  is  the  density  of  the  water 
and  b  is  the  beam  of  the  section. 

Figure  16  shows  a  plot  of  peak  load  versus 
the  square  of  Uie  impact  velocity,  confirming 
equations  (54)  and  (55)  as  the  basis  of  the 
slam  coefficients  for  these  light  impacte. 


Fig.  16  Plots  of  Total  lioad  Versus  impact 
Velocity  Squared 

The  tsost  likely  candidates  for  air 
entrapment  impact  scenarios  at  sea  were 
considered  to  be  cased  b.  and  d.,  both  of  tdiich 
represent  'heavy'  impacts,  with  pressure  peaks 
occurring  after  impact.  It  was  thought  most 
profitable  to  orientate  the  future  work  toward 
these  two  types  of  impact. 

A  further  study  was  oarrlsd  out  upon  the 
effect  of  section  curvsture.  Figure  17  shows 
free  surface  shape  and  pressure  distribution  in 
the  air  layer  for  the  impact  of  a  circular 
section  of  radius  10. Om.  The  cosqmtational 
domain  for  the  air  layer  waa  rastricted  to  the 
region  where  the  modulus  fi  ths  tangent  to  the 
teotlon  made  an  angla  of  last  than  30'^  with  the 
horltontal.  Beyond  thia  the  air  layer  waa 
aeaumad  to  bahave  as  a  divergant  jet. 


The  most  conspicuous  problem  associated  with 
this  type  of  impact  was  the  way  in  which  the 
free  surface  seemed  to,  in  the  limit,  match  the 
contour  of  the  cylinder .  Studies  were  carried 
out  with  varying  mesh  size  in  both  the  fluid 
domain  and  the  air  layer.  However,  it  was 
impossible  to  come  to  any  conclusion  as  to 
which  category,  b.  or  d.,  this  type  of  impact 
fitted.  Certainly,  for  this  type  of  idealised 
model  it  seemed  possible  that  simultaneous 
contact  could  occur  over  a  substantial  portion 
of  the  width  of  the  section,  JCn  such  an  event, 
could  it  also  be  possible  for  the  relative 
normal  velocity  between  the  body  and  free 
surface  to  be  zero?  If  this  were  so  then  the 
peak  loading  on  the  cylinder  would  be  a 
function  of  the  initial  air  cushioning  phase 
and  not  the  water  entry  phase. 

In  practice,  these  idealised  conditions 
would  never  exist.  Surface  roughness  and 
imperfections  caused  by  marine  growths,  etc 
would  have  a  significant  role  to  play  in  the 
evolution  of  the  load  time  history.  However, 
the  phenomena  described  above  would  need  to  bo 
reconciled  before  any  unified  hydrodynaraic/air 

entrapment  model  could  be  designed. 


Results  From  Two-Dimensional  Air  Layer  Model 

Running  the  two-dimensional  air  layer  model 
coupled  to  the  discretised  three-dimensional 
fluid  domain  proved  highly  problematical  owing 
to  the  large  amount  of  computing  time  required. 
A  30  X  30  X  20  node  mash  was  used  for  the 
potential  flow  solution  to  the  fluid  domain.  A 
typical  100  time  stop  simulation  required 
40,000  seconds  CPU  on  the  University  of  Glasgow 
ICl.  2938  mainframe  computer.  This  restricted 
the  size  of  any  parametric  surveys. 

Eight  tests  were  run  in  total.  The  first 
four  used  »  'light'  mass  loading  of  50kg  on  a 
1,0m  «  1.0m  square  plate.  Initial  impact 
velocities  of  2 ,  3 ,  4  and  6ms"  ^  were  used . 
Another  four  tests  were  run  with  a  high  mass 
loading  of  1000kg  and  an  Initial  Impact 
velocity  of  4ms" ^ .  Various  plate  aspect  ratios 
were  used  during  these  computations  in  order  to 
ascertain  the  effect  of  two-dimensionality  upon 
the  quantity  of  air  entrapped. 

Figure  18  showa  a  plot  of  tlio  free  surface 
distortion  at  the  Instant  of  contact  between 
the  50kg  square  plate  and  the  fluid.  The 
computer  generated  graph las  have  distorted  the 
relative  dimensions.  However,  the  depth  in  the 
middle  ie  1.4am  and  the  height  at  the  edgaa  la 
noma  O.Snn.  Flgura  19  shows  the  corresponding 
pressure  dletrlbutlon  over  the  base  of  the 
plate . 

Figure  20  ahowa  the  effect  of  the  use  of  a 
two-dimenelonal  model  upon  the  load  time 
history  for  the  SOkg  piste.  The  peak  loading  is 
quite  clearly  reduced  by  some  309. 
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Fig.  17  Free  Surface  Pressure  Distribution  in  the  Air  Layer  for  the  Impact  of  a  Circular  Cylinder 


PLATE  VIOTH  <=1.0  METRES 
ASPECT  RATIO  i.O 
DEAORISE  ANCLE  =0.0  DECS 
PLATE  HASS  --  50.0  KC 
PLATE  VELOCITY  =4.0  M/S 


INSTANT  OF  PEAK  LOAD 


MESH  SPACING  =  0. 1  METRES 
DISCRETISEO  BY  30  BY  30  BY  20  MESH 


Fig.  18  Free  Surface  Distortion  at  Incident  of  Contact 


Pressure  (N/iHm^5  £•  Force  (KNl 


PLATE  i/IDTH  =  /.O  METRE 
ASPECT  RATIO  ^  1.0 
DEADRISE  ANGLE  =0.0  DECS 
PLATE  MASS  =  50.0  KG 
IMPACT  VELOCITY  =  U.O  M/S 


INSTANT  OF  PEAK  LOAD 


MESH  SPACING  =  0. 1  METRES 
DI5CRETI5ED  BY  30  BY  30  BY  20  MESH 


Plate  Masse  1000  Kg 
Vi  eVOm/s 


Plote  Aspect  Kotio 


Fig.  22  iVpioel  Impact  Load  Tima  History 


Finally,  fig  21  shows  the  affect  of  aspect 
ratio  on  peak  pressures  luid  loads  for  the 
1000kg  plate,  fts  expected,  the  peak  load  is 
experienced  on  a  square  plate.  The  slam  load  is 
progressively  reduced  as  the  aspect  ratio  is 
Increased  ( for  constant  plate  area ) . 

It  was  concluded  that,  ultimately,  any 
unified  hydrodynamic  slam  code  would  need  to 
include  the  effects  of  three-dimensionality. 

post  Contact  Behaviour  of  Flat  Plates  ’ 

In  ord  r  to  further  study  the  load  time 
history  for  impact  scenario  b.  and  as  a 
preliminary  study  prior  to  designing  the  full 
impact  simulation  model,  a  simplified  poet 
processor  for  the  flat  plate  impact  simulation 
was  written. 

The  trapped  air  bubble  was  considered  to 
move  with  the  plate  such  that  a  simple 
gas-spring  analogy  could  be  used  to  ccmpute  the 
pressures  within  it.  A  number  of  further 
assumptions  were  mada:- 

a.  The  bubble  could  be  represented  by  a 
half  elipse  with  major  axis  b  and  minor  axis 
h,  the  air  gap  thickness  along  the 
centreline. 

b.  During  compression,  the  ratio  b/h 
remained  constant. 

c.  The  total  added  mass  for  the  plate  was 
given  by:- 

=  piT(B  -  b)^  (56) 

where  b  «  half  beam  of  plate. 

d.  The  resulting  hydrodynamic  load  was 
generated  by  the  rate  of  change  of  added 
mass  I - 


pressure  to  be  computed  using :- 


The  resulting  simulation  was  fully  interactive. 
The  acceleration  of  the  body  being  computed 
using :- 

<3V 

(FhtF^)/(Mj^  +  M^(t.)>  (61) 

Figure  22  shows  a  typical  impact  load  time 
history  using  the  above  algorithm.  The  initial 
conditions  were  derived  frcan  the  last  few  time 
steps  of  the  equivalent  air  entrapm.snt 
simulation.  It  had  been  noted,  during  the 
previous  work  that  the  total  kinetic  energy 
gained  by  the  fluid  behaved  asymptotically  with 
increasing  mass  loading  on  the  body.  Using  the 
velocity  of  the  body  as  a  representative  value, 
an  equivalent  added  mass  was  computed  which  was 
found  to  t>e  nearly  constant  at  some  12%  of  the 
added  mass  of  the  flat  plate  when  fully 
submerged.  This  value  was  used  as  the  initial 
added  mass  and  an  effective  value  of  wetted 
surface/bubble  width,  b,  could  be  deduced. 

Figure  22  was  derived  from  the  results  for 
the  post  impact  behaviour  of  a  200kg  plate  with 
an  initial  impact  velocity  of  7.0ms“'.  Although 
the  edjsolute  magnitudes  differ,  the  load  time 
history  is  very  similar  in  form  to  those 
measured  by  bewison  and  Maclean  (9). 

It  was  felt  that  this  type  of  modal  provided 
a  great  deal  of  useful  information  concerning 
pressure  (load  time  histories),  peak  values, 
rates  of  change  of  bubble  size,  etc.  It  was  at 
this  point  that  it  was  felt  that  enough  data 
had  been  gatJiered  to  design  an  air  entrapment/ 
hydrodynamic  impact  model  using  the  techniques 
described  so  far. 


-  2Pir(B  -b  )f  (57) 

e.  The  total  load  on  the  body  consisted  of 
the  hydrodynamic  loadj- 

dM 


and  the  load  generated  by  compression  of  the 
air  bubble 

F.  «  2p  b  (59) 

The  pressure  in  the  air  layer  was  computed 
using  the  rate  of  deoreaee  of  bubble  volvune. 
Consideration  of  the  particular  choice  of  an 
eliptical  air  bubble  and  constant  b/h  ratio 
allowed  the  change  in  density  and,  hence, 


IV.  Full  Hydrodynamic/Air  Entrapment  Model 

The  previous  sections  have  described  the 
results  of  a  number  of  fluid  flow  modelling 
exercises  which  were  undertaken  in  order  to 
understand,  and  hopefully  solve,  the  problems 
associated  with  computing  the  slam  loading  on  a 
ship  section.  It  was  noted  that-  from  the 
experlmente  with  the  air  entrapment  routine, 
there  were  two  candidates  for  the  role  of  the 
air  layer  within  the  calculation. 

Firstly,  flat  or  near  flat  sections  falling 
toward  the  free  suface  would  set  the  fluid  in 
motions,  eventually  forming  an  entrapped  air 
bubble  at  the  point  of  Impact  (case  b.). 
Secondly,  the  air  layer  may  seirve  to  set  the 
free  surface  in  motion  prior  to  first  contact 
and  yet  form  no  air  bubble  (case  d.).  Each  of 
those  two  cases  were  to  )>e  dealt  with 
separately. 
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Case  d.  was  clearly  the  easiest  to  deal  with 
first.  As  no  air  bubble  was  formed,  the  last 
time  step  from  the  air  entrapment  simulations 
could  be  used  as  a  set  of  Initial  conditions 
for  program  SLAM.  If  confirmation  that  no  air 
bubble  would  form  for  the  Impact  of  a  curved 
section,  this  case  could  also  be  dealt  with  In 
this  way. 

It  was  proposed  that  case  b.  would  be 
modelled  using  similar  assumptions  to  that  used 
in  the  post  impact  processor  described  in  the 
last  section.  In  particular,  a  simple 
gas-spring  model  would  be  used  to  compute  the 
(initially  uniform)  pressure  within  the  trapped 
air  bubble.  A  secondary  row  of  sources  would 
cover  the  outer  contour  of  the  air  bubble.  The 
velocity  of  the  sources  would  be  a  function  of 
the  body  velocity  and  buble  dynamics. 

It  would  be  those  sources  that  would  be  used 
in  equation  (22)  and  the  modified  30LA/source 
algorithm.  The  pressure  in  the  air  layer  would 
be  used  as  a  Drichelet  laoundary  condition  on 
the  Poisson  pressure  solver.  The  thickness  of 
the  bubble  layer  (<  Smm)  dictated  that  the 
ediove  quasi-empirical  approach  was  more 
appropriate  owing  to  the  mesh  dimensions  used 
in  the  computation. 

Unfortunately,  time  and  funds  ran  out 
yjefore  this  wor)t  could  )30  completed.  This  was 
unfortunate  since  it  is  clear  that  very  little 
work  would  be  required  (especially  for  case 

d.). 

V.  Conclusions  and  Future  Work 

This  paper  presents  the  results  of  wor)t 
carried  out  at  the  University  of  Glasgow, 
Department  of  Naval  Architecture  and  Ocean 
Engineering,  into  the  hydrodynamics  of 
slamming. 

A  novel  method  of  representing  the  flow 
about  a  curved  boundary  using  a  rectangular 
finite  difference  mesh  was  developed.  The 
technique  was  used  to  model  the  water  entry  of 
a  circular  cylinder  and  has  been  successfully 
applied  to  ship  sections. 

Investigations  were  also  carried  out  into 
the  effects  of  air  entrapment  on  slam  load 
histories.  Two  particularly  relevant  slam 
soenarloB  were  identified  as  being  th  most 
likely  full  scale  mechanisms  of  air  cushioning. 
Studies  into  the  effect  of  section  curvature 
showed  that  the  modelling  of  the  impact  of  a 
circular  cylinder  on  a  still  free  surface  may 
best  be  explained  by  taking  account  of  the  air 
layer . 

A  two  dimensional  air  layer  model  coupled  to 
a  three-dimensional  fluid  domain  illustrated 
how  the  level  of  pea]c  loading  could  be  reduced 
in  comparison  to  a  one  dimensional  air  layer 
model . 


It  la  clear  that  there  is  a  promising  future 
for  the  wor)t  described  herein.  An  immediate 
priority  is  to  carry  out  the  studios  suggested 
in  the  fourth  section. 

Further  work  should  also  include  the 
development  of  a  three  dimensional  version  of 
the  hydrodynamic  model  described  in  the  second 
section.  Bie  addition  of  a  'Mnltigrid'  solver 
may  be  required  to  reduce  computing  time 
sufficiently.  Further,  the  study  of  wave  slam 
and  the  effect  of  wave  goemetry  on  the  three- 
dimensional  ship  slamming  problem  should  also 
be  undertaken,  Deference  (26)  could  provide  a 
basis  for  this  task. 
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DISCUSSION 
of  the  paper 

by  P.  Gallagher  and  R.C.  McGregor 

"SLAMMING  SIMULATIONS:  AN  APPLICATION  OF  COMPUTATIONAL  FLUID  DYNAMICS" 


DISCUSSION 
by  B.  Yitn 

This  is  a  very  interesting  paper  to  me 
because  the  authors  treated  the  slamming  prob¬ 
lem  with  viscosity  while  I  treated  the  same 
problem  without  viscosity.  It  seems  that  the 
authors  did  not  come  across  any  instability  in 
computation  even  when  they  were  dealing  with 
slamming  of  a  circular  cylinder.  Yet  Fig¬ 
ure  8  shows  the  wave  height  near  the  cylinder 
without  spray  as  in  the  case  of  Chapman's  lin¬ 
ear  theory.  As  in  the  experiments  by  Greenhow 
and  Lin  the  wave  near  the  slamming  body  is 
quite  high  and  breaks.  Would  your  computations 
how  this  large  breaking  wave  if  your  computa¬ 
tion  proceeded  for  a  longer  time?  What  were 
the  behaviors  of  the  spray  tip  and  the  spray 
root  in  space  and  time?  I  would  like  to  know 
whether  they  were  singular  forms. 

References: 

Chapman  R.B.  1979  "Large-Amplitude  Transient 
Motion  of  Two-Dimensional  Floating  Bodies,"  J. 
of  Ship  Research  23,  No.1,  20-31 

Greenhow,  H.,  and  W.H.  Lin,  1983,  "Nonlinear 
Free  Surface  Effects:  Experiments  and  Theory," 
Report  No.  83-19  83-19  Dept,  of  Ocean 
Engineering,  HIT. 

Author's  Reply 

The  authors  thank  Or.  Yim  for  his  remarks 
and  hope  that  the  following  reply  will  satisfy 
his  questions. 

Firstly  we  must  point  out  that,  although 
the  numerical  algorithms  were  developed  with 
viscous  flows  in  mind,  owing  to  limitations  on 
computational  power,  the  impact  examples  pre¬ 
sented  were  for  an  invisid  fluid,  as  stated  in 
the  paper.  For  the  same  reasons,  a  fairly 
coarse  mesh  was  often  used  and  it  was  a  result 
of  this  that  no  spray  Jet  structures  are  visi¬ 
ble  in  Figure  6.  When  computations  were 
allowed  to  proceed  for  a  longer  time  on  a 
coarse  mesh,  there  was  evidence  that  it  would 
be  possible  to  produce  a  spray  Jet.  However, 
these  Jets  were  of  the  order  1  to  2  mesh  cells 
in  width,  and  such  computations  were  not  con¬ 
sidered  to  be  eccurate  enough  for  presentetion 
in  the  paper. 

The  position  of  sprsy  tip  was  not  impli¬ 
citly  investigated,  though  a  time  history  of 
the  wetted  beam  was  produced  and  may  be 
deduced  from  figures  given  in  the  first 
•uthor's  PhD  thesis  (reference  24  in  the 
peper). 


Finally  we  consider  that  this  technique 
would  benefit  from  a  much  finer  mesh  structure 
than  that  used  thus  far.  The  problems  associ¬ 
ated  with  the  stretching  of  surface  elements 
encountered  in  the  alternative  methods  of  Dr. 
Yim  and  Drs.  Greenhow  and  Lin  presented  at 
this  conference  do  not  occur  in  the  technique 
applied  in  this  paper. 
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LNITIAL  ASYMPTOTICS  IN  OOOTACT  HYDRODYNWOCS  PROBLEMS 


A.A.Korobkin,  V.V.Pukhnachov 
Lavrentyev  Institute  of  Hydfocjynamics 
Siberian  Division  of  the  USSR  Acadeuy  of  Sciences 
Novosibirsk  63009O  USSR 


Abstract 

This  paper  investigates  an  initial  stage 
of  an  ursteacty  moticxi  of  a  liquid  due  to  the 
blunt  bcK^Y  penetration  into  it.  Initially  the 
liquid  is  at  rest,  and  the  body  touches  its 
free  boundary  at  a  single  point.  It  is  appro¬ 
priate  to  use  the  method  of  matched  asynptotic 
expansions  which  allows  to  reduce  this  conpll- 
cated  problem  to  consideration  of  its  slupli- 
est  elements,  some  effects,  such  as  nonlineari¬ 
ty,  conpressibility  of  liquid,  elasticity  of  a 
submerging  structure  and  so  on  being  taken 
into  account  only  within  tire  domains  where 
they  are  most  significant.  This  aji^ioach  to 
solving  the  problem  is  applicable  for  investi¬ 
gation  of  a  wide  class  of  problems  about  the 
Intet'action  between  a  solid  body  and  a  free 
surface. 

Introduction 

In  the  early  thirties,  tire  water  entrj- 
problem  has  been  subject  of  intensive  research 
and  envelopment  in  connectiorr  witli  the  prob¬ 
lems  of  landirrg  of  flying  boats.  During  the 
ensuing  years ,  the  problems  of  interaction 
between  a  solid  body  end  a  liquid  at  the  pre¬ 
sence  of  a  fi'ee  surface  attract  widespread 
attention.  Che  has  to  deal  with  these  probletivs 
in  sti’engtli  calculations  of  sJrips  in  sirlp 
bulldirrg  (slamming  ptxjblems),  in  the  study  of 
liquid  dixip  ifnpact  with  a  surftxre  (the  prxrb- 
lems  of  etxjslon)  arid  so  on. 

Urey  are  related  to  the  problems  of  flows 
with  variable  topology.  Li  a  numerical  inves¬ 
tigation  of  su«^  pixiblerns,  it  is  trecassary  to 
dlstlngylaJi  tfie  mcments  of  time  when  the 
flow  topology  changes,  and  to  Investigate  ana¬ 
lytically  a  qualitative  pictui'e  of  the  phervo- 
menon  with  obtainirig  the  solution  aaynptotics. 
It  is  appropriate  to  use  the  method  of  matched 
asynptotic  exparrslorra  whiedr  allows  to  r'eduoe 
a  conplicated  problem  to  consideration  of  its 
slnplest  elements,  some  effects  such  as  nonli¬ 
nearity,  compressibility  atxi  so  on  being  takeii 
into  account  only  within  the  ckmitts  where 
they  are  most  si^flcant. 


I.  The  entry  of  a  blunt  body  into 
an  Ideal  Incompressible  fluid 

1.  Initial  asymptotics  of  the  solution  of 
a  three-dimensional  problem 

An  initial  stage  of  unsteady  motion  due 
to  entry  of  a  solid  blunt  body  into  a  liquid 
is  considered.  Initially  (t'=0)  the  fluid  oc¬ 
cupies  a  semi -space  z ' <  C  and  is  at  rest ;  a 
solio  body  touches  its  free  surface  at  one 
point  x'=0,  y'=0  (her'e  and  further  dimensional 
variables  are  marked  by  a  prime).  The  liquid 
is  assumed  to  be  ideal  and  inconpressible,  the 
gravity  forxre  and  surface  tension  are  ignored. 

The  solid  body  position  in  Eulerian  co¬ 
ordinates  Is  assimed  known  and  is  represented 
by 

z'  =  f(x',y')  -  Vt',  (1.1) 

where  f  is  the  smooth  furxitlon  of  its  argu¬ 
ments;  f(0,0)=0  and  f(x'  ,y’ )  >0  wtren  x  0, 
y  0.  Relation  (1.1)  describes  the  body  mo¬ 
tion  along  z’  with  a  constant  velocity  V.  The 
main  curvatures  of  the  surface  z‘af(x',y')  at 
the  point  (0,0)  ore  designated  by  k. ,  kp,  and 
it  is  assuned  tJiat  k^>0,  k2>0,  kj^Vk^T 

Tile  arrvatur^  radius  k^^  is  taken  as  the 
length  scale,  and  {kiV)~“  la  talcan  as  the  time 
scale.  Then  let  us  come  over  to  dimensiorrless 
variables  which  ai-o  designated  by  the  above- 
mentioned  terms  witlrout  a  prinre.  In  this  case 
Eq.  (1.1)  is  re-written  In  Ore  form  •c<«F(x,y)-t, 
where  F(x,y)  =■  ki~V).  Aceoj'dirrg  to 

the  above-mentioned  a.ssumptions  on  tire  befra- 
vicxrr  of  fU:x:tiarr  f(x’,y'),  it  is  appixipriate 
to  locate  axes  x,  y  ao  tlvat  the  expansion  in 
sei'ioa  of  function  F(x,y)  If  x  ♦O,  y  ♦O  is 
represented  by 

F(x,y)  -  x^/2  ♦  (kj/k^)yV2  ♦  0((x^*y^)^^^). 

(1.2) 

In  Lagrange  coordinates  ^  ,  >2  •  S 
main  Si  occupied  by  a  liquid  is  pie-determlned 
and  represents  a  semi-space  ;?,  <  0.  A  plane 
;§  ■  0  being  a  boundary  of  this  danaln  consists 
of  a  free  surfsoe  of  Ww  liquid,  51,  .  the  con- 


tact  area  'oe  twer;n  tha  liquid  and  the  solid 
body,  Zij.,  and  the  contact  line  between  them. 
In  the  Lagrange  variables,  the  dimens-onless 
coordinates  x,  y,  2  of  a  liquid  particle  hold¬ 
ing  a  position  ,  S  at  t=0  are  the  un¬ 

known  functioas.  However,  it  is  mox'e  conve¬ 
nient  to  (teal  with  the  disf'laceinents  X,  Y,  Z 
of  the  liquid  pai^ticles,  vhich  are  determined 
the  r^latio^  X  ="?-  ^  ,  vhere  X={X,y,Z), 
x=(x,y,z)  and.  1  =(?  ,  2  ,,S). 

Since  the  external  mass  forces  are  absent, 
and  the  motion  starts  from  a  I'est  state,  ac¬ 
cording  to  tire  Lagrar.5fe  theormn,  the  liquid 
motior  is  potential  and  may  be  described  by 
the  equations  [l]; 

detJ  =  1,  )*  X^  =  0  (  -S  <  0), 

to  which  tlie  boundary  conditions 

and  the  initial  ones  (1.3) 

X  =  0,  X^  =  0  (t  =  0) 

are  to  be  added.  Here  J  =  '3  (x)/  {'f  )  is 

the  Jacobian  matrix,  J*  is  the  m^rix  caiju- 
gated  with  J,  p  is  the  pressure,  n  the  exter¬ 
nal  normal  to  tlie  wetted  part  of  the  solid  bo¬ 
dy,  v,.  =  ta/'3^ .  3/3$^. 


Let  in  cylir4rical  cootxiinates  i',  0  , 
the  contact  line  P  be  described  by  r=r{9  ,t), 
%=  0,  where  r(0  ,t)  is  the  smooth.  h.Brcti<^ 
which  is  to  be  determined  along  with  the  solu- 
tiorr  of  (1.3).  Denote  the  value  (r(Jt/2,t)  r 
+  r(-5r/2,t))/2  through  a(t).  It  is  natural 
to  STKcpose  that  a(0)  =  0  and  the  ainctlon 
a(t)  monotonically  increases  with  t.  Since 
for  t-»0  the  contact  aitea  ^jccxrverges  to  one 
point,  in  order  to  obtain  irrfbnnation  on  Ote 
liquid  motion  at  the  initial  stage  of  entry, 
it  is  convenient  to  intixxiuco  interruU.  vai'la- 
bies  which  ai>e  "atrotrhrrd"  as  treedad; 

a  ^/a(t:),  fl  «  ®  S  /a(t). 

An  asytTictotical  expansiorr  of  the  urtawwn 
functions  ibr  t'^0  takes  Wre  form 

K  0  .t)  =  8.(t}  (Q)  +8^(t)r^^^0)w.-, 

(1.4) 

wirons  t  *  a(t).  «rd  tjM,  8^(t),  U<L1.... 
ore  asymptotical  {2].  Ihe  raSorown  flffx;tlons 
E'iW  ,  8;(t)  aj'e  detenaltxKi  in  comfuiaiKe 
wiUr  t}»  least  degenortKiy  principle.  .After  in- 
tegi-ation  over  t,  the  condition  when  ttuwv  is 
no  flew  aerxiss  Ore  form; 

2  -  F(  >  w  X.  ♦  Y)  -  t. 

Substituting  expansions  (1.4)  into  this  ex¬ 
pression  and  usixrg  equality  U.2),  we  obtain 
that  only  at  £,U)<>  “t^.S^t)  -VT.  a  nain 


term  cf  trie  flow  asynptotics  deoends  on  the 
body  shape  and  the  law  of  its  motion.  In  so 
doing  a  zeie  approximation  of  uhe  cond.ition  of 
the  flow  absence  tnay  be  written  as  follows: 


2^°^=  .  a7  in  . 

Here  a^=  r'*^^  (3t/2),  ^.,is  die  free  boundary 
of  the  liquid,  the  contact  region  In  the 

space  of  internal  variables  )(  ,  (j  ,  v  . 

Pi'essure  p  is  oornected  wittr  functions 
X,  Y,  Z  by  tl'.e  momentum  equation  J*~^X  + 

+V^  p  =  0  [l].  Substi+uting  (1.4)  into  tills 
equation  and  retaining  tire  oldor-ordor  terms 
for  t*»0,  we  obtain  tire  constant  pressure  con¬ 
dition  on  n  free  surface  in  a  zero  approxLiia- 
ticffi  in  the  form: 


X^°^=  C,  0 


in  C(,  . 


The  zero  approximation  of  equation  of 
motion  (1.3)  shows  that  there  exists  a  func¬ 
tion  (  7.  ,  fi ,  d  )  harmonic  in  a  lower  .semi¬ 
space  such  that  x(^)= .  The  boundary-value 
problem  for  potential  4*  is: 

=  e  in  s)  <.  0 

=  {%"*  k,kl^^P'‘')/2  -  sT^  in  6’^ 

^=0  in  b",  (1.5) 

^  0  in  I  /(  !  ->  oo 


Letj^  find  the  solution  of  (1.5)  in  C''(  Q  ) 
f^C(  ),  and  a  main  a^ptotics  tern,  of  tiie 
contact  line  P  in  tne  sec  of  ellipses  witii 
excentrlctty  e  arxi  lai-ge  semi-axis  aa(.t):  in 
the  space  (^,^,d  )  this  set  is  described  by 
tire  equations 

0  -  .  1,  i)  -  0. 

In  case  of  extending  tire  ilmction  ^  to 
an  upper  senii-sixice  in  an  odd  ma'iner,  the  ccxi- 
dltlon  tti  Uie  fre-e  bounctaiy  ta  fulfilled  auto- 
nsatlcally,  arv.1  for  derivative  (  >,  ji.d  )  a 
=  3?/3d  the  DirieJilet  problem  beyorKl  an 
elliptic  diJik  is  obtained. 

Let  us  datormlro  ellipsoidal  cooixlinates 
9  t  A,.  Ijy  .'.solving  tin:  equation 

^-Tg!  +  A 

with  rospect  to*,  if  0<.u3ce,<.\<-ac  9. 

■nio  rolaticxi  between  ellipsoidal  Mtd  Csu'iesian 
coordinates  takes  the  form; 

eH  i  -  =■(  -  e*)  ( e'  -  ui®) 


It  slwuld  tw  noted  Uwt  the  contact  region 
oorresixx’xls  to  Uw  value  9"^* 
sui'faco  corrosjjojvds  to  «1.  It  is  required 
tx>  detemine  the  ftaoctlm  ^  .ul)  wtUch 
is  Ivirmanic  wtrun  9  >  1  and  wliich  takes  a 
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given  value''i^(l,^  i  U)  )  vrtien  0=1  (here 
W-''  )).  ’rhe  ftuction 
^  developed  in  [3T 


Ihe  finiteness  coidition  of  a  kinetic  energy 
of  the  liquid  motion  results  in  the  equality 
=  (2  -  -_e2)/6;  for  a  small  axis  of  the 

interface  bo=  r(0)(0)  we  have  b|=ai/(l  +  h),  . 

’.^ere  h  =  (1  -  e^)/(l  -  6_)*  Here  i-k.-Kj”, 
(i  +  e^  ±\/o^  -  "+~i')/3. 


<i,(? 


case  (the  function  f(x',y')  in  (l.l)  is  inde¬ 
pendent  of  y' )• 

2.  Internal  expansions.  Let  us  consider  a 

small  vicinity  of  tfie  contact  point  =a{t), 

S  =  0  (the  secaid  ccaitact  point  vicinity 
^  =  -a(t),  ts  =  0  is  studied  in  a  similar  v^ayX 
Let  us  determine  internal  variables  <1  .  from 
the  formrlae  [3];  ^  =  a(t)  +  ,  <,  =  t!^^  , 

The  iitemal  expansion  of  the  functions 
X(  -S,  t),  Z  (^  ,  s,  t),  p  {  ?.  t)  is 

Eou^t  as  follows: 

X(  f  ,  S,  t)  =  t"b{»i.  ,^  )  +  t%'‘^^(d 

t)=t  +  tVdL,^  ;  -t  )+„, 

p(  f ,  S,  t)=t^n(  )+t®‘  )+..., 

(1.6) 


^  _  eta 

u.-dj  i-£s‘  * 

It  should  be  noted  that  the  representa¬ 
tion  of  the  function  determined  throughout  the 
space  is  possible  with  the  help  of  ellipsoidal 
coordinates  only  in  case  when  it  is 

even  with  respect  to  ^  'i) .  Hierefore,  in 

order  to  uniquely  reestablish  the  displucement 
potential  $  (the  fUrx;tion  is  odd  with  respect 
to  0  ) ,  it  is  necessary  to  consider  ''if  ,  $ 
only  for  ■>)  <.  0  rather  than  throughout  the 
apace.  Ihe  function  $  )  is  defined 

as  the  problem,  solution:  $^  =  ''ir  when  «  0; 
$-*■  0  when  •*  -  oo  ,  in  so  doing  the  condi¬ 
tion  on  the  free  surface  (  ^  «  0  in  6’^)  in  ge¬ 
neral  case  is  not  fulfilled.  The  stuefy  of  tlw 
function  $  sJiowa  that  this  function  satisfies 
ttra  condition  on  Uie  free  surface  if  and  only 
if  m(e,  £ )  »  0  or 

^2  ^  3  _ ^ 

1  +  >  1 

This  foimda  defines  the  interface  excentrlci- 
tj'  e  as  a  flrwtion  of  escentriclty  t  of  the 
body  head.  In  on  «xls>'W»tJ'ical  case  (k.  =  k^) 
we  iravB  and  in  a  plane  case  (kj'^O)  it 

is  not  difficult  to  define  that  h-*'2  asid  b,-*2. 
The  obtained  results  are  in  agr'eeftisnt  with  tJie 
solutions  of  axia:ymnstrlcal  arel  plane  problerrs 
[3].  Here  £  >  0(  £ )  fbr  arty  &  . 

It  alwuld  be  noted  that  since  S^(  (j )  < 

<S„(1)  forp>l  and<i, fisve 

It  mcMTS  that  at  sufficiently  snail  values  of 
t,  the  liquid  particles  don’t  penotmte  into 
the  "forbidden"  zona  bcxsndad  by  the  surface 
a  ■  (x^  ♦  kjjk^^y^)/2  -  t. 

Hvj  constructed  asyqptotlcs  satisfies  the 
Initial  equations  and  bcxsicSaj’y  conditions  with 
en  accuracy  of  Oi<pE  )  throu^wut  if  t-*0,  ex¬ 
cept  for  a  ttarrew  skx»  in  tite  vlciruty  of  the 
interface.  To  ’s'erify  the  flow  stixtcuu'c  there, 
it  ia  necessary  to  corrstruct  an  internal  ex¬ 
pansion.  constructian  was  made  Li  a  plane 


v/.-.jre  R.  m,  are  tl;3  pciitive  nimburs,  ir.d 
k>l,7i,  .  V  i-^>m>l  for  i»l. 

It  is  worthy  to  riote  tJiat,  as  a  rule,  the 
method  of  matched  asymptotic  e:q)ansions  [2} 
is  used  in  the  problems  cenprising  a  small  pa¬ 
rameter.  In  the  given  problem  Its  role  is 
played  by  time  t. 

Let  us  substitute  (1.6)  into  the  equali¬ 
ties  (1.3)  and  retain  'tain  tenrs  there  at  t->Cl 
Tile  condition  of  a  nontrivial  icy  of  the  solu¬ 
tion  of  ttio  problem  obtained  with  respect  to 
the  functiaas  P  and  0  leads  to  the  requirement 
k=m.  In  so  doing  P  and  0  satisfy  the  relations: 

tP^  t  ~  ® 

P^  tOa.  -P*0^  =0  for  ^  <  0  (1.7) 

P*  -ksi  +  2Q^  0  ford.  >  0,  ^  =  0  (1.8) 

P  »  0  for  A  <.  0.  (^  =>  0  (1.9) 

Accordiiig  to  the  prlipiple  of  eayrrptotic 
expamsion  matching  t2l,  it  follows  f»qm  the 
fonrula  for  solving  ti\e  plans  problen)  that 

^H)-k/2-*3/4^^^  i^  (p  i0)-»-2  for  t-*0 

{d}^^>  0  for  at  >  0),  .Kenco  n>d</2  ♦  3/4,  ajyJ 
then  nr«k«3/2.  F!X>!fi  the  mccentutn  equatlcp  it 
follcws  ttiat  So  =■-!.  Thus,  the  vicinity  of  the 
contact  point,  vvher'xj  ttift  internal  exparrsion  is 
valid,  is  of  tile  order  of  if  t-vO.  New 
Oio  above  iiKntioned  corictitlon  gives  an  outer 
llMt  of  the  internal  expra^lai; 

(<i,4  l(|i  )''^''^(P  ♦  iQ)  -e  '2  for  »o 

(l.iO) 

A  one-side  inequality 

Z  -  X)^/2  t40. 

which  means  that  particles  as  they  mewe  can¬ 
not  enter  into  the  "forbidden"  region  limited 
by  a  moving  Inpermeable  corvboca',  in  internal 
variables  is  redaoed  to: 
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P 4  0  jTor^^O  (1.11) 

Since  the  region  v^iere  the  internal  e;<pansicHi 
is  constructed  dis^pears  in  the  limit  if  t-^0, 
-die  initial  conditions  don't  lead  to  additional 
limitations  for  the  functions  P  and  Q. 

Relations  (1.7)-(1.11)  form  a  nonlinear 
boundary-value  problem  with  the  limitation  on 
)  plane.  In  the  study  of  this  problem 
the  main  difficulty  consists  in  that  the  quasi- 
linear  qystem  U.7)  is  of  a  combined  type;  for 
any  solution  P,Q  of  this  system  there  exist 
two  families  of  conplex  characteristics  and 
one  real  fainily  |6  =  const.  In  order  to  find 
characteristic  features  of  the  above  mentioned 
problem,  an  ^proximate  model  based  on  lineari- 
zatiOTi  of  (1.7)  was  investigated  in  [,3l.  a 
noirlineai'  condition  on  the  free  boundary'  (1,8) 
was  invai'iable. 

Ncm  let  us  analyse  the  problem  (1.7)-(1J]) 
ina  full  fomulation.  The  conditions  ^  =  P*. 
and  ^  =  Qd.  are  taken  as  tire  gortograph  plane 
coordinates,  and  tl-e  coOi"dinates  of  a  ptysical 
plane  <4  =  Ad  ,fi  ),  p  =  ,fX)  are  assumed 
to  be  tlie  I'equired  functions.  Then  (1.7)  can 
be  re-written  as  follows  (the  seccnd  equation 
is  to  be  previously  differentiated  with  respect 
to  ';! ): 

+  ^  ’*0. 

It  Is  not  difficult  to  obtain  the  following 
formulae 

B^/S  I  A  ,  Aji/A  , 

S  =  A),Bu  -  using  them,  (1.12)  can  be 
re-wi'itten  as: 

^ ^  Aji  -  -  ^A^  =  0, 

A^  +  3*  +  p  Aj,  +  P,B>,  +  +  ^-A^  =  0. 

This  sy'stcMa  is  of  elliptic  type. 

From  (1.7)  let  us  expixtss  P^  thi-ougfr 
mad  substitute  It  into  the  above  system: 

-(l»fA)^A^  p)A^ -0^  (1+^  )B„+(i0^>l)B^==O 

5(1.!‘^  )A^  +  *  (^ti)B^-*0|(Uy.)8j.  0. 

(1.13) 

The  equation  for  0^  follows  from  Uw  relation 

Writing  out  the  <A  derivative,  we  obtain 

-A,.  (1.14) 

Witl-i  ts^ting  into  account  (1.14),  the  oquatlon 
(1.13)  is  trejisfonsKd  as  follows.  The  fis-st 
equation  of  the  ^tem  is  dlfferffli tinted  with 
respect  to  and  Is  added  up  witii  the  second 
equation  differentiated  witJi  respect  to  >  . 
Then  the  firet  equation  is  dlffcrcntiate-d  with 
respect  to  and  the  second  equation  is  ex¬ 


tracted  fixxn  the  first  one  previously  differen¬ 
tiated  witti  respect  to  ^  .  Hie  follov/ing  sys¬ 
tem  is  obtained: 


Aji+ (1+^  ) A  A+ =  0, 

A|,+  (1+^  )b.A+0^xB  Bj^+(0^  +  7l  )aB  =  0, 

v4rich  leads  to  tne  equation  ^3  =  0.  Hie  equa- 
tior,s  for  A(  /\  ,|x.)  are  obtained  by  omitting 
the  function  Qj  in  the  system  (1.13). 

Finally  on  the  godograph  plane  there  is 
the  boundary  value  problem  such  as; 

(A^+  (1+f)^)  (A,B^  -A^,BJ  =  B^  +  B^  , 

AB  =  0  in  S,  (1.15) 

B  =  0  on  S, 

(A  +  i3)  (  ;A+i^)  >  1  ifX^+^^-+0, 

where  Zi  =  ■'f  3*/ 3^*  ir,  the  La¬ 
place  opemtor,  5  =  ^  +  40, 

A  40]  is  the  domain  of  dsfinitiori  of  funedorLs 
A(  >  ,  |i),  B(  A  ,  p).  It  sliould  be  noted  tliat 
function  tc=  A  +  iB  is  not  analytical  in  the 
exact  statement  of  the  problem  ( in  contrast  to 
its  approximate  formulation  [3]).  The  problem 
(1.5)  siiould  be  considered  as  a  complex  of  two 
problems:  first  the  function  B(  A , u  )  is  de- 
tennined,  then  die  linear  paa'tial  differential 
equation  witli  vai'iable  cotifficients  for  A(A,^') 
is  solved.  Let  us  consider  B(  0.  ,  ^ )  to  be  an 
iincginajy  part  of  s-ome  function  analitical  in 
half-circle  S,  tiiat  satisfies  the  required 
conditions.  Such  function  was  constructed  in 
r?],  it  is  detoimiincd  uniquely  and  leads  to 

B  T.  -lm(i+2i/\)^/4,  i^t. 

Trcinsfomiation  z  =  (l  +  2i/\)  ,  z  =  u  +  iv 
conformally  inaps  die  domain  S  on  the  upper 
half-plojie  v>0.  On  plane  t.  die  solid  wall 
corresixuuis  to  die  positive  jxu't  of  real  axis, 
and  the  free  surface  -  to  its  negative  port. 

In  new  variables  u,v  time t ion  B  \.:ili  have  die 
form  Bo(u,v)  a  -v/4,  anti  equation  for  A  will 
bo. 


3a„  1  cosW/2 

3lf  "  ^ 


(v^O/ 

(:.if>) 


U~^Ae,(u,v)^  -i/4  (Ul^oii), 

2  2  2 

where  §  ■  =  u  ♦  v  ,  cos  u/9  ,  Bj(u,V;  => 
a  B{ 'X(u.v),}ji(u,v)),  A,,(u,v)aA{A(u,v).u(u.v)) 
It  should  be  noted  tivat  if  the  second  retm  in 
die  right-iuind  psart  of  (J.16)  is  igtmtxxi,  die 
functict*.  uo  a  A  +  iB  is  analytical .  Agreeftcnt 
betw»jn  the  coordinates  of  die  gqtiogi'apii  plane 
\  axi  plana  z  is  described  t^'  the  relations; 


>i«-2Z?d  sin  1^/2,  003^2/2  ♦!). 

d  «  (1  ♦  2s‘'^co3v^/2f(j)“^  a. 17) 

The  problem  (1.7)-(1.11)  may  be  so.lved  numrl- 
caily*  by  the  formulae  (1.16),  (1.17);  Jvewever, 


some  characteristics  of  the  flow  in  the  vici¬ 
nity  of  the  contact  point  can  be  calculated 
directly, 

the  free  surface  ( =  TT  )  the  equa¬ 
tion  (1.16)  gives  A(,(a,0)= -u/4  vmen  u  <0.  On 
a  solid  wall  (  =  0)  we  have; 


A<,(u,0)  =  -41n|,/U-l|-2/u-^  (u  >  0) 

(1.18) 

Formala  (1.18)  shews  that  A„(u,0)  when  u>0 
has  two  branches,  one  being  determined  when 
0<u<l  and  the  other  being  determined  i4ren 
u>l.  The  joining  condition  prescribes  the 
choice  of  the  second  branch.  It  should  be  no¬ 
ted  that  Ao-»- +  <50when  u-*  1+0,  and  consequently 
tliere  exists  such  u, >1  tiiat  A^(u^,0)  ~  0  and 
Ao(u,0)<0  when  u>u„  (forrula  U.18)  gives 
Uj;^2.93).  The  main  pressure  asymptotics  tenn 
cn  the  wetted  part  of  the  coritour  is  determin¬ 
ed  from  the  fontiola 


=<b(  ^,^^)+X^^\^  ,'j),Z^^^=yj(  + 

+  Z^^^(  A  .  \>) 

where  is  the  fiiet  approximation  of 

solvir^g  the  piXiblem  of  a  vertical  contour  en¬ 
trance,  the  problem  for  "correction"  functions 
takes  the  form: 

vj^  -  ^ -ti^  d  (0=0,  I?\|<1), 

t  =0  (V=o.  lA|>i), 

4,*^  0  (z^+lt-*-  oo ). 

Solution  o-^  this  problem  is  written  down  with 
the  help  oi  the  Keldysh-Sedov  formula 

^+  1<^>  =1  tgd  (z  -/?-  1),  (1.19) 


n(c(.tO)  =  - —  when  u>u, , 

(/il+  1)^ 

die  jun  of  die  tUncticn  fl  i  o(  .0)  at  the  con¬ 
tact  point  (dL=  0)  is  equal  to— c,4?.  Thus, 
pressure  in  vicinity  of  the  contact  point  be¬ 
haves  as  t"^  when  ',-+0  and  has  tlie  junp  at  the 
contact  point  (pr’essure  an  the  wetted  part  of 
the  contour  is  of  the  order  of  t~^'‘). 

3.  ciiterij'ig  of  the  blunt  body  at  sn  attack 
angle.  Let  i a  consider  an  initial  stage  of 
waler'landing  of  a  circular  cylinder.  It  is 
assuited  that  the  cylinder  genersatrli^’  is  paral¬ 
lel  to  an  taidl-sturbed  liquid  surface  (a  plrBie 
problem)  tkirlng  the  whole  time  of  motion.  The 
angle  between  the  bexty  velocity  dii'ection  and 
the  vertical  i.  denoted  b><^.  The  condition 
of  the  flow  absence  scro&s  the  solid  surface 
^iows  tl\at  the  setx)  eppixiximtion  of  tee  prob¬ 
lem  solution  dHiiarKls  only  !.v>  a  vertical  velo¬ 
city  '/ectoc  component.  Therefore,  to  determine 
tJie  effect  of  the  hori'-rontal  velocity  vector 
ccaporxmt  to  tee  flw  pattern  and  tee  load 
distribution  chai'acter  on  tiro  caitoct  area,  it 
is  appropriate  to  consider  tea  following 
(first)  8,tpr>3Xin»t.icr. .  Hie  ps'oblam  fbr  this 
appTOximstioii  caivxit  be  solved  in  an  explicit 
mamer,  havever,  it  atableg  .-epi'esenuitior,  of 
tee  solutiai  in  die  tom  of  the  susi  of  tw 
terns.  Che  c.r  tee«n  is  tei*  first  .ipproxunatlon 
in  tee  probl^ft  of  a  vertical  symmetric  entrance 
of  s  parabolic  contcur  into  &  liquid,  and  the 
so-oond  is  tee  edn'oetion  for  -a  liastc  flow  whict’, 
lias  been  conditioivKi  Cy  tlis  !xs;*ii»ntei,  can- 
tour  velocity  ixsipoficr  t. 

Let  in  dlmcmionalloss  variablss  the  ve- 
loelty  vector  of  the  body  'iita  tee  form  (-tgey. , 
-1),  teen  tiie  caxUtian  on  tee  solid  surface 
in  tee  first  approxiiaation  is  written  as; 

Z^'^  -  ♦  |tSU.  (>)»  0,|>|<  1). 

If  13  represented  as 


wtiere  z  =  A  +  i\>  ,  and  the  radical  brarich  is 
chosen  so  that 

Jz^-  1  =-/x^l  when  ^?  =  0,7\  C  -  1, 

V  z^-  1  =  jy^-X  when  V  =»  0,  A  >  1, 

/z^-  1  =-i Jl  -  when  =  0.  i'AUl. 

Foimiia  (1.19)  allows  tlie  following  conclu- 
sicuis  to  be  nrade: 

a)  ttiC  flew  pattern  ceases  to  be  syinaet- 
ric,  and  the  correction  for  tee  horiscartal 
displacement  vector  component  is  given  by  tee 
fomila 

^>  (  A  ,0)  n  i  tgw  ^  1  -  when  |  A  |  <  I ; 

b)  if  ot  >  0,  in  front  of  tee  hodj'  (A<-1) 
tee  I'.wae  sun"ac«»  is  Icwej-ed  by  the  value 

0)  =  J  CgU,CA+ 


and  bei-.L’T'd  tlie  bo<^  ( 
.0)  »  ^  tgd.(  A 


A  >  1)  it 
-  A  -  1) 


rises 


with  I'cqject  to  tlvi  free  surfsce  position 
calculated  in  tlio  problem  of  a  vortical  en- 
tronco; 

c)  t7>e  "con'ectioff  p.roasui'e  pp(  A.O)  is 
calculated  ly  the  tomula 


p„{  A  ,0)  *  \ux:tg  A )  'teC5>  lAkl. 

v47ich  shows  that  p^.*.  -  oe>  when  A  •*  1  -0  .'wd 
♦  09  whffli  A  -1  ♦  o; 

d)  i  .«  "correctico"  pressure  doesn’t  ta^'e 
a  contribution  due  to  resiatarsce,  bjt  it 
creates  troraentum  I  with  i>e3poct  to  tec  contact 
area  center,  which  can  be  found  by  tee  foimila 

L»a^(t)]A  p^{  A.0)dA(l+CK>/t)) 


L'(t')  =25l'(?'\/^"ll;'tgeo(l  +0(Vt)), 

where  R  is  the  cylinder  radius,  V  is  the  ver¬ 
tical  velocity  conponent  of  the  body,  9  the 
liquid  density  (remind  that  the  dimensional 
variables  are  marked  by  primes).  It  is  wortliy 
to  note  that  F(t)  =0(1),  and  L(t)  =0(t)  \-hen 
t->-C,  where  F(t)  is  the  resistance  force  act- 
ir.g  to  tlie  submerging  body  as  viewed  from  the 
liquid. 

II.  Submergence  of  elastic  shells  into 
an  ideal  inconpressible  liquid 


scale,  respectively,  and  come  over  to  the  di¬ 
mensionless  variables  which  are  not  marked  by 
a  prime.  In  the  Lagrange  variables  ?  1  >2  ’ 
functions  ar’e  the  liquid  particle  displacements 
X(  *(.1  t),  Y(  t)  determined  by  the 

equalities  X=x{'^  ,v,t)  -f-,  Y  =  y(  ^  ,  t)  - 

and  the  elastic  displacement  w(  Q,t),  v(0  ,t) 
of  elements  of  the  shell  along  the  surfaces 
Q  =  const,  r=l,  respectively.  Here  r,  Q  are 
the  polar  coordinates  associated  with  the  siiell 
center. 

Ihe  liquid  motion  is  described  by  tire 
equations 


The  elasticity  of  a  submergine  stnjctu*^ 
has  a  significant  effect  upon  the  value  . 
character  of  distribution  of  hydrodynamical 
loads  over  the  contact  area. The  first  attempts 
to  account  for  the  effects  of  elastic  deforma¬ 
tions  upon  the  entering  process  characteristics 
were  made  in  [4,  sl,  vhere  the  authors  were 
based  on  simple  physical  considerations  within 
the  framawo:^  of  the  Wagner  theory  [e].  In  1935 
Povitsky  A.S.  suggested  a  "quasi-stationary" 
method  based  on  the  consideration  that  for  ac¬ 
counting  for  elastic  deformations,  the  Wagner 
equations  .are  used  for  an  rigid  body  having 
the  sane  forrri  as  a  deformable  elastic  body  has. 
This  method  gives  wittingly  incorrect  results 
if  tits  velocity  and  acceleration  of  an  elastic 
defornaticn  of  the  body  achieve  the  same  order 
of  magnitude  as  the  velocity  and  acceleration 
of  the  centre  of  gravity  of  tite  body.  Ihe  the¬ 
ory  applicable  for  describing  the  interaction 
between  the  s<hell  and  the  liquid  in  this  case 
has  been  proposed  by  E.I.Grigolyult  and  A.G.Gor'- 
shkov  t'?]. 

'Ihe  aim  of  this  Sectiai  is  to  estinate 
the  effect  of  elastic  properties  of  a  submerg¬ 
ing  structure  on  the  loading  distrilxitlon  over 
tire  contact  region  when  t-*0.  A  general  ap- 
pi-oacir  is  used  for  constructing  the  initial 
data  necessary  for  numerical  investigation  of 
the  flow  iiJid  the  elastic  body  beiravior  wtron 
tiicy  interact  duidng  the  entJ-y  process. 


^24  - t  +  f-U  +  =0 ,  (2.1) 

X^+Y^  +X^Y,j  -X^Y^  =0  (-^AO),  (2.2) 


the  first  being  the  vortex  absence  condition 
and  the  second  being  the  continuity  equation 
(remind  that  the  liquid  motion  originates  from 
the  rest  state,  and  tire  outer  mass  forces  are 
absent ) . 

The  equations  describing  a  thin  cylindri¬ 
cal  shell  deformation  are  in  the  form  ^Sj 


W  39  '  at*  (2.3) 

Here  |^,  =  (1  -  S)^)  9,V^/£,  £.  =h^/(12R^) .  d,  = 

=  pLi^R/(J^h,  where  9r  is  tire  shell  material 
deirsity,  0  is  the  Poisson's  I'atio,  i.  is  the 
elftstic  irodulus,  h  is  the  shell  thickness,  9 
is  the  liquid  density  and  p( 0  ,t)  the  external 
loading . 

Tire  equatiars  of  nctiofr  (2.1)-(2.3)  wiridr 
aiu  to  be  considei-ed  in  contrifration,  aiu  added 
by  the  boundary  candltions 


(5C-iD-n=0  (i2=o.l'tl  (2. A) 

Y^Yj^^«  0  (i^  =Q>  1  i  >a(i ))  (2.5) 


1 .  A  nvrtlreiratical  fonrulatlorr  of  tire  problctn. 

A  suiiWrgenco  of  a  circular'  cylindrical  slrell 
into  an  ideal  incompressible  liquid  is  corrsl- 
dcrreti.  If  drs  sirell  generatrix  is  parallel  to 
Ure  undl3tuit>od  liquid  sur'ftrce,  nt  a  sufficient 
dlsUurce  fjxrni  the  bocSy  errcls  tire  problcr.  nray  be 
cofrsiderrod  to  be  a  plarre  are,  tiro  gravity  for¬ 
ces  aid  surface  tetrslon  beltrg  ignored.  Hre  case 
of  a  cii-cular  shell  is  gctrcrtd  in  timt  wry 
tsTDOtlr  cylindrical  sur-fncc  in  a  sarall  vicinity 
of  taame  generutrlx ,  along  vdrlch  the  srirfhce 
ctuvatui-e  diffeixj  fixjro  zero,  c.-m  be  apprxixlfnat- 
ed  by  a  clixoilai'  cy.inder. 

Wrerr  t’«0,  lire  liquid  occupies  a  ssmi- 
placo  y'<0  and  is  at  rest,  and  tire  aholl 
txxtdres  its  free  surface  at  tire  point  x'rO 
and  (ras  a  velocity  V  dlixsctcd  vertically  down- 
rifards.  It  ia  required  to  dotcrmitre  tire  liquid 
Riotiai,  slreil  dofbnnation  axl  pnessuj'e 
distribition  over  the  contact  area. 

Let  us  assume  tlrat  tire  shell  radius  it  and 
tire  ratio  R/V  ore  the  Ictigdi  scale  ^vd  time 


arrd  tire  initial  ares 

1?  w  0,  y?»  w-^ «  0  (t»0)  (2.0) 

Here  iT(0  ,t)  i.n  the  txrievd  to  Ure  defotr-auti 
sui'f.'rce  of  tlv'  u(Q.t)  »  (v^cosQ  ♦ 

♦  r>c^sinlt)  ,  14  sinQ  - r.-^ cosO^  is  tlu*  slrol*  ele- 

trctrt  velocitV,  Tn[X,'i),  'CTre  rela- 

tlotrs  r  M  0.  5-  «i+a(t)  riescrib*  the  position 
of  tire  ccxrtact  points  beUien  tire  free  aur-face 
of  the  llqvJid  ansi  tiro  .‘?ubmLU>;«i  bc<i\'  es.ii'fisce 

in  l.agmrge  cooixilrrates,  and  tire  relirtiorrs  rel, 
Q  descrUx?  this  v.sJiue  In  tire  sy'sicn 

of  polar  cooixSimtcs  associated  rk'itlr  the  airell. 
TTxrri  on  (x.y)  plare  tl'c  rlgjrt  cartact  coint 
coordinates  x,^,  y«  can  bo  cxpre.asrrd  itr  tvje 
ways  { the  socoTKi  jwlrrt  is  conslderetS  asvdog'xrs- 
!>'): 

a)  x^=  a(t)+X(a(t).0,t),  >-„»Y(a(t),0.t), 

b)  Qln8,(t)««(e,{t).t)3lnGi(t)* 

♦  v{0,rt).t)cos^(t.i. 
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y^=l-t-cos9o(t)  -w(Q,(t),t)cosQo(t)  + 

+  v(0,(t;,t)sin0o{t). 

(2.7) 


From  here  ttie  two  equations  for  aetennining 
the  functions  Qo(t),  a(t)  follow.  It  is  na¬ 
tural  to  suppose  that  a(t)-*0,  Qi,(t)  0,  viien 
W  0.  Ihe  external  loading  p( 9 ,t)  is  found 
fran  the  momentum  equation  Xtt +X^X^ +Yj14t  +p^= 

=  0,  'Which  is  to  be  added  by  the  relation  be¬ 
tween  Lagrange  ^  ^  and  polar  r,  6  coordinates 

^  +  X(  ^  ^  ,t)  =rsin  Q ,  Y(  ^ ,  ig  ,  t)=l-t-r  cos9  . 


problem  for  the  main  term  of  an  initial  asynp- 
totics  is  divided  into  three  problems: 

a)  the  boundary-value  problem  (2.9)  de¬ 
scribes  the  liquid  motion  without  taking  into 
account  the  entering  body  deformation; 

b)  using  the  known  pressure  distribution 
over  the  contact  region  (2.10),  w'*”  is  found 
from  (2.11); 

c)  the  tangential  conponenc  of  the  shell 
element  displacement  vector  v'®'  is  fouid 
from  (2.12). 

Ihe  solution  of  the  problem  (2.9)  was 
constructed  in  [sl 


2.  Asynptotical  solution.  The  problem  formulat¬ 
ed  above  is  analyzed  for  small  t.  Since  vdien 
t-»-  0,  the  contact  spot  is  converged  into  a 
point,  to  obtain  infonnation  on  the  initial 
entrance  stage,  it  is  necessary  to  make  ten¬ 
sion  of  space  variables;  ^  =  a(t)  ;X  ,  \[^=a(t)^  . 
An  asynptotical  expansion  of  the  required 
functions  when  t-^-O  is  searched  as  follows  [ll]: 


oo 

?(  ^  .  '2  ,t)  =a^(t)  Zla’'(t))?^(  Ov ,  ^), 

w(Q,t)  =e?(t)£e^(t)w'-'"\\), 

KcO 

v(  Q ,t)  =9®  (t)£ Oo  (t)v^'^'  {\), 

p(e,t)=e;^(t)Ii9^(t)p‘-"(7L), 

OO 


(2.8) 


Whsrd  ^  =Q/0,(t),  •/"*’=  (x‘*',y‘"'). 

Substituting  the  expansions  (2.8)  into 
the  initial  relations  and  retaining  the  older- 
-order  tenns  if  t-^0,  we  obtain  the  boundary- 
-value  problem  for  the  zero  approximation  of 
the  required  ibnctions: 


-Y^'^^=0  (  <0) 


(^=0,i?i  KD 
X^'^^  =0  (^  =  0,  1  A  l>  1) 


'A=\ 

,  ,  A  (2.10) 

+  'bvs^'“) 


Y(0)^ij.(C)^l(^-y^)2^  a„=2,  z=>  +i}A  . 

Integrating  the  equation  (2.10),  the  initial 
asynptotics  of  the  external  loading  is  ob¬ 
tained,  which  acts  to  the  body  as  viewed  from 
the  liquid: 


=  0  (lr^l>  1). 


Let  us  consider  a  supplementary  problem 
of  beam  deflection  under  a  transversal 
loading  q(  ^  ,t)  =a‘^l(t)p(0)(  !^/a^(t)),  where 
a^(t)  =2,fE'  .  The  beam  motion  is  described  in 
dimensionless  variables  by  the  equation  [s] 


E  Jt, 

mR^  ^  3 


P  R  ,  . . 

- q(y  ,t). 


(2.13) 


Ic  is  necessary  to  add  the  initial  conditions 
(W  =  =  0  \dien  t  =  0)  and  the  condition  at 

infinity  (W-^  0  vdien  |  ^  !-►  oo  )  to  (2.13).  Here 
W(  •^,t)  is  the  beam  deflection,  E  is  the  elas¬ 
tic  modulus  cf  the  material,  is  the  cross- 
-sectional  nomentum,  m  is  the  length  beam  mass 
in  an  undisturbed  state  the  beam  axis  coin¬ 
cides  witli  axis.  It  might  be  well  to  point 
out  that  for  the  above-mentioned  Amotion 
q(^,t)  equation  (2,13)  admits  the  solution  in 
the  form  W(  ^  ,t)  =a?(tR(?/a,(t)),  thereby 
if  Jt  =  h3/12(l  -b^),  m=  9,h,  the  equation 
for  coi;ic ides  with  (2.11).  Ihus,  instead  of 

tire  solution  of  (2.11),  it  is  appropriate  to 
find  a  self-similar  solution  of  (2.13).  It  is 
more  expedient  to  deal  with  the  latter  equa¬ 
tion,  since  its  solution  is  -written  down  in 
quadratures  with  the  help  of  Fourier  and  1^- 
place  transfoniB,  In  so  doing  the  solution  of 
(2.11)  is  of  tlie  form 


K  0  (  <KS  ) 


iify 


(2.11) 


(2.12) 


9 V  M”'  +  04  ,vi»)  a  JU  ^ 

e.0  (^2  -.oo  ) 

The  zero  approximation  of  (2.7)  gives  b(,aao, 
y(0)(i+o,  o)=  1/2 -So-.  The  boundary-value 


wiiere  A  =  ( |uk/  £)^^^.  Specifically,  at  the 
point  of  an  initial  contact  we  have 
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Ihe  shell  deformation  char^ter  is  defined  ^ 
a  unique  parameter  A3j=VRh  ^(l-'i>^)/E)^''^ 
then  A  =  yi2A^  ) .  It  should  be  noted  that  the 
parameter  Aj,  depends  on  the  entering  \^eloclty 
V,  as  well  as  on  the  shell  material  propej>- 
ties.  Consequently,  this  parameter  can  be  con¬ 
sidered  as  die  characteristic  of  a  dynamical 
rigidity  of  the  submerging  structure.  The  fol¬ 
lowing  relations  are  valid: 

w^°^0)  =  0(7Tj,),  (0)=0(A^^^)  (A^->0). 

In  a  plane  case  the  stress  asyirptotics  (S' 
when  t  -►0  at  the  frontal  mint  (^=0)  is 
defined  by  the  formila  [l2l 

2v/tw^°|  (0)  +  0(t). 

If  the  stress  at  the  frontal  point  dependent 
on  t  and  entry  velocity  V  is  denoted  by6'(t,V), 
for  the  shells  with  a  high  dynamr.cal  rigidity 
A -vO)  the  following  relation  is  valid: 

O 

(1+0(A,)) 

when  A^-*0,  t  ->0. 

In  conclusion  let  us  consider  the  asynptotics 
of  function  when  A^-t  0.  Let  z=A\  , 

(.A\)  =  w*-®'  (X)t  then 

Wa*^^(z)  A|^sin(z^+^)  -z^cos(z^+*^)  + 

+  2  [  S(z^)  -  CCz^)]  +<Ik  z^  [  1-C(2^)  - 

-S(z^)]|-Ll+0(A^^^^)]. 

where  S(x),  C(x)  are  tire  Frer.e)  integi'als: 


v4'ien  |zl-ro^>  we  obtain 


(0)r,\  7*  ?R  .  sin(2‘'  +  y/4) 


■nrus,  the  rigid  eJtoII  deflection  (parameter  A^ 
Is  anall)  is  described  by  the  oscillating 
function  vani5lri>Tg  at  infinity. 

3,  The  fit^t  approximatiofi.  To  take  into  t»c- 
count  t^io  efYect  of  elastic  projierties  of  a 
submerging  deformable  body  on  the  flew  pat¬ 
tern  and  die  fiydi'odynae'ical  loading  distribu¬ 
tion  chai'acter  over  the  ca.OJct  region,  it  is 
necessary  to  consider  the  prablen  for  Ow 
first  aj^ixaximation.  It  cannot  bo  solved  in  an 
explicit  form  oven  for  an  undofOrmublo  body, 
however,  xt  aila»<rei  the  solution  to  be  pi'esojrted 


in  the  form  of  the  sum  of  two  terms  (Section 
1.3),  one  of  tliem  being  the  first  approximation 
in  the  problem  of  water  landing  of  a  solid  cy¬ 
linder,  and  the  other  being  the  correction  for 
the  bcisic  flow  caused  by  elastic  properties  of 
the  entering  body. 

If  X*""  are  represented  as  X'^  = 

=  4>(  }k,  )^)+x(l)(  =vl5(>  ,  fr)  + 

+  ^,(^),  where  Y^^^  is  the  first 

approximation  of  the  solution  of  the  problem 
OTi  a  vertical  entering  of  an  undeformable  solid 
cylinder,  ttie  problem  for  "correction"  func¬ 
tions  4  •  tal<es  the  foim 

(u=o.UUi) 


{  JxcO) 

(jA=  0,1  I  <  1) 
(^=0,  U  In) 

(  ^  oo  ) , 


The  solution  of  this  problem  is  written 
out  accoixling  to  the  Keld>sh-Sedov  formulae  ^9]. 
The  "correctim"  (for  the  first  approximaticxr) 
pressure  “p' ^ )  over  the  contact  region  is  defin¬ 
ed  by  the  equality 

(:\  ,0)  =  -4  (  +  3  ^  ) , 

where  k  ^ 

i  fvi  teWi-x*  1 

wt.en  1  7k  1  <  1 . 

For  a  rigid  (A^, «  1)  shell  we  have  = 

=  wP(At(,)  =  w'’<‘^  (0)  [X  rOiA^l^.y]  Viren  UI<1. 
Hence  i  (  X  ,0)  =  A  (1-  ’A^)  l/'^w(OJ(o).[l  + 

+  0(A^4^)  j  when  |  Til  The  expression  for 


+  0(A^4^)  J  when  |  Tl  The  expression  for 
pl^nA.O)  takes  tire  form: 

A  ,0)  =  i|2t||^  AG(  A  )  [l  +  0(A^^^)], 

where  G(  A  )  =- (  A"*  4  A^-  8/3)  (1  -  A^)"^''^. 

Hius,  taking  into  account  the  elastic  propot'- 
tles  of  tire  subnei'glng  body  leads  to  a  more 
unifonn  (in  tiro  firet  approximation)  pressure 
distribution  over  Ure  contact  renge  (tiro  vici- 
rrlty  of  tire  contact  points  is  not  considered). 
As  would  be  expected,  the  loss  p^'afire ter  At,  , 
tiro  l^ss  on  ab^luto  value  of nore  oxoct- 
ly,  “pkl)  ,  0(/a,,)  wlren  A  +  0. 


4,  Seme  rernau'ks.  As  follcws  fiom  Sections  I.l, 
1.2,  tire  description  of  the  initial  stage  of 
shell  submergence  into  a  wonkli'  conprvssiblo 
liquid  is  divided  into  several  pi>oblcftrs.  Fir'St, 
wltiKxtt  taking  into  account  tiro  body  dofoma- 
tion,  tiro  liquid  motion  duo  to  the  shell  orrtty 
Is  defined,  .imd  tiren  rogarxSiirg  for  the  kncskir 
pre.esui'e  dlstribrrtlon  over  the  cotrtset  regiotr 
tire  defoimration  vpJuo  is  foutrd.  If  tiro  furre- 
tions  w(9,t),  v(0,t)  airs  secked  in  the  foimr  of 
expansions  U  plane  case) 

wie.t)  -  r^.-V)  ♦  mV^'(t^,i:)  +...  , 


(2.15) 


v(9,t)  )  +mV^^(-3(  .'t  )  +  ...  , 

-1  -2 

vrfien  M-^0.  vihere  i(_=M  0,  ii=M  t,  the  func¬ 
tions  V.'(O),  are  defined  as  the  solution 
of  the  following  problems: 


'  3-^2 


3w‘“  „  ¥v<® 

T^'h  3^2  • 


Here  q  =  Mp,  p  is  the  external  loading.  Before 
the  shock  wave  has  gone  into  the  free  surface, 
the  function  q(  \ , r )  is  determined  by  the  ex¬ 
plicit  expression  (^.12),  and  the  displacement 
vector  asymptotics  w  =  fw,v)  when  M-j^O  can  be 
rximerically  calculated  at  this  stage. 

Ihe  problem  for  w(0)  well  coincides  with 
that  about  the  beam  deformation  determination 
at  a  given  external  loading.  Consequently,  at 
an  initial  stage  of  entering  (t^:!)  deforma¬ 
tion  of  an  arbltr-ary  slope  shell  (soft  shells 
are  not  considered)  is  asynptotically  similar 
to  the  beam  defonnatlcn  under  an  appropriate 
loading. 

In  the  axisynmetrical  case  the  expansion 
of  functions  w(0,t),  p(0,t),  a(t),  0„(t)  vhen 
t  0  is  seeked  in  the  form  (2.8),  and  the  ex¬ 
pansion  of  functions  ?s.  (X,Y,Z),  v(0,t)  is 
seeked  in  the  form 

S.t)  =a^(t)ZI  a*(t))t^'(  ^,w,n)), 

^  ofl 

v(0,t)=Q^(t)Se'(t)v‘*>(t). 

where  ^(t)^)  ,  functions  ^  'X.  ^ ,  <> )  are 
invariant  with  respect  to  t>otation  in  plane 
j.1.  Substi bating  the  representations  of  the 
required  functions  into  the  equations  describ¬ 
ing  the  liquid  motion  and  the  entering  spheri¬ 
cal  shell  deformation  [s]  as  well  as  the  boun¬ 
dary  conditions  and  retaining  th<*  oldei^rder 
teniB  when  t-»  0,  we  obtain  ttiat  in  a  zere  ap¬ 
proximation  the  initial  pixiblem  is  divided  in¬ 
to  the  sequence  of  three  pixjblens  (as  in  a 
plane  case).  At  first  the  liquid  motion  asymp¬ 
totics  is  calculo.tsd  wittiout  taking  into  ac¬ 
count  elastic  deformations  of  tlic  shell.  In  so 
doing  the  2<jro  appixjxlmation  of  the  external 
leading  p^®'(X,)  acting  to  die  as  viewed 
fran  the  liquid  is  given  by  the  fbniula; 


2, -1/2 


^\<1 


Ihe  fiaoctlon  vv'  '(  X,)  Is  the  solution  of  the 
problejti 


£  V 2  ,.(0)^ ~  2w 


+  0 


( i  oo  ) 


(2.14) 


Itote  tliat  the  equation 


DV^V^  +  =  q(-^,t), 

describing  the  plate  deformation  under  the  ac¬ 
tion  of  the^external  loading  q  (  ^ .  t)  = 

=  a,^(t)p('^'(  ^/a^(t))  admits  the  solution  of 
tlie  form  W  =  a^  (t)W.((  ^/a.^(t)),  the  equation 
for  coinciding  with  (2.14)  v/hen  D  =  S  /ot  , 
m  =  a.,  /ot .  Here  a.i(t)  ='/^,  V®  = 

,  D  =  Eh3/12(l  -  d2)  is  the 
cylindrical  rigidity  of  the  plate.  A  self-si¬ 
milar  solution  of  (2.15)  is  written  out  in 
quadratures  through  the  use  of  Hankel  and  La¬ 
place  transformations  ^ 

^  ^  I  sin(u^/5w  )• 

•  sin(u^A  ^(1-u) ))  do3-^  , 

where  parameter  A  has  tiie  same  value  as  in  a 
plane  case.  For  the  shells  with  a  greater  ri¬ 
gidity  (A^<xl),  the  following  relations  are 
valid: 

w^°^(0)  =  O(A^),  w^®^  (C)  =  0(A^'>. 

In  an  axisymmetrical  case,  as  in  a  plane  one, 
the  pressure  asynptotics  vhen  t^  0  is  indepen¬ 
dent  of  elastic  properties  of  the  submerging 
shell  vhose  deformation  character  is  defined 
by  a  unique  parameter 

\lhert  constructing  the  models  describing 
an  initial  stage  of  the  elastic  body  entrance 
(the  submsrgence  depth  is  small),  the  majority 
of  authors  usually  proceed  from  the  assuiiption 
concerning  the  effect  of  elastic  properties  of 
the  body  on  pressure  distribution  over  the 
contact  region  [?].  Naturally  this  is  valid 
within  large  time  intervals,  however,  when 
t-*.  0,  the  inertia  forces  of  the  rigid  shell 
are  higher  than  those  of  the  liquid,  therefore 
maximum  loadings  acting  to  the  body  at  small 
penetration  deptlis  can  be  calculated  without 
taking  into  account  elastic  properties  of  a 
submerging  structure. 

Ill,  Entering  of  a  blunt  txidy  into 
a  weaioly  compressible  liquid 

As  is  seen  fixxn  the  experiments,  maximum 
values  of  Iho  pressure  acting  to  a  submerging 
body  ai'e  achieved  at  an  Initial  stage  of  the 
process  [isl.  Investigation  of  this  stage,  un¬ 
der  the  assuiption  that  tlie  liquid  is  incom¬ 
pressible,  leads  to  an  infinite  pressure  (in 
the  cose  of  a  blunt  body)  at  the  moment  of 
touching,  small  as  the  entering  velocity  may 
be.  This  is  due  to  the  fact  that  the  model  of 
an  inconpressible  liquid  doesn't  enable  the 
description  of  the  inportant  submergence  stage. 
For  a  blunt  body  there  exists  a  monmt  t,  sucti 
that  when  0  <  t  <t,  the  contact  line  interface 
between  a  fi'ee  liquid  boundary  and  the  surface 
of  a  solid  boc^  moves  with  a  velocity  exceed¬ 
ing  a  sound  velocity  in  the  liquid.  In  this 
case  the  perturbation  front  is  attached  to  the 
Interface,  and  tlie  disturbed  liquid  is  bounded 
by  a  solid  surface  of  the  body  fi'oro  one  side 
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and  the  shock  front  from  ttie  other  side.  Be¬ 
fore  t*  the  free  surface  remains  undisturbed. 

To  describe  correctly  this  stage  of  the  pro¬ 
cess  independent  of  a  Mach  number,  it  is  ne¬ 
cessary  to  use  the  model  of  conpressible  li¬ 
quid.  Tliis  model  enables  deteimination  of  the 
maximum  pressure  acting  to  the  body  as  viewed 
from  the  liquid,  as  well  as  of  the  moment  and 
place  of  its  application.  It  is  worthy  to  .note 
that  vhen  t  >  t.^,  i.e.  vdien  the  shock  wave  is 
far  from  the  interface,  the  solution  of  the 
problem  of  the  blunt  body  entrance  into  an  in- 
conpressible  liquid  well  describes  the  medium 
motion.  In  this  section  only  a  plane  problem 
will  be-  considered. 

1.  Formulation  of  the  problem.  A  plane  un¬ 
steady  isentropic  motion  of  an  ideal  conpres¬ 
sible  liquid  occipying  a  semi -plane  y '  <  0  at 
tire  moment  t'=0  and  initially  resting  is  con¬ 
sidered  (dimensional  variables  are  marked  by  a 
prime).  Line  y'  =  0  at  an  Initial  moment  is  a 
free  surface.  The  velocity  range  is  assumed 
such  ttiat  the  Reynolds  number  Re  >1  what  al¬ 
lows  the  liquid  to  be  considered  as  an  ideal 
one,  and  the  Mach  number  M«l.  The  surface 
tension  and  external  rrass  forces  are  ignored. 

Let  R  and  V  be  positive  constants.  At 
fixed  t'  the  equation 

y  = -2^  x'^  -  Vf  (3.1) 

detennlnes  the  parabola  on  x' ,  y'  plane  vdilch 
is  identified  with  a  solid  Indeformable  con¬ 
tour.  When  t'=0,  this  contour  touches  the 
free  boundary  at  point  x'=0.  Relation  (3.1) 
prescribes  the  contour  motion  along  y'  axis 
with  a  constant  velocity  V,  It  is  required  to 
find  the  arising  liquid  motion  assuming  that 
some  part  of  its  boun  'ary  which  is  not  the 
part  of  a  solid  contour  is  free. 

Let  us  take  curvature  radius  R  of  parabo¬ 
la  (3.1)  vriien  x'=0  as  the  length  scale,  the 
resting  liquid  density  9»^  density  scale, 

for  the  pressure  scale,  R/V  for  the  time 
scale,  and  come  over  to  dimensionless  variables 
(they  are  dosigrated  by  the  same  letter  with¬ 
out  primes). 

Since  the  motion  originates  from  the  rest 
state  and  ttie  external  mass  forces  are  absent, 
isontrcpic  flow  of  an  ideal  liquid  is  vortex- 
less.  Consequently,  there  is  the  veloc-tty  po¬ 
tential  '^<(x,y,t)  which  is  the  solution  of 
the  equation  [15] 

(3.2) 

^  'VC  I 

over  the  range  occupied  by  the  disturbed 
liquid.  Here  ofol  Is  the  local  ^ 
sound.  It  is  necessary  to  add  to  (3.2)  the 
boundary  (pressure  n  is  constant  on  a  free 
surface,  and  thie  condition  \ihen  tliere  is  no 
flew  across  a  solid  wall  is  fulfilled)  and  ini¬ 
tial  0  when  t  =>  0)  conditions,  the 

Cauchy-Lagi'angp  integral 


arid  the  EOS  >hich  is  in  the  Tait  form  g  = 

=(1  ■fnM^)-*-'’^.  Here  M  =  V/Co  is  the  Mach  num¬ 
ber,  Co  is  the  velocity  of  sound  in  the  resting 
liquid,  n  the  constant  characterizing  the  me¬ 
dium  properties  (for  water  n  =  7.15). 

V/hen  the  body  enters  the  liquid,  tile 
shock  wave  is  generated,  at  the  front  of  which 
the  equations  of  a  strong  discontinuity  are  to 
be  valid  (the  liquid  is  at  rest  before  tlie 
front) : 

P9/(g-i),  l)/9  , 

Vt?,-  ^  =  0. 

Here  ri,  is  the  vector  of  an  external  normal, 
and  is  the  vector  of  a  tar^ential  to  the 
shock  iront,  V/  is  the_^imensionless  velocity 
of  the  sliock  wave  in  direction.  If  the 
shock  front  position  is  described  in  the  fonti 
g(x,y,t)  =0  (g<0  before  the  front), we  have 
W  =  g^/l  Vg|. 

The  assunption  that  the  flow  is  isentixi- 
pic  is  of  major  irrportance.  Entropy  is  conserv¬ 
ed  in  the  medium  particle  for  continuous  flows. 
If  the  shock  wave  passes  through  the  liquid, 
the  entropy  behind  the  shock  front  may  be  al¬ 
ready  unconstant.  Nevertheless,  in  the  case  of 
low-intensity  shock  waves  the  entropy  conser¬ 
vation  may  be  considered  approximately,  since 
the  entropy  jump  is  the  value  of  the  third  o)> 
der  of  smallness,  as  conpared  with  the  pres¬ 
sure  junp  value. 

When  t  >t„,  the  boundary  of  region 
contains  some  parts  of  the  free  surface.  There¬ 
fore,  to  investigate  the  process  after  the 
^ock  wave  separation  from  the  contact  line, 
it  is  convenient  to  re-write  the  problem  in 
Lagrange  variables  f-  ,'2  -  Then  the  dimension¬ 
less  coordinates  x(  ^ ,  '2  ,t) ,  y(  ,t)  of  tlie 
liquid  particle  taking  position  ^ at  the 
moment  t  =  0  will  be  the  required  functions. 

On  ^ ,  >2  plane  the  region  occupied  by  the  li¬ 
quid  is  the  semi -plane  ^  0.  In  new  variables 

tlie  entry  problem  takes  the  form 

°^(P)D-j^t  ='?tt-^t'^tf  \  = 

(  £^  +  9^<.r^(9,t), -r  4  e  «0) 

nM^p  =  (l-M^(n-l)  -1 

'^t=I*^tl^  (  <2  =  0,  a(t)<  i^l  <r(0,t)) 

(}?^-^*rt=0  (2=0«  l^l<a(t)) 

=p^/(^-l),  xJ.'n^=W((^-l),'^  ,  x^-s^.=0, 

W=:,'^.(l  +  (r,/r)^)“^''^  (  2^  =  r^(e,t), 

-r^e^c) 

3^=0  (  ^^' +  2  ^>r^(s,t)  ) 
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=  0,  3?  =  "^  (t  =  0) 
c(p)  =M“^(1  +  M^np)^  .  Q  =  (l+r.i^rp)^'^’^ 


p^°^?.,0,t)  =2([a^°^(t)]^-  (l+0(v't)) 

vihen  |  ^|<  a^°^(t)  =  2ft  (1 +0(/^) ) 


Here  J  =  3  (x)/ "3  C?  )  is  the  Jacobi^ matrix, 
^Cf.t)  =  '§-i(x’(  ^,t),t),  x  =  (x,y),  9  =  (^,'l), 
D=j*~lV'«.  J*  is  the  matrix  conJi;igated  to  J, 
i?  is  ttie  noniial  to  the  wetted  part  of  the  bod>- , 
'v  is  the  submerging  contour  velcci^  vector 
(in  our  case  fT  =  (x(  ^,0,t),  -1),  v  =  (0,  ~l)). 
In  the  case  of  a  vertical  submergence  of  a 
symmetric  contour,  ttie  cmtact  point  location 
is  described  by  the  relations  <2.  =  0,  ^=+a(t), 
and  the  shock  front  location  is  described  by 
the  relations  *2.  =  r(e,t)sin0,  f  =  r(9,t)cos9, 
0  =  arctg(F/'2)“^/2.  Functlcxis  a{t),r(9,t) 
have  to  be  determined  along  with  the  solution 
of  (3,3),  l^t  there  exist  such  Tot*  that  vAien 
0<t<T,  the  function  y(  ^,0,t)  is  continuous 
with  respect  to  (prior  to  the  ncment  T  there 
is  no  spraj^ing  jet).  From  here  the  equation 
for  a(t)  is  obtained:  y(a(t)  +0,  0,  t)  = 

=  y(a(t)  -0,  0,  t), where  tiie  rigbt-hand  side 
is  the  known  function  detennined  from  the  con¬ 
dition  on  the  solid  surface. 

2.  An  asymptotical  solution  of  the  entry  prob- 
lem  (3.3)  when  M-»0  is  found  in  the  form  of 
expansions: 

3^(^,t)  =  3?^°^("5,t) +M^x^^\'^,t)  +  ...  , 

'^(^it)  =  i^^*^^(if,t) +M‘"'^^^^('^,t)+ ...  , 

p('^it)  =  p^'^\'^,t) +M^p'^\'f ,t)  +  ...  , 

r(0,t)  =M"V°^0,t)  +Mr^^^(0,t; 
a(t)  *  a^'^^(t)  +  M^a^^^(t)  -t-  ... 


Let  us  write  out  the  proWeni  for  tire  main  term 
of  asynptotics  (!„  =  ^(x'^O/S  (y)  ) 

(J*-^7^  =  0,  3c^°^=  0) 

=?  (  (^=0,|>l>a^°\t)) 

(3^^°^  -3;)-n  0  (  <2  =  0,  I’^Ua^^^t)) 

13^°^1 ->o  ( 

r[°''  =  (l  +  (r^°Vr^°^)^)^^^  (-^>(4940)  . 

Ihe  problem  (3,5)  describing  the  contour  enter¬ 
ing  into  an^incomrressible  liquid  was  Inve-^ti- 
gateu  ill  [oi  for  an  initial  stage  (t  «  1).  Ihe 
asynptotics  of  the  required  functions  if  t-^  0 
are  given  by 

'l.t)  -■%  )' 

•(1  +  Qisft)),  =^+  , 


Ihe  zero  approximation  (3.6)  ^tisfies  the  re¬ 
lations  (3,5)  accurate  to  0(yt)  througriout , 
except  for  narrow  zones  in  the  vicinity  of  ttie 
contact  points,  their  size  being  of  the  order 
of  when  t  •*•0.  Within  these  zones,  the 
flow  pattern  is  verified  in  Section  1.2. 

As  indicated  above .the  main  term  of  the 
pi^ssijre  asynptotics  vhen  K-»-  0  has  a  sin¬ 
gularity  at  point  t  =  0,  i.e.  expansions  (3.4) 
become  invalid  in  a  smkll  vicinity  of  tills 
point.  To  verify  the  f]ow  structiire  within  this 
vicinity,  it  is  necessary  to  coistruct  an  in¬ 
ternal  expansion. 

3.  Internal  expansion.  Let  us  define  internal 
variables  ot ,  p,  "r  from  the  formulae  ^  =  Mot, 

5  =K^,  t  =  and  find  an  internal  expan¬ 
sion  of  the  required  functions: 

3t(  5^.t)  =riC(,(c(.,  ^  ,‘b)  +  ...  , 

(?,  ."t)  +  . 

p(<^,^,t)=H“Vo('^.\i.'t)  +  •••  .  (3.7) 

r(9,t)  =Kro(9,'b)  +  ...  , 

a(t)  =  Ife„('t)  +  ...  . 

Tension  of  variables  and  the  kind  of  expansion 
of  the  unknown  functions  are  determined  from 
the  matching  condition  of  the  internal  (3,7) 
and  external  (3.4)  expansions  and  the  nondege¬ 
neracy  condition  of  boundary-value  problems 
for  each  term  of  the  internal  asynptotics  [2]. 

Substituting  expansions  (3.7)  into  (3.3) 
and  retaining  the  main  terms  if  M+O,  we  obtain 
the  bourdary-value  problem  for  potential 
'^„(ci,,^,'V): 

(«t^+^^<r<,^(0,'t)  ) 

(fi  =0,  I  o(|<a„('b)  ) 

=  0  (^  =  0,ao(^)<  |ot|<ro(0,'b)) 

(d.^  +  ^^=r?  (0,^)) 


if.-V-O  (3.e) 

Besides,  we  have 

=  ,  Po  =-^0.^  (  <4^+  ^^<ro(0,t?)) 

3^0  =  ^  .  j?"!  0  ( -V  =  0). 

In  the  zero  approximation  the  condition  of  the 
shock  waTO  emergence  ^to  the  free  surface 
takes  the  form  (2'b#)~^'*=  1  (the  contact 
point  velocity  is  equal  to  the  velocity  jrf 
sound  in  a  resting  liquid);  hence  'V*='M~‘^t*  = 

=  (1/2)(1+ o(l)).  The  flinction  ro(0, 'c)  is  re- 
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presented  as  the  solution  of  the  problem 
=(l  +  (r^Q/r^}^)^‘^^  (-^4  040,  't  >  0) 

rAO.x)  =\f2^  (0<'t<l/2), 

(3.9) 

=  1/2  +  r  (  ^  >  1/2) 
r  (0,0)  =  0  (-t  =  0) 


Let  be  the  known  function,  then  y^(ot,0,'t)= 

=  \  '^o^(  <4 ,0,  'i;^)d'V,  ,  Since  ( </  ,0,  -t  )=  0 

vdien  'b  <ot-  1/2,  oC,>l,  the  requirement  of 
continuity  y^(o(.,0,'h)  at  the  contact  point 
leads  to  the  equation  for  a„('K) 

•i; 

ajL^-V2.  (.'t>V2') 

Bae  joint  solution  of  (3.8)  and  (3.10)  gives 
1±ie  main  term  of  the  internal  asynptotics  of 
potential  „  when  M>  0  ( the  matching  of  in¬ 
ternal  and  external  asyiiptotics  takes  place). 


Of  i  ycTs-^V'^  - 

dC'll.Ti) 


where  <5"  ( a. ,  )_is  the  Isosceles  rectangular 
t»’iangle  on  (oi,  ,"tr )  plane  \^th  the  top  at  (ct, 
't' )  point  and  the  base  on  oo  axis.  Letjus  de- 
note  the  region  bounded  by  the  curve  |  ot  |  =^2^ 
by  D  and  note  that  when  |  |  ,  0<'^l/2 

in  the  region  0  fl  ^(  oi ,  a;  )  we  have  ( <1 ,0,^) 
=  -1 ,  _md  h}  the  region  S'  ( ai  ,  3;  )\D  we  have 
(oC.O,  t)  =  0.  Since  p,  we  have 

(K|  <V2t  ,  0<^  <  1/2). 


After  calculations  we  obtain: 


1/2)^- 

(  lotK\/2^  ,  0<.'ti  1/2), 


(3.12) 


4.  A  hypersonic  stage.  When  0<'t<l/2,  the 
contact  region  expands  with  a  hypersonic  velo¬ 
city,  and  a  shock  wave  is  attached  to  the  con¬ 
tact  line.  At  this  stage  the  function  ao('t) 
is  pre-determined:  a^ix)  ='|2^  . 

lire  disturbance  wave  motion  is  described 
■qy  the  boundary-value  problem  (3.9),  however, 
in  the  zero  approximation  the  shock  front  is^ 
the  envelope  of  the  curve  family  +  (oi  -  )> )  = 
=  ('V-  1^/2)^,  6  4  0,  I  A  I  <  yfSx  jT  <  1/2,  which 
is  described  p^ametrically  in  the  form  ( 
parameter) 

oi.  =>(1:  +  1  -  ?i^/2),  ^  =-(!;- 

I  I  <  ^/2^  ,  TJ  <  1/2. 

The  tangential  to  the  shock  front  at  the 
contact  point  (oC  ,  ^  =  0)  is  described  by 
the  equation 

f  =y|-^  (-.(-n/^).  (3.11) 

from  here  it  follows  that  the  tangential  slope 
to  oL  axis  increases  from  zero  when  =  0  to 
T/2  when  'V  =  1/2. 

It  can  be  shown  that  (3.8)  is  equivalent 
to  the  following  problem  (0<.'t  <  1/2) 

'f«vr=Ai^,  (^<0),  ^0^  =-l  (^  =  0,KI<xf2^)t 

^0=0  (  0.  I  I  >42X  ) ,  0  ('V  =0), 

I  -40  (=6^+  oo). 

Without  writing  out  the  solution  of  this 
problem,  let  us  find  the  pressure  distribution 
over  the  contact  region  Po(«('  >  0, 'V).  Ihe 
boundary  values  u5»(ot,  0,1;),  O.^i) 

are  connected  by  the  equality 


where  K(k)  is  the  full  elliptic  first-order 
integral.  The  specific  cases  of  this  formula 
are: 

a)  let  -1;  =  0,  o6  =  0  ,  then  p„  (0,0,0)  =  1, 
i.e.  at  the  moment  of  touching,  the  pressure 
is  equal  to  the  water  hanmer  pressure  (p'  = 

=  9oCoV): 

b)  \dien  q;  =  1/2  (the  moment  of  shock 
wave  separation  from  the  contact  line).,. 
p„(o6  ,0,1/2)  =(  >/2/lr)  K(l//2)  (1  -  oc2)~^/^; 

c)  vdien  ot  (at  the  contact  point) 

p„(N/2t ,  0,3:)  =  (1  -  2't:)"l/3, 

Thus,  with  increasing  X  the  pressure  distribu¬ 
tion  over  the  contact  region  becomes  more  and 
more  nonuniform,  and  the  expansions  (3,7)  con¬ 
sidered  up  to  U  =  1/2  become  invalid  in  a 
small  vicinity  of  the  point  't  =3;*,  oi=  ^2 't* , 
A=  0. 

It  ^ould  be  noted  that  in  the  study  of 
a  hypersonic  stage,  it  is  possible  to  proceed 
frcxn  the  formulation  of  the  problem  in  Euler^ 
ian  variables.  In  this  case  the  solution  asymp¬ 
totics  has  the  same  form  as  in  Lagrange  vari¬ 
ables,  since  x  =  ^(1  +  OCl)). 

5.  The  flow  pattern  inprovement  v^en  t->-t„-0 
in  the  vicinity  of  the  contact  points  may  be 
realized  in  the  EXilerian  coordinates.  Let  us 
define  internal  variables  ^  ,  |ii  ,  ■>)  and  new  un- 
kncwn  fXmctions  from  the  formulae 

t  =  t*+  e^(M)>)  ,  x=  \/2t+e^(M)^  ,  y  =  £y(M)p', 

*^l(x,y,t)  =  £,^(M)''lr(  A  ,  0  ,M), 

p(x,y,t)  =  £  (M)Q(  ^  ,  t*,  ,M) , 

,  (3.13) 

g^(y,t)  =v/2t  +£j^(M)F({l,  0,M), 
t,  =  tj^(M) 

(the  equation  X  =  gj^(y,t)  describes  the  shock 
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(3.14) 


front  location).  It  is  assumed  K-^0  that 
(i)  ftmctions  %,0,  F  and  their  derivatives 
have  finite  values;  (ii)  t^^CM)  tj^(O)  where 
ti(0)  ^  0;  (iii)  £t/M2->0,  €y/M-»>0, 

(M£j“l  -vO,  H£v^/£<  -vO,  M£^/€y  -»  0. 

Designate  11r(  H  ,0)  =  ^  , 

0('A  ,  U,V  ,0)  =Qo()i  ,  u,V  ),  ,0)  = 

=  F„(u  ),  t^(0)  =to, ,  ^)  +  t^.,=  s.  Functions 
S.-t,  e.)!. .  £y  .  £  ^ t  defined  from  the  mat¬ 
ching  condition  of  the  external  (3.7)  and  in¬ 
ternal  (3.13)  asymptotical  expansions,  as  well 
as  from  the  least  degeneracy  condition  of  the 
boundary-value  problem  for  the  zero  ^proxima- 
tion  "^.Qo  ,F„ . 

The  external  asyirptotics  (witli  respect  to 
the  vicinity  of  tlie  contact  poi;it)  of  pressure 
distribution  is  given  by  the  formula  (3.12), 
from  here  it  follows  that 


n  +  1 
- 2“ 


=  0,  A  <■  0) 


P(x.y.t)  4  ^  ^1  -  j  +  0  (1). 

^^ere  ;s  =M~^[(t+r':^/2)^-M^x^]^'^^.The  pres¬ 
sure  asynptotics  matching  is_nontrivial  vAien 
£,^(M)  =ir3&2  and  the 

matching  condition  is  as  follows; 

Qo(  3;.^.  ^  H  i^'^^(3i/s^)  (') -►  -«*. 

Where  Q(v)  =  (/2/!r)(2v+  [2“^'^^(l  + 

+  [2v  +  l]~^'2)^,  Ihe  shock  front  location 
asymptotics  matching  leads  to  the  conditions 

Sy- =  m£jj,  F,({1,'))-*  (A 

<ya  ,^->-  -  <»  ) 

(in  an  acoustic  approximation  the  asymptotics 
in  the  vicinity  of  the  contact  point  is  de¬ 
scribed  by  the  fonrula  (3.11)).  After  substi¬ 
tuting  the  representation  (3.13)  Into  the 
equation  of  motion  (3.2),  we  come  over  to  the 
limit  when  M+0  (with  accounting  for  the  above- 
mentioned  assumptions).  The  least  degeneracy 
cor^jtion  of  the  limiting  relation  gives  6^(iM)= 
KMo/d,  entt  tlie  equation  for  ')ir,(  ) 

takes  the  form 

2S)X,,  +  2^,,^=  0 

Ihe  conditions  at  the  shoclt  front  in  the  aero 
approximation  gl‘/e 

X.->' 

(  %  =  F,(^a  ,V  ),  0) 

As  follows  thrum  the  Caucliy-Lagrange  integral, 
In  the  flow  region  Q,  =«  .  Let  us  intrcxiuce 

new  functions  u(  A  ,  fA  ,s)  =  EL^  ■^^(  A  ) 

-  +  s)  ,  f(u  ,s)  =  F,(^a  ,s-t«J;  the  boun¬ 

dary-value  problem  for  these  functions  is  in 
the  form: 

u^s  *  °  ^  \K<0,y<.  f(p.,8Xs<t^) 


u  =  s  f(  ^  ,s)  -  ^1^,  u^=2fg-f^-s 

(  ^  <  0,  A  =  f(|r  .s)) . 

To  the  above-formulated  problem  it  is  necessary' 
tc  add  the  matching  cinditions 

s^^^(u.  -  s  -i^^^0(  A  /s^))-v  0 


(s->.  -  oo  ,  > 


Thus,  in  a  small  vicinity  of  the  contact  point 
(t->t,-  0)  the  motion  is  of  significantly  non¬ 
linear  character.  The  equation  describing  the 
liquid  flow  in  this  zone  coincides  with  that 
of  the  theory  of  short  waves  [l4] . 

6.  Pressure  at  the  contact  point  when  04t4t. 
can  be  found  independent  of  the  solution  of  the 
boundary-value  problem  (3.14).  For  a  hypersonic 
stage  in  the  problem  of  a  liquid  dtxrp  impact 
upon  a  solid  plane,  the  method  of  determining 
the  unknown  functions  at  the  contact  point  was 
developed  by  Lesser  [lo] .  Its  modification  may 
be  applied  to  the  problem  of  blunt  borfy  entry. 

At  fixed  L'  the  equation  x=Xo(y,t)  de¬ 
fines  the  shock  wave  position  on  the  plane  of 
Eulei'ian  coordinates  x,  y.  The  angle  between 
the  normal  to  the  shock  front  at  some  point  D 
and  the  axis  Ox  wiU  be  desigrated  by  ct  ,  then 
cQScL=  (1  +  xiy)’’^'‘^,  where  the  right-hand  side 
of  the  equality  Ls  calculated  at  point  D.  Hie 
shock  conditions  are  as  follows  [is] : 


u  sihot  -  V  cos  'X.  B  0, 
u  cos  +  V sin  a.  =  W(  -  1  )/<j 
p  =  V;^(  <?  -  !)/<}  . 


(3.15) 


.Here  u  and  v  are  respectively  the  horizontal 
and  vertical  \'elocit>'  vector  ccvipor.ents  of  a 
liquid  particle  behind  tlie  shock  front,  W  is 
the  velocity  of  shock  wave  in  the  normal  direc¬ 
tion  to  its  fixmt  at  point  D,  9  densi¬ 

ty,  p  the  pressure  behind  tlie  sliock  wave  (it 
should  be  reminded  Uiat  bie  liquid  is  at  re.'-t 
oefore  the  si  .oik  wave  front).  If  tlie  function 
Xo(yit)  is  leiown,  the  value  of  w  is  detemined 
from; 


W  =  x,^(l  >  (3.16) 

Since  before  t,  tlie  shock  wave  is  attach¬ 
ed  to  tlie  contact  point,  the  function  X5(0,t) 
wt»n  0  6 1  i  t.  is  pre-determined  ( in  oui'  case 
Xt,(0,t)  =</^),  and  the  value  v  at  the  contact 
point  is  equal  to  the  contour'  submergence  ve¬ 
locity  (In  our  case  v  =  -1).  The  values  of  the 
contact  point  are  associated  by  the  relations 
(v^(t)  o  Xo^.(0,t)) 

W  «>  v,^co3<  ,  W/p  =  sinot/v  (0  4t  <it,), 

Hie  first  of  them  follows  from  (3.16),  and  tlie 
second  follows  fixan  (3.15).  Hence, 
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v‘;^(t)p^  -  (1  -  l/(j  )p  +  =  0  (0^t4t,); 

for  the  case  under  consideration  we  have 

?tp^  -{l-l/(^)p+l=0  (3.17) 

Equation  (3.17)  at  sufficiently  small  t 
has  two  positive  roots,  pj  ,  P2  >  which 
the  less  cne  should  be  chosen,  otherwise  p->w3 
when  t->  0.  With  increasing  t  the  difference 
Pg  -  p.  tends  to  zero  and  po  =  {^  =  p,  at 
saie  L,.  For  t>t*  equation  (3. 1'T)  has  no  po¬ 
sitive  roots.  If  the  ri^t-hiarh  side  of  (3.17) 
is  designated  by  F(p,t),  the  confluence  condi¬ 
tion  of  p.  and  P2  roots  has  the  form  ^  F/3  p  =  0. 
Consequently,  to  determine  t,,  p^,  we  should  ob¬ 
tain  the  system  of  equations 

?t„pf  -  (1  P,  +  1  =  0, 

4t*P*  -  9  (p*)  c  (p,)p*  -  1  +  §  (p*)  =  0. 
Hence, 

p,(l  -  [1  +nM^p,]~^'^^)  - 2  =M^pf(l  +nM^p„ ) 

(318) 

It  is  natural  to  suppose  that  0  vhen 

M->0,  then  (3.18)  gives 

P*  “  0(M^/^)]  (M-»0). 

Asyiiptotics  t*(M)  takes  the  form: 
t,  =  I  -  I  (2^  )2/3{,,8/3 

This  confirms  that  tire  internal  expansion  of 
ttie  unknown  functions  and  the  tension  of  in¬ 
dependent  variables  was  chosed  in  a  correct 
way.  The  constant  t^  entering  the  fomulation 
of  tiie  boundary-value  problem  (3.15)  is  to  be 
considered  kncxm.  From  (3.1°'  follows  that 
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A  NUMERICAL  SOLUVION  FOR  THE  DIFFRACTION  OF  SECOND 


ORDER  6R0UP-1NDUGF0  WAVES  8Y  A  FLOATING  BODY 


Sun  Be-Qi  aid  Gu  Mao-Xiang 

China  Ship  Scientific  Research  Center 
Wuxi  China 


Abstract 

This  paper  presents  a  3-D  numerical  ME  me¬ 
thod  for  calculating  the  forces  and  moments 
acting  on  a  floating  body  due  to  diffraction  of 
second-order  group-induced  waves  of  low  fre- 
^^ncy.  The  total  second  order  wave  potential 
ifi®is  decomposed  into  three  parts;  ^ ,  the 
P^Cential  of  the  second  order  incident  wave; 

f  the  p^ential  of  the  second  order  radiated 
wave  and  ,  the  p^ential  of  the  second  order 
diffracted  wave,  and  <1^,®  can  be  calculated 

by  known  methods,  but  has  been  difficult  to 
evaluate  either  analytically  or  by  numerical 
methods.  The  method  presented  here  avoided  the 
direct  calculation  of  4^)  ,  but  evaluated  //g 
njds  (j^l,  2,  ...  6)  using  Haskind  relationship 
and  developing  Molin's  idea  into  a  numeri¬ 
cal  method  wich  integrates  over  the  free-surface 
and  over  the  body  surface  with  all  itr  non¬ 
linear  terms  taken  into  account  of.  Numerical 
results  of  second  order  diffraction  loads  for  a 
semisubtnersible  drill  ship  are  presented.  An 
approximate  concept  to  relate  the  second-order 
load  in  bichromatic  waves  to  wave  damping  effect 
is  proposed  and  a  specially  designed  experiment 
is  conducted  to  validate  the  concept.  Qualita¬ 
tive  agreement  between  numerical  and  experimen¬ 
tal  results  are  tchieved. 

1  Introduction 

Lrrge  -..corsions  ot  moored  stnictures  at  low 
freiquency  with  accompanying  high  mooringloads 
have  known  to  be  i«;portant  in  offshore  engineer¬ 
ing.  The  forces  that  excite  large  low  frequency 
hotisiontal  motion  are  known  to  be  of  second- 
order  in  magnitude  as  compared  to  first  order 
wave  exciting  forces  of  oonnal  wave  frequency. 
Faltinsea,  O.H.  and  Lokeu  ^  ,  Papanikoloou .  , 

Rahman  ^  ,  Eatock  Taylor  and  S.M.  Hung  ^  , 
Kyoxuka,  Y.  »  ^  Miao  G.  P.  and  Liu  Y.Z.  6  have 
worked  out  on  2-D  theories  giving  numerical  me¬ 
thods  for  evaluating  the  diffractitnt  wave  poten¬ 
tials  and  loads  on  cylinders.  Triantafyllou  ^  , 
C.C.  Mei  "  put  forth  consistent  theories  using 
perturbation  method  of  multiple  scales  for  sol¬ 
ving  aacond  order  forces  that  give  rigo  to  aero 
order  raotioan,  Pinkster  ^  Standing  ^0  Molin 


have  worked  out  on  3-R  theories  and  numerical 
methods  for  computing  second-order  excitation 
forces.  However,  a  numerical  method  treating 
generally  the  low  frequency  diffraction  load  on 
a  floating  body  of  arbitrary  shape  has  not  been 
developed  fully. 

At  the  same  time,  a  governing  factor  for 
evaluating  the  amplitude  of  excursion  and  moor¬ 
ing  load  on  floating  structuries  has  been  the 
fluid  damping  coefficient  of  such  a  system. 
Withers  et  al  ,  Tagaki  ^^,030^**  ,  Qi 
investigated  experimentally  into  the  damping  co¬ 
efficient  of  low  frequency  motions  of  moored 
structures  and  found  that  damping  coefficient 
of  these  motions  associated  with  first  order  mo¬ 
tions  of  the  structure  in  waves  are  usually 
higher  than  the  calm-water  damping  coefficient 
of  the  same  low  frequency  oscillations  executed 
by  the  moored  systiam  in  calm  water.  The  differ¬ 
ence  is  called  wave  damping.  Cao  and  Qi  , 
found  that  under  certain  frequencies  damping  of 
slow  motions  in  waves  are  lighter  than  chose  in 
calm  water,  and  may  give  rise  to  negative  wave 
damping  coefficient.  The  present  report  relates 
the  in-phase  component  of  second-order  diffract 
load  with  the  second-order  incident  wave  hori¬ 
zontal  velocity  and  found  that  che  force  co¬ 
efficient  Si'  'vLtaincd  is  in  .yeneral  agreement 
with  the  w,r  r  dempi.-,  nt'”!  chfui.ied  ex- 

p- V’ '  cntaT.y,  A  tentative  explanation  of  this 
effect  is  given  in  section  A. 

The  second  order  force  consists  of  six  parts 


13A 


2.  Theoretical  Formulation 


ifilh  +  Pj/j  V<P“' 

x‘"(  ^5  +  r'“m"’  +  p  /ij 

x^*’;  <i5  -  P?V  C  +  rifsWV  - 
5u/^  +  ;  e/  -  P?  V  (  -  ’?i’ 

S/o/  V  +  f}t"’s»/  V  ~  rj'"  Sn/V)Ti 

(2) 


The  first  term  is  the  integral  of  the  first 
order  wave  pressure  over  the  area  between  the 
mean  waterline  on  the  structure  and  the  surface 
elevation.  The  second  term  is  the  integral  of 
the  quardratic  term  in  velocity  over  the  mean 
submerged  area  of  the  structure.  The  third 
term  arises  from  the  second  order  part  of  the 
integral  over  the  mean  submerged  area  of  the 
first  order  wave  pressure  when  that  pressure 
in  evaluted  at  the  position  of  the  displaced 
body.  The  fourth  term  arises  from  the  rotation 
due  to  roll,  pitch  and  yaw  of  the  total  first 
order  fluid  force  on  the  structure  including 
the  hydrostatic  restoring  force.  The  fifth 
term  comes  from  second  order  potential.  The 
sixth  term  is  second  order  hydrostatic  restoring 
force. 


We  make  as  usual  the  assumption  of  a  perfect 
and  irrotational  flow,  which  allows  us  to  des¬ 
cribe  the  motion  by  a  velocity  potential  4 (x, 
y,  z,  t),  where  (x,  y,  z)  belongs  to  the  undis¬ 
turbed  fluid  domain  D.  We  shall  use  a  right- 
handed  frame  of  coordinate  {  o  -  xyz}  with  oz 
vertically  upward  and  oxy  plane  corresponding 
to  the  undisturbed  free-surface,  as  shown  in 
figure  1.  The  body  coordinates  is  consistent 
with  the  coordinates  {  o  -  xyz  }  at  t=0. 


fied  with  the  wave  steepness  k  C,  where  k  is  the 
wave  number,  and  C  the  wave-amplitude,  4  may  be 
written  as: 


and  the  fluid  force  acting  on  the  body  as 
F5.y(0)  +  (;p(0  +  •i’  V* 


From  (1)  and  (2). 
cond-order  force  F'^' 


it  is  found  that  the  se' 
contains  the  term: 


When  the  first  order  potentials  and  motions 
have  been  solved,  the  first  four  terms  can  be 
calculated  without  difficulty.  To  calculate  the 
fifth  term  and  sixth  terra,  we  must  evaluate  the 
second-order  potential  4'2)  second  order  mo¬ 
tion  response  n  . 


We  decompose  the  second  order  potential  4^^) 
into  three  parts,  namely: 


where  4i^^«id  4(.^2)  potential  of  secoi\d  order 
incident  waves  and  radiated  waves  respectively. 
Thev  cat  be  calculated  wtih  relative  ease.  For 
4p^  wo  have  defined  a  relation  between 
njd8<j‘'l,2,. .  ,6)  and  nonlinear  terms  in  the  Kee 
surface  condition  and  also  in  the  kinematic 
boundary  condition  on  the  mean  submerged  surface 
£  of  the  structure.  Using  this  relation,  the 
seccnid-order  wave  exciting  force  have  been  oby 
tainod  which  will  be  discribed  in  detail  in  the 
foUwwing, 


IIz 

where  n^  -  n^,  U2  "  ‘y.  “j  “  "j*  yUj'zn^, 


n..=8nj-xnj,  Ug^xn^-yn,. 


In  the  case  of  difference  frequency  which  is 
of  main  interest  to  us,  expression (3)  becomes 


('  (a>n-  <u,  nj  ds 


e 


('i) 


For  the  sake  0?  convenience,  wc  shall  here¬ 
after  omit  subscripts  uv  of  4iiu^.  The  second 
order  potential  4^^'  should  satisfy  the  follow¬ 
ing  set  of  conditions: 

I  ^  <u„*  “  t  0)1 

(A)  /  V  ^  1?'’  * 
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Radiation  condition 


^  ^  iu^I  +  i.  )Aini  ( -*>«t  +  it!  ^  t«*8  + 


where  D  is  the  fluid  domain,  Ep  is  the  undis- 
tuAed  free  surface  minus  the  waterplane  occu¬ 
pied  by  the  body,  E  is  the  mean  wetted  sur¬ 
face  of  the  body  and  Eg  is  the  sea  bottom. 

New,  as  mentioned  above: 

(5) 

where  the  satisfies  conditions 

—  tu^wi  J  =  o 

(B)  {  (X,f,o)e^Jf 

\  4>„i  =o  fjc.y.-jfiei-. 


>  satisfies  the  conditions 

t  jtJj 

=0  fi,  y, 


rx  (  ^  ; ..  wi“'  ^ 


and  satisfies  conditions 


IX,  ’i.  -DiSg 

(.X,  ij 


-  (  <0  K  -  <Uy  /  +  jt  =  -  4  «■  41^  V  I?"  V 

+  f K' €C/ 

( x.^.0)(2p 


<PiJ  »■  0 


*.'“••(  o"  -  ■  >?'  «  ( jj*  *  i'** 

fi"-  v;  !?»  - 


c  «.y.  j )  <  X 


Radiation  condition 


fv'  the  second  order  incidesic  wove  poioni- 
ial,  ft?  the  second  order  radiation  potent¬ 
ial  and  is  the  second  order  diffractiw 
potential.  It  can  be  saCJi  chat  the  free  waves 
and  waves  locked  to  the  first-order  wave  sys¬ 
tem  are  Included  in  Che 

Expression  (4)  may  bo  rewritten  as 

llj  ♦  IIj  (J. 


whore  the  factor  ifaip  -wv)  is  omitted. 

.jl’ot  finite  water-depth  cite  expression  for 
♦i*'  has  been  givett  by  Bowers  as: 


{  ^m' cLi^  f.X*l)  {- 

to^e  -r  ZCHS  +  ■•■eS)  +  cLmh’  cJii'„  {i 

*  1)  ■<■  -Hi X  Code  +  i::^Aue  +{;,)) 

(T) 

Here  the  subscripts  for  wave  number  and  fre¬ 
quency  are  defined  as 


F«*  “  fs'  + 


Fs  ”  -  Fa 


.. _ L  o /,  a  .  X  <o^  (  i  ~  XA.  ikn' 

—  3  /"•«“•'  - — — - - - C- 


(11) 

where  a^j  is  the  amplitude  of  first-order  inci¬ 
dent  wave,  i.e. 

^(ImOu  (-awt  ♦  i„x  CMS  *  A»j^Mm6  *  £„) 


*•'  <a..  U%.i 


tJ/in  K 


The  set  of  conditions  (C)  referring  to 
second  order  ;adiation  potential  is  in 

the  same  form  as  that  for  the  first  order  r.s- 
diation  potenti-nls.  Its  solution  can  be  ob¬ 
tained  by  the  same  method  .is  that  used  for  sol¬ 
ving  first  order  radiation  potentials. 

.Now  we  tuni  to  discu.ss  the  integr.il 
njds.  First  wo  shall  iuvesrigace  the  asywpto* 
tic  behaviour  of 

Asymptotic  behaviour  of 

I'sing  oz  as  the  veritcal  axis,  we  generate 
a  circular  cylinder  Eg  of  radius  R  enclosing 
the  structure.  The  circular  cylinder  divid¬ 
es  the  fluid  domain  t)  into  two  parts,  ae  shown 
in  figure  2.  Dj  is  the  inner  domai'-  csiclcscd 
by  E^,  Epi,  Egj  and  E,  whcio  Epj  .  '"-f  -sre 

frco-turfacc  and  sea  bottofj  encX.i  Ei... 

Oq  is  the  outer  df-  in  hound.  1  by  ..j, .  5 

and  Infinity,  -ti^ero  -fo  «-'dig,j  ave  ireo-sorf ?ce 


and  sea  bottom  outside  of  circular  cylinder  Ej.. 
Then,  the  set  of  conditions  (D)  may  be  trans¬ 
formed  into  two  sets  of  conditions: 

For  domain 


(E) 


Vfv  +  <0*  'Pwt  ~  ‘"f* 

I  (X,^.0)esn 


=  ( V"  -  vf"’  )n"'  +  (j2''''x  r" 


~  (Z'"-'V)V<P''‘).  7^"- >?*'  (I, y . ij  e z 

. i?*  =  j?" 


For  domain  Dg, 


'f*4’To=o 

-  C  -  <o„  /  ^  = 

V<p^  +  -i  <0,.  to*  <p^ 

\  (z,y,o)(5>. 

<p4oi-~o 

'•Radiation  condition 


where 


fa  *  < 


Fig  2 

In  order  to  ittvescigstc  the  behaviour  of 
at  iniiniiy,  wo  need  only  to  investigate 
Chat  of  Whci»  the  radius  R  of  the  cir¬ 

cular  cylinder  £c  is  large  enough,  w«  have  fora 


for  first  order  radiation  potentials: 


4»  0.797 

H 


(16) 


“*■*  H.‘-u*)A  +  u  y  R  •* 

di-k(4,*-L) 


(17) 


A.">  ^7r(  FT  X  ~ 

0.  79 f  ■  - 2  oj 

•aHj  e<C  i  (tij-  +  -L) 

*■*  J=i 

4  5j  C<1  3(t  C  ^‘  +  lC  ^ 

C.7?/  ,  s/1 

*,1  ,,i. 


(18) 


(19) 


(20) 


where 


V  •  U)Vg 
it  th  kB  ■  V 
R  •  /"?  +~v^ 


<3.  is  the  source  strongtii  on  the  jth  pajiel 
of  tAe  struefare  surface. 

iSj  is  t.hc  .srea  of  jth  pajiel  on  body  surface 

F.'or  f -ns-j ! 3.,‘  ,'ib)-!2o),  it  be  r.otv'd 
that  a  radius  R5  can  nlwnye  he  found  for  any 
arbitrary  small  positive  number  t ,  for  which 

I  -  Ji  v,!,.  v<;^'' f 

j  <•  f 

If  c  is  small  enough,  then  c.iulitic*«  (B) 
can  be  approginatod  by  the  fo Hewing  set  of 
conditions: 


=0  (  *.y.y)ei), 

<^*,1  “O  (*»y'-<)r2i. 

(s.y.jMlc 

(a.jf.i  J  <2, 


(C) 


.til 

•  Vrf, 
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The  solution  of  )  can  be  expressed  as 
follows 


a," 

<Pa 


j“'  'J‘ 

^  ^ _  (21) 

where  R  = 

fJ-m  XiUt.  A -t  L‘  =  O 


and  sj*^^  are  the  srarce  strength  and 
area  of  the  jth  panel  located  on  the  circular 
cylinder  of  radius  ft.  respectively. 

is  zero  order  Bessel  function  of  first 

kind. 

Yq  is  zero  order  Bessel  function  of  second 
kind. 

Kq  is  zero  order  modified  Bessel  function 
of  second  kind. 


closing  the  structure  and  the  circular  cylin¬ 
der  of  radius  %  .  Let  R  »  .  Again  the 

cylinder  Ir  divides  the  fluid  domain  J)  into 
two  parts  denoted  here  by  D£  and  D^.  Domain 
Bj[  is  enclosed  by  Ipi,  Igi  and  t,  while 
domain  Dq  is  bounded  by  So,  Irq’  ^Bo 
infinity. 

In  domain  D|,  using  Green’s  third  identity, 
we  have 


From  free-surface  conditions  of  (E)  and  (H), 
we  may  write 

/4,  (  I?-  €' ==  J  (25) 

where 


Similar  formulae  can  be  obtained  for 
’f'd^^  .  'i'dox  »  't’doy  and  ijidBfe  using  the  same 
method  17  as  in  the  derivation  of  formulae 
(16)- (20).  Thus,  we  have 


X-rr  clii  I 


Vc 


JTT  j 


1 


.«) 


,  J 


(22) 


Emression  (22)  is  an  asymptotic  expansion 
of  i|i^2)  at  infinity,  which  holds  approximately 
as  R  Eg  . 

Formula  of  .calculating  ffy  i))^2)n.d3 

Following  Molin's  idea  II  and  using  the 
asymptotic  expansion  (22),  a  relation  similar 
to  Haskind  relation  is  obtained.  Based  on  this 
relation  the  integral  jTj;  ifid2''njds  may  be  calcu¬ 
lated. 

Let 


=  <€  [  Vj.  a 


} 


(23) 


where  Wy  -  wy  corresponds  to  the  difference 
frequency  ol  potential  9||2)  ai'id  satisfies 
the  following  conditions: 


gd-,' 

T»t 


”-)• 


(H) 


(x,^,*)<,0 


3-  ^  ~  (  ‘U/* -Xivf’fj-  «=  0 

Using  oi  as  the  vertical  axis,  we  generate 
another  circular  cylinder  of  radius  R  en- 


‘P'^x  (26) 

On  the  sea  bottom,  we  have 

i4a,  ( °  (27) 

Note  that  =  i(,^§)  on  Ir,  we  have 

tt'” 

= -  :jr)  I /».  "'j 

=  Of^) 

where  are  sotuce strength, 

area,  control  point  of  the  jth  panel  and  Nb, 
the  total  number  of  panejs^on  ttje  structure 


t’.B) 


,U) 


are 


source  strength,  area,  control  point  of  the 
jth  panel  a.od  No,  the  total  number  of  panels 
on  the  surface  of  the  circular  cylinder  of  ra¬ 
dius  Re  respectively. 

Using  relation  of  (25)-(28),  expression  (24) 
may  be  rewritten  as: 

V  u  (2(» 

as  R  we  nave 


(30 


Using  relation  (30)  and  substitu^rg  in  the 
known  body  surface  condition  for  from  (E), 
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we  ultimately  evaluate  the  integral 

and  hence  alto  ffi  i{i4^))njd& 

3.  Numerical  Results 

We  consider  the  first-order  wave  elevation 
in  a  regular  wave  group  consisting  of  N  regu¬ 
lar  waves  with  frequency  ,  i=l,2,-"*,  N. 


QkCJ  =  (<2)c/dj  -dKiji)  +  -X  ( &KzCJ  ~Qi(xji) 

+ . ■*’  "F  ^  ^KiCj  ~QKiji ) 

and  subscript  K,  i ,  j  (4=1 ,2  ,  •  •  •  ,6)  denote 
respectively  second-order  force (moment)  in  the 
kth  direction,  due  to  the  1th  term  of  formula 
(1)  or  (2)  and  due  to  the  (i,j)th  pair  of  bi- 
froquency,  the  superscript"  denotes  difference 
frequency.  (Appendix  1) 


In  the  numerical  example  thirty  frequencies 
are  used.  See  Tab,  1. 
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'’alue 

'D 
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J, 
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R 
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n 
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V 
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Z.otl 
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H 

4.0  m 

2.303 

s.6n 

^22 

o.f'S'  n* 
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‘^n 
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66 
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6.  SIS 

o.i 

3-6/4 

4.74? 

^■8 
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7b 

-o.zsr  m 

3.tn 

7.191 

^0 

0 . 0  wt* 

4.0?/ 

4-303 

4.!rzs 

7-4/4 

7.636 

7.fo6 

The  second-order  force  associated  with  such 
a  wave  train  has  the  following  form 

I?,  (  i’ru'j  ♦  •  •  +  fV..j  ; 

QtUj  t-ft-fj  ) 

!?,  J?,  T  (Pouj  I  (  PiUii  * 

*  -X^PkHJ  *P>rtji)] 

^  ^  T  (  ®*'iy  "Qrijt)  j  ( dnif  ) 

♦  •  ••  ♦  ^  -  Oeip'JJU  ((  -(y-fj) 

m  ^  ^  fJ  .t) 

^ ,  J?,  “v  0»  ( <  «;  -  -Wj  )  t  f ‘  fj-  )  + 

ii  ^  ti 

i.,  f.i  ‘'j  "  ^  { (  UJ»  -  Wj-  K  ♦  -  fj  ) 

lard  thu  quardratic  tr.u'sfer  function 


Computation  has  been  carried  out  forz/i-oth 
model  of  a  six  column  ,  two-floater  semisub- 
mersible,  the  principal  particulars  of  which 
are  given  in  table  1  and  Fig. 3 
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From(30),  it  is  shown  that  calculating  the  se¬ 
cond  order  diffraction  force  may  be  reduced  to 
the  evaluation  of  integral. 


//  t 


iTsr 


til 


TcTj 


a  f 


,  the  phase 


and 


^rxij  **  (  Pitij  /  Q»ij} 

where 

PyiJ  (  PtiiJ  *  Ph>,  ,  ♦  j  (  Pr'jij  t  Pu^i) 

^ . 4'  ( Pfi  ij  p m , ) 


To  calculato  integral  Ij,  the  wetted  surface 
of  the  hull  is  approximated  by  a  tot.sl  of  244 
plaire  f.icet  clomonts.  The  facet  schematisation 
of  a  quarter  of  the  hull  is  shown  in  Fig.  4. 
Thus 
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and  the  integral  is  approximated  by  the  sunma- 
tion 


whe^(’)jj  denotes  the  value  of  the  function 


at  the  center  of  the  kth  panel  and  Aa^ 
is  the  area  of  kth  panel. 


TOP  VIEW 


BOTTOM  VIEW 


Fig.  4 

The  second  integral  —  ITEp  fpee^® 

theoretically  should  be  integrated  over  an 
infinite  area  of  free  surface.  This  infinite 
area  is  divided  into  two  fields  by  a  circle  of 
radius  Rg.  The  near  field  free  surface  (i.e. 
R^Rg)  is  approximated  by  228  plane  facet  ele¬ 
ments,  and  I2  is  evaluated  by  sutanation  as  in 
(31).  The  far  field  free  surface  (i.e,  R>Ra) 
is  approximated  by  the  following  integral 

la  “  J  i/j,  j"  Vj  /m 

~  (32) 

whore  Gauss  approximate  integral  formulae 


computer.  Fig,  5  and  Fig.  b  show  the  calculat¬ 
ed  results  for  quardratic  transfer  function  of 
second-order  forces  in  surge  and  heave  in  a 
following  sea.  The  dotted  line  takes  into 
account  of  the  first  four  terms  of  eq,(l)  and 
(2)  only.  The  chain  line  includes  the  above 
four  terms  and  the  incident  wave  force  in  ad¬ 
dition,  i.e.  the  integral  //j;  ifi^^^njds.  The 
solid  line  further  takes  into  account  of  the 
integral  //j- i(i|J^^njds ,  i.e,  the  force  due  to 
diffraction.  It  is  observed  that  the  differ¬ 
ence  between  them  is  very  small  for  secondary 
heave  force  response  and  that  the  force  due  to 
incident  and  diffracted  second  order  wave  force 
could  for  all  nractical  purpose  be  neglected. 
However,  this  is  not  in-  the  case  of  surge,  the 
second  order  diffraction  force  //j;  ifi^^'nids 
seems  to  be  important,  especially  for  the  fre¬ 
quency  range  below  5.60,  Nevertheless,  the 
force  due  to  incident  wave  i.e.  the  term 

f/j-  ij'^^^njds  is  still  small  and  could  be  neg¬ 
lected.  One  should  bear  in  mind,  however, 
that  frequencies  on  a  model  scale  of  less  than 
5.60  corresponds  to  a  full  scale  of  0.8  sec”^-, 
wliich  is  usually  the  energy  gathering  district 
of  a  wind  wave  spectrum. 


Fig  5 


and 

[' 

aroused,  wlarp  the  integrated  coefficients 
and  Ci  are  integrated  nodes. 

Since  only  the  lowfrequency  long-scale  case 
is  considered,  the  function  ♦jffoc 
have  the  character  of  high  frequency  oscilla¬ 
tion  and  hence  is  amenable  to  such  methods  of 
approximation. 


4.  Experimental  Results 

i)  A  floating  body  executing  free  slow  surge 
oacillations  (wp)  in  calm  water  under  a  soft 
spring  is  described  by 

ApX  +  ♦  CoX  -  0  (33) 

where  At,*m+a,  m  is  the  body  mass,  and  a  is  the 
added  mass  at  (Oq!  is  the  calm  water  damping 
coefficient,  the  potential  part  of  which  is 
due  to  radiation  waves  ♦g^^of  frequency  Uq* 


The  computatioo  is  carried  out  on  on  18M3031 


Dividing  throughout  by  Ao,  we  have 


160 


and  fcL 


+  2  iiu  X  ^  w 2  »  0 

00  n 

where  ;i^=^  .  and 

Pq  is  determined  experimentally  by  extinction 
tests  by  CaoCi'^1  for  the  semi-submersible  con¬ 
cerned  and  found  to  be  0,1025, 
ii)  The  same  mooring  system  and  body  is  next 
placed  in  a  regular  wave  of  frequency  ui  ,  and 
the  same  extinction  test  performed.  Another 
set  of  values  u  iwi,  (ii\)  ,  a (a  is  deter¬ 
mined,  In  this  case  the  motion  is  described 
by 


as  before. 


grg  c 

5  =  hydrod3mamic  force  i.i 


AqX  +  8.x  +  C.X  ’ 


-  +  Fii  +  Fii 


where  F(^)is  the  mean  drift  force  due  to  re¬ 
gular  wave  u  £ 

is  the  second  order  force  in  opposite 
phase  with  ,  and  hence  a  damping  for>-e 


is  the  second  order  force  in  opposite 
phase  with  ,  and  hence  an  added  mass 

f(2) 

21  ^ 
ifAl  2F|| 

Let  a  =  inr  •  ®  r  “  ~nr  added 

mass  and  damping  coefficient  due  to  waves, 
then  rearranging  (2)  and  dropping  out  the  mean 
force  F/,.  for  it  does  not  contribute  to  the 
oscillation  motion,  we  have 


AjX  +  BjX  +  C^X  =  0 

where  Aj  =  +  a^ 

=  Bo  +  B  5 

Again  putting  it  in  normalized  form 
X  +  2pj  w  i  +wj2x  =  0 
where  6i 

‘‘l  “ 


Define  (for-^</) 

and  plot  the  experimental  results  nondimension- 
ally,  the  points  in  Fig,  7  are  obtained. 

In  the  figures  u'^  "■  (37) 

and  the  abscisea  is  «■'  (y  ,  L  being  the 
length  of  the  seiulsubmersible  and  2i;jj  the  wave 
height. 

Hi)  The  same  mooring  system  and  body  may  be 
placed  in  a  brichroraatic  wave  field  of  frequen- 
cy  (w£,  (ijj),  j  >  i,  propagating  in  the  +x  di¬ 
rection,  and  the  same  extinction  test  conduct¬ 
ed.  In  this  case  when  the  transient  of  freq. 
wj  dies  out,  there  will  remain  a  stable  forced 
oscillation  of  frequency  «"■  w  m £,  The  mo¬ 
tion  may  be  described  by  ^ 

A.X  +  6.x  f  C.  X  -  +  Fi'r  >  +  F^ 

where  A^,  Bg,  C„,  p(2)^  carry  the  some  meaning 


phase  with  5;  the  hydrodynamic  force  being  due 
to  iji^l2)  frequency  u,  and  5  being 

the  horizontal  orbital  velocity  induced  by 

^  “  hydrodynamic  force  in 

phase  with  5;  .the  hydrodynamic  force  htjing  due 
to  (f  (2)  and  '  of  frequency  to " ,  and  C  being 
the  horizontal  orbital  acceleration  induced  by 

F^2)  =  second  order  exciting  forces  of  fre¬ 
quency  is",  which  are  the  sum  of  the  first  four 
terms  of  (  •'  ) .  These  components  are  related 
only  to  the  products  of  first  order  potential, 
motions  and  their  derivatives,  and  hence  with¬ 
out  direct  bearing  to  the  second  order  potent¬ 
ial  i|ij2),  \ 

However,  it  is  not  easy  to  carry  out  such  an 
experiment  accurately  and  besides,  it  is  im¬ 
possible  to  break  up  the  various  components  on 
the  RHS  experimentally. 

Therefore,  a  special  case  for  our  numerical 
model  is  taken,  i.e.  the  body  is  restrained 
from  second  order  motion  —  but  free  to  execute 
fi’-st  order^  mot  ions  —  and  the  forces  F^2)  ^ 

F  (2) ,  obtained  from  numerical  computa- 


The  basic  assumption  now  is: 


i.e,  the  second  order  hydrodynamic  forces  ex¬ 
perienced  by  a  body  in  a  bi chromatic  wave 
should  be  approximately  the  same,  be  it  be 
streamedpast  by  an  oscillating  current  or  be  it 
be  doing  the  oscillation  itself. 

With  this  in  mind,  the  numerically  calculat¬ 
ed  forces  due  to  and  in  the  present 

example  are  reduced  to  the  same  form  as  Cao, 


The  constant  1000  converts  tons  into  kilograms, 
while  all  computations  are  based  on  ?£  ,  Cj  of 
unit  amplitude,  nnda)"'=  0.222  sec"^,  a  figure 
convenient  for  calculation  hut  being  near  to 
Wg  and  w  j  of  the  experia«nt. 

The  plot  of  p  between  numerical  and  ex¬ 
perimental  results  agree  reasonably  well. 

5,  Concluding  Remarks 

This  paper  presents  a  numerical  solution  to 
the  practical  problem  of  calculating  second 
order  oscillating  diffraction  loads  on  a  semi- 
subntcrsible.  The  diffraction  component  is 
trivial  with  respect  to  heave  force,  but  is 
consider.'ible  for  certain  frequencies  of  first 
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order  waves  in  surge  force.  These  frequencies, 
furthermore,  are  usually  the  frequencies  of 
high  energy  density  in  a  moderate  wind  wave 
spectrum.  Hence  second  order  diffraction  load 
in  general  should  not  be  neglected. 

A  preliminary  comparison  of  hydrodynamic  co¬ 
efficient  related  to  second  order  orbital  wave 
velocity  is  compared  with  the  "wave  damping" 
coefficient  obtained  from  extinction  experi¬ 
ment.  Reasonable  agreement  is  obtained,  how¬ 
ever,  further  work  is  required  in  future. 
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7.  Notations 

n  Unit  normal  to  structure  sur¬ 

face 

r  Location  vector  on  structure 

surface 

xU)  First-order  displacement 

fL?  Total  first-order  force 

^  Total  first-order  moment 

C  Amplitude  of  wave  elevation 

Waterplane 

wl  Waterline 

Displaced  volume 
Sio  •'‘swl’'^^® 

^ij  ^8wl’‘i='jd8 

Cj-  Relative  wave  elevation  = 

5(1) 

hi  Motion  response  in  the  mode  < 

>£32  Height  of  the  center  of  buoyan¬ 

cy 


^kaijtQkfij  in-phase  and  out-phase  compo¬ 
nents  of  J//j;  I  V(il(W  p  nj.d8 

^kaij  »^k3ij  In-phase  and  out-phase  com¬ 
ponents  of  PjITj;  V<fp)x(I)nkd8 

ij  »*5k4ij  In-phase  and  out-phase  compo¬ 
nents  of  R^^^ 

^ksij  »Qksij  In-phase  and  out-phase  compo¬ 
nents  of  off  I  i|i^^)ni5d8 

^kgij'Qkeij  IO“pha8e  ai^d  out-phese  compo¬ 
nents  of  second-order  hydrasta- 
tic  restoring  force 

I'kij  Quadratic  transfer  function  for 

second-order  force 
Phase 

I  Structure's  mean  wetted  surface 

P  water  density 


superscripts , (2)  denote  zeroth, 

first  and  second 
order  quantities 
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It  is  known  that  the  firat"order  reronse  q 
in  an  irregular  wave,  for  example  the  first- 
order  force  response  or  the  first-order  motion 
reponse,  has  the  following  form! 

J  =  2  <.  (Re(2£)  + 

t*/  * 

where  is  the  amplitude  of  the  ith  component 
wave,  qi  is  the  first-order  response  correspond¬ 
ing  to  the  frequency  u  ^  ,  qj:  =  qi^eieqi,  qim  is 

the  module  corresponding  to  the  frequency  (0{ 
and  Eqj  is  the  phase. 

Now  discuss  the  multiplication  of  two  first- 
order  response  p  and  q, 

Re( P; •  Re(?)  =  I  <•  Pin,  t  p.)- 1  <• 

(“/ 1  +  fj  +  faj  )  J ^ Pin^jm  CM  (<^ct 

+  f£  +  £p;)  C«A(u<jt  +  £j  +£sj;  =:^f  <£<■  p£«2jun. 

J 

.j(  CM  ((<*)i  +  «>j)t+fi+fj+ £;.,•+ fjjO  +  CM  ((‘OC-'Opt + 
£i-lj  +  £pc'iy  ))  n-m  j/n.  ((‘Oi^‘^jn 

CM  Un*hj) 

+  CM  C(Wi-‘Ojlt+f,-£jlC»d(fpi'f}y)-^.  ((Wi-ttjpt +f£ 

CM  (  )  ^  +  £i  t  Jj ) -  (p(«,  3('«| 4i»(  fpi  +  ((«)i  twipf 

-t  £{  +  £j )+ {  Pfm  J/m  W  £5/))  CM ««i-*>j; f  +  £i  -£j  )  - ( ?i* 

f  f + “S’  f 

P£  }p  CAi  ((uli +«)j )  f  t  £(  t  £j )  -  .Jm  ( ft  ?y  ( (“'< +“j  H  +  £.' 

■<-fj)+Re(Pi^-)<^  “"I'Wjlt  +  fi'fj) 

((«i-wpt  +££-£j)) 

of  which  the  difference  frequency 

Re(Pi9j)  CM((<oi-‘>)j)t-Ki-Cj  )  ~ Jit  (( 

+  £i  -fj) 

On  the  other  hand,  from  (7  )  the  second-order 
incident  waves  also  have  the  difference  parts 

Therefore  the  second-order  difference  fre¬ 
quency  force  can  be  written  as 

Fk  ‘  (  P*<tj  +  Pm'J  +  —  ■*■  PwU  )  CM  ( 

("i-wpt  +f£-fy)  +<3u£/  + 

••  ••  +  QK4i;,).dw  (f 
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Abstract 

This  paper  is  concerned  with  the  3-D  linear 
diffraction-radiation  problem  in  a  fluid  of 
finite  depth.  An  extension  of  the  Localized 
Finite  Element  Method,  derived  from  the 
two-dimensional  method  developed  by  K.J. 
Bai,is  presented.  After  a  description  of  the 
method,  we  shall  give  some  results  about  the 
convergence  properties  of  the  numerical 
problem  and  a  first  numerical  experience 
devoted  to  the  study  of  the  ratio  between 
accuracy  and  computational  time.  Further 
possible  developments  will  also  be  indicated 
as  concluding  remarks. 


I.  Introduction 

The  importance  of  the  diffraction  and 
radiation  effects  of  natural  obstacles  or 
man-made  structures  on  water  waves  is 
mcaningfull  in  ocean  engineering.  The 
linearized  problem  has  received  analytical  or 
asymptotical  solutions  In  particular  limiting 
cases.  Numerical  techniques  have  been 
developed  for  arbitrary  geometries,  based  on 
various  methods  that  have  already  scored 
successes  during  the  past  decades. 

Then,  although  research  has  been  engaged 
towards  new  problems  with  non  linear  boundary 
conditions  for  instance,  from  the  numerical 
point  of  view,  investigations  have  still  been 
carried  on  so  as  to  reduce  computational 
times,  storages  and  costs  while  increasing 
accuracy  and  generality  of  the  programs. 

Linear  diffraction-radiation  analysis  must  be 
now  considered  as  a  very  standard  calculation 
and  only  a  first  step  in  the  complete  analysis 
of  offshore  structures,  which  must  be  iterated 
a  large  number  of  times,  at  various 
frequencies,  including  finite  depth  cases. 


The  finite  depth  occurs  in  many  applications 
and  it  may  be  taken  into  account  by  various 
means.  When  the  method  requires  the  evaluation 
of  the  Green  function,  the  finite  depth 
assumption  leads  to  rather  expensive 
calculations  and  up  till  now,  no  work  is  known 
where  this  calculation  would  have  been 
optimized  as  in  the  case  of  infinite  depth 
(Newman  III).  The  Localized  Finite  Element 
Method  avoids  the  evaluation  of  the  Green 
function.  On  the  counterpart,  the  number  of 
degrees  of  freedom  is  increased.  But  we 
finally  expect  an  improvement  of  the 
computational  costs. 

The  method  has  been  developed  in  the  frame  of 
a  3-D  diffraction-radiation  code  based  on  the 
Jami-Lenoir  method  of  coupling  between 
integral  representation  and  finite  elements 
121,  Many  tasks  (discretization.,.)  and 
calculations  are  common  to  both  methods.  When 
performing  a  complete  analysis  of  a  given 
structure  in  the  frequency  range,  this  will 
avoid  duplicated  work,  if  both  finite  and 
infinite  depth  situations  must  be  taken  into 
account. 

As  a  short  review  will  show,  a  complete 
three-dimensional  development  of  the  method 
was  still  lacking  although  every  element  was 
already  known. 

A  short  review 

The  Localized  Finite  Element  Method  stems  from 
earlier  works  by  Bai  and  Yeung  during  the 
years  1973-1974.  But  the  first  complete 
presentation  is  due  to  K.J.  Bai  /3/  and  C.C. 
Mei  (1974)  /4/  who  first  used  finite  elements 
combined  with  eigenfunctions  expansion.  They 
were  dealing  with  the  “two-dimensional 
boundary  value  problem  for  time  harmonic  free 
surface  flow  in  water  of  arbitrary  bottom 
topography".  C.C.  flei  /5/  gave  a  very 
interesting  review  of  numerical  methods  in 
water  wave  diffraction  and  radiation  which  is 


(»)  the  GHN  research  team  is  associated  with  the  Centre  National  de  la  Recherche  Scientifique  and 
TUniversitd  de  Paris  VI.  It  is  also  sponsored  by  the  Direction  des  Recherches,  Etudes  et 
Techniques  of  the  Hinistfere  de  la  Ddfense. 
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devoted  to  the  comparison  between  integral 
equation  methods  and  hybrid  element  methods. 

In  a  recent  paper  (1981),  Grilli  /6/  compared 
the  numerical  properties  of  the  Localized 
Finite  Element  Method  to  those  of  a  pure 
finite  element  method  with  the  Soramerfeld 
radiation  condition  applied  at  finite  distance 
from  the  body.  This  is  an  example  of  the 
persistant  interest  of  investigating  further 
numerical  properties  of  linear  diffraction 
radiation  numerical  solutions. 

Several  authors  paid  attention  to  some 
theoretical  results  that  ensure  the  validity 
of  the  method  : 

Aranha  et  al  /7/  established  the  uniqueness  of 
the  solution  for  the  long  wave  problem  in 
shallow  water  and  Lenoir  and  Tounsi  /8/,  more 
generally,  studied  the  convergence  of  the 
discrete  solution.  The  results  presented  below 
have  been  derived  from  their  work. 

Instead  of  finite  elements,  1- tegral  equation 
formulations  can  be  combined  with  the 
eigenfunctions  expansion.  This  possibility  has 
been  investigated  by  Yeung  /9/  for  the  2-D 
time  harmonic  water  wave  problem. 

A  true  3-D  numerical  method  which  is  to  some 
extend  related  to  the  Localized  Finite  Element 
Method,  has  been  developed  by  Chenot  /lO/.  The 
method  consists  in  solving  a  series  of  Neumann 
problems,  the  various  Neumann  boundary 
conditions  being  given  by  the  normal 
derivative  of  each  term  of  the  series 
expansion.  The  various  solutions  are  then 
combined  in  such  a  way  to  minimize  the 
discrepancy  with  the  outer  solution. 
Unfortunately,  numerical  shortcomings 
(eigenfrequencies)  appear  due  to  the  Neumann 
boundary  condition.  Nevertheless  a  program  was 
derived  from  this  method,  that  probably  was 
the  first  3-D  finite  element  program  in  this 
field. 

The  Localized  Finite  Element  Method  has  also 
been  extended  to  other  problems  as  the 
two-dimensional  steady  ship-wave  problem  (Bai 
/ll/),  the  3-D  ship  motions  in  a  channel,  (Bai 
/IZ/),  the  two-dimensional  wave  resistance 
problem  where  an  original  extension  was 
successfully  attempted  to  match  a  non  linear 
formulation  in  the  inner  domain  to  a  linear 
one  in  the  outer  domain,  by  Lenoir  and  Cahouet 
/13/. 


II.  Formulation  of  the  3-D  problem 

We  consider  here  a  fluid  domain  delimited 
by  a  free  surface  and  a  bottom  at  finite 
depth.  The  domain  goes  to  Infinity  in  the 
horizontal  direction.  A  rigid  body  is  piercing 
the  free  surface.  denotes  the  boundary 
between  the  body  and  the  fluid. 

The  fluid  is  assumed  to  be  inviscid  and 
incompressible.  The  bottom  is  supposed  to  be 
flat  at  least  beyond  a  finite  distance  from 
the  body. 


The  linear  diffraction  radiation  problem 
settled  in  domain  is  a  boundary  value 
problem  governed  by  Laplace's  equation  and  is 
usually  formulated  as  follows  : 

denotes  the  velocity  potential,  it 
satisfies  the  following  set  of  conditions  : 

=  0,  in  fi* 

bI-'b"  °  \)$ 

g^/an  =  0  on  B*  (P*  ) 

3^/  30  =  h  on  p 

//|B$/b"  -  '  0 


where  8/Bn  denotes  the  normal  derivative 
w  denotes  the  pulsation  of  the 
incident  wave 

Yo  denotes  the  unique  positive  root  of 
the  equation  :  thYijH  = 

H  is  the  depth  at  infinity 
0  (r) is  a  cylindrical  surface  going  from 
free  surface  to  bottom  and  surrounding  the 
body. 

The  last  condition  is  the  so  called  Rellich 
radiation  condition  which  ensures  that  the 
solution  has  a  convenient  decreasing 
asymptotic  behaviour  /14/. 

The  uniqueness  of  the  solution  of  problem  (P  } 
has  been  establUhed  by  John  /15/  under 
restrictive  geometric  assumptions  :  the 
immersed  part  of  the  body  must  be  contained  in 
the  vertical  cylinder  lying  on  the  water  line. 
Naz'ja  /16/  gave  an  other  set  of  geometric 
assumptions  valid  for  Immersed  bodies  which 
also  ensures  uniqueness.  Let  us  also  quote  a 
more  recent  proof  due  to  Ursell  which  is  only 
devoted  to  the  two-dimensional  problems,  but 
is  in  fact  a  real  improvement  /17/. 
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From  now  on,  we  shall  assume  uniqueness  and 
existence  of  the  solution. 

The  numerical  methods  available  today  for 
solving  this  3-D  problem  are  based,  generally 
speaking,  on  boundary  integral  equations  or 
finite  element  techniques.  They  have  lead  to 
various  programs  that  work  successfully  now, 
although  a  few  numerical  difficulties  may 
still  remain  (irregular  frequencies...).  Most 
of  these  methods  require  the  use  of  a  Green 
function  which  expression  is  now  well  known 
but  not  very  easy  to  handle  from  the  numerical 
point  of  view  (see  Martin  /18/  and  Newman 
/I/).  Especially  in  the  finite  depth  case,  it 
becomes  rather  expensive  to  compute. 

The  Localized  Finite  Element  Method,  valid  in 
the  finite  depth  case,  is  an  interesting 
alternative  to  these  methods, as  it  does  not 
make  use  of  any  Green  function.  The 
development  of  this  method  has  been  shortly 
discussed  in  the  introduction.  As  far  as  the 
3-D  diffraction  radiation  problem  is 
concerned,  we  are  not  aware  of  any  numerical 
development. 

Let  us  recall  the  first  main  principles  of  the 
method  as  K.J.  Bai  established  them.  Even  if 
at  first  sight  our  formulation  seems 
different,  we  nevertheless  followed  his 
tracks . 

The  fluid  domain  is  divided  into  two 
subregions.  The  inner  domain  will  be 
discretized  into  finite  elements  while  an 
analytical  representation  of  the  solution  will 
be  used  in  the  outer  domain. 

Let  us  denote  by  SI  the  inner  domain 
delimited  by  : 

the  free  surface 
B  the  bottom 
r  the  body  surface 

a  ficticious  outer  boundary 


In  the  outer  domain  $  satisfies  : 


346  a"  "  v4fe  ''s  ’ 

34e  ^3"  =  0  0"  B  (P^  ) 

+  radiation  condition 

Let  us  now  assume  that  $•)  and  satisfy  (Pe) 
and  (Pi)  together  with  : 

®  2  ’  3  2  3  2 

n  n 

then  they  will  match  analytically  along  2 
and  respectively  be  equal  to  4/^  and 

to  1*/  si*/.q:  • 

So  let  us  define  the  operator  : 


T  :  (2)  +  H  (21 

- 

where  satisfies  (Pe)  and  the  Dirichlet 
condition  ^e/2” 

By  $  we  denote  the  solution  of  problem 

(P)  : 

0  in  jj. 

34/  3"  “  v4>  00  f's « 
g^gn  »  h  on  p,  (P) 

9^^  =  0  on  B, 

8$^^  =  -T$on  p 


In  domain  ST  the  restriction  of  the 
solution  ^  of  problem  (P*)  satisfies 

m  ‘  0*  $1* 

3W  “  vM  00  '"s' 

al6^  / ■  h  on  p,  (P. 


Through  this  last  matching  condition,  we  in 
fact  Impose  to  4  a  condition  which  is 
strictly  equivalent  to  the  radiation  condition 
at  infinity. 

So  4'  is  equal  to  4>*  /fl  and  problem  (P), 
though  settled  in  a  bounded  domain,  is 
strictly  equivalent  to  (P*).  The  problem  can 
now  be  treated  by  numerical  methods. 

The  main  Interest  of  the  method  lies  in  the 
fact  that  we  can  express  operator  T 
explicitly,  by  means  of  the  so  called 
eigenfunctions  of  the  outer  problem  which  sre 
easy  to  evaluate,  provided  2  is  a  cylinder 
of  vertical  axis  and  circular  basis.  This,  of 
course,  may  be  a  drawback  when  the  shape  of 
the  body  is  very  different  from  a  cylinder.  It 
will  lead  to  a  complicated  mesh. 


3W  ^3" 


0  on  B 
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Spectral  decomposition  of  operator  T 

The  eigenfunctions  of  the  following  problem 
provide  a  spectral  decomposition  of  operator 
T  : 


We  have  : 

^  nk’  n'k'^  nkn'k' 
(Kronecker  symbols) 


A4k  tk'lk 


3^^,  (0)/  f  W 


where  t  =  yl  =  Yl 

and  $|^(z)is  defined  over  (-h/O). 

This  set  of  eigenfunctions  can  be  easily 
obtained.  We  have  ; 


^^{z)  =  ch 


Thus  : 

+  “  +  ” 

Tf  =  I  I  if,  ^  ) 

n=-  "  k=0  nk  nk 

We  then  solve  Pe($pl^  )  (i.e.  (Pe)  with 
$nk  3S  Oirichlet  condition  on  j;  ). 
The  solution  is  of  the  following  type  : 

nk  nk  nk  ^ 


Substituting  this  relation  in  the  Laplace's 
equation,  formulated  in  cylindrical 
coordinates,  we  easily  identify  the 
functions^  as  being  the  Bessel  functions 
/19/  : 


\(z)  =  cos  \  (z+H)/“^ 

th  V  H  = 

0  0 

tg  \  H  = 


ai^,  k  =  0,  CO  have  been  determined  so 
that  11^  j  j  a  j 

k  L^(-H,  0) 

We  can  show,  by  means  of  the  compact  self 
adjoint  operators  theory,  that  the  '1‘k  make 
an  orthogonal  basis  ofH'{fi  */$l)  and  a  total 
set  inH1/2(l). 

Let  f  be  a  function  defined  over  E  .  We 
have  : 


"o  K'-i 


The  associated  functions  Ho  and  Im  have  been 
eliminated,  because  of  their  asymptotic 
behaviour  which  does  not  satisfy  the  radiation 
condition. 

Then  we  have  : 


T($nk)  “  «nk  6.  z) 


f(0,  z)  =  E  C  (z)e’ 

n=-a)  " 


4  "  "ynk  X 


Every  coefficient  Cn{z)  can  be  expressed  in 
terms  of  the  eigenfunctions  of  (Pk)  and  f  can 
be  expressed  in  the  following  way  : 


f-  *nk 

n=-m  k-0 


and  R  radius  of  I  ;  consequently  : 
Tf  =  ^  i  VK  "--(«) 

n-co  k=0  H-nk 


We  then  introduce  this  formula  into  problem 
IP). 


ins 

where  'S'^k  ’  '*ke  ^"5  (  ,  )  denotes  some 
scalar  product  1nL*(0,  2?)  x  '-H,  OJ 


(f.  g)  ’  JJ  fgd^dz 

✓an  ” 


111 .  Convergence  with  respect  to  the  rank  of 
truncation  of  the~expansion  s'erTes 

For  obvious  numerical  reasons,  we  must  limit 
the  expansion  series  to  a  finite  rank.  But 
doing  this,  we  must  verify  that  the  solution 
of  the  truncated  problem  tends  to  the  solution 
of  the  real  problem  when  the  number  of  terms 
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in  the  expansion  series  increases  to  infinity. 
It  is  also  interesting  to  know  whether  this 
number  of  terms  may  be  small  for  a  given 
accuracy,  because  of  the  influence  it  will 
have  on  the  computational  costs. 


we  are  lead  to  characterize  the  difference 
between  $  ,  expressed  by  the  whole  series 
and  .denoting  the  truncated  series  to  N 
Fourier  coefficients  and  K  eigenfunctions  of 
(Pk),  by  an  expression  using  N  and  K.  This 
will  imply  the  convergence  of  .  solution 
of  the  truncated  problem  : 

=  0  in  ft 


=  V  on  F, 
=  h  on  r 

=  0  on  8 

^03  ^<0  ^ « 

a*NK/3„  „  .  ^  I 
n=-”  k=0 


‘'nkJ^k 


The  various  convergence  properties  ot  the 
Localized  Finite  Element  Method  applieo  to  the 
2'D  sea-keeping  problem  have  already  been 
studied  by  Lenoir  and  Tounsi  /8/.  We  shall  sum 
up  their  arguments  for  the  convergence  of  the 
truncated  problam  relatively  to  K. 

Then,  their  will  be  very  little  work  to  do  to 
extend  the  result  to  the  3-0  problem,  by  means 
of  some  properties  of  the  Fourier  series 
expansion. 


Lenoir  and  Tounsi  give  an  estimation  of 
convergence  related  to  the  rank  of  the 
truncated  series,  by  applying  interpolation 
theory  between  Sobolev  spaces  /20/,  /21/,  in 
relation  to  the  weak  formulation  of  the 
eigenvalue  problem  (Pk)  defined  on  the 
interval  (-H,0).  They  first  studied  the 
convergence  of  the  truncated  series  expansion 
of  ,  This  problem  is  similar  to  the  one  of 
the  convergence  of  Fourier  series.  But  here, 
as  the  functions  involved  are  not  periodic 
functions  with  respect  to  z,  difficulties 
appear  at  each  extremity  of  the  interval.  That 
makes  things  more  complicated  and  leads  to 
weaker  results.  This  may  be  noticed  in  the 
definition  of  the  Sobolev  spaces  they  used  : 

0)  =  0).  0  <s  <  ^ 

Hg(-H,0)  «  g  (0)  -  ^,(0) 

3^s<^ 

(-H,0)/^-\(0)  -  ^-\{0) 

dy  dy 

g{0)  “  vy(0),^-^(.H)  ■  (-H)  -  0  } 

2  <s  <4 


The  interpolation  theory  gives  : 

H^(-H,o)  =  (HbVh,o),l1:-h,o);^_^^4 

0  <s  <4.  s  =  ^  .  S  =  ^ 

The  usual  topology  on  interpolated  Sobolev 
spaces  and  the  spectral  decomposition  of 
operator  T  defined  above,  lead  us  to  : 

X  e  h3  (-h.  0).  II  A  II  <  ----  II  X  II3 

Hg 

where  H^x denotes  the  truncated  expansion  of 
X  to  rank  K. 

As  far  as  the  3-D  problem  is  concerned,  let  us 
recall  a  result  concerning  coefficient  Ck  of 
the  Fourier  series  expansion  of  a  function  f  : 

f  c  .  .  k  e  N  , 

I  «  •')  I  <  -"=;r 

The  velocity  potential  that  we  have  expended 
in  FjOurier  series  is  C”  with  respect  to  0  . 
Ifil'^ii'  denotes  the  trunc^d  Fourier  series 
asjsociated  to  $  ,  and  4>the  expansion  of 

ll”il>  over  the  K  first  eigenfunctions,  we 
have  ; 


C  .  m  . 

j  <  +  .9.. 

Hl/2  n"’  K5/2 


IV.  Variational  formulation 


The  extension  of  Bai's  method  to  the  3-0  case 
has  been  undertaken  complementary  to  the 
Oami-!enoir  finite  element  -  integral 
representation  method.  This  is  the  reason  why 
problem  (P)  has  been  discretized  into  finite 
elements.  Nevertheless,  other  methods  could  be 
appl  led. 

When  applied  to  the  velocity  potential  1}  and 
a  trial  function  ij;  ,  the  Green  formula 
gives  : 
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J'jj  A*'?  dw  =  /  Q  jj  d  a 

-  4  7  ^  V  ¥  dw 

=  FjU  ).  U  B  U  r 


As  : 
as 

A$  =  0 

JjjWVFdw  =vJ'pj4>'?  cb  +  /pHFtb  -  Jj.T^'i'ce 
where 

"r 

Let  us  call  (w-j)  i  =  1,  M  the  shape  functions  of 
the  discretization  with  M  nodes.  We  can 
write  $  Wi  ,  where  $1  denotes  the 
value  of  $  ’at  the  node  number  i. 

As  trial  function  ^  ,  we  must  choose  any 
shape  function  wi .  We  thus  obtain  equation  (2) 
in  a  matrix  form  : 


A  part  of  the  narrow  banded  finite  element 
matrix  is  modified  by  the  boundary  terms  and 
filled  up  as  nodes  of  the  boundary  are  coupled 
with  each  other. 

Remark  : 

An  other  possible  discretization  is  obtained 
by  using  Lagrange  multipiers  as  J.  Bai  did  it 
himself. 

This  method  consists  in  considering  that  the 
coefficients  '*’nk^  i-’'®  analytical 

representation  are  supplementary  unknowns.  The 
missing  equations  are  given  by  the  matching 
condition  on  Z  : 

^k  (“i  «^k  ^  ° 


I  *^/Vw^VWj  "  V  [  «  ^w^Wj  +  /|^Wj 

-  ‘J'l/  Tw^Wj 

We  can  develop  the  coupling  term  : 

I  R w.)  = 
n,k  ^nk 


03 

It  follows  that  the  matrix  is  synmietrical 
though  not  selfadjoint. 

Strictly  speaking,  the  shape  functions  wi  are 
x.y,2  dependent.  But  it  is  more  convenient  to 
replace  them  in  the  integration  over  L  ,  by 
two-dimensional  shape  functions  Wi(z  )  which 
lead  to  analytical  integration. 

When  using  finite  elements  of  second  order,  as 
it  will  be  done  below,  the  two  fo"mu1ations 
are  consistant,  and  we  can  consider  that  the 
discrepancy  due  to  these  different 
interpolations  is  negligible,  when  compared  to 
that  due  to  all  other  sources  of 
discrepancies.  This  should  be  nevertheless 
justified. 


This  formulation  leads  to  a  bigger  matrix  but 
offers  the  advantage  of  giving  the 
coefficients  of  the  analytical  representation 
and  thus  the  velocity  potential  outside  of  the 
inner  domain  without  any  other  calculation. 

In  this  case  we  can  give  the  following  sketch 
of  the  matrix  : 


M 

As  we  said,  the  matrix  is  bigger  than  the 
finite  element  matrix  itself,  but  with  a  lot 
of  zeros  and  the  part  due  to  the  finite 
elements  (  which  is  narrow  banded  )  is  not 
modified  by  the  boundary  terms. 

V.  Numerical  results 

We  present  a  few  numerical  results  that  will 
help  to  precise  the  main  characteristics  of 
the  Localized  finite  Element  Method  by  n)ea''S 
of  appropriate  e.'-.aaiples. 

We  have  studied  the  diffraction  of  an  incident 
Airy  wave  by  a  circular  and  an  elliptic 
vertical  cylinder  “eaching  the  bottom  and 
piercing  the  free  surfrcc  .  Radiation  due  to 
sway  motions  has  also  been  calculated. 


Only  a  quarter  of  the  fluid  domain  has  been 
The  discretisation  we  exposed  gives  a  matrix  discretized  (see  scheme  1),  by  taking  into 
of  the  following  type  :  account  symmetry  and  antisymmetry  properties 

of  the  solution  with  respect  to  the  planes 
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X  =  0  and  y  =  0.  number  of  nodes  on  (s)  and 
the  total  number  of  elements  :  E.  The  main 
characteristics  of  the  different  meshes  vne 
used  are  presented  on  table  1  :  numbers  of 
elements  with  respect  to  r,  o  and  z 
(respectively  I,J  and  L),  total  number  of 
nodes  (M),  number  of  nodes  on  I  (S),  and 
total  number  of  elements  (E)  and  the  radius  of 
I  (R).  The  table  also  indicates  the 
characteristic  size  of  the  mesh,  denoted  by  h. 
This  length  is  the  largest  dimension  of  all 
elements  in  the  mesh. 


accuracy  of  5  and  0.5  ,  while  the  maximum 

relative  errors  are  7.2  and  1,23  . 


Convergence  of  the  discretization 

We  know  that  the  error  due  to  the 
discretization  into  finite  elements  of 
characteristic  length  h,  satisfies  : 

<  A  Log  (h) 


In  the  case  of  diffraction  by  a  circular 
cylinder,  the  calculated  velocity  potential 
has  been  compared  to  an  analytical  expression, 
called  Mac-Camy  formula  /22/.  The  discrepancy 
has  been  measured  by  evaluating  : 


e  =  sup 
i=l,N 


ui  _  $1  I 
e  ex 


This  has  been  tested  here  on  the  diffraction 
by  a  circular  cylinder  for  fixed  values  of  K, 
li  and  R. 

As  shown  on  figure  1,  we  could  verify  that  the 
Localized  Finite  Element  Method  follows  this 
law.  The  particular  set  of  shape  functions 
used  on  I  does  not  introduce  significant 
discrepancy. 


where  denotes  the  value  of  the  calculated 
velocity  potential  at  node  i ,  and  ,  the 
exact  value  of  the  potential  at  the  same  node. 
This  comparison  allowed  us  to  test  the 
validity  of  our  code. 

When  the  exact  solution  is  not  known  v<e 
replaced  it  by  calculated  values  with  a 
sufficiently  fine  -.aesh.  This  did  not  spoil  the 
investigation  we  made  of  the  Influence  of  the 
various  parameters  on  the  solution,  for  we 
only  needed  a  reference.  Then,  the  error  .has 
been  denoted  by  .  It  is  sometimes  worth  of 
interest  to  evaluate  the  discrepancy  only 
on  I  .  Then,  the  error  has  been  denoted 
ty  cj. 

Tests  with  eigenfunctions 

The  eigenfunctions  ( <knk)  solutions  of 
problem  (P)  with  an  appropriate  Neumann 
condition  on  I  .  Thus,  they  can  be  used  as 
exact  solutions  to  evaluate  the  accuracy  of 
the  discretization. 

This  accuracy  can  be  measured  in  two  different 
ways.  The  evaluation  of  c  ,  as  defined  above, 
provides  local  information  as  well  as  global 
information,  if  the  discrepancy  is  analyzed 
point  to  point. 

But  an  other  way  Is  to  calculate  the  scalar 
product  of  the  eigenfunction  chosen,  as  the 
test  function  with  Itself  and  the  others.  The 
vector  thus  obtained  can  be  compared  to  the 
Kronecknr  symbols. 

Such  results  concerning  the  first 
eigenfunction  k^O),  are  presented  on 
table  2.  Both  error  evaluations  give 
significant  results,  but  they  do  not  have 
exactly  the  satse  acailing.  The  scalar  product 
ce'iculatton  gives  a  mean  evaluation  of  the 
discrepancy  thet  can  be  reiated  to  the 
evaluation  vf  global  giiantities  as  efforts. 

The  other  error  calculation  indicates  the 
greater  discrepancy  aisong  all  nodes  of 
discretization,  in  this  carticular  case,  the 
Kronecker  sjeibols  are  approximated  with  an 


Convergence  with  respect  to  N  and  K 

We  have  then  paid  attention  to  the  variation 
of  the  accuracy  with  respect  to  the  number  of 
Fourier  series  terms  N  and  eigenfunctions  K. 

We  have  fi-st  solved  the  diffraction  problem 
with  several  values  of  parameter  P,  P  =>  N  +  K, 
with  N  =  K  ,  This  has  been  done  for  a  given 
fine  mesh  (m  ),  and  in  fact  for  a  given 
position  of  £  .  The  error  we  have  measured  is 
plotted  on  figure  2. a.  Although  it  is  a  rather 
rough  test,  we  can  notice  that  the  convergence 
with  respect  to  P  is  very  fast,  As  a  matter  of 
fact,  as  soon  as  the  error  Is  no  longer 
due  to  a  lack  of  terms  in  the  expansion  series 
but  to  the  roughness  of  the  mesh. 

Of  course,  the  velocity  potential  of  the 
diffraction  by  a  vertical  cylinder  is  a  rather 
smooth  function,  it  is  a  reasu.n  why  we  needed 
only  a  few  eigenfunctions.  Tnus,  in  order  tc 
investigate  further  the  scixirate  influences  of 
N  and  K,  wo  have  solved  the  radiation  problem 
of  the  Sway  motion  of  an  elliptic  cylinder, 
each  parasieter  h  and  K  took  the  values  ?,  A, 

6,  d,  U)  while  the  other  one  was  fixed  to  10. 

A  previous  convergence  study  had  shown  that 
K*N‘10  wUh  the  mesh  m  ,  gives  a  quite 
accurate  solution,  which  could  replace  the 
aos.ytisai  solution  in  the  evaluatiuo  ofc  . 
Tha  results  are  plotted  on  figure  2-b.  We  must 
first  point  out  that  it  Is  only  casual  that 
the  first  points  are  so  close,  ether  oxaar^fes 
would  give  separate  points.  However,  it  is 
verv  ‘nteresting  to  notice  that  the  specs  of 
convergence  is  less  strong  than  previously,  as 
the  function  is  more  disturbed.  We  oven  can 
say  'hat  the  solution  is  mere  disturbed  with 
respect  to  c  than  to  t.  This  explains  why, 
for  a  given  mosh.  tie  convergence  with  respect 
to  z  is  faster  than  that  with  respect  to  a 
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Size  of  thp  domain  and  disct'etizatiQr» 


For  testing  the  influence  of  the  position  of 
I  ,  we  solved  the  diffraction  by  a  circular 
cylinder,  using  different  meshes  ; 
m,  ,n^  ,ii\,  ,  ,11^  ,  corresponding  to 

increasing  R,  for  given  values  of  N  and  K. 

The  results  presented  in  table  3  show  an 
increasing  error.  This  is  unexpected  as  the 
radiation  condition,  taken  into  account  by 
expansion  series  on  T  ,  is  better  satisfied 
when  Z  is  farther.  But  if  we  pay  more 
attention  to  the  meshes  we  used,  this  's  in 
fact  a  very  significant  result.  For  increasing 
the  radius  of  2  ,  we  only  added  elements  on 
the  exterior  part  of  the  domain,  without 
changino  the  discretization  witn  respect 
to  0,  (except  for  the  last  mesh).  It  follows 
that  the  characteristic  length  of  the  mesh,  h, 
was  increased  very  quickly.  By  looking  at  the 
evaluation  of  e  ,  also  mentioned  in  table  3, 
we  can  notice  that  such  meshes  are  of  no  reed 
as  tT  is  unchanged  while  e  increases 
quickly. 

The  last  mesh,  m  s  ,  has  one  more  slice  of 
elements  with  respect  to  o  .We  can  notice 
that  Is  not  much  improved,  for  h  has  not 
been  substancial ly  improved;  but 
decreases  significantly. 

This  is  a  good  example  of  the  relative 
Influence  of  parameters  R,  N,  K,  h,  for  this 
type  of  problem  .  In  this  case,  the 
discretization  of  the  incident  wave,  that 
provides  the  Neumann  condition  on  T  ,  is 
essential.  TItis  explains  that  the  influence  of 
N  is  very  sensitive  to  parameter  N.  This 
suggests  to  introduce  in  the  code  a  few  simple 
tests  to  determine  these  values. 

Computational  times 

An  investigation  of  the  coitiputation.il  costs  is 
of  main  interest  as  they  are  expected  to  bo 
small  compared  to  those  of  methods  requiring 
the  Green  function  evaluation. 

Uo  already  can  predict  the  time  rates  with 
respect  to  the  parameters  involved  : 

-  we  know  that  the  finite  element  computation 
time  increases  as  M  ,  (H  denotes  the  total 
number  of  degrees  of  freedom). 

-  the  linear  system  is  solved  by  means  of  a 
Gauss  method  with  partial  pivoting.  The  time 
is  known  to  bo  proportional  to  H  , 

>  as  far  as  coupling  terms  are  concerned, 
if  S denotes  the  number  of  degrees  of 
freedom  on  y.  ,  wo  can  establish  that  the 
computational  time  is  proportional 
to  s’  (N  ♦  K)  ,  for  the  calculations 
with  respect  to  K  and  to  N  can  be  (uade 
separately. 

This  last  formula  can  be  verified  on  figure 
4-a,  where  times  corresponding  to  several 
numbers  of  terms  in  the  expansion  series  have 
been  plotted.  The  values  of  K  (and  R)  were 
fixed.  We  can  notice  a  very  good  agr-’<h3-itnf 
with  the  formula. 


Although  some  care  has  been  devoted  to  the 
computation,  the  program  used  cannot  be 
considered  as  a  production  computer- program. 
Thus,  time  results  are  only  to  be  considered 
relatively  to  others. 

An  example  corresponding  to  a  "realistic"  case 
is  presented  here.  Several  meshes  of 
increasing  accuracy  have  been  used  to  solve 
the  diffraction  by  a  vertical  circular 
cylinder.  Times  corresponding  to  rinite 
elements  calculation,  coupling  terms 
calculation  and  resolution  have  been  evaluated 
separately.  All  these  results  have  been 
plotted  on  figure  4-b  with  respect  to  H  and  S. 
We  first  can  notice  that  the  expected 
behaviours  of  the  computational  times  are 
verified.  But  the  main  remark  is  that  the 
computational  costs  for  finite  element 
calculation  and  for  the  solution  of  the  linear 
system  increase  drastically,  while  they  stay 
at  moderate  level  for  the  coupling  terms.  Two 
main  conclusions  can  be  drawn  from  this 
remark  ; 

-  as  expected,  the  calculations  replacing  the 
Green  function  evaluation  require  small  time 

-  on  the  contrary,  it  is  worth  it  Improving 
the  solution  method,  by  taking  Into  account 
the  fact  that  a  large  part  of  the  matrix  Is 
narrow  banded,  so  as  to  make  resolution  times 
comparable  to  those  of  other  methods. 

Concluding  remarks 

The  results  presented  here  are  only  a  first 
Investigation  of  the  main  characteristics  of 
the  localized  Finite  Element  Method. 
Nevertheless,  they  encourage  to  a  more 
complete  investigation  of  the  possibilities  of 
the  method. 

It  would  be  very  meaningful!  to  compare  the 
case  of  a  very  deep  bottom  to  Infinite  depth 
case.  So  as  to  detorwlne  more  precisely  when 
this  assumption  Is  valid.  The  method  could 
also  be  compared  to  Infinite  element 
techniques,  that  nave  been  developed  In 
fluid-structure  analysis  /23/. 
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Figure  1  :  Finite  element  convergence 
IDiffraction  of  an  Airy  wave  by  a 
vertical  cylinder) 
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Table  1  :  Main  characteristics  of  the  meshes  used 


2~a  Diffraction  of  an  Airy  wave  by  a  vertical  2-b  Sway  motion  of  an  elliptic  cylinder 
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Figure  2  :  Influence  of  the  truncation  of  the  expansion  series 
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Abstract 


Two  topics  on  the  numeric;!  solutioi:  of 
boundary-integral  equations  arising  in  linear 
wave-body  interactions  are  discussed.  The 
properties  of  a  spectral  technique  for  the 
solution  of  the  integral  equation  are  analyzed 
and  compared  to  the  conventional  collocation 
method.  It  is  shown  that,  using  this  tech¬ 
nique,  hydrodynamic  forces  predicted  by  the 
source-distribution  method  are  identical  to 
those  obtained  from  the  direct  solution  for 
the  velocity  potential.  The  second  part  of  the 
paper  investigates  the  numerical  properties  of 
a  method  which  removes  the  effects  of  the 
irregular  frequencies  for  bodies  of  general 
shape  at  a  small  computational  and  algorithmic 
overhead.  Its  performance  is  illustrated  in 
the  evaluation  of  the  heave  and  sway  hydro- 
dynamic  coefficients  of  a  circle  and  a  rectan¬ 
gle. 


1.  Introduction 

The  solution  of  boundary-integral  equa¬ 
tions  for  the  evaluation  of  the  linear  wave 
loads  on  marine  structures  is  a  common  task  in 
today's  practice.  Its  success  is  due  to  its 
algorithmic  simplicity,  the  esse  of  describing 
the  surface  of  a  three-dimensional  body  by  a 
collection  of  facets  and  the  moderate  size  of 
ine  linear  systems  to  be  solved.  These  are 
illustrated  by  its  widespread  use  by  aero- 
dynamicists  [  Bess  and  Smith  (1966)  ]. 

In  the  presence  of  a  free  surface,  the 
efficiency  of  the  method  relies  on  the  fast 
evaluation  of  the  wave-source  potential  which 
is  a  substantially  more  complex  function  to 
compute  than  its  counterparts  in  an  infinite 
fluid  and  an  acoustic  medium.  Existing  methods 
for  the  computation  of  its  values  and  deriva¬ 
tives  are  hard  to  evaluate,  since  it  is  the 
performance  of  the  integrated  radiation-dif¬ 
fraction  computer  programs  that  is  usually 
reported.  For  the  three-dimensional  comput¬ 
ations  reported  in  the  present  paper,  a  set  of 
very  efficient  algorithms  developed  by  Newman 
(1985a)  for  water  of  finite  and  infinite  depth 
and  coded  ia  fhe  subroutine  FINCREEN  have  been 
utilised. 


A  distinct  feature  of  wave  boundary- 
integral  equations  are  the  "  irregular  ” 
frequencies.  They  coincide  with  the  eigen- 
frequencies  of  the  interior  Dirichlet  or 
Neumann  probletiis,  and  are  known  to  introduce 
large  errors  in  the  predicted  hydrodynamic 
forces,  often  over  a  substantial  band  of 
frequencies.  A  comprehensive  analysis  of  the 
mathematical  properties  of  boundary-integral 
equations,  (with  emphasis  in  acoustics),  along 
with  a  survey  of  techniques  used  for  the 
removal  of  the  irregular  frequencies,  is  given 
in  the  recent  book  of  Colton  and  Kress  (1983), 
The  numerical  aspects  of  boundary-integral,  as 
well  as  finite-element,  hybrid-integral  and 
finite-element/boundary-integral  methods  in 
free-surface  flows  are  reviewed  by  Mei  (1978), 
Yeung  (1982)  and  Euvrard  (1983). 

The  first  part  of  the  paper  analyzes  the 
properties  of  a  technique  for  solving  bound- 
ary-integral  equations.  It  is  often  quoted  in 
the  literature  us  the  Galerkin  method.  In  most 
implementations  of  the  boundary- integral  for¬ 
mulation,  the  body  surface  is  approximated  by 
a  collection  of  N  plane  quadrilaterals  or  tri¬ 
angles.  The  conventional  collocation  method 
enforces  the  validity  of  the  equation  at  a 
single  point  on  each  panel,  usually  the  cen¬ 
troid.  The  method  proposed  here,  averages  the 
equation  over  each  panel  and  avoids  the  need 
to  select  a  collocation  point.  It  belongs  in 
the  general  category  of  "spectral"  tech¬ 
niques  which  express  the  solution  in  terms  of 
K  basis  functions,  and  then  pre-integrate  the 
product  of  the  equation  to  be  solved  with  each 
function  of  this  set.  Here,  the  i-th  basis 
function  has  the  value  one  on  the  i-th  panel 
and  zero  on  the  rest  of  th«cm. 


The  Galerkin  technique  has  a  set  of  inter¬ 
esting  symmetry  properties.  The  diagonal  ele- 
ements  in  the  added-masa  and  damping  matrices 
obtained  from  the  source-distribution  and  the 
Green  method  are  identical.  The  off-diagonal 
coefficients  A,  .,B.,  obtained  from  one 
method  are  idonJicat^to  the  A,.,  B..  coef¬ 
ficients  which  follow  from  the  Either,  More¬ 
over,  the  exciting  forces  obtained  from  the 
solution  of  the  Green  integral  equation  for 
the  diffraction  velocity  potential,  arc 
identical  to  those  obtained  from  the  Haskind 
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relations  with  the  radiation  velocity  poten¬ 
tial  supplied  by  the  source-distribution 
method,  and  vice  versa.  Analogous  results  do 
not  hold  in  the  collocation  method. 

Computations  of  the  hydrodynamic  coef¬ 
ficients  for  a  semi-submerged  spheroid  and  a 
truncated  vertical  circular  cylinder  have  been 
carried  out  by  Breit,  Newman  and  Sclavounos 
(1985).  No  substantial  difference  from  the 
predictions  of  the  collocation  method  has  been 
observed.  Near  the  irregular  frequencies,  the 
Galerkin  method  led  to  a  reduction  of  the 
error  and  the  frequency  bandwidth  over  which 
it  occurs.  In  principle,  it  requires  an 
additional  numerical  integration  for  the 
evaluation  of  the  infuence  of  panel  i  on  panel 
j.  In  Section  2,  an  algorithm  is  proposed 
which  rv>dt;ce8  substantially  this  overhead, 
while  maintaining  the  main  features  of  the 
Galerkin  technique. 

For  the  Green  integral  equation,  the  ir¬ 
regular  frequencies  coincide  with  the  eigen- 
frequencies  of  the  interior  Dirichlet  problem. 
Both  in  two  and  three  dimensions,  they  can  be 
suppressed  by  adding  an  artificial  lid  on  the 
interior  free  surface  as  suggested  by  Ohmatsu 
(1975)  in  connection  with  the  source-distri¬ 
bution  method,  and  by  Kleinman  (1982)  for  the 
Green  integral  equation.  This  approach  is 
effective,  but  may  lead  to  a  aubaCantiel 
increase  in  the  computational  effort,  espe¬ 
cially  in  three  dimensions.  Ogilvie  and  Shin 
(1977)  suggested  an  alternative  route  by 
adding  a  wave  source  at  the  origin  of  the 
coordinate  system,  assumed  to  lie  on  the 
interior  free  surface,  acting  as  an  absorber 
of  the  energy  associated  with  the  interior 
Dirichlet  eigensolutions.  This  approach  was 
implemented  in  two-dimensions  and  was  shown  to 
successfully  remove  the  first  irregular 
frequency,  at  a  small  additional  computational 
effort.  Ursell  (1982)  later  established  that 
any  number  of  irregular  frequencies  can  be 
removed  if  a  sufficient  number  of  singular¬ 
ities  are  added  at  the  origin.  No  implementa¬ 
tion  of  this  method  in  three  dimensions  is 
known  to  the  authors. 

Related  work  in  acoustics  predates  the 
studies  of  marine  hydrodynamicists  by  about  a 
decade.  Refe  rences  to  early  studies  can  be 
found  in  Colton  and  Kress  (1983).  Burton  and 
Miller  (1971)  proposed  a  methodology  which 
exploits  the  different  location  of  the  irregu¬ 
lar  frequencies  of  integral  equations  of  the 
first  and  second  kind.  The  linear  combination 
of  two  such  equations  for  the  exterior  Neumann 
problem  has  a  unique  solution  on  the  entire 
real  frequency  axis,  and  thus  is  free  of  ir¬ 
regular  frequencies.  The  condition  for  this  to 
occur  is  that  one  of  the  two  equations  must  bo 
multiplied  by  the  imaginary  unit  times  a 
positive  constant.  It  turns  out  that  the  asso¬ 
ciated  interior  homogeneous  problem  is  of 
mixed  Dirichlet  and  Neumann  type,  the  two 
being  90  degrees  out  of  phase.  Non-trivial 
eigen  si lutions  cannot  exist  s^nco  on  the 
interior  boundary  the  normal  velocity  is  90 


degrees  out  of  phase  from  the  velocity  poten¬ 
tial,  or  in  phase  with  the  pressure.  Thus 
energy  may  flow  out  of  the  interior  domain 
preventing  the  persistence  of  eigensolutions. 
The  direction  of  the  energy  flux  is  controlled 
by  the  sign  of  the  constant  used  in  the  linear 
combination  of  the  two  equations. 

Euvrard,  Jami,  Lenoir  and  Martin  (1981) 
were  the  first  to  adapt  this  methodology  to 
wave-body  interaction  problems.  Their 
formulation  combines  a  layer  of  finite 
elements  in  the  fluid  domain  which  encloses 
the  body  boundary,  with  a  boundary- integral 
representation  in  the  exterior  domain  analo¬ 
gous  to  that  outlined  in  the  preceding  para¬ 
graph.  Computations  of  the  hydrodynamic  coef¬ 
ficients  of  three-dimensional  bodies  were 
found  free  of  the  effects  of  irregular 
frequencies. 

In  the  present  paper  the  method  of 
Burton  and  Miller  (1971)  is  applied  to  the 
solution  of  the  radiation  problem.  It  corre¬ 
sponds  to  the  limit  of  a  finite-element  layer 
of  zero  thickness  in  the  scheme  of  Euvrard  et 
al.  A  circle  and  a  rectangle  have  been  anal¬ 
yzed.  Their  boundary  has  been  approximated  by 
straight  segments  and  the  equation  has  been 
satisfied  at  their  mid-point,  according  to  the 
collocation  method.  In  both  the  heave  and  sway 
added  mass  and  damping  coefficients,  errors 
have  been  suppressed  at  and  in  the  vicinity  of 
the  irregular  frequencies. 

The  associated  computational  and  algo¬ 
rithmic  overhead  is  small,  since  the  effort 
involved  in  the  computation  of  the  second 
derivatives  of  the  wave  source  potential  (they 
appear  in  the  kernel  of  the  equation  of  the 
first  kind)  is  not  large  relative  to  that 
required  by  itn  value  and  first  derivatives. 
In  deep  water  this  overhead  is  negligible 
because  of  the  existence  of  recurrence 
relations  which  relate  derivatives  of  high  to 
those  of  lower  order.  Moreover,  the  size  of 
the  linear  system  is  unaffected  by  the 
superposition  of  two  equations  over  the  same 
number  of  panels. 

The  method  is  currently  being  extended  to 
three-dimensional  problems  where  the  irregu¬ 
lar-frequency  effects  are  generally  less 
pronounced,  and  is  expected  to  be  effective 
for  bodies  of  general  shape.  This  is  believed 
to  be  the  case  because  the  addition  of  the 
integral  equation  of  the  first  kind  to  the 
Green  equation  essentially  corresponds  to  an 
additional  singularity  distribution  on  the 
actual  body  surface  rather  than  at  a  selected 
set  of  points  internal  to  its  boundary. 
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2,  The  Galerkin  method 

We  are  interested  to  evaluate  the  hydro- 
dynamic  pressure  on  the  surface  of  a  body 
interacting  with  regular  free-surface  waves. 
Linearity,  and  the  assumption  of  irrotational 
flow,  allows  the  reduction  of  the  problem  to 
the  evaluation  of  a  velocity  potential  ii  (x) 
which  satisfies  the  Laplace  equation  in  the 
fluid  domain,  the  linear  free-surface  con¬ 
dition,  a  prescribed  normal  gradient  v(x)  on 
the  body  surface,  the  vanishing  of  its  gradi¬ 
ent  at  large  depths  and  a  radiation  condition 
at  infinity. 

Two  boundary-integral  formulations  a.e 
common,  and  both  can  be  derived  from  Green's 
theorem.  According  to  the  source-distribution 
method,  ij>(x)  is  represented  by  a  distribution 
of  wave  sources  on  the  body  surface. 


'i'(x)  =  /  a(C)G(x;5)dC  (2.1) 

S 

where  G(x;  £1  )  is  the  wave-source  potential  at 
the  point  x  due  a  unit  source  located  at  the 
point  C  ,  Enforcing  the  normal  velocity  on 
the  body  boundary  leads  to  an  integral  equa¬ 
tion  for  the  strength  o  (x)  of  the  source 
distribution, 


-  7  a(x)  +  /  a 
S 


X  X 


V(x) 


(2.2) 


The  application  of  a  different  variant  of 
Green's  theorem  leads  to  an  integral  equation 
with  the  velocity  potential  itself  as  the 
unknown, 


-  7  *(x)  +  /  *(C) 

^  O 


J  G(5;x)dC 

S  5 

(2.3) 


angles,  assuming  that  the  unknown  functions 
have  constant  values  on  each  panel.  The 
equations  are  enforced  at  a  set  of  collocation 
points  usually  taken  to  be  the  centroids.  The 
Galerkin  technique,  proposed  here,  averages 
instead  the  equations  over  each  panel.  In 
discrete  form,  equations  (2.1)-(2.2)  become, 

h  j  =  i  3 

=  E  G  a. 

\  j=l  J 

(2.4) 

G  =  J  dx  j  d5  G(E|;x) 
ij  t;  q 

(2.5) 

^  n  A  +  E  0  ~  V,  A,  , 

-  2  i  j.l  ij  i  i  i 

(2.6) 

1=1 . N 

=  /  dx  / 

«  S,  Sj  =% 

(2.7) 

and  equation  (2.3), 

Vj' 

(2.8) 

i  =  1,...,N 

(2.9) 

where  A.  is  the  area  of  the  i-th  panel.  The 
integration  with  respect  to  the  x-variable 
introduced  by.^ie  Calerkin  averaging,  allows 
the  matrices  D  ,  D  and  G  to  preserve 
the  symmetry  properties  of  the  corresponding 
operators  in  the  continuous  case.  In  partic¬ 
ular,  the  matrix  G  is  symmetric,  thus 


Equations  (2,2)  and  (2.3)  are  adjoint  Fredholm 
integral  equations  of  the  second  kind,  since 
the  kernel  of  (2.2)  is  obtained  from  the 
transposition  of  the  arguments  of  the  kernel 
of  (2.3).  The  preference  of  the  one  versus  the 
other  depends  on  the  application  for  which 
they  are  being  considered.  If,  for  example, 
the  flow  velocities  are  required  then  equa¬ 
tions  (2.1)-(2.2)  appear  to  be  at  an  advantage 
since  the  evaluation  of  the  second  derivatives 
of  G  is  not  necessary.  If,  on  the  other  hand, 
only  quantities  dependent  on  the  velocity  po¬ 
tential  are  needed,  then  (2.3)  mnst  be  prefer¬ 
red  due  to  the  reduced  storage  requirements. 

Their  numerical  solution  is  usually  ob¬ 
tained  by  approximating  the  body  boundary  by  a 
collection  of  plane  quadr ilaterala  or  tri- 


“  ^ji  (2.10) 

find  the  matrices  D  and  D'  are  the 
transpose  of  each  other,  or 


,(G)  .  ^(S) 
Ij 


(2.11) 


The  proof  of  (2,10)  follows  from  the  symmetry 
of  the  wave-source  potential  with  respect  to 
its  arguments,  and  of  (2,11)  by  exchanging  the 
role  of  the  dummy  variables  under  the  integral 
signs  in  (2,7)  and  transposing  the  i  and  j 
indices.  Analogous  results  do  not  hold  in  the 
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collocation  method,  where  the  corresponding 
matrix  elements  are  obtained  hy  replacing  the 
integration  with  respect  to  the  x“variable  in 
(2,A)-(2.9)  by  the  selection  of  a  collocation 
point. 

Let  A  »  diagC  A^^),  and  define, 

D  =  -  i  A  +  (2.12) 

The  solution  for  the  velocity  potential 
obtained  from  equations  (2,4)-(2.7)  in  terms 
of  the  matrices  A,  D  and  G,  is  given  by 

=  A  G(D  )  A  V  (2.13) 


(S)  (G) 

Both  H  and  H  are  complex  scalars. 
Three  properties  follow  from  equations  (2.16) 
and  (2.17)  : 


1;  For  the  diagonal  hydrodynamic  coefficients 

^  ^kk^  ^  the 

vectors  u.  and  v.  are  equal  to  the 
values  on^  the  j-l’i  panel  of  the  unit  vector 
n^  which  points  out  of  the  fluid  domain. 
In  this  case  the  hydrodynamic  coefficients 
predicted  by  the  two  methods  are  identical, 
since 


-HJ'  -»■  -Vp  "p  -*■ 

V  W  V  =*  V  W  V 


(2.18) 


and  the  solution  of  (2.8)  by 


2)  For  the  off-diagonal  coefficients,  it 
follows  from  (2.16)  and  (2.17)  that 


=.  d"1g  V 


(2.14) 


For  an  arbitrary  normal-velocity  vector  v,  a 
necessary  condition  for  the  identity  of  the 
two  solutions  (2.13)_^nd  (2.14)  is  the  equa¬ 
lity  of^thj  matrix  D  G  with  the  matrix 
A  G(D)  A,  or  equivalently  the 
symmetry  of  the  matrix 


W  A  d'^G  (2.15) 


A  proof  that  W  is  symmetric  did  not  prove 
possible.  Numerical  experiments  for  a  model 
problem  in  two  dimensions  in  an  infinite  fluid 
revealed  that  the  matrix  W  is  "almost  symme¬ 
tric",  meaning  that  elements  with  symmetric 
locations  relative  to  the  principal  diagonal 
agreed  to  2-3  significant  digits.  This  sug¬ 
gests  the  proximity  of  the  values  for  the 
velocity  potential  obtained  from  each  method. 

The  hydrodynamic  forces  can  be  obtained 
from  the  solutions  (2,13)  and  (2,14)  by  multi¬ 
plying  the  velocity  potential  by  the  panel 
area  A^  and  the  vector  u.  which 
represents  the  "direction"  \)f  the  force  we  are 
interested  to  evaluate.  This  operation  is 
equivalent  to  a  pre-multiplication  of  the 
velc^city-potential  vector  by  the  vector 
(Au)  .  The  resulting  hydrodynamic  force 
obtained  form  the  aource-diatributicn  method 
is  given  by 


u  W  V 


(2.16) 


and  from  the  direct  solution  of  the  Green 
integral  equation, 

W  V  (2.17) 


where  $  »  is  the  incident-wave  velocity 
potential,  IfXj^is  the  diffraction 
exciting  force  in  the  k-th  direction,  it 
can  be  deduced  from  (2.16)  and  (2.17)  that 
the  force  predicted  by  the  source-distri- 
bution/Green  method  by  directly  solving  the 
diffraction  problem,  -'s  identical  to  the 
force  obtained  from  the  use  of  the  Baskind 
relation  with  the  velocity  potential 
supplied  by  the  solution  of  the  Green/ 
source-distribution  integral  equation. 

Computations  of  the  bydrodvnamic  coeffi¬ 
cients  of  a  spheroid  and  a  vertical  circular 
cylinder  using  both  methods  have  been  carried 
out  by  Breit,  Ncwnmn  and  Sclavounos  (1985).  A 
radiation-diffraction  computer  program  has 
been  written  for  the  hydrodynamic  analysis  of 
bodies  of  general  shape.  Their  wetted  surface 
is  approximated  by  a  collection  of  plane 
quadrilaterals  and  triangles,  as  illustrated 
in  Figures  1  and  2  for  a  quarter  of  the  sphor- 
roid  and  the  vertical  cylinder  respectively. 

For  inter-panel  distances  small  compared 
to  their  characteristic  dimensions,  the 
Rankine  singularity  (including  when  appropri¬ 
ate  its  image  with  respect  to  the  free  surface 
and  the  sea  bottom)  is  subtracted  from  the 
wave-source  potential  and  integrated  analytic¬ 
ally  over  the  panels.  For  large  distances 
between  the  panels  the  total  wave-source 
potential  is  integrated  by  quadrature.  The 
algorithms  for  the  integration  of  the  Rankine 
singularities  on  plane  quadrilaterals  and  for 
the  evaluation  of  the  wave-source  potential 
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have  been  developed  by  Newnan  (1985a  &  b)  and 
coded  in  the  aubroutines  FINGREEN  and  RPAN 
respectively.  The  four-node  Gauss-Legendre 
quadrature,  adauted  to  a  plane  quadrilateral 
of  general  shape,  has  been  used  for  the 
evaluation  of  influence  coefficients  in  both 
the  collocation  and  Galerkin  methods.  Sugges¬ 
tions  on  the  order  of  the  quadrature  to  be 
used  in  a  production  radiation-diffraction 
computer  program  are  discussed  at  the  end  of 
the  section. 

The  hydrodynamic-force  predictions  of  the 
collocation  and  Galerkin  methods  did  not 
differ  substantially  away  from  the  irregular 
frequencies.  Tabulated  results  of  high 
accuracy  are  reported  in  Breit,  Newman  and 
Sclavounos.  Figures  3  and  A  illustrate  the 
behaviour  of  the  two  methods  at  the  first 
heave  irregular  frequency  of  the  spheroid  and 
the  cylinder  respectively.  The  solid  lines 
represent  the  predictions  of  an  independent 
curvilinear-panel  program  for  the  spheroid, 
and  a  Fourier-transformed  time-domain  solution 
for  the  cylinder.  The  Galerkin  predictions 
appear  to  be  less  sensitive  to  the  irregular- 
frequency  errors,  especially  for  the  spheroid 
coefficients. 


Figure  1  :  Discre'  iiation  of  a  quarter  of  the 
surface  of  a  prolate  sphepoid  (B/L  - 
’/8)  by  64  panels. 


The  Galerkin  technique  requires  an  ad<' 
tional  integration  for  the  evaluftion  of  each 
element  in  the  D.  .  and  G..  matrices,  [eq. 
(2.4),  (2.9)]  rtlativy  to  the  collocation 
method.  It  is  reasonable  to  assume  that  the 
accuracy  in  the  integration  over  the  i-th 
panel  needs  to  be  no  higher  than  that  over  the 
j-th  panel.  Concerning  the  Rankine  source  and 
dipole,  analytical  expressions  for  the  double 
integral  over  a  pair  of  plane  quadrilaterals 
are  not  known  to  the  authors.  When  the  analyt¬ 
ical  expressions  are  utilized  for  the  evalu¬ 
ation  of  the  Rankine  source  and  dipole  inte¬ 
grals  over  the  j-th  panel ,  a  four-node  Gauss- 
Legendre  quadrature  is  suggested  for  the  inte¬ 
gration  over  the  i-th  panel.  Since  this  result 
is  frequency- independent  it  may  be  evaluated 
once  and  stored. 

The  integrals  of  the  remaining  slowly- 
varying  but  frequency-dependent  parts,  can  be 
evaluated  using  a  quadrature  scheme  of  the 
same  order  f^r  the  j-th  and  i-th  panels.  In 
the  collocation  method,  the  use  of  a  four-node 
Gauss  quadrature  causes  an  increase  by  o 
factor  of  four  in  the  number  of  evaluations  of 
the  wave-source  potential,  versus  the  single- 
node  centroid  integration.  This  factor  may  be 
as  high  as  sixteen  in  the  Galerkin  method. 
Optimality  requires  that  errors  due  to  qua¬ 
drature  and  the  approximation  of  the  geometry 
by  plane  panels  must  be  of  comparable  mag¬ 
nitude.  This  cay  be  achieved  by  increasing  the 
number  of  panels  and  utilising  a  single-node 
quadrature.  This  decision  depends  on  the 
efficiency  in  the  evaluation  of  the  wave- 
source  potential,  the  solution  of  the  linear 
system  and  the  computing  environment.  If  the 
a  ingle-node-quadrature  route  is  selected,  the 
collocation  and  Galerkin  methods  are  compara¬ 
bly  expensive  over  a  large  number  of  fre¬ 
quencies. 


Figure  2  :  Discretisation  of  a  quarter  of  the 
wetted  surface  of  a  truncated 
vertical  cylinder  (R/T  -  2)  by  128 
panels. 
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3.  Irregular  freouenciee 


Figure  3  :  Heave  added-mass  and  damping 
coefficients  of  a  prolate  spheroid  (B/L  “  1/8) 
near  the  first  irregular  frequency,  made  non- 
dimensional  by  the  displaced  volume  the  water 
density  and  the  frequency  of  oscillation.  The 
solid  line  is  obtained  from  an  independent 
curvilinear-panel  program  and  the  tick  marks 
are  predictions  form  the  plane-panel  program, 
[From  Breit,  Newman  and  Sclavounos  (1985)] 


Figure  4  ;  Heave  added-masa  and  damping 
coefficients  of  a  truncated  vertical  cylinder 
near  the  firit  irregular  frequency,  made  non- 
dimenalonal  by  the  dlsplscid  volume  the  water 
density  and  the  frequency  of  oacilletion.  The 
solid  line  is  obtained  from  the  Fourier  trans¬ 
form  of  an  independent  time-domain  program  and 
the  tick  murks  at*  prsd Jet  ions  form  the  plane- 
pane*  program,  [From  Breit,  Newman  ard 
Sclavounos  (1985)} 


The  Green  integral  equation  (2.3)  is  known 
to  possess  non-vanishing  homogeneous  solutions 
at  a  discrete  set  of  frequencies  which  corre¬ 
spond  to  the  eigenfrequencies  of  the  interior 
Dirichlet  problem.  Their  detrimental  effect  in 
the  numerical  predictions  of  the  added-mass 
and  damping  coefficients  of  surface-piercing 
bodies  has  been  illustrated  in  Figures  3  and 
4. 

Although  a  discrete  set  in  the  continuous 
case,  their  presence  in  the  discrete  problem 
is  manifested  by  substantial  errors,  often 
over  a  quite  wide  frequency  band  around  their 
exact  location.  This  is  due  to  the  bud  "con¬ 
ditioning"  of  the  integral  equation  (2.3)  not 
only  at,  but  also  in  the  vicinity  of  the  ir¬ 
regular  frequencies.  Bad  conditioning  is 
known  to  cause  large  errois  in  the  solution 
when  a  small  perturbation  is  imposed  on  the 
equation.  In  vave-body  interactions  sources  of 
such  perturbations  are: 

1)  The  approximation  of  the  body  boundary. 

2)  The  approximation  of  the  velocity  poten¬ 
tial. 

3)  Errors  in  the  evaluation  of  the  wave- 
source  potential. 

4)  Quadrature  errors  in  the  evaluation  of 
the  influence  coefficients. 

5)  The  approximate  way  in  which  the  equation 
is  being  satisfied. 

6)  Roundoff  errors  in  the  solution  vf  the 
linear  system. 


A  measure  of  the  ratio  of  the  output 
versus  the  input  errors  in  the  solution  of 
integral  equations  is  often  supplied  by  the 
"condition  number".  Explicit  definitions  of  it 
are  known  for  matrix  equations.  Thus  the 
discrete  form  of  an  integral  equation  may  be 
used  to  obtain  an  estimate  of  it. 

Numerical  experiments  indicate  that  the 
errors  and  frequency  bandwidth  of  the  irregu¬ 
lar  frequencies  decrease  with  increasing 
numb'^rs  of  panels.  The  associated  computation¬ 
al  cost,  however,  provente  this  to  be  consid¬ 
ered  s  viable  treatment  in  practice.  A  short 
survey  of  successful  methods  for  the  remuvsl 
of  the  irregular-frequency  effects  has  been 
givv,n  in  the  'itroduction. 

The  method  of  Burton  and  Miller  (1971), 
duvelopcd  for  the  solution  of  an  acoustic 
scattering  integral  equation,  is  here  adapted 
to  the  wave-body  interaction  problem.  The 
Green  equation  (2,3)  is  valid  for  a  point  x  on 
the  body  boundary.  If  x  lies  in  the  fluid 
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domain,  the  factor  1/2  which  multiplies  the 
first  term  needs  to  he  replaced  by  unity. 
Taking  the  derivative  of  both  sides  in  the 
direction  of  the  unit  vector  n  which  points 
out  of  the  fluid  domain,  and  letting  the  point 
X  approach  the  body  boundary,  we  obtain 


The  numerical  conditioning  of  equation 

(3.1)  is  worse  than  that  of  the  Green  equation 
(2.3).  This  is  generally  known  to  be  true  for 
integral  equations  of  the  first  kind.  Hence, 
the  perturbations  1-6  cause  errors  in  the 
solution  of  (3.1)  large  relative  to  those  in 
the  solution  of  (2.3). 


For  a  prescribed  normal  velocity,  (3.1)  is  an 
integral  equation  of  the  first  kind  for  the 
velocity  potential  on  the  body  boundary.  Its 
irregular  frequencies  correspond  to  the  eigen- 
frequencies  of  the  interior  Neumann  problem. 
Burton  and  Miller  (1971)  show  that  the  linear 
combination  (2.3)  +  i  ti(3.1),  or 

-  J  «(X)  +  /  (1  +  ic.  )G(C;x)aC  = 

sc  X 


j£i.  i$_  +  f  (1  -!■ 

r  3n  ^  J  3rv 
X  S  C 


-)G(x;C)dC 


(3.2) 


has  no  real  irregular  frequencies  for  real  and 
positive  values  of  the  parameter  a  .  Numeri¬ 
cal  experimentation  suggests  that  for  values 
of  the  parameter  a  ranging  from  0.2  to  0.3, 
the  performance  of  (3.2)  is  optimal,  A 
discussion  of  the  properties  of  equations 

(2.3),  (3.1)  and  (3.2)  for  acoustic-wave  prob¬ 
lems,  is  given  by  Colton  ana  Kress  (1983). 


Ap  oroximating  the  body  boundary  by  a 
collection  of  panels  S.,  and  satisfying 
0.2)  at  collocatiotP  points  located  at  the 
panel  centroids,  we  obtain  the  discrete  set  of 
equat ions 


^  ^  j-i  J  "'‘c  x^ 


i”  V  +  I  V,  J  (1  +  ia  |^-~)c(x^;i:)dC 
2  i  j-i  J  Sj 


i  .  1,....N  (3.3) 


The  integral  of  the  double  normal  deriva¬ 
tive  of  the  singular  part  of  the  wave-sovree 
potential  needs  careful  interpretation  For 
i- j ,  it  ia  equal  to  the  normal  velocity  on  th» 
panel  due  to  a  diat-ribution  of  dipoles  of  con¬ 
stant  strength  on  its  surface,  this  value  is 
known  to  exist  tt  points  not  lying  on  its 
edges. 


The  effect  of  equation  (3.1)  on  the  solu¬ 
tion  of  (3.2)  is  controlled  by  the  magnitude 
of  the  positive  quantity  o  .  If  u  =0,  (3.2) 
redirces  to  the  Green  equation.  For  finite 
values  of  a  ,  (3.2)  is  expected  to  be  free 
of  irregular  frequency  effects.  This  turns  out 
not  to  be  the  case  iss  practice  for  very  email 
values  of  a  which  damp  excessively  the 
effect  of  equation  (3.1).  In  this  case  the 
error  in  the  hydrodynamic  hydrodynamic  coef¬ 
ficients  near  the  irregular  frequencies  of 

(2.3),  although  reduced,  is  still  substantial. 
For  large  values  of  a  ,  the  effects  of 
equation  (3.1)  are  dominant.  The  predicted 
coefficients  are  now  erroneous  near  its  own 
irregular  frequencies.  Smaller,  but  still 
noticeable,  errors  are  also  present  for  ail 
frequencies  due  to  its  poor  conditioning.  The 
magnitude  of  both  can  be  obviously  controlled 
by  the  selection  of  a  sufficiently  small  value 
of  a  which  strikes  s  balance  between  the 
errors  coming  frem  the  irregular  frequencies 
of  the  Green  equation  (2,3)  and  those  coming 
from  the  ill-conditioning  of  equation  (3.1). 

Computations  of  the  hev.vo  and  sway  coef¬ 
ficients  of  a  circle  and  a  rectangle  (B/T“2), 
indicate  that  the  value  of  a  «>0.2  produces 
satisfactory  results  over  a  wide  range  of  fre¬ 
quencies.  A  value  of  less  than  one  is  not 
surprising.  If  the  error  in  the  solution  of 

(3.2)  resulting  frem  the  presence  of  equations 

(2.3)  is  to  be  comparable  to  the  error  due  to 
equation  (3.1),  the  value  of  a  must  be 
comparaable  to  the  ratio  of  their  condition 
numbers  which  is  a  quantity  with  magnitude 
less  than  one. 

A  computer  program  has  been  vritten  for 
the  Uydrodynsttde  analysis  of  scctiona  of  gene¬ 
ral  shape  in  deep  wster  I  Sclavounoa  (1985)  ]. 
The  computational  effort  involved  in  the  set¬ 
up  and  solution  of  the  discrete  equations 

(3.3) ,  is  for  all  (.ractieal  purposes  compara¬ 
ble  to  that  required  when  o  •0.  This  is  due 
to  the  existence  of  rocuirence  relations 
which  express  higher  derivatives  of  the  wave- 
source  potential  in  terms  of  derivatives  of 
lower  order.  The  siae  of  the  linear  system  is 
unaffected  by  i.he  addition  of  (3.1)  to  the 
Green  equation. 

Figure  5  presents  the  heave  hydrodynamic 
coefficients  of  the  circle  atnl  the  rectangle 
near  the  firat  irregular  frequency  of  equation 

(2.3) .  Fredictions  for  a  "O,  3.02  and  0.2  arc 
compared  to  those  obtained  from  the  hybvid- 
irtet,ral  solution  of  Nestegard  and  Bclavounos 
(198A)  which  is  known  to  be  free  of  irregulsr- 
frequency  effects.  The  corresponding  results 
for  away  are  presented  in  Figure  6  with 
analogous  conclusions. 
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Figures  7  and  8  illustrats  the  perfonaaoce 
of  equation  (3.3)  near  the  first  irregular 
frequency  of  equation  (3.1).  Results  are  pre¬ 
sented  for  o  “  0,  0.2  and  from  the  solution 
of  equation  (3.1)  alone.  The  predictions  for 
a“0  are  accurate  over  that  frequencv  range, 
and  are  in  good  agreement  '.ith  t'i»  results 
for  a  “0.2.  The  larger  d: scrapaacies  occur 
in  the  heave  damping  coefficients,  but  toese 
are  probably  due  to  its  small  values.  The 
predictions  from  equation  (3.1)  display  the 
ezcpected  error  near  its  first,  irregular  fre¬ 
quency.  Evident  is  also  a  ncn-negligible  er¬ 
ror  over  a  wider  frequency  range,  mainly  in 
the  sway  coefficients.  This  is  larger  than  the 
corresponding  error  associated  with  equation 
(2.3),  and  is  due  to  the  larger  condition 
number  of  equation  (3.1).  The  effect  of  (3.1) 
in  the  composite  equation  (3.3)  is  here  re¬ 
duced  by  the  selection  of  a  value  for>(equal  tc 
0.2. 

In  all  cases  tested,  half  of  the  boundary 
of  the  sections  analysed  has  been  approxiiaated 
by  10  straight  segments.  Away  from  the  irregu¬ 
lar  frequencies,  the  agreement  between  the 
coefficients  obtained  from  equation  (3.3)  for 
u  "0.2  and  the  numerical  scheme  of  Kestegard 
and  Sclavounos  is  very  good.  Work  is  currently 
in  progress  for  the  extent  ion  of  the  present 
method  to  three  dimensions. 
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Abstract 

Fully  three-ditnensionnal  solution  for  the 
transient  free  and  forced  motion  of  a  floating 
(or  immersed)  body  is  given.  The  linear  system 
of  equations  is  considered  for  small  amplitude 
.motions  of  the  body.  The  numerical  method  is 
widely  described  and  proceeds  in  four  steps  ; 
(i)  reduction  to  a  bounded  domain  using  an  in¬ 
tegral  representation,  (ii)  variational  formu¬ 
lation  in  the  bounded  domain  of  the  continuous 
problem,  (iii)  second  order  finite-differences 
discretization  in  time,  (iv)  second  order  fi¬ 
nite  element  discretization  in  space.  Many  nu¬ 
merical  applications  ensure  the  stability  and 
the  convergence  of  this  algorithm  and  the  ef¬ 
ficiency  of  the  nunerical  code.  Some  results  of 
practical  interest  are  also  given. 

I .  Introduction 

With  the  increasing  power  of  computers,  the 
numerical  study  of  rea’  flow  situations  is 
every  day  nearing  the  goal.  For  mechanical  sys¬ 
tems,  the  firet  step  in  this  study  is  the  solu¬ 
tion  of  linear  appro.ximations .  In  naval  hydro¬ 
dynamics,  periodic  and  steady  solutions  are 
still  in  progress  ;  nevertheless,  some  major 
contributions,  during  the  last  decade,  have 
already  been  devoted  to  the  solution  of  unstea¬ 
dy  motions.  Recently,  we  gave  the  solution  of 
the  irrotationnal  flow  past  a  submerged  body 
undergoing  forced  twtions  of  sfaall  amplitude 
ill. 

More,  we  present  an  extension  in  the  largo 
of  the  previous  paper.  The  case  of  a  floating 
body  leads  to  a  formulation  of  the  problem  in 
tunas  of  the  velocity  potential  and  the  free 
surface  elevation  ;  a  titae  discretization  of 
the  linearized  free  surface  condition  have  been 
introduced  and  the  way  of  reducing  the  problem 
to  a  bounded  domain  by  an  integral  representa¬ 
tion  formula  have  been  generalized  following 
S?!.  Moreover  the  dynamical  equations  for  the 
rigid  body  have  been  added  to  the  previous  set 
of  fluid  equations. 


Therefore  general  notions  of  small  ampli¬ 
tude  of  arbitrarily  shaped  3-D  bodies  initially 
at  rest  and  subject  to  any  external  forces  can 
be  considered.  Such  a  general  situation  is  not 
often  analyzed  and  the  bibliography,  except 
some  theoretical  studies,  is  not  very  large  ; 
only  2-D  flows  have  already  been  considered 
[3J,  [4],  rS]  where  moreover,  only  initial  dis¬ 
placements  have  been  given  to  the  body  and  no 
sustained  forces.  Thus  in  our  studies,  the  va¬ 
lidity  0?  the  numerical  results  has  to  be  pro¬ 
ved  using  either  general  results  of  applied 
mathematics  when  an  exact  transient  solution 
can  be  worked  out,  or  elementary  physical  con¬ 
siderations. 

Before  giving  any  further  detail  on  our 
foraulation  and  its  description  in  this  paper, 
let  first  introduce  the  linear  set  of  equations 
to  be  solved. 

Consider  a  floating  body  which  hull  is 
denoted  by  at  time  t  in  a  fixed  frame  of 

reference  (0  ;  x,  y,  z)  where  Oy  is  upward  ver¬ 
tical  as  showti  in  figure  1  ;  at  the  sane  ticse 
the  moving  free  surface  is  denoted  by  I‘  with 
equation  y  =  f',(x,  t  I  t)  and  the  fluid  ^ 
domain  by  i!  .  The  body-fluid  system  is  suppo¬ 
sed  to  bo  at  rest  at  the  initial  tiw  t  =>  C-, 
its  free  surface  being  the  plaice  (y  »  0). 


Fig.l  ;  Tlie  Floating  Body  and  the  Free  Surface 
at  tifw  t. 


•The  Groupe  d'Hydrodynamique  Navale  (EfiSTA)  is  associated  with  the  CNRS  and  the  LSniverslie 
Pierre  et  Marie  Curie  (PARIS  VI), 


The  irrotational  motion  of  an  in  viscid 
fluid  past  the  body  is  described  by  the  velo¬ 
city  potential  $(x,  y,  z  ;  t)  in  :  using 
the  continuity  equation  for  the  incompressible 
fluid  motion,  the  Bernoulli  and  kinematic  con¬ 
ditions  on  the  free  surface  and  the  slip  con¬ 
dition  on  the  hull  for  forced  motions,  the 
general  system  of  equations  for  {4>,  q)  fonns 
a  well  known  non-linear  problem  set  in  an  un¬ 
known  unbounded  domain  [6].  No  attempt  to  give 
a  complete  solution  of  this  problem  is  yet 
possible  ;  moreover,  when  the  body  is  f.-eely 
floating,  the  position  of  the  hull  is  also 
unknown  and  it  is  necessary  to  add  to  the  pre¬ 
vious  system  the  fundamental  equations  of  dy¬ 
namics  for  the  body. 


When  motions  of  small  amplitude  are  consi¬ 
dered, it  is  also  well  know.)  that  the  system 
described  above  can  be  linearized  and  reads, 
in  non-dimensional  form  ; 


A$=0 

n  +  -P-  0 

<!'  =  0  on  r„ 


dit  dX  A  „ 

^  -  3T  .  N  =  0  or 

M  ^  +  IB  +  ih-  ^ 
dt^  dt 


in  for  t  >  0  (1) 
o  '  ' 


on  r  for  t  >  0 

^  (3) 

and  n=0  at  t=0  (4) 


on  Sp  for  t  >0  (b) 

ds  +  +  (b) 


+  (VO'M)Y 


t  and  =  0  at  t  =  0 
where  notations  are  as  follows  ; 


.  1?  e  R'"  is  the  vector  of  instantaneous  posi¬ 
tion  and  rotation  of  the  body  with  the 
location  of  at  t  0 

.  Vo  and  M  art;  respectivsly  the  iwaersed  vo¬ 
lume  and  the  mass  of  the  body 

.  =  (n,  OM  ti)  is  the  generalized  normal 

pointing  inside  th*  body  at  point  M  on 

.  H  and  S  are  respectively  the  generalized 
raass-rnatrix  and  tr\e  matrix  of  hydrostatic 
re'-toring  coefficients 

.  ?  and  S  are  given  data  ;  T  being  the  ex- 
0  ^ 
citing  external  vector  of  force  and  moiBeot 
and  8  a  matrix  ot  dancing  coefficients  deri¬ 
ved  from  expo r1  mental  data  to  take  into  ac- 
<x-ufit  the  effect  or  viscosity. 


Problem  {l)-(b)  with  a  given  ?  is  referred 
to  as  the  “fluid  problem"  ;  general  results 
are  given  irr  §  11  wnere  two  kinds  of  reduction 
to  a  bounded  domain  for  the  continuous  pro¬ 
blem  is  detailed,  neRiely  the  Dtr1chlet-(as  in 
ref.il])  and  Fourier-Integral  Boundary  condi¬ 
tions.  Note  that  this  fomulaticn  is  fohdaraon- 
tally  different  from  Boundarj-  Integral  equa¬ 
tions  as  used  in  (3]  and  i43.  The  dynamic 


equations  for  the  rigid  body  are  derived  in 
§  III. 

A  theorem  of  existence  and  uniqueness  for 
the  problem  (l)-{7)  has  been  derived  in  [7] 
in  the  case  of  a  finite  depth  of  the  ocean  ; 
the  corresponding  proof  in  the  infinite  depth 
case,  referring  to  the  functionnal  analysis  of 
problem  (l)-{5)  given  in  [IJ,  can  easily  be 
perfonned.  The  complete  problem  is  considered 
in  §  IV.  The  convergence  results  for  the  nu¬ 
merical  schemes,  based  on  the  knowledge  of  a 
transient  exact  solution,  are  given  in  §  V  and 
some  numerical  applications  are  presented  in 
§  VI. 

II  -  THE  FLUID  PROBLEM 

We  shall  consider  here  the  system 
of  equations  (l)-(5).  Note  first  that 
equations  (2)  and  (3)  can  be  combined, 
eliminating  the  free  surface  elevation 
t|  and  thus  resulting  to  a  single  free 
surface  condition  for  the  velocity  po¬ 
tential  which  reads 

I'i  +  ^  =  0  on  r  for  t  >  0  (3). 

St'  3y  ° 

Moreover  from  equations  (3)  and  (4) 
the  initial  conditions  for  •{)  become 

$=0  and  —  =  0  on  "  at  t  C  (9) . 


Let  us  now  suppose 

V  =  — .i*i  on  for  t  >  0  (10) 

dt  ^ 

is  a  given  data.  We  then  denote  P^(v)  the  com¬ 
plete  unsteady  problem  for  0  defined  by  equa¬ 
tions  ( 1) ,  (8),  (9)  and  (5) . 

For  the  case  of  a  submerged  body,  a  theo¬ 
rem  of  e.x1stence  and  uniqueness  for  preblem 
P^(v)  with  regular  data  v  is  given  in  IBl. 

I L. L_f P nct-ongl  analyst;. 

lie-  denote  L*(0)  the  space  of  square  inte- 
grable  functions  defined  over  0  :  the  latter 
being  a  bounded  or  undovnded  sot  in  B'  op  any 
bounded  or  unbounded  surface  1n(p’.  The  suh- 
sp.iee  h'(o)  of  is  the  space  of  elements 

of  L*{0)  whose  first  derivatives  arc  also  in 
L'(e).  is  the  space  of  functions  whose 

restrictions  to  any  compact  subset  K  of  6 
belong  to  H*(K).  Note  also  that,  for  subsequent 

use  in  the  text,  the  traces  on  the  boundary  3© 
of  functions  In  hM©]  belong  to  the  subspace 
of  L*(5S)  denoted  H^{30).  In  the  case  where 
elcRients  of  H^O)  have  their  Laplacian  in  L’(D), 

fro#  Green's  identity  considered  in  the  sense 
of  distributions,  tlie  noMRal  derivatives  of  those 
elesents  on  the  toundary  3G  belong  to  the  snsce 
H*V*{se)  which  is  thus  defined  as  the  dual  space 
ot  H«  lk». 


Neglecting  the  lowerseript  0,  let  us  now 
return  to  the  notations  of  our  problem.  f2  is 
the  unbounded  domain  in  R’  with  boundaries  S, 
bounded,  and  r  unbounded.  Problem  P.(v)  is 
split  into  two  problems,  the  first  ^of  which 
denoted  Q((|>,v)  is  similar  to  PAy)  but  has  a 
given  Dirichlet  condition  (fi  onT  instead  of 
(8)  ;  the  second  problem  is  a  wave-type  equa¬ 
tion  for  Ip  such  that  the  solution  of  0(41, v)  is 
also  a  solution  of  P^(v). 

_l/2 

Lemma  1  :  For  given  v  e  H  (S)  and 

<)>  e  n  L^(r),  problem 

Q{(j),v)  has  a  unique  solution  with 
first  derivatives  in  L*(fi). 


is  a  bounded  operator  in  L^{r). 

This  is  a  well  known  result  of  [13]  ;  it 
will  be  also  used  in  the  next  paragraph. 

With  some  additionnal  results  which  can  be 
found  in  [8],  we  can  give  the 

Theorem  1  :  At  each  time  t  >  0,  problem  P^(v) 

has  a  uniaue  solution  $  « 

of  bounded  kinetic  energy  with 
trace  on  F,  p  e.  H^(r).  Moreover 

the  time  derivative  belong  to 

L^(r). 


The  proof  of  coerciveness  of  Q(ip,v)  is  a 
consequence  of  general  results  of  [9]  and 
[10]  ;  the  lemma  follows  then  from 
LAX-MILGRAMM  theorem.  Solution  of  Q(<ti,v)  are 
said  of  bounded  kinetic  energy  in  51. 


We  now  introduce  solutions  41  of  Q{0,v) 
and  iti  of  Q((|),  0)  ;  from  the  general  functio¬ 
nal  notations  above,  it  is  an  easy  matter  to 
define  the  normal  derivatives  of  4>  and  <t>i  on 
r.  We  thus  define  the  operators  ° 

94> 


(11) 


and 

*-♦  Ki  <j) 


34*  I 

»  y  |r 


(12) 


As  existence  of  such  a  solution  is  a  con¬ 
sequence  of  the  construction  above,  only  uni¬ 
queness  has  to  be  proved  ;  it  is  then  easy  to 
see  that  the  total  energy 

E(t)  -  J  Igrad  +  j  ||||^  ,  (16) 

51  r 

is  a  constant  for  vanishing  data  v.  Thus  the 
only  solution  of  the  homogeneous  problem  P*(0) 
is  a  constant  which  can  only  be  zero. 


1 1. 2  Integra!  ■■•epresentations 


We  denote  Rl  the  lower  half  space  (y  <  01. 
For  any  fixed  point  M  in  Kl,  we  define 


K  is  a  bounded  operator  in  L*(S)  and  Ki 
is  a  ‘^self-adjoint  positive  unbounded  operator 
in  L*(r)  with  domain  H'(r).  Th^s  allows,  for 
real  s,  the  definition  of  the  power  KS  [11] 
with  domain  H5(r),  [12].  ^ 


The  unsteady  part  of  our  problem  is  now 
entirely  reduced  to  finding  the  proper  data  0 
such  that  0  V  4>i  is  a  solution  of  P*(v). 

Using  (8)  wa  look  for  the  solution  41  of  the 
wave- type  equatiua 


i!i 

at’ 


+  Ki  4 


-  KjjV  in  L’(r)  for 


(13) 


t  >  0,  with  zero  initial  data. 


Leosia  2  :  The  aquutivn  (13)  ytlfh  7%ght-^uind- 
uide  f  i  L’(r)  and  giver  date  f  «  f^ 

and  =  fi  fn  L’(r)  at  t  °  0  haa  a 
at 


unique  oclutivr,  wKicit  tsmdo  (space 
arguments  are  ignored) 


dS, 

l(t-t)f(T)dT  +  - ^t).f 

d  t 


0 


+ 


(14) 


where 


*  S>(t).f, 

.ifa  1/3 

s»{t)  »  K,  sin(t  K,  ) 


(15) 


as  an  elementary  solution  of  the  Laplace  opera¬ 
tor  in  Ri  ;  M'  being  the  symnsetric  of  M  with 
respect  to  the  plane  y  =.  0.  Note  that  G^(P) 

vanishes  on  !'  and  v'an  thus  be  considev-ed  as  a 
Green  function  for  Q(4,v), 


The  solution  4  of  ■'a(v)  can  be,  at  eaci. 
time  represented  in  51  by  0  =  4^  +  4i  whe.  e 


S6 

(■.("it)  .  4(P;t)L5(P)  avp  ; 

I,  an, 

Vjj  is  hartaonic  in  51  and  vanishes  on 


(19) 
4i  is 


haitwnic  in  Rl  and  *  is  therefore  its  trace  on 
r.  We  then  have  an  integral  representation,  at 
each  time,  for  4  in  terns  of  its  traces  on  S 
and  r.  Moreover  js  F  can  be  Identified  to  R’, 
(19)  is  a  convolution  in  the  horizontal  (x,z) 
variables  and  can  be  computed  by  Fourier  trans- 
fow.  But,  evidently,  as  F  is  an  unboundod 
t»u«Jdary,  such  an  integral  representation  is 
of  no  use  for  us. 


Consider  tlie  well-poseo  problem  Q(4)  sot 
in  (equivalent  to  0(4, v)  but  without 
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obstacle)  ;  i|),  is  its  unique  solution  anu  we 
define  the  operator 

K  :((>-*•  K.i(  =  —  .  (20) 

8  y  |r 

As  K  is  of  convolution  type  its  Fourier 
transform  is  a  multiplication  operator  which 
can  be  easily  evaluated  ;  this  was  not  the 
case  for  the  operator  Kj .  Namely,  the  Fourier 
transform  K  of  K  is  |s|  where  s  is  the  polar 
radius  in  the  Fourier  transformed  plane. 

Then,  as  ip  vanishes  on  r  at  any  time,  the 
trace  ij>  of  our°solution  is  also  a  solution  of 
equation 

^  +  K$  =  -  K  il-  I  ,  (21) 

with  homogeneous  ini+^ia'i  data. 

From  (11)  and  (15)  'n'tn  K  and  S  replacing 
Ki  a  id  Si  respertivv. ly,  we  have 

=  ■  S(t-T)r-  K  4.^1  (t).1  dx  ;  (22) 

0  ^ 

the  evaluation  o;  which,  using  the  definition 
of  'll  and  the  fact  that  S  is  a  fixed  boundary, 
lead?  to  computing  S(t).K.Gw  which  is  easily 
done  by  lourier  transform. 


Moreover,  all  the  results  given  in  this 
chapter  can  be  extended  to  the  case  of  a  sur¬ 
face-piercing  body  witlhout  any  restriction. 


Fig.  2  :  The  bounded  domain  0 

As,  thanks  to  (23),  the  solution  iji  can  be 
expressed  anywhere  in  the  fluid  domain  n  in 
terms  of  its  history  on  the  body  S,  a  reduc¬ 
tion  of  P^(v)  to  an  essentially  arbitrary 

domain  can  be  performed.  For  the  sake  of  sim¬ 
plicity  we  shall  first  details  the  method  in 
the  case  of  problem  Q(0;v)  and  then  proceed 
to  the  general  unsteady  case  of  P^(v). 


Finaly,  lin  can  be  represented  as  a  convo¬ 
lution  in  the  time  variable  applied  to  y  and 
'P  has  the  integral  representation  ° 


'J'(M;t)  =  iJ»^(H;t)  + 


(Pit-x)  -  v(P;x)F„(P;t-T)Jds  dx 

H  p 

(23) 


where 

<o 

F^(P;t)  =  '  I  e^^J^{rs)sin(y^)ds 

(24) 

with  (.‘,2)  the  cylindrical  coordinates  of 

(1M'P|’  *  r=  +  i’.  2  <  0).  A  similar  result 
has  been  given,  a  long  time  ago,  although  deri¬ 
ved  by  different  arguments,  by  FINKt'LSTttN 
(14).  For  computational  efficiency,  other  ex¬ 
pressions  of  Fy  have  been  derived  which  are 
given  in  [8).  " 


Note  that,  and  it  is  of  interest  in  the 
sequel,  any  space  derivative  of  4  can  have  an 
integral  representation  similar  to  (23)  where 
only  the  kernels  5u{P)  and  F|.(P;t)  are  repla¬ 
ced  by  their  corresponding  derivative  with  res¬ 
pect  to  their  argument  >M. 


n.3  Problem  Q(0;v)  set  in  a  bounded  domain 

Let  £  be  a  regular  arbitrary  surface  sur¬ 
rounding  S  as  shown  in  fig.  2  ;  we  denote  0 
the  bounded  domain  with  boundaries  S,  £  and 
r',  if  S  is  not  too  close  to  F  .  The  solution 
Pf  Q(0;v)  has  the  integral  representation 

4^(M)  =  [^^(P)--  -  v{P)Gj^(P)Jds  .  (25) 

S 

belongs  to  h'(0)  and  satisfies  the 
following  set  of  equations 


•  0 

• 

(26) 

•  V 

^"is 

* 

(27) 

4  1  •  0 

0 

• 

(28) 

To  complete  the  problem  set  in  t>  we  can  use 
(25)for  H  on  £  as  a  coupling  condition  between 
S  and  £  ;  this  will  further  be  denoted  as  pro- 
blem  Qp(v).  the  subscript  0  refering  to  a 

PiJfi’CA'lLiT-syp*  diJrsiis'ttcvi. 

Lot  us  now  introduce  the  boundary  operator 
on  £,  defined  for  positive  X  by 

u  0  (—  ♦  k  u)jr, 

^  3n  '‘■ 


(29) 


for  any  u  belonging  to  HMo)  with  Laplacian  in 
L^(0).  By  a  preceeding  remark,  we  know  that 
3^  $0  has  an  integral  representation  similar 
to  (25)  with  3,6,.  instead  of  6,,.  When  this  is 
used  as  a  couptirvg  boundary  condition  on  E,  we 
shall  refer  to  problem  qMv),  the  subscript  F 
meaning  a  FOUFIEB-type  ooupling  actidition. 

From  our  construction,  $  is  trivially  a 
solution  of  Qr,(v)  and  Qi(v) , "moreover,  as  S 
and  E  have  noxommon  points,  the  kernels  Gwi'P) 
and  3,  Gu(P)  together  with  there  normal  deri¬ 
vatives  on  S  (with  respect  to  the  variable  P) 
are  regular.  But  such  a  reduction  to  a  bounded 
domain  could  lead  to  problems  with  more  than 
one  solution.  This  is  a  well-known  difficulty 
for  example  in  the  case  of  the  sea-keeping 
problem  when  irregular  frequencies  appear. 
Therefore  we  give  a  short  proof  of  the  unique¬ 
ness  of  the  solution  of  Orj  and  Q^. 

Theorem  2  :  Qq(0)  and  Qp  (0)  have  the  only  tvi~ 
VtaZ  solution. 

Let  be  a  non-zero  solution  of  Qg(0), 
(resp.  Q^(0))  ;  by  the  third  Green  identity 
applied  to  iji  and  Gj.  in  0  we  can  define 

w(H)  =  H-  (M)  -  I  ii;^(P)  — (p)  dSp.  (30) 

°  °  3np 

with 

!  3<|-^ 

w(M)  =  ri(.^(P)  (P)  -  — ^  (P)6„(P)]  do 

E  ^"p  ^"p 

(31) 

Thus,  from  (31),  w  is  harmonic  in  the  whole 
domain  S  interior  to  E  and  vanishes  on  F  ;  and 
from  (30)  wir  “  0  (resp.  3,  w  »  0) .  Me  conclude 
that  w  vanislles  in  H  ;  then  !jj  has  an  analytic 
continuation  in  the  whole  domain  il  defined  by 
the  integral  in  (30),  is  harmonic  in  £1,  va¬ 
nishes  on  r.  Therefore  ij?  is  a  solution  of 
0(0,0)  and  must  vanish  "  in  fi  and  a  foj'tiari 
in  0. 

We  can  then  conclude  that  Qq(v}  and  Op(v) 

for  A  >  0  are  two  now  versions  of  0(0, v)  but 
are  set  in  the  bounded  domain  G. 

11.^  Variationnal  formulation  for  ( yj. 

As  for  classical  Oirichlet-type  problem, 
we  introduce  a  continuous  extension  operator 

E  :  K^(E) 

(3:) 

and  we  define 

H^^j.(0)  -  (w  <  H'{0)/W|j.-  0). 


We  now  consider  for  a  given  data 
v  f  L^(S),  the  function 

=  $0  -  -  V  G„)ds}  (33) 

which  belongs  to  Kq  ^  (0)  and  coindides  with 
on  S.  Our  variational  problem  then  reads 
Given  v  e  L^(S),  find  e  Hg  ^.(0) 

Buoh  that,  Vt|)  e  Hi  _(0) , 

3G„ 

Rn(v)'' a(? +E{  J  _J2  ds},tjj)  = 

"  "  Js  °  3  n 

1  V  (J*  ds  +  a(E{  V  Gu  ds},)Jj),  (34) 

where 

a(4',ij))  =  I  (grad  ^Igrad  ij))dw,  (35) 

is  a  coercive  bilinear  form  on  Hg  j-(G)-  Note 

that  the  scalar  product  in  H*(0)  is  defined  as 

(iji.ili)  =  a  (4>,ip)  +  [  4'ip  dw.  (36) 

H*(0)  •'0 

From  RIESZ  representation  theorem  we  then 
introduce  the  operator  Tg  defined  by  the 

functional  relation,  V  4,iii  c  Hi  -(0) 
t 

(T.<l>,i(i)  =  -I  dw  + 

H‘(0)  33 

•*  a  (E(  4’  — ds)  .tk)  >  (37) 

‘S  3  n 

and  there  exists  an  element  P  c  H^  ^.(0)  such 
that,  V  ip  t  H^^j.(0), 

(F,iJ()  =  vijf  ds  +  a(E([  V  6u  ds)  ,4')  .(38) 

H'(0)  ^5  ^ 

From  these  notations,  problem  Rf,(v)  can  be 
written 

where  I  is  the  identity  operator,  and  we  have 

Theorem  3  ;  Rq(v)  a  mi-que  vvlutisn  5^ 

whiah  iti  tfu!  ivotrt'iif.fr*!  to  0  of 
tk^  valutian  of  Qq{v). 

The  proof  of  this  result,  which  is  detai¬ 
led  in  rSl  lies  on  the  regularity  of  the  ker- 
3Gn 

ncl  —  ,  the  continuity  of  the  extension  E 
3  n 

and  the  coerciveness  of  the  bilinear  form  a  on 
Hq  j-  (O)  ;  as  a  matter  of  fact,  the  operator 

Tg  is  compact  (completely  continuous)  and  (39) 

is  a  Fredholm  equation  of  second  order.  Theo¬ 
rem  3  is  then  a  consequence  of  the  Fredholm 
alternative  and  the  uniqueness  result  of  thco- 
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rem  2. 

The  variational  formulation  Rq(v)  of  pro¬ 
blem  Qp(v)  ensures  the  convergence  of  a  clas¬ 
sical  finite  element  method  1151,  and  from 
rl6]  errors  estimates  are  conserved,  even  for 
isoparametric  high  order  finite  elements  in 
the  case  of  curved  boundaries. 


II. 5  Finite-element  discretization  of 

For  a  general  introduction  to  the  finite- 
element  method,  we  refer  to  1171.  Let  h  be  a 
measure  of  the  size  of  the  elements  in  a  re¬ 
gular  triangulation  t.  of  the  domain  0  with 
Ng  nodal  points  (aj)  jSl.Ng.  denote  a 

subspace  of  ^,(0)  of  finite  dimension  » 

whose  elements  are  generated  by  a  polynomial 
basis  (Wj)  such  that  Wj(a.)  =  6^.j(the 

Kronecker  symbol). 


As  would  not.  in  general,  cover  the 

whole  domain  0,  the  discretized  problem  will 
be  set  in  the  approximate  domain  0^  with  boun¬ 
daries  S.  ,  T.  and  r,'.  Our  notations  are  then 
as  follo&s.  ^  ^ 


I  is  the  set  of  values  of  j  for  nodes  a.  be- 
^  J 

longing  to  Sj^,  v^.  =  v(a,)  for  j  e 

(resp.a^^)  a  nodal  point  on  Z^{resp.  S^)  and 
denote  the  normal  to  at  point  a^^  uni¬ 
tary  and  exterior  to  0.  ;  summation  over 

k  =  1  to  N_  and  J,  e  I  ''are  undertood. 
r,  s 


Fig. 3  :  Prismatic  and  cubic  elements  around 
a  hal f  shi p-1 i ke  form. 


Note  that  the  coupling  terms  involve  rec¬ 
tangular  full  and  non-syniinetric  matrices 

and  Solution  of  the  system  (42)  is  per¬ 


formed  via  Gauss  elimination.  Once  this  solu¬ 
tion  is  obtained  the  values  of  ❖  on  T.  are 

0  h 

determined  by  using  the  discretized  form  of  the 
integral  representation  ;  namely,  for  k  =  1  to 
we  have 


^ok=.^, 


(A3) 


for  any  boundary  J  of  Gy^  with  Nj  nodal  points. 

In  our  formulation,  the  domain  0  can  be 
arbitrarily  small  ;  we  then  choose  only  rnr 
liti/er  of  o'ts/wrUt!  Sy^  a'td  2^.  Moreover 

as  the  extension  operator  E  is  also  arbitrary, 
we  use  only  the  nodal  values  on  to 

define  it  ;  thus,  we  denote  ■  Nf,  -  N,-  ; 

•  Oyj  for  i  •  1  and  j  •  l.Nj.  (4?) 

for  3  will  fitted  numbering  of  the  nodes 
beginning  by  those  on  !iy^. 

Then  is  reduced  to  a  set  of  N*  egua- 

llons.its  ^discretized  form  being 


fVrM'  the  moiit  vahtita  (A'.i) 
t>at  “A 


-  »  s 

jl,  '.j'hj  *  ''"v 'o 


's 


where 


••  1  ,Nq  ou«k 


tl 


{«) 


^LlLT.e:.?le‘''i.ht  .formula t  ion  for  Qp  fyj 

The  variational  formulation  for  Op(v)  is 
simpler  than  for  the  case  of  Qq(v)  hetause  no 
extension  operator  is  needed  ;  it  reads 
)u(T>.'»i  V  r  L’(S).  i  in  h'(0) 

Y  ■;>  <  h'U'')  '' 


!a  ('t,.'i»)  ♦  V  i  V- 
Jv  " 


do 


rJ(v)  . 


v(M)f  4  2-  0  Gy.)  ds  do  (44) 


V  ds  - 


v(H) 


V(5^Gyy)  ds  dOyy. 


The  problem  Rr(v)  can  also  be  expressed 
in  the  fonn  of  the  functional  equation 

(I  ♦  rj.)e^  .  in  H'(G).  (AS) 

whei'e,  if  «  ii*{0). 


(Tp  ®.^i.)  ^ 

^  H‘(0) 


“  -f  -[ 

in  ij 


+  Xl 


4^  ^ 
S  5n 
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and  ft 

(G,  ,t|/)  =  vijj  ds  -  Mi^i  V  8,  G„  ds  dc.(47) 

^  H‘(0)  JS  Jr  ^  ” 

Tp  being  again  a  compact  operator  in 
hMo).  (45)  is  a  second  order  Fredholm  equa¬ 
tion  ;  thus,  theorem  3  holds  for  Rji  (v)  with 

any  positive  (or  null)  constant  X. 

The  finite-element  discretisation  is  also 
nearly  the  same  and  leads,  with  the  same  nota¬ 
tions  to  the  linear  system  : 


Find  the  nodal  values  (<!>.)  .  ,  such 

oj 


'J  "u  -  '(k  '■h  ' 

The  same  remarks  as  for  (42)  hold  with 


Theorem  4  :  The  problem  (Q)  set  in  0  x  L0,t]  : 

A<!>(t)  =  0,  4)(t)  £  H‘(0) 

34> 

(Q)  —  (t)|  =  v(t)  £  L'(S) 

■  Sn  's 

<l>(t)|  given  by  (18)  and  (23) 

ly’-Lh  homogeneous  initial  conditions  has  a  uni¬ 
que  solution. 

By  considering  i/  a  solution  of  the  homo¬ 
geneous  problem,  the°proof  follows  exactly  the 

lines  of  that  of  theorem  2  exceot  that  w,  as 
defined  by  (30)  and  (31),  and  by  the  coupling 
condition  does  not  vanish  on  2.  On  the  con¬ 
trary  w  is  harmonic  in  the  whole  domain  Ri  and 
is  expressed  by  the  convolution  term  in  (23). 
Then,  iJ^q  has  an  analytic  continuation  to 
Q  X  r0,t]  which  satisfies  the  conditions  of 
P^(0)  as  only  the  null  function  can  do  !  The 
same  result  is  obtained  for  the  Fourier- 
coupl  ing  method . 


<-'si7*n5f 


where  n^,  is  the  unitary  outer  normal  to  at 
a^  ;  note  also  that,  contrarily  to  the  pro¬ 
ceeding  formulation,  the  sum  over  j  in  the 
r.h.s.  does  contain  the  nodal  points  on  E.  . 
Consequently  it  is  not  necessary  here,  to" 
evaluate  the  nodal  values  on  E.  after  solving 
(48).  ^ 


11.7  The  coupl  ing  method  appl  led  to  P,.(v) . 

Again  we  go  on  with  the  same  notations. 

A  problem  Q(v)  is  sot  in  the  bounded  domain 
P  which  takes  advantage  of  the  integral  re¬ 
presentation  (18)-  (23)  .  Further  we  give  a  time 
discreti?3tion  of  the  convolution  integral 
which  tranfonns  problem  Q(v)  in  a  set  of  pro¬ 
blems  (0  )at  each  tine  step  t  .  Each  one  of 
the  problems  (Q  )  are  then  very  similar  to 
0j,(v)  or  oMv)  ,  thcrefoi-e  the  sanw  theoreti¬ 
cal  results  and  the  same  finite-clement  dis- 
cretiiation  apply  as  above. 

Wo  first  suppose  that  our  solution  ❖  Is 
known  for  all  time  T  <  I  ;  on  the  other  hand 
wo  know  that  '^(t).  neglicting  the  space  argu¬ 
ments,  is  in  tl'b  sake  of  consise- 

ness  we  shall  only  give  the  formulation  in  the 

case  of  the  Dirichlet  coupling  ;  similar  re¬ 
sults  arc  obtained  for  the  Fourier  coupling 
and  will  be  used  in  the  case  of  a  floating 
body. 


In  the  case  of  the  floating  body,  condi¬ 
tion  (8)  on  r'  is  added  to  problem  (Q)  ;  tne 
same  proof  holds  again  but,  for  the  homoge¬ 
neous  inner  problem  set  in  H  x  [0,t]  associa¬ 
ted  to  't  (  3F.. 

w(H;t)  =  I  V  (x)  — -  (t-x)ds  dx 
JoJs  3  n 
we  refer  to  [181. 


11.8  Time  discretization  ;  submerged  body  case 


In  this  case  only  the  time  discretisation 
of  the  convolution  integral  is  involved.  We 
consider  a  vVnsfiMr  step  At  and  set 
t^  ®  n  At  ;  upperscript  n  will  refer  to  func¬ 
tions  taken  at  time  t^-  Let  us  denote  by 
w”(M)  the  approximation  of  this  convolution 
integral,  see  (23).  On  each  time  interval,  we 


assume  that  ^  and  v  are  linear  and  Ff*  is  cons¬ 
tant  ;  the  latter  taking  its  value  at  the  mid¬ 
point  time,  thus  resulting  in  a  second  order 


collocation  for  evaluating  w'^(M)  which  reads  ; 


2  ^5  3n 


♦  E  j  r2*"  ds,  (49) 

2  a«l  'S  " 
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ei=0;e^=l.l<ni<n 

e'  =  0  ;  £'  =  1,  1  ^  m  <  n. 
n  m 


The  integral  representation,  used  on  L  for 
the  Oirichlet  coupling  has  then  the  form 

n 


^"(M)  =  jco"  I 


3n  S  2 


At 


I  R™’"]ds 


m=l 


where  G^,  =  G|v,  +  • 

The  variational  formulations  for  (Q),  in 
this  submerged  body  case  are  then  given  by  : 


-  Oirichlet  coupling 

Given  v*,...,v''  and  ^in  L^(S), 


find  e  H‘  ^(0)  such  that  V  ii>  c  H'  ^(O) 
~n  M 

<t  — 

h  3  n 


a(?"  +  E{ 


ds) ,  !{')  = 


R>)J 


n  ,  j 
V  !(/  ds 


At 


+  a(E{(  rv"  G  -  E  R|;;*"jds).<^). 
L  'S  2  m=l 

where  is  rJJ’^  with  if  replaced  by  ‘f. 

After  solving  Rq(v),  (52)  is  used  to  de¬ 
termine  the  values  “  Oij. 

-  Eourier-Coupl ing 

Given  v v^  and  '  , .  . .  ,'t'"  ^  in  L  ^  ( S ) 
find  e  H‘(0)  suah  that  V  e  H*(0) 

Jv 


\.n 


Rf(G)|  ■ 


-  [  «-{H) 

h: 

v”  i'  ds 


v"(D^G„)ds  do„ 
f-  (  ?  3,  R;5''')ds  do„ 


rn’l 

D^»*'  ip  iA 


Whore  3^  Rj|j’  is  Rjlj*'  with  F,,,  replaced  by 

These  two  variational  forms  are  evidently 
very  simitar  to  Rq  and  h).  respectively  ;  their 
expi'Ossion  as  a  second  order  Fredholm  equation 
is  straighifoi-ward  and_^the  corresponding  com¬ 
pact  operators  and  fj;  differ  from  Tjj  and 

Tp  by  the  single  change  from  Gj,  to  Gj^.  Exis¬ 
tence  and  uniqueness  of  the  solution  at  each 
time  step  is  therefore  ensured. 


Following 
finite-element 
med  ersily.  It 
r.h.s.  changes 


the  lines  of  §  11.5  to  n.7  the 
discretiJat ion  can  be  perfor- 
is  worth  noticing  that  only  the 
from  one  time  step  to  another  ; 


the  matrix  of  Lhe  linear  system  can  therefore 
be  factorized  once. 


11.9  Time  discretization  ;  floating  body-case 


We  are  now  concerned  with  the  time  discre¬ 
tization  of  the  free  surface  condition.  In  or¬ 
der  to  formulate  our  problem  with  only  first 
order  derivatives  in  time,  we  go  back  to  equa¬ 
tions  (2)  and  (3)  conserving  the  free  surface 
elevation  as  an  unknown.  We  first  present  the 
numerical  algorithm  using  only  these  equations 
as  if  the  problem  were  set  in  a  bounded  domain 
Let  us  denote  K'  the  operator  which  relates 

the  trace  on  T'  at  time  t  of  the  solution 

n 

to  its  normal  derivative  ;  equations  (2)  and 
(3)  take  then  the  form 


K'«  ■  It  ■  " 

f.n.O 


(53) 


Note  that  even  for  vanishing  initial  con¬ 
ditions  as  (4),  this  problem  is  not  homogene¬ 
ous  because  K'  is  not  linear  but  affine  unless 
v{t)  =  0  as  it  will  be  seen  later. 


We 

namely 

system 

values 

reads 


use  a  second  order  centered  scheme  , 
the  trapezoidal  rule  to  discretize  the 
(53)  ;  it  is  written  at  time  t^^l  using 

2 

of  ii>  and  n  at  time  t^^^  and  t^  and 


n  +  1 


2  n+1 

.U 


K^"- 


(54) 


2  ,n+l  ,  n+1  2  .n  n 

--  tf  +  -  n  . 

At 

Now  eliminating  n  in  (54)  we  are  lead  to 
the  equation  for  i 


AC ' 


-(K‘  + 


-  2(K'  -  -•'  )  V’  (55) 

At- 

which  shows  that  the  problem  set  for  i.  ‘  will 
contain  a  Fourier  boundary  condition  on  T' 

q 

with  the  positive  constant  ;  tnis  could 

•if’ 

not  bring  any  spurious  eigen  value  in  our  ope¬ 
rators  . 


A  discretized  fonn  for  the  total  energy 
E(t)  can  be  expressed  at  time  t^^j  by 

^n+1  .  f  .  (r^)'‘|d-,  ;  (56) 

Jp' 

Theorem  5  ;  If  K‘  io  eetf-ni-ifcim ,  the  divaiv- 
tiaed  fam  (54)  ef  the  ft'ee  eur- 
faoe  vcnditicK  la  itanaerJ'ative. 

This  means  that  e"  as  defined  by  (56)  is 
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Independant  of  n  ;  it  is  easily  obtained  by 
linear  combinations  of  equations  (54).  The 
seif-adjointness  of  K'  being  effective  only 
either  for  a  continuous  original  problem  set 
in  a  bounded  domain  with  homogeneous  boundary 
conditions  or  for  the  original  problem  with 
vanishing  data  v(t)  and  unbounded  T'. 


We  shall  only  give  the  definition  of  the 
operator  K'  in  both  cases  of  Dirichlet  and 
Fourier  coupling  boundary  condition 


-  Dirichlet-coupling  :  V  ip  e  Hq  j.(0). 

dy  =  a(?'’,ip)  + 

Jr' 

+  a(E{j  ds},ip)  -  v"  Ip  ds 

-  a{E{  [v"Gj^  -  —  E  1  ds).  Ip) 

2  ra=l 


(57) 


-  Fourier-coupling  V  ip  e  H*(0) 

(K'(p'^).ip  dy  =  a(<P^,ip)+X  4i%da  -  v'^ipds 
Jp'  n  Js 

-  f  ip(M)(  [  E  3  1  ds  do„ 

JE  is^  m=l  ^  ” 


Using  (54)  and  (57),  the  variational  form 
of  Rp(v)  in  the  case  of  a  floating  body  is 

(■'ind  (<p'’*^,n"*^)  <  H'  (0)  X  L*(r‘)  3Mo7; 
O.E 

that  ¥(ip,u)  i  (0)  X  LMF'). 
r 

„  2  n+1,,. 

I  ^  '  aT  ^  ’ 


^(-K'?"  -  :V  '  Jipdv 

'  *  f  (|f  ^  n"*‘)u  d  V  . 

lj..4  >■ 

where  41"  -  ^  ♦  E{|  G^,  -  3ds) 

-  £{f  E  r[['"  1  ds  ), 

Js  '  m-1  “ 

WUh  (54)  and  (58),  the  variational  form 

of  Rp'''(v)  in  the  case  of  J  floating  body  is 

Identical  to  (59)  but  with  ?  <  H'  (0)  repla¬ 
ced  by  <1  <  H*(0).  O.E 


In  these  cases,  conservation  of  energy  does 
not  occur  as,  even  for  vanishing  vP  for 
all  p  <  n+1,  the  integral  representation  rea- 
li2es  the  correct  flux  of  energy  through  the 
boundary  E. 


11,10  The  numerical  evaluation  of  forces  and 
moments. 

The  action  of  the  fluid  on  the  body  is 
given,  from  the  linearized  Bernoulli  equation, 
by  integration  of  the  unsteady  pressure 

p(M;t)  =  -  (M;t)  on  S  (60) 

in  non  dimensional  form  ;  it  discretized  form 

is,  at  time  t  ,  ; 

n-1 

n-1  .  n+1  n-1 

p(M)  =  -  —  (iJ.(M)  .  4)(M))  on  S  (61) 
2At 


We  denote  N  e  K®  the  generalized  normal  to 
the  body  which  three  first  components  are 
those  of  the  unitary  outer  normal  J  and  three 
last  components  are  those  of  GH  A  n  at  point 
M  on  S,  where  G  is  the  center  of  mass  of  the 
ilgid  body.  The  generalized  force  coefficient 
is  then  given  by 

^(t)  =  p(M-,t)f5(M)  ds  ;  (62) 

h 

Its  discretized  font  being,  at  time  t  , 


^n-l  1 
■  2At 


u.i,  ' 


(63) 


Results  for  the  forced  motion  of  a  3-D 
submerged  body  ore  given  in  ri), 


■  the  dynamic  equations  for  the  rigid  body 


We  now  introduce  the  set  of  equations  go¬ 
verning  the  motion  of  the  rigid  body  ,  the 
notations  of  which  are  given  in  §  I  and 
G(t)  (resp.  C  (t))  e  R*  is  the  instantaneous 
position  of  the  center  of  mass  (resp.  center 
of  Immersed  volume),  M  is  the  total  mass  of 
the  body  and  V  the  measure  of  the  immersed 
volume 
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Let  us  recall  that  all  terms  are  non - 
dimensional ized  with  respect  to  the  density 
of  the  fluid,  the  gravity  constant  and  a  dia¬ 
meter  of  the  body. 


The  force  result’ng  from  the  potential 
fluid  flow  is  given  by  (60)  and  (62)  or  by  the 

time  derivative  of  ^(t)  =  "t.lJ  ds.  (64) 

.  S 

If  y  is  the  unit  vector  upward  vertical 
and  yu  the  vertical  coordinate  of  a  point  M 
on  ^he  body,  the  total  weight  of  the  body  is 
-  My  and  the  Archimedian  thrust  is 

-  ds  =  Vy  -  C  it  ,  (65) 

where  £  is  the  generalized  matrix  of  hydrosta¬ 
tic  restoring  coefficients  ;  note  that  I  may 
differ  according  to  a  submerged  or  a  floating 
body  [19]. 


Let  us  denote 

.  (66) 

the  generalized  velocities  o^'  the  body  ;  the 
general  equation  for  the  dynamic  of  the  body 
then  takes  the  form 

W^  +  BV+£X  =  +  (V-M)y  >  ‘‘^.(67) 

d*  ^ 

where  the  damping  matrix  IB  and  the  generali¬ 
zed  force  are  given  data 

Equations  (66)  and  (67)  fora  a  set  of  dif¬ 
ferential  equations  of  first  order  which  des¬ 
cribes,  when  0  is  given,  the  motion  of  the 
body.  In  the  case  where  ?  =  0,  a  static  equi¬ 
librium  position  of  the  body  is  given  by  X 
such  that  ’ 

£  »  (V  -  M)y  (58) 

finally,  the  total  energy  of  the  body 
reads 

Ej(t)  =»  V  H  ^  MW^)  I  (W^).  (£9) 

which  is  conserved  (i.e.  ~  0)  when  0,  $ 

•jt  ’ 

and  f  vanish. 

0 

III. 2  Time  discretization  of  the  dynamic 

. . 

Referlng  to  the  previous  notatio>'s  and 
according  to  the  numerical  schema  presented 
In  §  n.9,  wo  are  led  to  the  system 

« M  f  6)^*^  *  t  .  (^H-s)r.cr 

'  -frcr^-5'‘)>2{v.H)vVi;4  (70) 

**  A* 


with  initial  conditions  h  =  to  and  =  O.It 
is  easily  shown  that  this  numerical  scl  erne  is 
still  conservative,  the  discretized  dynamic 
total  energy  being  defined  by 

^  r  n  r  +  (r.  od 

IV  -  THE  fluid-body  SYSTEM 

Interactions  between  the  fluid  and  the 
body  act  as  follow  :  the  motion  of  the  fluid 
is  induced  by  the  velocities  of  the  body  in 
the  Neumann  boundary  condition  (5)  and  the 
motion  of  the  body  is  influenced  by  the  fluid 
motion  by  the  unsteady  pressure  and  resulting 
added  mass  Q  in  (67).  A  global  formulation 
of  the  problem  can  thus  be  described. 

A  theoretical  frame  for  this  complete 
formulation  is  given  in  [5]  and  [7]  in  the 
case  of  a  bottom  at  finite  depth  ;  as  for  the 
fluid-system  alone,  the  case  of  an  infinite 
depth  is  very  similar  modifying  some  of  the 
functional  spaces.  In  the  case  where  no  sus¬ 
tained  force  pQ^b)  is  acting  on  the  body  a 

result  of  local  decay  of  energy  is  given  ; 
this  will  be  observed  in  our  numerical  re¬ 
sults  where  tl.e  fluid  energy  is  only  evalua¬ 
ted  in  the  bounded  domain  f)  and  results  from 
the  radiation  of  energy  out  of  this  domain. 

Some  of  the  possible  complete  discreti¬ 
zation  in  time  and  space  resulting  from  our 
rtudy  of  §  11  and  111  are  given  in  appendix. 
Let  us  recall  that  the  matrix  of  the  linear 
system  is  a  constant  and  can  still  be  facto¬ 
rized  once,  the  numerical  burden  being  only 
due  to  the  .memory  effect  of  the  free-surface 
flow. 


V  -  NUMERICAL  CONVERGENCE 

Numerical  tests  have  been  performed  to 
confirm  the  convergence  of  our  algorithm 
wUh  respect  to  the  mesh-size  h  and  the  time- 
step  <U .  Two  cases  have  been  considered  for  a 
sphere  of  unit  radius  totally  ip^aerseJ  (a) 
with  center  one  diameter  below  the  free 
surface  or  b^l  f  imoiersed  (b).  The  domain 
0  is  filled  with  isop+trametric  prismatic  fi¬ 
nite-elements  of  secend  order  as  shown  of 
fig.  5.  An  analytic  solution  is  chosen  using 
a  source  of  unit  amplitude  from  t  »  0  and 
located  inside  the  body  ;  this  solution  is 

simply  a  time  integral  of  the  unsteady  Sreen 
function  which  Is  performed  by  a  Simpson  iwjlc 

The  error  norm  c  is  the  relative  mean 
quadratic  error  measured  on  all  the  nodes  of 

the  space  discretization  at  jach  time.  As  re¬ 
sults  for  the  cases  (a)  and  (b)  are  quite 
aiilar,  only  case  (a)  will  be  treated  here. 


m 


On  fig.  6,  convergence  with  respect  to  the 
mesk-size  of  order  h’  is  shown  for  fixed 
At  =  .25  and  t  =  At.  On  fig.  7,  convergence 
with  respect  to  the  time  step  of  order  At*  is 
shown  for  fixed  h  =  .8  and  t  =  At  ;  we  notice 
that  for  At  =  .5  the  error  is  mostly  due  to 
the  space  discretization.  On  fig.  8  the  error 
is  plotted  versus  time  for  fixed  h  =  1.  and 
At  =  .25  ;  this  error  is  maximum  at  the  first 
time  step  and  decrease  asymptotically  to  the 
space  discretization  error  limit.  We  then 
conclude  that,  for  fixed  h,  the  error  at  any 
time  cannot  be  worse  than  that  plotted  on  fig. 
7. 


Fig.  5  :  Discretization  of  an  eight  of  a 
sphere  of  unit  radius  :  h  »  1.4, 
7  prismatic  elements.  66  nodal 
value.s  in  the  domain  (4-)  and  15 
on  the  free  surface  (n). 


fig.  6  :  Convergence  versus  »esh-si2e. 


For  the  fluid-body  system  several  tests 
have  been  worked  out  ;  as  a  matter  of  fact, 
Dirichlet  and  Fourier  coupling  formulations 
gave  similar  results.  The  first  test  perfor¬ 
med  was  the  vertical  free  motion  of  a  spheri¬ 
cal  balloon  without  free-surface  effect  for 
which  the  complete  problem  can  be  solved  ana¬ 
lytically  ;  added-mass  and  acceleration  were 
found  in  very  good  agreement  with  there  res¬ 
pective  theoretical  values.  Other  tests  are 
presented  in  the  two  next  paragraphs. 


Fig.  8  :  Convergence  versus  lf»e. 
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VI  -  NWERICAl.  RESULTS.  "'.iE  SUBMERGED  BODY 

We  study  the  p.^^n  motion  of  a  sphere  of 
unit  radius  with  an  initial  pitch  angle  of  de- 
sequilibriun  for  various  values  of  its  mass  M, 
vertical  coordinate  of  its  center  of  .nass 

and  depth  y^.  of  its.  center.  On  fig.  9  and  10, 

^  .25,  y^=  -3,,  y^.  =  -2.  ;  position,  veloci¬ 
ty  and  angular  acceleratio.n  are  plotted  versus 
time  on  fig.  9  while  fig.  10  shows  the  kine¬ 
tic,  potential  and  total  energies  of  the  body. 
We  notice  that  the  period  of  the  damped  oscil¬ 
lations  are  greater  than  the  period  of  the 
corresponding  dynamic  system  without  fluid  in¬ 
teraction  ("free  oscillator")  ;  also  the  decay 
of  total  energy  is  roughly  proportional  to  1/t. 

Some  more  results  are  given  for  various 
values  of  the  parameter  defined  above  ;  the 
period  during  the  transient  towards  a  steady 
equilibrium  position  can  then  be  measured  and 
consequently  a  corresponding  added-mass  can  be 
evaluated.  On  fig,  11  these  periods  are  plot¬ 
ted  together  with  those  of  the  "free  oscilla¬ 
tor"  versus  the  distance  GC  and  for  three  va¬ 
lues  of  the  body  mass.  The  evaluated  actual 
periods  are  weakly  related  to  the  depth  of 
immersion  of  the  booy  considered  (y^  =  -  3. 
and  -2.).  On  fig.  12  the  added-mass^is  plotted 
versus  GC  ;  its  value,  proportional  to  GC'  de¬ 
pends  neither  of  the  depth  of  iiwiiersicn  nor  of 
the  mass  of  the  body.  These  are  the  kind  of 
practical  results  such  a  study  can  give  to  be 
used  in  model isat ton  procedures  which  only 
solve  the  dynastic  equations. 


fig.  9  ;  fcher*  with  Initial  pitch  angle  of 
(lesequil  ibriua  ;  d1tp1dca«ents . 


Fig.  10  :  Sphere  with  iniiial  pitch  angle 
of  desequilibrium  ;  energies  of 
the  body. 


fig.  11  :  Oiffereoces  between  periods  of 

free  oscillator  and  fluid  body 

syiie®  versus  GC 


fig.  12  :  Added-w&s  versus  GC 


VII  -  NUMERICAL  RESULTS  -  THE  FLOATING  BODY 


VIII  -  CONCLUSION 


A  half-immersed  sphere  of  unit  radius  of 
mass  1.5  is  initially  elevated  ;  a  damped 
heave  motion  is  then  observed.  Fig.  13  gives 
the  position,  velocity  and  acceleration,  while 
fig.  14  gives  the  energies  of  the  body  and 
fig.  15  gives  the  various  forces  acting  on  the 
body  versus  time.  The  rapid  docay  of  all 
these  curves  with  respect  to  time  compares 
with  the  corresponding  results  in  the  2-D  case 
(see  [5]  for  example). 


Fig.  1,3  ;  Half  a  sphe)-e  heave  :  motions. 


Fig.  14  ;  Half  a  jpltere  bexVvc  :  ehS-gios. 


iEig,  IS  .•  Saif  a  iphigre  heayg  . 


An  attempt  to  solve  the  complete  linear  pro¬ 
blem  for  a  floating  body  has  been  made.  It  is 
shown  that  the  numerical  algorithm  is  stable 
and  gives  accurate  results  ;  applications  for 
more  general  bodies  can  now  be  performed.  We 
have  shown  that  this  type  of  approach  can 
already  give  some  information  on  the  added  - 
mass  and  damping  coefficient  related  to  the 
memory  effect  of  the  free-surface  for  any  ini¬ 
tial  position  of  the  bndy  or  any  sustained  ex¬ 
ternal  force  applied  on  the  body. 

Further  developments  may  concern  the  mo- 
tio.is  of  large  amplitude  of  the  body  inclu¬ 
ding  horizontal  motions. 
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APPENDIX 

Let  V|^,  X|^  and  N*^,  k=l,6  be  the  6  coraponants  of  t  and  respectively.  According  to  the  time 
and  space  discretization  described  in  §  II  and  III  we  have  ; 

(a)  General  formulation  in  the  case  of  a  submerged  body  with  a  Dirichlet-type  of  coupling. 

"For  n>l,  find  the  nodal  values  (5.'^)..^  and  the  vectors  (vP,  xP)  k  =  1,6  such  that"  ; 

J 

^  ^It  '^ii  hv.  +  2  (73) 

jcl^  at  1  J  lik  0,^ 


*  -  V."  +  —  X  "  =  V."'^  +  —  x”'^ 

At  At 

where  all  the  terms  are  defined  as  in  §  II  and  §  Hi,  and  : 

■g  m,n  _  riA  ni  -s  /  ~n-m+l  ,  ,  ;zn-ni,  ,  m  i-S  k,  ,,  n-m+1 


*  <  V ,""") 


:  kionecker  syraDol 
4.'^  on  Z  is  then  obtained  by  ; 


IM 
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Abstract 

Higher-order  panels  and  a  very  efficient 
scheme  for  evaluating  the  free-surface  source 
potential  are  employed  in  a  panel-method  com¬ 
putation  of  linear  radiation  and  diffraction 
by  a  floating  spheroid.  The  method  ia  baaed 
on  a  direct  application  of  Green's  theorem. 
Panels  which  conform  exactly  to  the  apheroid's 
surface  are  defined  in  terms  of  orthogonal 
cui'vilinear  coordinates.  The  velocity  poten¬ 
tial  is  approximated  on  each  panel  by  e  bi- 
dimensional  series  of  Chebyshev  polynomials 
and  the  unknown  coefficients  are  determined  by 
collocating  at  a  sufficient  number  of  points 
on  the  panel.  Benchmark  values  of  the  uydro- 
dyneaic  coefficients  are  established  and  scx've 
as  8  basis  for  comparing  the  performance  of 
vtiious  higher-order  penole.  For  comparable 
computing  time,  plecevise-auadrat ic  panels 
yield  a  significant  improvement  in  accuracy 
over  plecevise-coQStant  panels.  The  behsvior 
of  the  numerical  scheme  in  the  vicinity  of 
irregular  frequencies  is  slso  investigated. 

1. _ Introduction 

Thn  panel  method  vas  pioneered  by  Hesa 
and  Smith  (1964)  in  the  context  of  infinite- 
fluid  flcv.  Basing  their  work  on  s  eource- 
distribuCion  formulation,  they  used  plane 
quadrilateral  panelt  and  determined  a  con- 
ataut  source  dentity  on  each  panel  by  col¬ 
locating  at  the  panel  centroid.  Humerous 
otheri,  among  them  Garviaon  (1977),  the 
Netherlanda  Ship  Model  Batin  and  Det  Korake 
Veritas  of  Norway,  have  since  followed  the 
same  approach  in  computing  the  radiation  and 
diffraction  of  linear  aurface  waves  by  sta¬ 
tionary  floating  bodiea. 

the  main  difficulty  in  extending  the  Beaa 
and  Smith  approach  to  fra«-aurfac«  problems  is 
in  evaluating  the  free-surface  aource  po¬ 
tential  or  "Green  functioo".  Recent  work  by 
Hewman  (1965)  haa  laad  to  the  development  of  a 
very  efficient  auhroutine  for  evaluating  the 
Green  function  in  infinite  or  finite  depth. 
Roown  aa  FIHCRSBM,  it  avaluatos  the  infinke- 
daptb  Cruan  function  and  ita  derivativea  to 
ail  decimal  plaoca  in  about  the  aa«  time  aa 
four  calla  to  a  Besaet  fiutccion  routine  in  the 


IMSL  subroutine  library.  Roughly  four  times  as 
much  effort  is  required  for  the  finite-depth 
Green  function. 

The  objectives  of  the  present  investiga¬ 
tion  are:  1)  exploiting  the  FINGREEN  sub¬ 
routine  to  provide  benchmarx  nydrodynamic 
coefficients  and  exciting  forces  for  a  float¬ 
ing  body,  and  2)  determining  the  possible 
benefits  of  using  curvilinear  panels  with 
higher-order  descriptions  of  the  velocity  po¬ 
tential  on  each  panel. 

The  spheroid  has  been  chosen  for  this 
study  because  its  surface  can  be  macbemati- 
cally  defined  in  terms  of  orthogonal  curvi¬ 
linear  or  "spheroidal"  coordinates.  Sphe¬ 
roidal  coordinates  hove  been  previously  em¬ 
ployed  by  Rim  (1965)  who  computed  the  hydro¬ 
dynamic  coefficients  of  a  family  of  spheroids 
using  the  Hess  and  Smith  approach.  Kim  pre- 
aents  low-frequency  reaulta  for  a  model  with 
36  panels  on  one  quarter  of  the  submerged 
surface.  Yeung  (1973)  and  Shin  (1979)  also 
modeled  spheroids,  but  with  plane  panels. 

Green's  theorem  is  solved  directly  for 
the  velocity  potential  in  the  present  work. 
Within  each  panel  the  velocity  potential  ia 
approximated  by  a  bidimensional  aeries  of 
Chebyshev  polynomials.  Keeping  just  the 
loweat-ordor  term  in  the  aeries  ia  equivalent 
to  assuming  the  potential  is  constant  on  each 
panel  or  "piecewise  constant".  Higher-order 
variations  ere  referred  to  at  piscevite 
linear,  quadratic  and  to  on.  The  unknown 
coefficients  multiplying  the  terms  in  the 
polynomial  ewanaion  are  determined  col¬ 
locating  ot  M  points  on  each  panal,  M  being 
the  number  of  terms  in  the  polynomial  repre¬ 
sentation. 

Higher-order  panels  have  been  previously 
tnalyaed  by  Htta  (1979)  for  lifting  or  non- 
lifting  potential  flow  without  a  free  aurface. 
He  thova,  for  a  aourcc-diaCribution  formula¬ 
tion,  that  a  coniittent  higher-order  panel  haa 
a  polynonial  axpanaioc  of  the  source  distribu¬ 
tion  which  it  one  order  leaa  than  the  polyno¬ 
mial  repreaentttion  of  the  panel  geometry. 
Accordingly,  ha  implements  a  quadrilateral 
panel  with  quadratic  ahape  and  e  piecewiao 
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linear  source  distribution.  Unfortunately, 
this  scheme  is  not  easily  extended  to  a  panel 
with  cubic  shape  and  a  piecewise-quadratic 
source  uistriUution. 

The  panel  geometry  is  exact  in  the  pre¬ 
sent  work,  so  the  algorithm  is  simpler  than 
for  Hess’  higher- order  panels.  Due  to  expand¬ 
ing  the  velocity  potential  in  s  aeries  of 
orthogonal  polynomials  and  locating  the  collo¬ 
cation  points  on  the  interiors  of  the  panels, 
the  a'gorithm  Is  tLa  sume  tor  tenth-order  as 
it  is  for  aecond-ordar  panels.  Thin  has  per- 
mittr  ’  a  s-^ stemati c  iuvescigation  of  the 
scheme’s  convergence  with  respect  to  the  nuat- 
ber  of  nanels  and  the  erder  of  the  polynomial 
representation  on  each  panel. 

Throughout  this  work,  special  care  has 
been  taken  to  accurately  evaluate  the  inte¬ 
grals  over  the  panels.  Singular  terms  are  sub¬ 
tracted  from  the  integrands  under  circum¬ 
stances  to  be  discussed  in  Section  3.  The  re¬ 
gular  a^-  singular  terms  are  then  integrated 
by  different  numerical  quadrature  schemes, 
both  of  which  provide  results  to  a  prescribed 
accuracy.  This  approach  is  computationally 
inefficient,  but  it  virtually  eliminates  the 
quaorature  schemes  from  consideration  as  a 
possible  source  of  error.. 


2.  Boundary  Va1’<e  Problem 

We  consider  a  floating  body  oscillating 
about  its  static  equilibrium  positir  i.  fhe 
body’s  motions  ara  defined  with  respect  to  a 
Cartesian  coordinate  system  oriented  such  that 
*“0  coincides  with  the  free  surface  end  c  is 
positive  upwards.  Followirj  the  usual  ap¬ 
proach  to  linear  seakeeping,  the  fluid  is  as¬ 
sumed  to  be  inviscid  and  incompressible,  and 
the  fluid  notion  irrotatiooal.  After  further 
assuming  snsll  amplitude  wavea  and  body  mo¬ 
tions  relative  to  the  wavelength  and  a  char¬ 
acteristic  body  dimension,  the  problem  is  re¬ 
duced  to  a  linear  boundary-value  problem  for 
the  complex  velocity  potential  t(x,y,s).  The 
complex  time  dependence  •r*”®  ,  where  u  ia  the 
circular  frequency  and  t  ia  time,  haa  already 
been  factored  out  and  will  heircetorth  be 
underatood.  The  boundary  eooditiona  «re  astia- 
fied  at  the  mean  poaitiona  of  the  free  eurface 
and  body  boundary. 

The  complex  potential  satisfies 


2  2  2 


t  » 

V  ^  •  ( — J"  — }•  “*-y)9  “  0 

in  U 

Bx  3{/  95 

Kd  •  0  on  5  •  0 

(2) 

ati  5+ 

<3) 

where  V  denotea  the  fluid  domain,  K  is  the 
wavenumber,  and  g  ia  the  gravitational  con¬ 
stant.  The  i^avsDumbet  uatisfiot.  the  diaper- 
sion  relation  a*  ■  gK  for  water  of  infinite 
depth. 


The  body  boundary  condition  is  more 
easily  stated  after  making  the  linear  decompo¬ 
sition 


*  “  (4) 

where,  A  is  the  amplitude  of  the  fvee-surface 
elevation  due  to  the  incident  wave  and  Kj  , 
j“l,..,6  are  the  complex  amplitudes  of  the 
rigid-body  motions.  The  modes  j'-l,2,3  corres¬ 
pond  to  translation  in  the  x,y,z  directions 
and  modes  j“4,5,6  to  rotation  about  the  same 
axes  respectively.  The  normalized  velocity 
potentials  iji^  ,  ;j«l,6  and  govern  the 

incident,  radiated  and  diffracted  wave  flows 
respectively. 

The  incident  waves  are  regular  plane- 
progressive  waves  and  are  described  by  the 
velocity  potential 


-  ^cosB  -  ii/sinB)  (5) 


where  B  ie  the  angle  between  their  direction 
of  p-'jpagation  and  the  positive  x-axis.  The 
diffraction  velocity  potential  accounts  for 
interaction  between  the  body,  fixed  at  its 
mean  position,  and  the  incident  wavea.  Thus  on 
the  body's  wetted  surface  Sj  it  offsets  the 
incident-wave  normal  velocity 


n  "ViJ  »  -n  Vij)  on  S_  (6) 

'  O  J> 

where  the  uviit  normal  vector  n  is  taken  to 
point  out  of  t’ 8  fluid  domain.  The  'adisted 
waves  are  generated  by  ehe  forced  oscillation 
of  the  body  in  otherwise  calm  water.  The 
radiation  velocity  yotentials  satisfy  the 
inhomogeneous  '^nd.tions 

n  •7^J  “  tuM,.  on  Sg  :  0  -  1,2,... 6 


vhtie  the  normal  components  n. 


arc  defined  by 


,n 


J'  "2' 


«3> 


r  s  n 


q’  '‘s’ 


”6^ 


(8) 


Finally,  to  ensure  well-posedness  the  radi¬ 
ation  and  diffraction  potentials  wist  satisfy 
a  radiation  condition  of  outgoing  waves  at 
large  distanocs  from  the  body. 


The  Green  function  is  an  eiementery  solu¬ 
tion  of  the  linear  bnundary-value  problem, 
consisting  of  a  Rankine  source  and  a  regular 
part  which  aatiafiea  the  frea-autface  boundary 
condition.  Explicit  expvebsiona  of  the  Green 
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function  for  finite  or  infinite  depth  are 
given  by  Wehausen  and  Laitone  (1960).  For  the 
present  purposes  it  is  only  necessary  to  dis¬ 
tinguish  between  the  singular  and  regular  coo- 
ponents . 

We  introduce  the  vector  notation  x  for 
the  (x,y,a)  coordinates  of  a  field  point.  The 
locations  of  the  source  point  and  its  ^taage 
above  the  free  surface  are  denoted  by  x’  » 
(x',y',*')  and  x|  »  (x',y',-s')  respectively. 
Then  the  distances  between  these  points  and  a 
field  point  x  are  given  by 

r  =  IS-  M 
r.'=  IS-  S'J 

With  these  definitions,  the  Green  function  can 
be  written  in  the  fora 

G(S,S'‘;K)  -  -  +  2K[log  Kp'+  logd+cosB)] 
+  H(S,S';K) 


where  H  is  a  wavelike  tera  which  is  regular 
everywhere  and  the  angle  fl  is  defined  in 
Figure  1.  The  Rankine  source  1/r  is  singular 
whenever  the  field  and  source  points  are  close 
together,  but  the  iaage  source  l/r*  and  the 
first  logsrithaic  tera  log  Kr'  are  also  singu¬ 
lar  when  the  field  and  source  points  are  close 
to  each  other  and  to  the  free  surface. 


Figure  1:  Ilefinitlons  of  r,r'  and  0 


Since  the  nunerical  tcheue  requires 
integrating  the  Green  function  and  its  noraal 
derivative  over  the  body  aurfaue,  it  is  ea- 
nential  to  integrate  the  singular  teres  separ¬ 
ately  in  the  vicinity  of  the  source  point. 
The  FIKGtBBIl  subroutine  facilitates  tbia  by 
optionally  subtracting  off  eoee  or  all  of  the 
singular  terms.  In  general,  the  logarlthaiic 
teraa  should  be  subtracted  whenever  the  ieage 
source  is  subtracted.  The  second  logarithiirc 
tens  is  not  actually  singular,  but  nuuricsl 
experience  has  shown  that  it  abould  be  Xusped 
wltb  the  l/r*  end  log  Kr*  tense. 


4.  Boundary- Integral  Formulation 


Substituting  the  Green  function  and  one 
of  the  canonical  potentials  d.;>  j  “  1,2,..., 7 
into  Green's  theorem  leads  tfo  the  boundary- 
integral  equation 


2iTij)^.{a;')  +  J  dx^_.ix)  G(,x,x') 


(10) 


where  x'  coincides  with  the  body  surface. 
Since  the  normal  derivative  of  if,-  i®  known 
from  the  boundary  condition  (7?  or  (8), 
equation  (10)  is  a  Fredholm  integral  equation 
of  the  second  kind  for  which  a  unique  solution 
always  exists  except  at  a  set  of  discrete 
frequencios  known  as  "irregular  frequencies". 
Henceforth,  the  j  subscript  shall  be  omitted 
and  the  prescribed  normal  velocity  3i^  •/  3n 
denoted  by  V. 


Sloan  (1980)  summarizes  the  various  nu¬ 
merical  methods  for  solving  Fredholm  equations 
of  the  second  kind.  The  simplest  approach  for 
arbitrary  geometries  and  the  most  widely  used 
in  free-surface  problems  is  the  collocation 
method.  The  velocity  potential  is  approxima¬ 
ted  in  the  form 


N  ^ 

^(X)  “  2  (11) 

n=l 

where  are  a  set  of  basis  functions  and 
are  unknown  coefficients  which  are  determined 
by  satisfying  (10)  at  H  discrete  locations  or 
"collocation  points".  Esch  basis  function  is 
defined  on  the  doetsin  Sq  end  vanishes  else¬ 
where;  S^way  be  either  identit.el  to  Sn  or  a 
subdomain  of  it.  The  Sj^ateociated  wltn  each 
basis  function  can  be  unique,  thared  by  other 
basis  functions,  or  overlapping  the  domaina  of 
other  batie  functiona.  baaed  on  thete  defini¬ 
tions,  (10)  can  be  rewritten  in  tbe  diacrete 
form 

I  [2x0^  (X^)  +  J/ 

X 

«  /J  (ixV(x)C(x,x^)  ;  "f«J,2 . 

(12) 

where  x  are  the  N  collocation  points.  The 
only  restriction  on  the  location  of  the  col¬ 
location  points  is  that  there  must  be  one 
point  for  each  basit  function  defined  within  a 
particular  auhdoiaain. 


3,  ■  SphetPidil^CoptdinttM. 

We  now  trantfoni  tbe  integrals  in  (10)  to 
spheroidal  coordinates.  The  transformation 
between  tbe  tpheroidal  (a,S>Y)  nnd  Cartesian 
(x,y,K)  coordinates  is  given  by 
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coB^  y 
coah  y 

0 


cosa 


y 


e 


Biah  y 
sinh  y 

0 


slnacosB 


Section  3,  but  is  constructed  from  such  wave 
sources  by  the  method  of  images  to  satisfy 
appropriate  boundary  conditions  on  the  planes 
of  symmetry. 

6.  Numerical  Scheme 


a 


»-e 


aitth  y 
aitih  y 

0 


slnctsinB 


(13) 


where  is  an  arbitrary  constant  and  e  is 
determined  from  the  relation  e  •=  tanh  y 
Setting  Y  “  Yq  defines  a  spheroidal  surface 
with  halflength  unity  and  diametor-to- length 
ratio  e  .  Of  course  other  constant  y  surfaces 
may  be  chosen,  but  e  will  lose  its  physical 
significance. 


It  is  convenient  to  define  the  scale  fac¬ 


tors 


Y-Y, 


L 

(sin^a+  E^cos^a]^ 


,  ^ 

B  "  i3B 


e  sina 


Y-Yo  « 


(14) 


To  facilitate  a  numerical  solution  of 
(16),  the  rectangular  domain  of  integration  in 
the  Y  “  Yq  plane  is  subdivided  into  a  grid  of 
rectangular  panels.  The  grid  is  characterized 
by  the  numbers  ,  N  g  corresponding  to  the 
number  of  equal  divisions  of  the  a  >  6  s*®® 
respectively.  The  dimensions  of  each  panel 
are  therefore 


4a  =  it/(2N  ) 
u 

46  =  v/(2N„) 

P 

In  order  to  define  a  basis-function  represen¬ 
tation  of  the  velocity  potential  within  a 
panel,  it  is  convenient  to  map  the  panel  to  a 
square  in  the  (r,s)  plane  with  its  centroid  at 
the  origin  and  sides  of  half-lengtb  unity.  The 
coordinate  transformation  for  a  panel  with 
indices  i,j  is  given  by 

o=(i'  +  2i-l)'|^ 

8  -  (8  +  2j  -  1) 


;  i:=l,2,...,N 

Cl 


Then  an  incremental  element  of  area  on  the 
surface  of  the  y  *  Y  spheroid  is  simply 
dS  "  hhgdoda  and  the^unit  normal  vector  is 
given  by  ^ 


The  potential  is  approximated  within  each 
panel  by  a  truncated  bidimensional  series  of 
Chebyshev  polynomials  of  the  form 


1  ,3a:, 

'  '  r 


(15) 


'^(J’,8) 


z  z 

fe-1  1-1 


ijH 


Tj,-j(r)T^-j(8)  (17) 


Substituting  these  definitione  in  (10), 
we  have 


2t*(a',6') 


where  ^  are  unknown  coefficients,  T,.  is 
the  Chebyshev  polynomial  of  order  k  and  H  -1  , 
Mg-1  are  the  orders  of  the  highest-degree 
polynomials  in  the  a  .  B  directions  respec¬ 
tively. 


-  /  I  .iaJa)8^y(o.6){  d)  .  V  G(J,^')) 


0  0 


Hy  'Oy  X 

Y-Y„ 


s/2  n/i 

-  /  /  daiBA  hgV(a,6)C(*,«') 
0  0  “  " 


(16) 


where  x  and  x'  are  obtained  by  the  explicit 
tranaformstiona 


X  -  x(a,e,Y^j) 

X  •  xia'.B'.Yjj) 

Here  it  should  be  recognited  that  tbe  domain 
has  been  reduced  ta  oas-^uarter  of  the  aub- 
eerged  surface  by  exploiting  the  spheroid 'a 
syxMetry.  Thus  tbe  function  denoted  by  C  is 
not  identically  toe  wave  source  defined  in 


Since  there  are  terms  in  the  series 

expansion,  H  H  collocation  points  must  be 
chosen  on  each  panel.  The  error  in  approxi¬ 
mating  an  arbitrary  function  by  a  series  of 
Chebyshev  polynomlsls  up  to  order  K-1  is  mini- 
mixed  by  locating  the  collocation  points  at 
the  aeros  of  the  order  M  Chebyshev  polynomial. 
Ve  therefore  locate  the  collocation  points  at 
the  seros  of  the  order  M  and  M,  Chebyshev 
polynomisls.  The  Cartesian  coordinates  of  s 
collocation  point  are  denoted  by  x  ,  where 
the  i,j  subscripia  indicate  the  pinel  where 
tbe  point  it  located  and  the  k,l  aubacripts 
indicate  its  position  on  that  panel. 


Utlng  the  above  definitions,  (16)  may  be 
rewritten  in  tbe  discretieed  form 
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Mg 


a  B 
2  ^2 


Ij  “  /  /  £it«f6^e'('(a,B)[||  •  ’a;(-|^-^rr)J  (20) 


a  B 
1 


,  \  ^B  ”a  «B 

+  iAaAB  I  I  Z  I  a.^  jjdrda 

^  t-1  j=l  *:=l  £=l  -I 


"‘Vk-.wv.ox  I?  • 


N  N. 
a  B 


AaAB  Z 


t“l  J°1 


1 

//  dr>dsh^(h^V)G(x,x^^j,j^,^^) 


where  x'  is  the  singular  point  and  (a^.aJ  and 
are  the  ranges  of  integration  rn  the  a 
and  g  directions  respectively.  These  inte¬ 
grals  are  evaluated  numerically  after  making  a 
coordinate  transformation.  We  denote  by  h^^.hi 
the  values  of  the  scale  factors  h^  .h.  au 
(a'.B'),  and  make  the  transformation 


h'  (a-a")  =  pcoso 
a 


;  i'=l,2, . . . ,N^ 

J^=1.2 . Ng 

fe'=l,2,...,M^ 
2'=1.2,...,Mg  (18) 


h'  (B-B')  “  pslno 

where  p  ,  a  are  elliptical  coordinates  cen¬ 
tered  on  the  source  point  in  the  (  a  ,  B  ) 
plane.  Substituting  into  (19)  and  (20)  gives 


Many  combinations  of  \  ^g 

are  possible  with  this  approach.  If  N^” 
then  (17)  is  a  global  representation  and  M^  , 
M  g  must  be  fairly  large  to  obtain  an  accurate 

solution.  If  on  the  other  hand  M  "  Mg  -1, 
the  potential  is  piecewise-consta^  on  each 
panel  and  ^  ,  N  g  must  be  large.  Any  choice 

with  or  Mg  greater  than  unity  will  he  re¬ 
ferred  to  as  a  "higher-order”  representation. 

Equation  (18)  must  be  put  in  the  canoni¬ 
cal  form  (12)  to  facilitate  assembling  and 
salving  the  system  by  standard  matria  methods. 
This  is  achieved  by  mapping  the  indices  i,j, 
k,l  and  i',J',k',l'  to  the  single  indices  n 
and  m  respectively.  The  best  mapping  from 
the  standpoint  of  placing  the  largest  coeffi¬ 
cients  close  to  the  main  diagonal  has  been 
found  to  be 

n  -  (i-l)NgM^Mg  +  0'-l)Mj,Mg  +  (fc-DMg  +  t 

An  analogous  mapping  is  used  between  the 
primed  indices  and  m. 

We  now  turn  our  attention  to  evaluating 
the  integrals  or  "influence  coefficients"  in 
the  discrete  equations  (16).  As  ditcuated  iu 
Section  3,  singular  terns  are  subtracted  from 
the  integrands  snd  treated  separately.  All 
restaining  cams  are  regular  and  are  integrated 
by  an  iterative  procedure  baaed  on  bidimen- 
sional  Gauss  quadrature  in  order  to  control 
the  error  in  the  influence  coefficieota. 
Starting  with  second-order  Causa  quadratursi 
the  order  is  increased  until  the  abaolute 
difference  between  successive  valuta  it  leas 
than  a  apacified  tolerance. 

The  latavrcM  of  the  singular  terms  have 
tbe  forma 

Oj  Bj 

I  -  /  /  dttcfBh J7»  V(o.0)l(^7r)  (19) 

‘  Oj  6j  ®  ^  1*-^'  I 


2v  p  (o) 

pdph  [h  V(a,B)](-j:rW) 

^  Vb  0  Pj(a)  ®  Y  I 

(21) 

211  0^(0)  ^ 

a  B  0  Pj(o)  1®  ®  ! 

(22) 


where  pj  »  Pj  *^6  the  lower  and  upper  limits  of 
integration  with  respect  to  p  snd  are  computed 
for  each  angle  a  .  The  lower  limit  is  of  course 
aero  when  the  singular  point  lies  within  the 
domain  of  integration.  The  integrals  (21)  snd 
(22)  can  be  evaluated  numerically  because 
their  integrands  have  a  finite  limit  at  P 
vanishes.  The  logarithmic  terms  in  (9)  are 
more  weakly  singular,  ao  the  tame  coordinate 
transformation  it  applicable.  The  contribu¬ 
tions  of  all  singular  terms  are  computed  to 
arbitrary  sccuracy  by  means  of  nested  Koeberg 
integration  algorithms. 


7.  Wumerical  ResultA 

The  numerical  scheme  has  been  tested  ex¬ 
tensively  for  the  esse  of  s  spheroid  with 
diseeter-to-length  ratio  c  -  1/8  in  water  of 
infinite  depth.  The  spheroid  it  floating  auch 
that  ita  major  axis  coincldas  with  the  free 
aurface.  The  primary  output  quantiliea  are 
the  added  maaa/momsnt  and  damping  coefficieota 
in  the  five  nontrivial  modes  of  motion  and  the 
corresponding  exciting  forces/momenis  (here¬ 
after  momenta  shall  be  understood)  for  three 
wave  haadinga.  Tbaae  quaatitiea  are  defined  in 
tba  Appendix. 
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Parameters  such  as  the  quadrature  toler¬ 
ances  and  the  ratio 


for  the  Gauss  and  Romberg  schemes  respectively 
because  the  hydrodynamic  coefficients  are  un¬ 
changed  to  four  decimal  places  when  more 
stringent  tolerances  are  imposed.  (Different 
tolerances  are  required  for  the  Gauss  and  Rom¬ 
berg  schemes  because  the  convergence  tests  are 
applied  to  different  quantities.  In  the  iter¬ 
ative  Gauss  procedure,  the  integral  over  an 
entire  panel  must  converge,  whereas  the  nested 
Romberg  procedures  first  check  for  convergence 
in  the  p  direction  and  then  in  the  c  direc¬ 
tion.)  The  ratio  has  only  a  slight  ef¬ 
fect  on  the  results,  so  all  results  presented 
here  are  for  R  “  R  g  and  M  ^  «  Mg.  The  sub¬ 
scripts  will  henceforth  be  omitted  from  these 
parameters. 

Results  have  been  obtained  for  the  cases 
H"l,2,...,9  and  M»1  (piecewise-constant  pan¬ 
els)  over  an  extended  frequency  range.  As 
expected,  the  hydrodynamic  coefficients  wpear 
to  converge  to  their  exact  values  as  in¬ 
creases  with  an  error  which  behaves  roughly 
like  1/R  ^  ,  where  R  ^  is  the  total  number  of 
panels.  Richardson  extrapolation  has  been 
employed  to  improve  the  accuracy  of  the 
results.  For  example,  if  P(R^  )  and  P(R  ^/4) 
are  predictions  obtained  with  the  body  geo¬ 
metry  discretised  by  R  ^  and  N^/4  panels  re¬ 
spectively,  the  error  in  the  extrapolated  pre¬ 
diction  (4/3)P(R^)  -  (l/3)P(R^/4)  is  expected 
to  be  of  order  l/v\  Further  reduction  of  the 
error  is  possible  if  the  estimate  P(R2/16)  is 
available.  A  more  detailed  explanation  of 
Richardaon  extrapolation  is  given  in,  for  ex¬ 
ample,  Dahlquist  and  Bjork  (1974). 

The  hydrodynamic  coefficients  computed  by 
the  present  scheme  have  been  compared  with 
valuea  given  by  Kim  (1966)  and  Yeung  (1973). 
The  preaent  results  generally  agree  with  Kim 
to  two  significant  digits  and  with  Yeung  to 
within  one  unit  in  the  second  significant 
digit. 


gated  to  find  theij 
tolerances  of  5x10 


have  been  investi- 
optimum  j^alues.  Absolute 
and  5x10  have  been  used 


The  same  results  are  also  plotted  in 
Figures  3  through  7.  In  addition  to  the  wave- 
numbers  listed  in  Table  1,  the  following 
values  were  used  to  make  the  plots:  0.16, 
0.32,  2.4,  4.0,  4.8,  5.6,  7.2,  8.0,  8.8,  9.6, 
10.4.  The  triangular  tick  marks  in  the  plot 
of  head-seas  heave  exciting  force  and  phase 
have  been  read  from  plots  in  Shin  (1979)  and 
provide  further  confirmation  of  the  present 
results. 

We  next  investigate  the  accuracy  of  the 
numerical  scheme  for  the  various  combinations 
of  the  parameters  H  and  M  listed  in  Table  2. 
In  all  cases  the  total  number  of  collocation 
points  is  no  greater  than  100.  The  heave  and 
pitch  hydrodynamic  coefficients  computed  with 
each  of  these  combinations  are  plotted  against 
the  reciprocal  of  the  number  of  collocation 
points  in  Figures  8  and  9.  Also  shown  in 
Figure  8  are  values  from  the  plane-panel  pro¬ 
gram  described  in  Breit,  Newman  and  Sclavounos 
(1985).  Other  than  their  common  use  of 
FINGREEN,  the  plane-panel  and  spheroidal-panel 
programs  are  completely  independent.  A  number 
of  interesting  observations  can  be  made  about 
these  plots: 

1)  In  most  cases  the  values  from  related 
models  fall  nearly  on  a  straight  line. 
This  applies  especially  to  the  piecewise- 
constant  plane-  and  spheroidal -panel  re¬ 
sults  and  justifies  the  assumption  made 
when  applying  Richardson  extrapolation 
that  t^e  error  ia  linearly  proportional  to 
l/(R  n  ). 

2)  Values  which  coincide  with  the  left  axes 
of  those  plots  have  been  obtained  by  re¬ 
peated  Richardson  extrapolation.  Although 
only  the  piecewise-constant  panel  results 
have  been  extrapolated,  the  agreement  be¬ 
tween  plane-  and  spheroidal-panel  extra¬ 
polated  results  and  the  apparent  conver¬ 
gence  of  the  higher-order-panel  results 
substantiate  the  claim  made  earlier  re¬ 
garding  the  accuracy  of  the  benchmark 
values  in  Table  1. 


Table  1  Hats  the  hydrodynamic  coeffi¬ 
cients  and  exciting  forces  at  six  dimension¬ 
less  wavenumbers;  the  dimensionless  wave- 
number  K1./2  is  based  on  the  length  1.  of  the 
spheroid.  The  exciting  forces  have  boon  ob¬ 
tained  by  solving  the  integral  equation  dir¬ 
ectly  as  opposed  to  using  the  Gaskind  rela¬ 
tion.  All  values  except  the  exciting-force 
phases  have  been  extrapolated  from  the  se¬ 
quence  16,36,81  panels  on  one  quarter  of  the 
submerged  surface;  the  phase  angles  are  baaed 
on  the  81-panel  results  alone.  With  the  ex¬ 
ception  of  the  surge  coefficients  and  the 
phases,  all  valuea  are  believed  to  be  accurate 
to  within  one  unit  in  the  third  decimal  place. 
The  surge  coefficients  are  believed  to  be  ac¬ 
curate  to  within  one  unit  in  the  fourth  deci¬ 
mal  place.  These  results  are  regarded  as 
benchmarks  for  subsequent  comparisons. 


3)  Extrapolation  was  not  as  effective  for 
the  plane-panel  results  at  the  highest 
wavenumber  (E1./3  >  8.0),  probably  because 
the  coarsest  plane-panel  model  had  only 
four  panels.  Bad  the  results  from  the 
coarsest  model  been  neglected,  the  extra¬ 
polated  plane-panel  values  would  have  been 
much  closer  to  the  extrapolated 
spheroidal-panel  valuea. 

4)  Comparing  the  slopes  of  tbe  lines  corres¬ 
ponding  to  different  types  of  panels  gives 
so  indication  of  their  relative  perfor¬ 
mance.  If  a  permissible  error  it  apecified 
and  tbe  alopo  astociated  with  one  type  of 
panel  ia  twice  that  of  s  second  type,  then 
twice  as  many  panels  of  the  firet  type 
will  be  required  to  achieve  the  same  accu¬ 
racy.  This  is  a  significant  difference 
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because  the  coiaputational  effort  increases 
at  least  quadratically  with  the  number  of 
panels.  Considering  just  the  piecewise- 
constant  panels,  we  see  that  the  slope  for 
plane  panels  is  in  fact  considerably 
greater  than  for  spheroidal  panels  at 
KL/2  “  .08  and  3.2  with  a  less  marked  dif¬ 
ference  at  Kl,/2  •  8.0. 

The  results  from  the  higher-order  sphe¬ 
roidal  panels  have  also  been  compared  in  a 
different  manner.  The  sway,  heave  and  roll 
coefficients  at  8  dimensionless  wavenumbers, 
evenly  spaced  between  KL/2*.08  and  11.2,  have 
been  computed  for  each  combination  of  H  and  M. 
Differences  between  these  values  and  the 
benchsiarks  may  be  regarded  as  the  absolute 
error  due  to  discretiaing  the  velocity  poten¬ 


tial.  The  accuracy  of  a  particular  model  has 
been  judged  by  counting  the  number  of  these 
discretization  errors  which  exceed  a  given 
value,  say  .005.  The  percent  of  exceedances 
for  each  combination  of  N  and  M  is  given  in 
Table  3  which  is  organized  so  that  combina¬ 
tions  with  the  same  number  of  collocation 
points  are  listed  in  the  same  row.  With  three 
modes  of  motion,  two  coefficients  for  each 
mode,  and  eight  frequencies,  a  maximum  of  48 
exceedances  is  possible.  Therefore  the  resolu¬ 
tion  of  the  values  in  Table  3  is  about  22. 
From  looking  across  the  rows,  we  conclude  that 
for  a  fixed  number  of  collocation  points  it  is 
better  to  use  piecewise-quadrat  ic  than 
piecewise-constant  panels,  but  piecewise- 
linear  panels  provide  no  improvement  over 
piecewise-constant  panels. 


Table  1:  Benchmark  values  for  the  hydrodynamic  coefficients  and  exciting 
forces/moments  of  e  =  1/8  spheroid,  based  on  extrapolating  from  the  sequence 
16,  36,  81  piecewise-constant  panels  on  one  quarter  of  the  submerged  surface. 
The  dimensionless  quantities  listed  in  this  table  are  defined  in  the  Appendix. 
The  exciting  force/moment  for  each  wave  heading  8  is  given  as  a  pair  of 
numbers  where  the  first  number  is  the  modulus  and  the  second  is  the  phase  in 
degrees.  The  waveheading  8  is  defined  in  Section  2.  All  values  are  accurate 
within  one  unit  in  the  third  decimal  place  except  for  the  surge  coefficients 
and  exciting  forces  which  are  accurate  to  within  one  unit  in  the  fourth  decimal 
place. 


Mode 

ia/2 

Added  Damping 

Exciting  force/moment 

Mass 

e  »  O' 

8  “  45' 

■ 

o 

o 

Surge 

0.08 

0.0298  0.0000 

0.0102  90 

0,0072  90 

0.80 

0.0360  0.0032 

0.0854  90 

0.0624  90 

1.60 

0.0381  0.0137 

0.1185  94 

0.0965  94 

3.20 

0.0242  0.0239 

0.0710  119 

0.1063  112 

6.40 

0.0135  0.0182 

0.0313  306 

0.0166  223 

11.20 

0.0090  0.0131 

0.0137  241 

0.0142  73 

Sway 

0.08 

0.9543  0.0000 

0.0137  90 

0.0194  90 

0.80 

1.0564  0.0153 

0.1330  90 

0.1940  90 

1.60 

1.2027  0.1132 

0.2428  87 

0.3906  87 

3,20 

1.2565  0.5618 

0.2906  76 

0.7145  77 

6.40 

0,6847  0.8450 

0.0687  257 

0.8644  70 

11.20 

0.3121  0.6277 

0.0440  59 

0.7504  83 

Reave 

0,08 

2.4067  0.1799 

1.4647  0 

1.4654  0 

1.4660  0 

0.80 

2.1058  1.1113 

1.1047  5 

1.1510  5 

1.1980  5 

1.60 

1.5029  1.3385 

0.7332  15 

0.8822  15 

1.0490  IS 

3.20 

0.8406  1.0537 

0.1391  59 

0.4304  35 

0.9368  2S 

6.40 

0.6240  0.5958 

0.0480  263 

0.1125  205 

0.7203  47 

11.20 

0.6245  0.2965 

0.0307  204 

0.0579  36 

0.5030  74 

Pitcl 

0,08 

1.4844  0.0002 

0.1476  90 

0.1044  90 

0.80 

1.7365  0.1303 

1.2206  90 

0.8865  90 

1.60 

1.8208  0.5572 

1.7048  94 

1.3492  94 

3.20 

1.2481  1.0337 

1.2001  115 

1.5036  113 

6.40 

0.6852  0.6652 

0.3491  294 

0.3373  162 

ll,2(i 

0.5853  0.3681 

0.1049  205 

0.1283  16 

Taw 

0.08 

0.8477  0.0000 

0.0007  360 

0.80 

0.8992  0.0004 

0.0709  360 

1.60 

0.9862  0.0118 

0.2631  360 

3.20 

1.2183  0.2285 

0.7927  354 

6.40 

0.8600  0.7420 

0.3805  328 

n.20 

0.4217  0.6756 

0.1115  153 
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Figure  3:  Surge  coefficient*  •n<i  exciting 
force  for  e  •  1/8  tpheroid  based  on  81 
piecevise'oonstanc  panels. 


Perhaps  the  major  shortcoming  of  boundary- 
integral  formulatione  of  freo-sucface  problems 
is  the  presence  of  ’’irregular  fre<iuencie*” 
which  correspond  to  Che  eigenfrequencio*  of 
the  interior  homogeneous  Dirichlet  problem. 
The  behavior  of  the  spheroidal-par.el  model  ha* 
been  Inveatigated  in  the  vicinity  of  cbe  first 
irregular  frequency. 

The  heave  addod>«ae*  and  damping  coeffi¬ 
cient*  baaed  on  SI  plecewise-conatant  panels 
are  plotted  in  Figure  10.  This  figure  baa 
been  included  to  show  the  detailed  behavior  of 


Figure  4:  Sway  coefficients  and  exciting 
force  for  e  «  1/8  spheroid. 


a  fairly  refined  model;  each  tick  tsark  repre- 
aenta  an  actual  computed  value.  The  first  ir¬ 
regular  frequency  appears  to  be  at  KL/2  "  15. 
helcv  this  wavenumber  the  curves  are  anontb. 
but  above  it  aoste  minor  kinkt  are  observable. 
Of  particular  note  ia  a  bump  at  KL/2  “  17 
which  will  be  referred  to  later  in  the  context 
of  twin  spheroids. 

Heoulta  baaed  on  9,16)36  and  6\  piecewise 
constant  panels  are  plotted  io  Figure  11 ~  The 
81-panel  results  are  the  same  aa  those  in 
Figure  10  and  are  represented  by  a  solid  line 
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Figure  5:  Heave  coef f i-* lente  ane  exciting 
force  for  c  ■■  1/8  sph«roi<!.  Bean  aeaa  excit¬ 
ing  force  Boduluo  and  phase  frost  Shin  (4979) 
are  sbown  for  cojapariaon  (A), 

even  though  there  ia  uncertcinty  as  to  whether 
the  curves  arc  continuoue  at  the  irregular 
frequency.  In  the  9-  and  U-panel  rceulta  the 
apparent  location  of  the  irregular  frequency 
la  shifted  to  the  right.  Hither  than  a  coati- 
nuoua  shift  to  the  left  at  the  nuabor  of 
paiiala  increases,  bovavor  the  aaperent  irregu¬ 
lar  frequency  it  actus Uy  further  to  the  tight 
for  16  than  for  V  paneli.  The  aetplitude  and 
bandwidth  it  ‘..he  Irregular  fraqucncy  distur¬ 
bance  generally  dec<eaa«  with  mare  penela,  but 
the  16-pane.l  reaultc  contradict  tbia  trend 
too. 


01  r“  r'  1  I  J  '  I  '■  I  "  I  I 


Figure  6:  Pitch  coefficients  and  exciting 
aosent  for  e  >  1/8  spheroid. 


Figure  12  shows  the  heave  coefficients 
computed  from  81  plecewiee-constant  panels  and 
4  and  9  piecewiae-quadratie  panels.  It  should 
be  noted  that  9  piecewiae-quadratie  panels  re¬ 
quire  the  sane  number  of  collocation  points 
as  81  piecevise-conttant  panels.  Although 
piecewiae-quadratie  panels  performed  better 
than  piecewiae-conatant  panels  at  low  to 
iu>derate  ftequenciea,  the  quadratic-panel  re¬ 
sults  are  erratic  above  the  first  irregular 
frequency. 


Figure  7i  Y««  coefficient*  and  exciting 
Boaent  for  e  ••  1/8  •pheroid. 


Figure  13  •hov*  the  heave  added  siaa*  and 
damping  of  tvin  apherofd*  in  the  vicinity  of 
the  firat  irregular  frequency.  The  spheroid* 
are  arranged  in  a  catawran  configuration  with 
a  aeparation  between  their  centerline*  of  one 
quarter  their  length.  For  purpose*  of  compari- 
aoti  the  Sl-panel  result*  for  a  a  ingle  opheroid 
and  0  far-ficld  approximation  for  twin  aphe- 
roid*  (deacribed  in  Sreit,  1985}  are  also  in¬ 
cluded.  The  far-field  approximation  doe*  not 
suffer  from  irregular  frequencies,  thus  in  an 
unufual  turn  of  event#  it  acrve*  here  a*  a 
standard  for  Jadging  the  auppoaedly  "csaet** 
panel-method  reaulta.  Indeed  the  paoel-atethud 


Tabic  2:  Number  of  collocation  points 
required  for  various  combinations  of  the 
parameters  N  and  M.  The  parameter  N  is  the 
number  of  panels  in  a  transverse  or  longi¬ 
tudinal  strip  of  panels,  thus  N^  is  the 
number  of  panels  on  one  quarter  of  the  sub¬ 
merged  surface.  M-1  is  the  order  of  the  poly¬ 
nomial  representation  of  the  velocity  poten¬ 
tial  within  each  panel.  The^nujiber  of  colloca¬ 
tion  points  required  is  N  M  .  Results  have 
been  obtained  for  all  listed  combinations. 


X 

1  2  3  4  5 

1 

9  16  25 

2 

16  36  64  100 

3 

9  36  81 

4 

16  64 

5 

25  100 

6 

36 

7 

49 

8 

64 

9 

81 

10 

100 

results  appear  to  converge  to  the  fsr-ficld 
approximation  as  the  number  of  panels  is  in¬ 
creased  from  81  to  256.  In  addition  to  the 
disturbance  in  the  panel-method  result*  at  the 
first  irregular  frequency,  which  coincides 
with  that  of  a  single  spheroid,  there  are  also 
irregularities,  particularly  in  fhe  damping 
coefficient,  at  ia/2  «  17,21  and  23.  Tlie  first 
of  these  coincides  with  the  aforementtoaed 
bump  in  the  single-spheroid  coefficients 
(Figure  10),  but  i*  certainly  more  prominent. 

Based  on  recent  work  by  Wu  and  Price 
(1985)  it  is  likely  that  the  irregularities 
observed  for  single  and  twin  spheroid*  at 
kl/2  »  17  correspond  to  the  second  irregular 
frequency  in  heave.  They  have  computed  the 

hydrodynamic  coefficients  in  all  mode*  of  a 
slender  horiaontal  cylinder  with  a  triangular 
cross  section  and  show  analytically  that  rhe 
firat  two  irregular  frequencie*  in  heave  occur 
well  below  the  firat  one  in  sway.  In  so  tar 
a*  this  body  vaguely  resenhle*  a  prolate  sphe¬ 
roid,  the  locationa  of  the  irregular  frequen¬ 
cies  of  the  two  bodies  should  be  aieilar.  The 
spheroid'*  firat  irregular  frequency  in  away 
occur#  slightly  above  Rl>/2  ••  24,  so  the  second 
heave  irregular  frequency  must  be  within  the 
range  shown  in  Figures  10  through  13.  In 
fact,  Figure  13  closely  reaemblea  some  numeri- 
ical  results  presented  by  Vu  ard  Price,  both 
in  the  relative  location*  of  the  firat  and 
second  irregular  frequenciet  and  in  the  rela¬ 
tive  magnitudet  of  their  disturbances. 
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Figure  9:  Pitch  added-»<w»oi  and  daaping  coefficients  of  «  -  1/8 
apharoid  veraua  reciprocal  of  cN  nuaeber  of  collocation  points, 


Table  3:  Percent  exceedance  of  permissible 
error  for  various  combinations  of  the  number 
of  panels  N  ^  and  the  order  M-1  of  the  poly¬ 
nomial  approximation  of  the  velocity  poten¬ 
tial*  For  each  combination,  the  svay,  hecve 
and  pitch  added-mass  and  damping  coefficients 
were  computed  at  eight  wavenumbers,  equally 
spaced  between  KL/2  ».08  and  11.2,  for  a  total 
of  48  coefficients.  The  absolute  differences 
between  these  coefficients  and  the  benchmarks 
were  computed.  The  number  of  differences 
which  exceeded  the  permissible  error  d  were 
counted  and  divided  by  48  to  obtain  the  per¬ 
centage  of  exceedances.  The  benchmark  values 
were  obtained  by  Richardson  extrapolation  of 
the  16,36  and  81  piecewise-constant-panel 
results. 
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Figure  10:  Hoave  added  mass  and  dcmping  of 
6  »  1/G  spheroid  in  vicinity  of  first  ir- 
regul-r  frequency.  Each  mark  represents  * 
numerical  computation  based  on  81  piecewise- 
constant  panels. 
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Figure  11:  Eaave  added  mass  and  damping  of 
e  ■  1/8  spharoid  in  vicinity  of  first  ir¬ 
regular  frequency;  according  to  four  models 
with  different  numbers  of  piecewise-constant 
panels.  81-panel  results  are  tame  as  Figure  10, 
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Figure  12:  Heave  added  mass  and  damping  of 
e«  1/8  spheroid  in  vicinity  of  first 
irregular  frequency;  according  to  81 

piecevise-constant  panels  ( -  ),  A 

pieeeviee-quadratic  panels  (A),  and  9 
piecevlse^quadratic  panels  (s). 
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Figure  13:  Heave  added  mass  and  damping  of 
twin  e  •  1/8  spheroids  in  vicinity  of  first 
irregular  frequency.  Spheroids  are  arranged  in 
a  catamaran  configuration  with  a  separation 
between  their  centerlines  of  one  quarter  their 
length.  Results  presented  are  from  far-field 

approximation  ( - - ),  81  piecevise- 

constant  panels  (A)  and  2S6  piecevise'-constsnt 
panels  (x),  81'panul  results  for  one  spheroid 
{ - )  (fe  shown  for  comparison. 


8.  Conclusions 

A  very  accurate  algorithm  for  computing 
the  radiation  and  diffraction  of  linea.  sur¬ 
face  waves  by  a  floating  spheroid  has  been 
implemented.  The  geoc^try  is  represented 
exactly  and  the  accuracy  of  the  influence 
coefficients  is  carefully  controlled,  so 
errors  in  the  hydrodynamic  coefficients  and 
exciting  forces  are  pristfrily  a  consequence  of 
approximating  the  velocity  potential  and 
solving  by  the  collocation  swthod. 

The  algorithm  has  been  used  to  compute 
benchmark  values  of  the  hydrodynamic  coeffi¬ 
cients  of  an  u  *  1/0  spheroid,  tn  this  con¬ 


nection,  Richardson  extrapolation  proved  to 
be  a  useful  technique  for  improving  occuracy 
without  increasing  computaional  effort.  How¬ 
ever,  caution  is  advised  when  extrapolating 
from  vary  coareo  wdels  at  higher  frequencies. 

The  comparison  of  curvilinear  and  plane 
panels,  both  with  piecevisc-conrtant  approxi¬ 
mations  of  the  velocity  potential  shows  the 
curvilinear  panels  to  be  superior,  although 
the  difference  is  more  significant  at  low 
frequencies.  This  .luggests  that  even  with 
a  pieceviae-constant  potential,  improved  ac¬ 
curacy  can  be  gained  Just  by  accounting  for 
curvature  in  the  geometry. 


The  flexibility  of  the  algorithm  has 
permitted  a  thorough  investigation  of  higher- 
order  approximations  of  the  potential  on  each 
panel.  The  higher-order  panels  have  been  com¬ 
pared  on  the  basis  of  the  number  of  colloca¬ 
tion  points,  not  the  number  of  panels.  On  this 
basis,  piecewiss-l inear  panels  are  no  better 
than  piecevise-constant  panels,  but  quadratic 
panels  yield  a  large  improvement  in  the  rate 
of  convergence.  Piecewise-cubic  panels  provide 
a  further  improvement,  but  the  difference  is 
not  as  great  as  between  quadratic  and  linear 
panels.  Thus  for  a  fixed  number  of  colloca¬ 
tion  points,  the  higher-order  panels  are  more 
accurate.  Moreover,  the  improved  accuracy  is 
achieved  without  significantly  increasing  the 
complexity  of  the  program  because  the  colloca¬ 
tion  points  are  located  on  the  interior  of 
each  panel  and  no  continuity  conditions  are 
imposed  between  adjacent  panels. 

The  present  approach  of  representing  the 
potential  by  a  series  of  orthogonal  functions 
could  be  used  in  more  general  applications. 
Many  offshore  structures  are  composed  of 
multiple  cylindrical  members,  so  a  panel  based 
on  circular  cylindrical  coordinates  would  be  a 
logical  extension.  An  entire  member  could  be 
modeled  by  a  single  panel  with  more  conven¬ 
tional  panels  used  at  its  intersections  with 
other  members.  This  would  reduce  the  required 
geometric  input,  the  storage  requirements  and, 
if  the  present  experience  is  any  indication, 
improve  the  rate  of  convergence. 

Finally,  the  investigation  of  irregular 
frequencies  has  shown  that  both  the  bandwidth 
and  magnitude  of  the  irregular-frequency  dis¬ 
turbance  diminlahea  as  the  number  of  panels 
increases.  The  effects  of  the  second  and 
higher  irregular  frequencies  in  heave  are 
negligible  for  a  sufficiently  refined  model  of 
a  single  floating  body,  but  are  somehow 
amplified  when  several  identical  bodies  are 
present. 
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Appendix 


The  definitions  of  the  added  mass  and 
damping  coefficients  and  exciting 

force/moment  xj 

't' 

-  iib 

iti”  1,2. ..,b 


-£wp  //  n.(^  +♦  )dS 

h 


1,2, • .  •  ,6 


vhere  n  ^  is  the  generalisied  normal  component 
given  by  equation  (8).  These  quantities  are 
nondimensionalised  by  the  geometric  properties 
of  a  spheroid  having  a  length  L  and  a  maximum 
diameter  B  and  floating  such  that  its  longi¬ 
tudinal  axis  of  symuetry  coincides  vith  the 
free  surface.  The  required  geometric  proper¬ 
ties  ere: 


Displaced  volume 


Inertia  of  displaced  volume  about  y  axis 


22 


if  x<|)  (f)  [l+(f)  ] 


Waterplane  area 

-  x(f)(|) 

Inertia  of  vaterplane  area  about  y  axis 

The  dimensionless  coefficients  are  denoted 
here  and  in  Section  7  by  overbars  and  are 
defined  as  follows: 

Translational  taodes: 

^  “  1*2,3 

Mx.  .  X .  »  i  -  1,2 

B  J  J 

PffVa  -  ^3 


Botstional  nodes: 
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1.  Ibbroducdon 

The  theory  of  ship  waves  is  a  substantially  non¬ 
linear  problem.  The  method  which  has  been  commonly 
used  in  order  to  solve  this  problem  is  the  perturbation 
analysis  with  the  assumption  of  smaU.  beamAength 
ratio  of  the  ship.  The  Michell  thin  ship  theory  is  the 
first  approximation  of  the  perturbation  and  a  great 
number  of  examples  of  wave  resistance  computation 
has  been  pwhlished  so  far.  Tsutsurai  et  al.(l)  compared 
the  wave  resistance  determined  by  the  wave  p>attern 
analysis  of  mathematically  defined  ship  model  of 
variable  breadth  with  cotrespwnding  com  pxitations  by 
Mich^'s  formula,  and  concluded  that  Michell's 
formula  could  predict  the  wave  resistance  within  the 
torelable  accuracy  In  case  of  beamAength  ratio  not 
greater  than  one  fifteenth. 

Since  practical  hull  forms  exceed  this  limitation, 
Michell's  formula  is  not  useful  for  the  purpxsse  of 
prediction  of  wave  resistance.  The  higher 
approximation  of  the  thin  ship  perturbation  haa  been 
attempted  by  Svveral  re8earcher8(a)(3)(4),  but  the 
results  are  not  so  promising,  because  of  the  highly 
singular  behavior  of  the  Kelvin  source  which  prevents 
the  feasibility  of  the  higher  approximation. 

Another  possibility  of  the  perturbation  analysis  is 
the  low  Proude  number  approach.  This  method 
assumes  the  series  expansion  of  the  solution  with 
respect  to  the  Proude  number.  The  starting  point  .is 
the  flow  at  zero  Proude  number  which  la  Identical  with 
the  flow  around  a  double  model  In  an  unbounded  Quid. 
The  free  surface  condition  for  the  disturbance 
potential  is  then  linearized  and  the  solution  is 
alnplified  to  a  groat  extent.  This  idea  was  firstly 
suggested  by  0gilvie(5)  for  the  motion  in  two- 
dim  eraiotw,  and  applications  to  the  three-<limensional 
case  have  been  discussed  by  Baba  et  al.(f)  and  Maruo 
et  al(7).  Dawson (8)  proposed  a  purely  numerical 
method  to  solve  the  boundary  value  prohlem  with  the 
free  surface  condition  rimilar  to  the  above 
approximation  by  the  aid  of  the  distribution  of 
Rankliie  sources  over  the  still  water  plane  together 
with  the  hull  surface.  A  computer  program  for  this 
method  appUcabls  to  arbitrary  hull  forms  was 
developed  ^  0giwara(9)  who  calculated  the  wave 
profile,  pressure  dtatrlhution  on  the  hull  surface  and 
the  wave  resistance  and  examined  the  feaaibiUty  of 
this  method  In  the  praottcal  field. 


Apart  from  the  technique  of  linearized  free 
surface  conditions,  the  possibility  of  the  direct 
solution  of  the  boundrury  vcilue  problem  in  its  original 
non-linear  form  depends  only  on  numerical  methods. 
A  typical  method  of  this  kind  is  the  finite  difference 
technique,  by  which  the  solution  is  obtained  by  the 
step  by  step  integration  of  the  unsteady  Ruler  or 
N avier-Stokes  equation  with  respect  to  time.  Several 
results  of  computation  by  the  finite  difference 
technique  applied  to  hull  forms  have  been  published  by 
Chan  et  aLdO)  and  Aoki  et  aL(ll).  Serious 
disadvantages  of  this  method  are  that  an  enormous 
computer  time  is  required  before  the  steady  state  is 
finally  attained  and  that  a  proper  treatment  of  the 
condition  at  the  open  boundary  with  which  the  domain 
of  computation  is  encompassed  is  hardly  possible.  On 
account  of  these  defects,  it  is  quite  unlikely  for  the 
accuracy  of  computation  by  this  method  to  be  ahie  to 
attain  the  level  of  practical  feasdhllity. 

The  method  proposed  here  is  a  kind  of  the  boundary 
element  method  with  the  Rankine  source  as  the  kernel 
function.  The  steady  non-linear  free  surface  flow 
around  a  hull  placed  in  a  uniform  stream  is  determined 
by  iteration  so  as  to  fulfil  the  non-linear  free  surface 
condition  and  the  huU  surface  condition,  starting  from 
the  solution  of  double  model  linearization  such  as 
Dawson's  prohlem.  An  advantage  of  this  method  Is 
that  the  computer  program  for  the  double  model 
linearization  which  Is  now  at  hand,  is  fully  utilized. 
Other  points  of  merit  is  that  on  analytical  expression 
can  be  given  to  the  solution  at  the  final  stage  by 
means  of  the  source  distribution  over  the  boundary  and 
that  the  condition  at  Infinite  depth  is  fulQled 
automatically.  It  has  been  found  on  carrying  out  the 
computation,  that  the  stability  in  computation  process 
Is  a  serious  problem,  and  several  techniques  to 
suppress  the  In^abiUty  are  Indlspenahle.  In  order  to 
examine  problems  associated  to  numerical  technique, 
computations  are  executed  for  the  two-dimensional 
motion  of  a  submerged  cylinderfll).  Then  numerical 
example*  of  three  dlmcnrional  calculation  are  shown 
with  respect  to  the  wave  pattern,  pressure  distribution 
and  wave  resistance  of  mathematically  defined  hull 
focmad)). 
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2.  Basic  foraulation 

^oiC»+^jiC«i+<^o»C»+<fivCov 

Take  cartesian  coordinates  with  axesof  x  emd  y  in  — i^it+-DiC*. y)=0  C*=0) 

the  undisturbed  free  surface,  and  z  axis  in  the 
verticaily  upward  direction.  Consider  a  ship  huU  fixed 
In  a  uniform  flow  of  velocity  0  In  the  direction  of  x 
axis  and  assume  an  Irrotatdonal  motion  of  an  invlscid  ^ 

and  IncompresslliLe  fluid  around  the  hull.  The  flow  +DiCx,y)  (i=0) 

field  Is  then  defined  by  a  velbcity  potential  <p  which 
satisfied  the  Laplace  equation  in  the  domain  occupied  where 
by  the  fluid. 

<f>xx+<f>„+<t>r^=0  a) 


(8) 

(9) 

(10) 


where  subscripts  mean  partial  derivatives.  Designate 
the  free  surface  devatlon  by  the  equation 

(2) 

and  the  boundary  conditions  on  the  free  surface  are  as 
follows. 

kine  m  atical  condition  j  .  ,  ,  ,  x  n 

'PiCi+<Pv4,-'P,=0  (3) 

(r=0 

dynamical  condition 

2  (4) 

(i=0 

where  g  Is  the  acceleration  of  gravity.  There  la  a 
condition  at  infinity  such  asi^-Ox  at  x*  fY*-fz*»oo , 
We  have  bo  consider  generally  the  radiation  condition 
that  there  is  no  wave  motion  at  infinite  upstream,  but 
results  of  computations  have  shown  that  this  condition 
la  fulQled  by  adoption  a  suitable  computation 
algorithm.  The  free  surface  conditions,  (3)  and  (4), 
have  to  be  satisfied  on  the  elevated  free  surface 
s«C(x,y),  but  trial  computation  has  shown  that  the 
adoption  of  values  at  the  real  free  surface  at  each 
step  of  iteration  causes  an  unavoidable  tendency  of 
divergence.  Therefore  we  employ  an  approximation 
that  each  value  at  z»  C  is  expanded  in  Taylor  series 
around  zoQ  and  higher  order  terms  are  omitted. 
Resulting  equations  are 


+  (11) 

•Dt(*.  y)“ — ^(<^ix*+^iv*+'^i,’) 

+  (12) 

D,(i.  y)  and  D,(x,  y)  Indicate  the  non-linear  effect.  Tf 
we  omit  the  non-linea:  terms,  Le.  D,(*,  y)=0, 
lJf(*.y)=0  we  have  the  'ooundary  condition  for  the 
double  modelUneaiized  sa'uition. 

+ y  { <^1  s  C<^s* + ‘^ » *)  * + » 1 
+  5(^„=0  (*a0)  (13) 

If  we  take  the  length  s  along  the  streamline  on  the 
plane  s^O  of  the  double  model  flow,  the  above 
equation  can  be  transformed  into 

Ce°0)  (14) 


(r«0)  (S) 

+5C*‘0  C*«0)  (6J 


This  equation  is  identical  with  the  double  model 
linearized  free  surface  condition  which  was  employed 
by  Dawson. 

The  boundary  condition  on  the  hull  surface  is  the 
usual  form 


a  -0 


ttS) 


These  equations  are  sadsfled  on  the  plane  saO. 

The  method  of  solution  is  based  on  the 
decoapoaitlrm  of  the  velocity  potential  into  the  double 
model  Qow  potential  and  the  deviadon  from  it  such 


where  n  Is  taken  along  the  outward  normal  of  the  huU, 
surface.  Since  the  double  model  Qow  satisfies  the  hull 
surface  condition,  l,e.  /?«  bq  ^  the  boundary 

condition  for  becoaea 


(7) 


(16) 


The  double  model  potential  is  regarded  as  s  known 

function.  Subiditudng  (7)  In  (6)  and  (6),  one  obtains  where  ex,Mx.e,  are  direction  cominem  of  the  normal, 
after  some  rediucdon 
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We  express  the  double  model  potential  by  a 
distribution  of  sources  over  the  double  hull  surface 
such  as 


where 


The  velocity  potential  on  the  other  hand,  is 
expressed  by  sources  distributed  on  the  hull  surface  S„ 
and  still  water  ^ne  outside  the  hull  'Si  as  follows. 


where 


Now  the  boundary  value  problem  is  stated  in  such  a 
manner  that  the  source  distribution  densities  tfi.Joo 
are  to  be  determined  so  as  to  make  the  velocity 
potentials  i^o  and  <t‘\  satisfy  the  boundary  conditions 
(8), (9)  and  (16). 


3.  The  naaerical  aethod  of  aoUitton 

The  method  of  solution  is  an  iterative  procedure 
that  the  free  surface  condltlona  (8)  and  (9)  are 
satisfied  by  assuming  the  non-linear  terras  D,(a,y)and 
y)  are  given  by  the  solution  of  preceding  step  of 
iteration.  In  the  first  place,  the  double  model  source 
distribution  I't  in  (17)  is  determined  in  such  a  way  that 
the  hull  boundary  condition. 


aO 


a9) 


computation.  In  Oder  to  eliminate  this  Instability,  a 
relaxation  factor  aiKl.  is  mutiplied  to  the  non-linear 
terms  Di(r.y)and  D,(r,y)  . 

The  numerical  work  is  carried  out  with 
discretisation  of  the  boundary  surfaces.  We  make  the 
hull  surface  St  consist  of  Mt,  panels  and  take  a  finite 
area  S,  on  the  {ilane  z-O,  which  is  divided  into  iw, 
elements,  as  the  domedn  of  computation.  If  the 
density  of  source  is  constant  in  one  panel,  velocity  of 
the  disturbance  potential  au:e  given  by 


<^.r=  |i</.a)CX.(.7) 


whcr©  (CXo,  Cy^,  CZj)  and  (CrVi,  afff 

due  to  unit  sources  distributing  on  each  pan^  and  are 

given  by 


JJsii  rii/ 


C2 


Si,  r,!/ 


-ds 


(21) 


Integrals  are  performed  in  each  panel  on  the  hull 
surface  or  on  the  still  water  plane. 

Because  of  the  application  of  the  relaxation  factor 
a, ,  the  free  surface  condition  takes  the  form  like 


is  satisfied.  Then  the  first  approximation  is  obtained 
by  determining  the  source  dentitles  J(t,  and  v,  in  (18) 
so  as  to  satisfy  the  double  model  lineatixed  free 
surface  condition  (14)  together  with  the  hull  boundary 
conditiof!  (16).  Next  the  functions  D,(x.y),  and 
are  calculated  making  use  of  the  first  approximation 
for  <^1 .  The  first  epproxia  ation  for  the  free  surface 
elevation  is  determined  by  eubstltution  of  in  (9)  by 
the  first  approximation  obtained  above.  The  second 
approxia  ation  for  the  eource  densities  end  in 
(18)  is  determined  so  as  bo  satisfy  the  hull  boundary 
condition  (16)  and  the  free  surface  condition  (8)  in 
which  is  determined  by  the  firM 

eppcoxlHetlon.  A  alnilar  process  is  repeated  in 
further  appcoxlmetion. 

The  rxamputation  program,  which  has  been 
developed  for  the  solution  of  double  model 
linearisation,  is  eKectively  utilised  in  this  iterative 
eolutioft.  tt  is  found  by  a  sample  celouletion,  that 
inherent  tnstehility  results  dtvexgenoe  in  lepested 


+aii?,a.y)-0 

Substituting  (ID  in  (22),  one  obtains 

<*i'f  — "fl  j24) 

where 

(25) 

(26) 
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— ^OyCy  — <3^1  •CC<^O*X  +  ^0vv) 


(35) 


(27;  pa^oy^'^AUi)  +2;rc», (')<***)= C’(0'*> 

(,-=l,2,-,A!f,  on  5.) 

The  free  surface  elevation  Is  calculated  fey  (23), (12)  as 
follows.  where 


2 


The  boundary  conditions  on  the  free  surface  and  on  the 
hull  surface  are  written  in  discretized  formslilte 


c(o(*>= SCO  -  Aat(jy*'A,aj) 


(36) 


The  source  distribution  thus  obtained  Induces  the 
normal  velocity  on  the  hull  surface  given  by 


(37) 


§  Aa,01A,an  +  +2)rff.(0  =  Bd)  (29) 


In  order  to  compensate  the  above  velocity,  source  of 
density 


(i=l,2,  — .Af,  on  Si) 


(38) 


pA<}tCi)Ntdj)+  =o  (30) 

(i=l,  2.-“,M(i  on  So) 


where 


A„(<;) = CX,(0)  /l,(0  +  C  y  «(ii)  d„Ci) 

+aiC(C'XK«+'Cy  Km) 

B(i)  =  -iJioi(,OCi(0-<('4»COf »(') 

(32) 

iv«(i))  =  cx.«<t/)  •»»(>')  +  cv  «(ij)  •  »»(0 

+  C2«(ti)«,(i)  (34) 

(V.(.i)-=>3«r  +  ".0')//,,_'^V 

Sahacript  ra»0  means  the  contribution  of  sources  on 
the  hull  surface  and  b«1  means  that  on  the  still  water 
plane.  The  e<}uatlon  (29)  and  (30)  give  a  system  of 
simultaneous  equations  which  determine  tlie  source 
denaitles  V|  and  J0« 


4.  A  ainpUBad  aethoa 

The  method  of  computation  stated  In  the  preceding 
Bijction  teq<^tlres  long  computer  time  because  the 
boundary  condltksna  on  the  hull  surface  and  those  on 
the  free  surface  should  be  eatisfltd  atmultaneously. 
This  fact  is  a  serious  disadvantage  In  view  of  the 
practical  appUcatian.  A  simplified  method  Is  proposed 
here  under  this  drcunti^ance.  Assume  the  hull  surface 
source  and  free  surface  elevation  <'*■  at  k-th 

atep  to  be  given.  Then  the  tree  surface  source  a, 
at  (k*D-th  itep  is  determined  by  the  equation 


are  added  to  the  hull  surface  sources.  Then  the  source 
distribution  on  the  hull  surface  Is  of  the  density 
JatCO+t  .  The  computation  begins  with  the  first 
approximation  which  is  obtained  from  the  douhle- 
model-Uneeuized  solution  with  free  surface  condition 
(14).  The  first  approximation  foe  c  is  obtained  from 

C(a.  =  (39) 


The  second  approximation  for  the  free  surface  source 
density  ai  is  determined  by  solving  the  simultaneous 
equations  (35)  and  the  hull  surface  source  density  is 
obtained  from  (37)  and  (38).  The  similar  process  is 
repeated  in  the  further  approximation  until!  a 
stationary  value  is  obtained.  It  has  been  found  during 
trial  computations,  that  adjustment  of  interval 
between  each  step  is  needed  during  iteration  in  order 
bo  )«eep  stability.  Therefore  another  relaxation  factor 
«!<  1»  by  which  C  b'  the  (k+D-th  step  is  modified  such 
as 


The  Sow  diagram  of  the  numerical  work  is  shown  in 
yig.l.  The  partial  derivatives,  which  ace  necessary  for 
the  determination  of  coefficient  in  (35),  are  calculated 
by  the  following  f  as5Uon. 

Consider  a  function  f(x,y)  in  x-y  plane  and  define  a 
plane  given  by  the  equation 

a  j 't  Sji  t  r/w  I  ^41) 

on  which  three  point  (a,,  yi./i,  j  -'I.',  Si  are  located. 
Then  the  partial  decivativem  of  f  (x.y)  are  approximated 
by 

/.“-f.  /,«-v  (42) 
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A  trial  computation  for  the  two-dimensional 
problem  of  &  submerged  elliptic  cylinder  shows  that 
results  obtained  by  the  simplified  method  are 
sufficiently  accurate  when  compared  with  the  results 
by  the  more  complicated  method  in  the  preceding 
section. 


Flg.2  Wave  profile  at  each  step  of  iteration  process 
(f/a=1.7)Fn=0.50,  “1.0,  aj“1.0) 


Flg.3  Wave  Pror'ie  at  each  step  of  iteration  process 

{f/a-l.7,Fn-^.SQ,  a, -0.75,  a, -0.25) 


Fig.l  Flow  diagram  of  numerical  computation 


5,  Xh«  wave  profil*  of  a  mibwerged  enipdc  cylinder 

In  Oder  to  examir*  the  validity  of  the  computation 
method  mentioned  above*  the  method  of  secllon  3  la 
applied  bo  the  tvo-dlm  enaionai  probleM  of  the  wave 
pcofUe  which  accompany  a  subaierged  cylinder  of 
elliptic  •ectitrn.  The  wumerlcal  example  la  concerning 
the  shape  with  toe  ratio  between  twoaxe*a/^«. 

Flg.2  siiovi  the  rerolta  of  computstloe  at  each  step 
of  iteration  for  the  care  of  Prv-(JA^ga»0.5,  f/a-1.7  ff 
ia  the  depth  of  inmerslon  cdT  the  center)  when  the 
relAxatian  factor  n, ,  «,  are  not  applied.  rnseefeUity  of 
eomputaacw  te  observed  which  eahe  the  reetirt  diverge 
at  the  7th  iftep.  After  eame  atudy,  it  te  fo‘or«^  that 
stable  reaulta  ate  cbtained  by  application  of  the 
relaxabUsn  factor  -0,75,  at,-o,25  a#  shown  in  Fig.l. 
The  convergtfloe  of  the  computation  ia  axatcined  by 
the  quantity 


*10-j 


5 


t(K)' 


M, 


n* 


IK-HI 


(K)  12 


F»g.i)  Convergence  of  wave  profile 
(f/a-1.7,  Fft»0.50) 
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Pmtnt  method  (o,  -  0.76,  a,  •  0.25,  Bth  itepi 


Experiment 


_ Present  method 

(o(,|=  0.75,  0(f.“  0.25,  Bth  step) 
</»  -  Experiment 


Flg.6  Comparison  of  wave  profiles  at  various  depth 
of  Im  merslon  (Fn««0.50) 


&  The  ohip  wave  pattern 


where  17'* J,”  ^  are  free  autfnee  elevations  at 

(k+ll-th  and  k-th  steps  respectively.  £t  ia  shown  in 
Pig.4,  that  the  computation  with  «i»0.7S,«i  nO.as 
converges  very  rapitiay. 

Experiments  are  conducted  in  the  drculating  water 
channel  to  measure  the  wave  profile  and  results  are 
compared  with  ooraputathm.  Pig.s  ah&vs  results  at 
various  Proude  numbers.  The  wave  breaWng  takes 
place  slightly  behind  the  cylinder  at  Pn«0.S7.  Plg.6 
shows  results  with  changing  depth  of  iramersioo  at 
Pn»0.S0.  The  wave  breaking  takes  place  in  the  case  oS 
f/a«1.5.  The  computed  wave  profile  agrees  very  well 
with  the  measurement  unless  the  wave  breaking 
appears,  Plg.7  shows  measured  and  computed  fluid 
welocltlea  below  the  Orst  crest  of  the  wave. 
Agreement  is  very  good  except  the  case  of  Pn*0.S7 
where  the  wave  breaking  is  Ohaerved, 

A  aimplifled  method  is  proposed  in  the  previous 
section.  In  order  to  examine  its  sccuracy, 
computations  of  the  case  of  Pn«0.St  £y»«1.7  are 
carried  out  by  both  original  and  slmplltted  methods. 
f^lg.8  shows  a  good  agreement  between  results  of  two 
methods. 


As  shown  in  the  previous  section,  the  simplified 
method  mentioned  in  section  4  predicts  the  flow  field 
with  sufficient  accuracy.  Therefore  we  employ  the 
aimpUfled  method  in  the  present  computation  of  the 
wave  pattern  of  three-dimensional  hull  forms. 

The  first  example  of  the  hull  form  is  a  slender  ship 
of  mathematical  form  defined  by  the  equation 

(44} 


where 


u(t) 


(-ISiSO) 

(OiSis;/) 
a«a3,  «m13, 


if. 
2  ' 


<45) 


VAJ  (U  *  O.M  is«/i,  Fa  •  a»» 


F*«*aim«ihai|(«i  •0»4. «i -ajS.Mnuot 
•  •  »  EuwfcnaM  V»u>«lv*toelw 


Original  method 
Simoltflad  method 
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Fig.8  Comparison  of  wavt  profile  (above)  and 

source  disti’ibutlon  on  the  elilpse(be!low) 
(Fn“0.S0|  f/a"^'.?!  ai“0.75i<*«*0.25>  6th  step) 


This  Is  a  version  of  Wlgley  model,  with  fulle''  entrance. 
The  panel  division  on  the  hull  surface  and  on  the  still 
water  plane  ia  shown  in  Pig,9.  The  number  of  panels 
on  the  hull  surface  cn  one  sida  is  iVxlO  and  that  on  the 
still  water  plane  is  44x9. 

The  affect  of  the  relaxation  factors  is  studied  in 
the  first  place  by  computations  with  variable  oti  and 
a,.  ?lq,10  gives  the  wave  profiles  with  changbig  «i 
applied.  The  effect  of  variation  in  ot  ia  shown  in 
Plg.ll.  According  to  these  results,  stable  iteration 
nay  be  obtained  by  the  adoption  of  «>«0.S0  and 
a»»0.10,  but  instability  still  takes  place  at 
Fn»t)A^.«0,26i  in  this  case.  It  iss  undemood  that  the 
instability  due  to  non-linearity  appears  in  a  limited 
aone  near  both  entts  of  the  hull,  and  the  aptaioxtion  of 
o,  la  needed  only  in  the  above  tone.  ThereftKe  w* 
apply  the  relax.tUon  factt»  in  two  circular  regions  of 
ra^ua  l/a  with  centers  at  F.P.  and  A.P.  of  tlie  hull  as 
shown  in  Pig.U.  liere  1  is  the  wave  lA(n>3tl  l.sS«(/t<i( 
The  distribution  of  ia  given  by 


Ft9.7  Comparison  of  velocity  distribution  beneeth 
free  surface  (f/a«1.7) 


C0:;rs,li2) 

1 34  <F>i/2> 

We  employ  CT4»»l.d,  J»»0,25,  in  further 

cotsputationa.  pig.13  shows  the  results  of 
COB  potation  at  each  ^»p  of  iteration  process.  Change 
of  value  is  aigniflcant  at  both  ends  ci  the  hull.  The 
resuita  Of  coBpQtatlon  are  compared  with 
•  easuresents  In  the  towing  tank.  Pig. 14  show*  the 
conpariaon  of  wsya  ptoCXe  alongside  the  model  (Hodel 
A),  and  Plg.lS  shows  th*  cnsputed  ir«d  sessurad 
pceasure  distribution  »t  the  level  !i/d»«b.5£.  Much 
better  agree  sent  with  measured  results  is  obtained  by 
the  pcesant  Method  than  by  the  Hiohell  thin  ship 
theory. 
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Fig.9  Panel  division  on  the  boundary  surfaces  for  Model  A 


Fig.lO  fhe  effect  of  correction  factor  A  I  on  wave 

profile  ( Model  A,  Oi  vd.lOi  Ath  step) 


Fig.!  I  The  effect  of  correction  factor  A?  on  wave 

Proftle<Hodol  A,  Fn-0,250,  a.»O.S0,  Ath  step) 


•••4n«s 
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Fig.12  Oiitrlbutlon  of  correction  factor 


Fig. 1 3  Wave  profile  at  each  step  of  Iteration  process 
(Hodel  A) 


Exparimtnt 


Exp*rimtnt  (t/4  «  -0.S2) 


Flg.15  Comparison  of  pressure  distribution  for 
Model  A  at  z/d— 0.52 


Flg.l4  Comparison  i>f  wave  profiles  of  Model  A 


The  second  example  Is  a  much  fuller  model  (Model 
0)  with  elliptic  bow  waterUno  and  elliptic  frame  lines. 
The  panel  division  for  the  numerical  work  Is  shown  in 
Plg.l6,  and  the  mathematical  expression  for  the  huU. 
surface  is  given  in  Table  1. 

Pig.i7  shows  the  comparison  of  the  computed  wave 
profile  with  the  measurement  and  Pig.is  shows  the 
pressure  distribution  at  the  level  v'd— 0.3.  Good 
agreement  is  observed  in  the  fore-body,  but  there  are 
some  chsorepandes  in  the  afb-body.  The  difference 
fcatween  the  computation  and  the  measurement  in  the 
aft-body  may  be  attributed  to  the  viscosity  effect. 
Pig.l9  gives  a  schomatioal  Illustration  of  wave 
patterns  of  both  models. 


7.  The  wave  resistance 

The  fluid  pressure  is  given  by  Bernoulli's  theorem 
such  as 

—2  — 2 
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Coraparisfn  of  wave  profiles  for  Model  B 


J 


Fig.lS  Comparion  of  pressure  distribution  for 
Model  B  at  z/da-0.3 


FIg.lS  Computed  wave  petterns  around  mathematical  hulls 


Table  1  Mathematical  representation  of  half  breadth  y  for  Model  R 


El.'iptic  form 

Parallel  part 

Parabolic  form 

a 

3 

L  L 

B  /.  ix+Lisy 

2V  ‘  Ci/6)« 

5 

2 

B  f,  (x-Liey  ] 

2 1  (z./3)«  ; 

B  /,  (j+i/3)*  Ci^dlW 

2V^  (i/6)«  (<f/2)‘ 

B  L  (a+d/2)* 
2V‘  cdizy 

B(  (*-L/6)«l  /  (a+d/2)» 

2r  W3)»  jv^  (d/2)‘ 

L  :  ship  length  B  ;  ship  breadth  d  :  draft 


The  wave  resistance  is  defined  by  the  pressure  integral 
over  the  huU  surface.  If  the  pressure  is  calculated  at 
each  point  euid  is  assumed  uniform  in  each  panel 
the  wave  resistance  is  given  by 

ifu=~|5lP(0-P<ll"r(0di(0  (48) 

Though  the  Quid  velocities  are  defined  in  the  space 
below  the  still  water  plane  z«0,  the  pressure  Integral 
must  he  taken  over  the  real  wetted  hull  surface  under 
the  elevated  free  surface.  Therefore  the  pressure 
acting  on  the  huU  surface  between  teal  free  surface 
and  the  atHL  water  plane  shouLd  be  taken  into  account. 
In  the  present  cc m utation,  we  assume  a  linear 
variation  of  pressure  such  as 

P-h=pH,(l-j)  (49) 


Fig. 20  Change  of  Cw  value  due  to  Iteration  number 
for  Model  A 
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vhere  la  the  pressure  calculated  at  the  still  water 
surface.  One  oars  put  Pu=pg<(.x').  Then  the  correction 
term  to  be  added  to  equation  (48)  Is 

(50) 

Flg.20  shows  the  result  of  computation  of  of 
Modal  A  at  each  step  of  iteration.  It  la  observed  that 
the  itetation  converges  at  above  fourth  step.  Curves 
for  the  wave  resistance  coefficient  as  a  function  of 
Froude  number  computed  by  different  methods  are 
compared  in  Fi9.21.  In  this  &gurei  D.M, Linear  means 
the  double  model  linear  solution  which  is  the  first 
approximation  of  the  iteration  procedure.  The 
importance  Of  the  non-linear  effect  and  that  of  the 
wave  correction  term  di?®  ate  clearly  observed. 

Fiq.22  compares  the  computed  and  measured  wave 
resistance  of  Model  B.  In  these  figures^  the  results  by 
the  present  method  have  attained  a  remarkable 
Ib proves ent  in  agreement  with  measurement. 


a.  Coocluding  teaarka 

The  oresent  work  has  proposed  a  method  of 
theoretical  computation  for  the  wave  pattern  and 
wav#  resistance  by  wWch  the  non-linearity  in  W»e  free 
surface  condition  is  taken  into  account.  The  wave 
profile,  pressure  distribution  cu  the  hull  surface  and 
wave  reshftance  of  models  with  sin  pie  huU  forms  are 
computed  and  the  results  arc  compared  with 
Heasurenent  In  tha  towing  tank.  The  conclusion  is  as 
follows. 

(1)  The  results  of  computation  by  tlis  present  method 
show  fairly  good  agceM;  «ent  with  measurements, 
so  that  this  method  has  a  feasibility  aa  a  practical 
method  of  oomputaUon  foe  arbittaky  hull  forma. 


(2)  The  adoption  of  the  relaxation  factor  a,  and  «, 
enables  the  iteration  process  to  t)e  stable,  a,  has 
a  function  of  supresaing  non-linear  instability  at 
excessively  high  wave  crest  by  which  the  wave 
brea)dng  is  liable  to  take  place. 

(3)  The  computed  wave  profile,  pressure  distribution 
and  wave  resistance  show  a  plausible  agreement 
with  measurement  in  both  fine  and  full  models  in 
general,  but  some  discrepancy  is  observed  in  the 
wave  profile  and  pressure  distribution  at  the  stem 
of  full  model  where  the  boundary  layer  separation 
is  likely  to  take  place 

(4)  The  non-linear  effect  is  alguificant  neat  the  bow 
and  stern  ends  of  the  huU  where  the  wave  crest  is 
much  steeper  than  that  predicted  by  the  douhle- 
model-linearised  approximation. 

(5)  The  wave  resistance  computed  by  the  present 
method  is  considerably  higher  than  that  predicted 
by  the  double- rtodel-linearised  approximation. 
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DISCUSSION 
of  the  paper 
by  Maruo  and  Ogiwara 

"A  METHOD  OF  COMPUTATION  FOR  STEADY  SHIP-WAVES  WITH  NONLINEAR  FREE  SURFACE  CONDITIONS" 


DISCUSSION 
by  B.H.  Cheng 

(1)  How  sensitive  are  the  values  of  the 
relaxation  factors  to  ship  geometry?  Do  you 
have  to  do  a  study  on  the  relaxation  factors 
for  each  new  ship  hull  forms? 

(2)  The  results  from  your  paper  seem  to 
indicate  that  one  of  the  effects  of  nonlin¬ 
earity  is  to  increase  the  wave  resistance 
coefficient.  However,  in  the  paper  authored 
by  Lawrence  K.  Forbes,  presented  in  this  con¬ 
ference,  the  results  seem  to  indicate  that  the 
nonlinear  effects  tend  to  decrease  the  wave 
resistance  coefficient.  Can  you  comment  on 
these  seemingly  contradictory  trends? 


Author's  Reply 

We  examined  the  behavior  of  relaxation 
factors  relating  to  the  stability  of  the  solu¬ 
tion.  Fig.  A  shows  the  criterion  of  the  sta¬ 
bility  for  M'-iel  A.  The  region  that  gives  a 
stable  solution  is  reduced  as  Froude  number 
and  Oz  increase.  According  to  the  computation 
results  for  several  kinds  of  ship  forms,  the 
values  of  relaxation  factors  are  sensitive  to 
Froude  number  rather  than  to  ship  geometry. 

Linear  solution  by  using  Rankine  source 
distribution  seems  to  give  lower  values  of 
wave  resistance  than  experimental  values  [14]. 
In  the  present  method,  the  effect  of  nonli¬ 
nearity  appears  remarkably  in  the  bow  wave  as 
shown  in  Fig.  B.  Increase  of  wave  resistance 
due  to  nonlinearity  is  caused  by  the  increase 
of  pressure  acting  on  the  hull  at  the  bow 
wave. 


[14]  Dawson,  C.W.,  "Calculation  with  the  XYZ 
Free  Surface  Program  for  Five  Ship  Models", 
Proc.  Workshop  on  Ship  Waves  Resistance 
Computations,  DTNSRDC,  Bethesda,  1979. 


Off 


Ro-A  St^ity  study  on  rslaxatlon  factors  for  Modal  A 


ig.B  Comparison  of  wave  profiia  on  the  hult  surface  of  Model  A 


DISCUSSION 
by  S.M.  Yen 


The  first  order  panel  method  of  assuming 
constant  source  strength  is  known  to  be  inap¬ 
propriate  because  the  solution  is  sensitive  to 
the  change  in  distribution  of  the  size  and 
shape  of  the  panels.  The  problem  may  be  alle¬ 
viated  by  using  either  bilinear  or  quadratic 
source  distributions.  I  would  like  to  suggest 
that  the  authors  use  a  higher  order  scheme  in 
the  future  studies. 


Author's  ReplN 


We  agree  with  Professor  Yen's  opinion.  The 
higher  order  scheme  will  certainly  improve  the 
accuracy  of  results.  Our  aim  is  to  devel-op  a 
practical  method  of  computation  which  is  suita¬ 
ble  to  works  of  ship  builders  and  ship  design¬ 
ers  in  the  practical  field.  Therefore  we  have 
employed  the  simplest  method  so  as  to  minimize 
the  complexity  of  computation  algorithm  and 
computer  time.  It  is  known  that  the  method  of 
Hess  and  Smith  for  the  computation  of  the 
potential  flow  around  a  body  in  an  unbounded 
fluid  works  well,  and  it  employs  the  first 
order  scheme  of  source  distribution.  This  fact 
may  become  a  basis  of  the  feasibility  of  the 
present  method.  However  we  will  examine  in  the 
future  task  the  accuracy  of  our  computation 
method  including  computations  by  a  higher  order 
scheme.  Professor  Yen's  suggestion  is  very 
much  appreciated. 


DISCUSSION 
by  K.  Mori 


The  authors  simply  concluded  that  the  dis¬ 
crepancy  seen  in  Fig.  18  is  due  to  the  neglect 
of  viscosity.  It  may  be  true  partially.  But 
in  your  computation,  you  use  just  five  panels 
behind  the  A.P.  I  suspect  the  effects  of  the 
downstream  reflection  is  still  existing. 


Author's  Reply 


We  have  thoroughly  examined  the  effect  of 
truncation  in  the  downstream  boundary  by  the 
two-dimensional  computation  of  the  submerged 
cylinder,  for  which  the  effect  of  downstream 
truncation  appears  more  seriously  than  in  the 
three-dimensional  case.  The  result  shows  that 
the  finite  difference  from  upstream  is  able  to 
avoid  the  truncation  effect  including  the  wave 
reflection  at  the  computation  boundary. 
Therefore  the  results  in  the  three-dimensional 
case  do  not  suffer  from  the  wave  reflection 
effect. 


DISCUSSION 
by  H.  Wang 


1  wish  to  congratulate  the  authors  on 
obtaining  such  good  agreement  with  experimental 
results,  particularly  in  the  case  of  the  wave 
resistance.  In  your  approech  it  is  necessary 
to  take  partial  derivatives  of  the  potential  f 
in  order  to  obtain  the  wave  resistance.  It  is 
well  known  that  tha  accuracy  of  the  darivatives 


is  usually  less  that  that  of  the  function 
itself.  For  example,  from  my  experience,  I 
find  that  an  approach  similar  to  your  Equation 
(48),  where  the  calculated  pressure  is  summed 
over  all  the  panels,  gives  values  of  drag  (for 
a  body  in  infinite  fluid)  which  deviate  sub¬ 
stantially  from  the  theoretical  value  of  zero. 
Is  your  reported  value  of  wave  resistance  the 
difference  between  the  value  given  by  Equation 
(48)  and  a  similar  calculation  for  the  infinite 
fluid  case? 

Also,  have  you  made  comparisons  of  the 
accuracy  and  computer  time  requirements  of  your 
method  with  those  of  the  commonly  used 
Neumann-Kelvin  approach?  Since  only  four  iter¬ 
ations  are  needed  to  obtain  convergence  your 
method  appears  to  be  quite  efficient.  It  has, 
of  course,  the  added  advantage  that  it  takes 
better  account  of  the  free  surface  condition. 


Author's  Repl\ 


Dr.  Wang's  discussion  seems  to  have  a 
common  implication  with  the  discussion  by 
Professor  Yen.  We  tried  to  make  the  computa¬ 
tion  scheme  as  simple  as  possible,  because 
this  kind  of  computation  necessitates  a  long 
computing  time  even  if  a  computer  of  large  capa¬ 
city  is  used.  The  present  method  is  generally 
used  in  the  case  of  computation  of  pressure 
distribution  on  a  body  in  an  unbounded  fluid 
by  means  of  the  Hess-Smith  method.  We  have 
not  yet  examined  the  accuracy  of  Equation  (48) 
by  carrying  out  the  computation  of  infinite 
fluid  case.  This  will  become  the  future  task 
of  our  work  to  examine  the  accuracy  of  our 
method,  and  wo  appreciate  your  suggestion. 

There  have  been  several  attempts  of 
Neumann-Kelvin  approach,  but  it  is  not  applied 
to  the  case  of  full  hull  forms.  As  far  as  we 
know  it  is  said  that  the  computation  of  the 
Kelvin  kernel  is  very  difficult  to  attain  a 
high  accuracy  level,  unless  a  large  computer 
time  is  consumed.  The  Rankine-source  kernel 
employed  in  our  method  is  much  easier  to  han¬ 
dle  in  this  respect. 
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NONLINEAR  FLOW  ABOUT  A  THREE-DIMENSIONAL  TRANSOM  STERN 


Roderick  H.  Coleman 

David  W.  Taylor  Naval  Ship  Research  and  Development  Center 
Betheada,  Maryland  SOOS'l 


Abstract 

A  finite  difference  method  is  used  to 
analyze  unsteady  waves  generated  by  the  tran¬ 
som  stern  of  a  three-dimensional  semi-infinite 
ship  hull  moving  in  the  water  surface.  The 
flow  is  assumed  to  detach  from  the  base  of  the 
transom  or  farther  upstream  if  the  hull  pres¬ 
sure  falls  to  zero.  The  wetted  area  of  the 
hull  is  computed  as  part  of  the  solution.  A 
direct  mapping  is  used  to  transform  the  irreg¬ 
ular  physical  region  into  a  box  computational 
region.  The  mapping  is  chosen  to  ensure  that 
the  grid  lines  are  concentrated  in  the  areas 
in  which  accuracy  is  needed,  such  as  near  the 
point  of  contact  between  the  free  surface  and 
the  aide  walls.  The  solution  is  advanced  in 
time  by  a  marching  scheme  which  couples  the 
solution  of  the  Laplace  equation  and  hull 
boundary  condition  with  the  dynamic  and 
kinematic  free-aurface  conditions.  All  boun¬ 
dary  conditions  arc  treated  in  their  fully 
nonlinear  form  so  that  the  solution  of  the 
Laplace  equation  is  computed  using  values  at 
the  exact  hull  and  free-surface  positions. 
Results  are  presented  for  a  transoea-stern  hull 
and  compared  with  linear  and  experiaentol 
results. 


I.  Introduction 

The  hydrodynaalo  responses  of  a  ship  are 
determined  by  the  details  of  the  flow  near  the 
bow  and  stern.  Accordingly,  many  experimental 
and  theoretical  studies  have  been  made  of 
these  flow  fields.  Including  the  free-surface 
waves  produced.  Because  of  the  difficulties 
Involved,  researchers  have  often  restricted 
themselves  to  senl-inflnite  hulls  with  only  a 
bow  or  stern.  However,  the  complexity  of  the 
three-diosensional  <3-D)  foraulatton  has  lim¬ 
ited  most  nonlinear  studies  of  even  these 
simpler  problems  to  only  two  dimensions. 
Steady  nonlinear  flows  generated  by  sterns  of 
tuo-disenslonal  (2-D)  semi-infinite  hulls  were 
investigated  by  Dagan  4  Tulin  (11,  Vanden- 
Brceck  4  Tuck  12),  Vanden-Broeck  et  al  (31, 
and  Vanden-Broeck  [b].  Haussllng  (51  and 
Coleman  4  Haussllng  16]  considered  the 
unsteady  nonlinear  flows  caused  by  transom 
stems  of  2-D,  seal-infinite  hulls. 


When  3-D  studies  have  been  made,  the 
problem  has  often  been  simplified  by  lineariz¬ 
ing  the  governing  equations  or  by  making 
assumptions  on  the  shape  and  speed  of  the  hull 
or  both.  Casling  [7]  and  Casling  4  King  [8] 
assumed  infinite  Froude  number  in  considering 
a  planing  hull  with  a  low  aspect  ratio.  The 
shape  of  the  hull  was  restricted  to  ensure 
that  the  flow  detached  only  at  the  transom 
stern.  Van  Eseltine  &  Haussllng  [9]  studied 
the  stern  flow  generated  by  a  serai-infinite, 
3-D  transom  stern  hull  moving  at  a  constant 
speed.  The  location  and  shape  of  the  hull 
were  fixed,  and  the  wetted  area  was  determined 
as  part  of  the  linearized  solution.  In  order 
to  treat  realistic  hull  shapes  accurately,  one 
nonlinear  term  had  to  be  Included  in  the  boun¬ 
dary  conditions.  This  indicated  that  con¬ 
sideration  of  nonlinear  effects  is  crucial  to 
the  understanding  of  the  complicated  flow 
which  occurs  near  the  stern  of  a  typical  Navy 
combatant  ship. 

The  current  work  extends  the  numerical 
scheme  used  by  Van  Eseltine  4  Haussllng  to 
treat  the  fully  nonlinear  3-D  problem.  A  sin¬ 
gle  hull  shape  is  considered  for  several 
draft-based  Froude  numbers.  Pressures,  wave 
elevations,  and  flow  fields  are  presented  and 
compared  with  linear,  nearly-llnear,  and 
experimental  results.  Good  agreement  with 
these  data  iu  shown.  The  nonlinear  solution 
is  used  to  study  details  of  the  flow  field 
which  oennot  be  obtained  from  the  linearized 
solution,  such  as  the  motion  of  the  fluid 
about  the  stern  but  near  the  free-surface. 
This  paper  demonstrates  the  usefulness  of  the 
nonlinear  solution  in  understanding  the  com¬ 
plicated  free-surface  problem  for  a  given  hull 
and  range  of  Froude  numbers. 


11.  Hatheaatloal  Formulation 

We  consider  the  flow  resulting  from  the 
abrupt  acceleration  from  rest  to  final  speed  U 
of  a  seal-infinite  ship  hull  tRoving  in  a  free 
water  surface.  The  hull  has  no  bow  and  for¬ 
ward  of  a  certain  station  has  a  constant  cross 
section  of  beam  b  and  draft  h.  We  assume  that 
the  flow  Is  Irrotational  and  that  the  fluid  is 
incompressible  and  lacks  surface  tension.  A 
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right-handed  coordinate  system  moving  with  the 
hull  has  its  origin  at  the  intersection  of  the 
stern,  the  hull  centerline,  and  the  undis¬ 
turbed  free  surface  as  illustrated  in  Figure 

1. 


z 


Figure  1:  Transom  Stern  and  Coordinate  System 

The  fliud  region  is  infinite  in  extent 
with  the  exception  that  it  is  bounded  above  by 
the  wetted  area  of  the  hull,  dO^j,  and  the  free 

surface,  dO  ,  as  shown  in  Figure  2. 
r 


surface  that  coincides  with  the  hull  must  be 
greater  than  zero  (atmospheric),  and  (2)  the 
free  water  surface  must  be  below  the  hull, 
i.e*  T?  <  f  for  all  (x,y)  In  dOp  where  f  is 

defined . 

The  length  variables  are  nondimensional- 
ized  with  respect  to  craft  h,  time  with 
respect  to  h/U,  and  ^  ,  the  velocity  potential 
rels'iive  to  a  reference  frame  at  rest,  with 
respect  tc  hi).  The  initial/boundary  value 
problem  in  the  moving  frame  is  as  follows; 


1.  in  the  region  occupied  by  the  fluid 

1-  «  <  x,y  <  n 

-  M  <  z  <  0 


at  the  hull  (x,y  in  dOj^) 

*^xA  ,  z  =  ( 

(2) 

>7=  f(x,y) 

(3) 

p  >  0 

(d) 

Figure  2:  Aerial  View  of  Stern  and 
Coordinate  System 

We  assume  that  the  water  surface  con  be 
described  in  parametric  form  at  any  time  t  by 
specifying  z  as  a  single-valued  function  of  x 
and  y;  z  =  ij  (x.yjt).  The  hull  is  described 
by  z  a  f(x,y)  and  thus  r;  s  f  in  dOjj.  We  also 

assume  the  velocities,  pressures,  and  the 
water  surface  all  to  be  continuous  for  t  >  0. 

We  further  assume  that  the  flow  detaches 
at  the  base  of  the  transom  stern  Immediately 
after  the  abrupt  acceleration.  The  wetted 
area  is  uniquely  determined  by  two  conditions; 
(1)  the  pressure  on  the  part  of  the  water 


3.  at  tho  free  surface  (x,y  in  dOp) 

't  'X  'y^y  'x^x  ^z 
,  2  z  s  TJ 

A  = 

5  P  5  (6) 

-  (.4>l  )/2 

f(x,y)  (where  f  is  defined)  (7) 


d.  in  the  far  field 
•^x  =  0 

“  ° 


X  a  ^  «  ( 8 ) 

y  s  i  a  (9) 

Z  a  -  «  ( 10) 


and  Initially  (t  a  o) 


0 


fCx.y) 

0 


x,y  in  dOjj 
elsewhere 


(11) 


where  subscripts  x,  y,  z,  and  t  denote  partiol 
differentiation  with  respect  to  these  vari¬ 
ables  and  Fr  a  0/  /t>H  Is  Froude  number  based 
on  draft. 
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The  pfesaure  on  the  hull  can  be  conputed 
ftom  the  Bernoulli  equation 

P  =  -  -  f/Fr^  (12) 

-  ^<l>\  )/2 

Therefore,  we  consider  the  pressure  to  be  com¬ 
posed  of  a  hydrostatic  pressure  p^^  and  a 

dynamic  pressure  p^,  where 

=  -f/Fr^  (13) 

and 

=  -4>^-  (1U) 

III .  Transformation  and  Numerical  Scheme 

Taking  advantage  of  the  symmetry  about 
the  centerline,  we  need  consider  only  one-half 
of  the  physical  region  and  thus  can  replace 
Equation  (9)  by 


The  mapping  used  is 

p 

y  =  a  /(r+1)  +  a  r  +  (a  /2)r 

3  i) 

+  (a,,/3)r^  +  (a^/4)r^  +  a, 

*1  5  6 

and 

z  =  (ln(s))/c  +  )7(x,r)  (18) 


These  transformations  are  applied  to  map  the 
infinite  physical  region  in  (x,y ,z)-space  onto 
a  box  computational  region  it,  (x,r,s)-spaoe  as 
seen  in  Figure  3.  The  parameters  c  and  a^  to 

a^  are  used  to  control  the  spacing  of  the  grid 

lines  in  physical  space.  The  transformation 
in  the  y-directlon  is  the  same  as  that  used  by 
Van  Eseltlne  i  Haussling  [9].  In  the  non¬ 
linear  formulation,  howevc--,  the  transforma¬ 
tion  in  the  z-direction  must  be  a  funtitior  of 
??  since  the  free-surface  boundary  condition 
is  satisfied  at  z  =  rj  .  This  relationship 
introduces  a  time-dependency  into  the 
transformation  so  that  the  mapping  adjusts 
automatically  to  changes  in  the  shape  of  the 
free-  surface  as  the  flow  solution  evolves. 


4>  =  0 
y 


at  y  =  -  ®and  y  s  0 


The  governing  equations  must  then  be 
(15)  transformed  to  the  computational  region 
according  to  the  relations 


In  addition,  the  physical  region  can  be  trun¬ 
cated  suitably  far  upstream  and  downstream 
without  loss  of  computational  accuracy. 
Therefore,  Equation  (8)  is  approximated  by 


<f>^  t  0  at  X  s  -LI  and  x  s  ♦L2  (16) 


^^x^ ly,zscon3t  '  lr,3=oonst 


-  «i>/z  )(<i  )i 

3  s  ^x  iraoonst 


where  LI  and  L2  are  suffioiontly  large.  To 

optimize  the  distribution  of  grid  points,  an  where  subscripts  r  and  s  denote  partial  dtf- 

exact  mapping  is  applied  in  the  y-  and  z-  ferontiation. 

directions  before  the  problem  is  discretized. 


Figure  3t  Coaputatlonal  Region  and  (kwrdinste  System 
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Under  this  transformation,  the  Laplace 
equation  becomes 

*  Hr  *  Hs  *  Hs 

+  E(i  *  *  g6  =  0  (20) 

^  Ts  ^s  ^r 

where 

A  =  1 

B  =  1/y2 

C  =  0^(7]^ 

D  =  -2os77^  (21) 

E  =  -2c3r/|./y^ 

F  =  CS[  20(r]^  +r?^^/yj)  c 

~  ^rr^^r  ■*■  ^r^rr'  ^r  ] 

G  =  -y  /y^ 

Jrr  ■'r 

In  the  computational  region,  x  derivatives 
imply  that  (r.s)  rather  than  (y,z)  are  being 
held  constant. 

The  domain  of  the  computational  region  is 
replaced  by  a  uniformly  spaced  101  x  Ml  x  21 
grid  system.  The  grid  spacing  is  defined  by 
4x  in  the  x-direction,  4r  in  the  r- 
direction,  and  4a  in  the  s-directlon.  The 
parameter  c  of  Equation  (18)  is  chosen  vc 
obtain  the  desired  rate  of  expansion  of  i  grid 
lines,  while  the  parameters  a,  through  are 

used  to  control  the  spacing  of  the  y  grid 
lines. 

The  time  advancement  of  the  solution  of 
the  boundary-value  problem  has  three  basic 
parts:  1)  determining  the  wetted  area  of  the 
hull,  2)  advancing  in  time  the  free-surfooe 
elevation,  «  ,  and  the  free-surfaoe  potential, 

and  3)  solving  the  Laplace  equation  (20), 

given  the  boundary  conditions  of  Equations 
(2),  (10),  (15),  (16),  and  a  known  0^  from 

part  2.  A  more  complete  discussion  of  the 
solution  procedure,  as  applied  to  the  linear¬ 
ized  problem  and  inoludlng  numerical  instabil¬ 
ities  that  were  encountered,  oan  be  found  in 
Van  Eseltlne  &  Haussling  (9]> 

A  computer  program  was  written  for  a 
Cray-IS  computer  to  implement  the  nonlinear 
numerical  scheme.  The  calculations  were  vec¬ 
torized  by  using  a  "red-black"  method  of 
sweeping  the  grid  for  the  iterative  procedure. 
Each  time  step  averaged  four  or  five  itera¬ 
tions  and  required  about  0.75  seconds  of  cen¬ 
tral  processor  time.  The  solutions  presented 
in  this  paper  were  computed  for  approximately 
600  time  steps,  thus  taking  about  10  minutes 
of  central  processor  time  for  each  froude 


number.  By  the  last  time  step,  the  transient 
effects  near  the  stern  were  no  longer  signifi¬ 
cant,  and  the  flow  near  the  stern  could  be 
considered  almost  at  steady-state.  The 
results  presented  are  for  these  late  times  and 
therefore  represent  steady-state  solutions. 


IV.  Results 

The  numerical  scheme  was  applied  to  a 
semi-infinite  hull  whose  cross-sectional  shape 
varied  with  x  to  simulate  the  stern  of  a  typi¬ 
cal  Navy  combatant  ship.  Figure  4  shows  the 
body  plan  of  this  hull  and  Table  1  gives  the 
values  of  the  pertinent  parameters  used  in  the 
numerical  scheiie. 


TABLE  1  -  LIST  OF  PARAMETERS 


1 

!  Parameter 

! 

Value 

1 

!  b 

3.15 

1  LI 

56.0 

1  L2 

24.0 

i  dx 

0.8 

!  dr 

0.025 

1  ds 

O.C^ 

1  dt 

0.25 

1  c 

0.4 

t  a1 

-0.1651 

:  a2 

19.8348 

1  a3 

-414.4292 

1  a4 

-2217.4637 

!  as 

-2710.3631 

1  a6 

t 

1 

0.1651 

The  shape  of  the  hull  Is  the  same  as  that 
of  the  model  tested  by  0*Dea  tlO],  except  that 
the  oross-seotlonal  shape  at  the  maxlaum  beam 
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of  the  model  was  extended  infinitely  far 
upstream  for  use  in  the  nuraerleal  scheme.  A 
perspective  view  of  a  portion  of  the  stern 
wave  field  produced  by  the  computer  program  is 
displayed  in  Figure  5  for  Fr  =  1.66,  in  Figure 
6  for  Fr  =  2.  I'll  and  in  Figure  7  for 
Fr  =  2,67,  Also  shown  in  these  figures  is  the 
stern  of  the  hull  used  in  the  experiment.  As 
Fr  increases,  the  first  peak  behind  the  tran¬ 
som  moves  farther  downstream,  and  its  ampli¬ 
tude  tends  to  increase  until  Fr  =  2.1*1  is 
reached,  after  which  the  amplitude  decreases. 


Figure  5:  Cc«i(xited  Stern  Wave  Field 
for  Fr  »  1.66 


Figure  6:  Computed  Stern  Wave  Field 
for  Fr  a  U 

Comparlaojvs  of  coaputed  and  .ecasurcd 
dynemic  pressure  on  the  hull  oenterllne  near 
the  trenso*  for  Froude  nuiri)er3  1.66,  2.  in,  and 
2.67  ere  shown  in  Figure  8.  Agreesent  Is  good 
with  the  greatest  deviation  occurring  in  the 
region  near  the  transom.  Also,  the  wave  pro» 
files  In  the  report  by  Q'&ea  (10]  indicate 
that  the  bow  wave  pro^ly  has  sore  effect  on 


Figure  7;  Computed  Stern  Wave  Field 
for  Fr  5  2.6f 

the  stern  flow  at  high'  r  Froude  numbers  due  to 
longer  wave  lengths.  Therefore,  some  of  the 
disagreement  between  the  computational  and 
experimental  results  at  the  higher  Froude 
numbars  may  be  due  to  the  bow  wave  which  is 
not  included  in  the  numerical  scheme. 


s 

Figure  05  Computed  ( - )  and  Measured  (o) 

pynaaio  fr^ssure  gear  the  Transoa 
at  Various  Froude  Kuchers 


Figures  9  through  13  display  velocity 
vectors  in  various  longitudinal  planes  for 
Fr  =  1.66.  The  nonlinear  effects  are  the 
largest  while  the  bow  wave  effects  are  the 
smallest  at  this  Froude  number.  It  should  be 
remembered  that  these  velocity  vectors  were 
computed  using  the  potential  relative  to  a 
reference  frame  at  rest,  so  that  the  magni¬ 
tudes  and  directions  indicated  by  these  vec¬ 
tors  are  those  induced,  in  water  otherwise  at 
rest,  by  the  movement  of  the  hull  from  right 
to  left  through  the  frame.  It  is  also  well  to 
note  that  these  vectors  are  two-dimensional 
and  thus  do  not  convey  information  about  fluid 
motion  in  the  transverse  direction.  The  velo¬ 
city  vectors  in  the  centerplane  clear..;'  show 
that  the  water  beneath  the  stern  is  drawn 
upward  to  fill  the  region  vacated  by  the 
retreating  hull.  An  even  larger  upward  motion 
is  present  immediately  downstream  from  the 
stern.  Here  che  water  has  Just  been  released 
from  the  restriction  imposed  by  the  presence 
of  the  hull  and  responds  by  rising  rapidly 
toward  the  mean  water  level.  The  upward 
motion  of  the  water  is  so  great  that  the  mean 
water  level  is  exceeded  and  an  oscillatory 
wave  fitl-i  is  established. 


In  each  of  these  figures,  a  cross-section 
of  the  hull  in  the  centerplane  is  shown  and 
the  mean  water  level  is  indicated.  The  wetted 
portion  of  the  hull  in  the  plane  of  interest 
is  plotted  as  a  solid  line,  and  the  free  sur¬ 
face  is  shown  as  a  broken  line.  As  we  move 
out  into  the  fluid  and  away  from  the  center- 
plane,  the  wetted  portion  of  the  hull  is 
closer  to  the  mean  water  level  due  to  the  cur¬ 
vature  of  the  hull  (Figures  10-13).  The  free 
surface  may  detach  ahea-*  of  the  transom  in 
cross-sectional  planes  other  than  the  center- 
plane  as  a  result  of  interaction  between  flow 
dynamics  and  hull  shape  (Figures  11-13).  In 
Figure  10,  the  wetted  part  of  the  hul)  contin¬ 
ues  to  the  transom,  but  the  free  surface 
leaves  the  hull  at  a  slightly  higher  point 
than  in  the  centerplane  because  of  the  curva¬ 
ture  of  the  bottom  of  the  transom.  Figures  11 
and  12  display  transverse  cross-sections  in 
which  the  wetted  part  of  the_  hull  waterline 
does  not  extend  to  the  transom  since  the 
detachment  point  occurs  fartner  upstream.  The 
cross-sectional  plane  illustrated  in  Figure  13 
does  not  contain  any  portion  of  the  hull,  and 
therefore  only  the  free-surface  level  is  indi¬ 
cated. 


Figure  9:  Velocity  Vectors  for  Fr  =  1.66  in  Plano  y  5  0.0 


Figure  10:  Velocity  Vectors  for  Fr  t  1.66  in  Plane  y  a  -0.8 


Figure  12!  Velocity  Vectors  for  Fr  s  1.66  in  Plane  y 


I 


Figure  1^1;  Nonlinear  Free  Surface  for  Fr  =  1.66 


Three  beam-wise  cross-sectional  views  of 
the  nonlinear  free  surface  for  Fr  =  1.66  are 
plotted  in  Figure  14.  Also  shown  are  cross- 
sectional  views  of  the  hull  at  the  transom  and 
at  the  point  of  maximum  beam.  At  x  =  0.0,  the 
end  of  the  hull,  the  free  surface  is  in  con¬ 
tact  with  the  hull  due  to  the  detachment  of 
the  flow  at  the  transom.  At  x  =  1.6,  just 
downstream  of  the  transom,  the  free  surface 
exhibits  a  region  of  high  curvature  directly 
behind  the  stern  connecting  a  region  of  rela¬ 
tively  undisturbed  water  away  from  the  center- 
plane  with  a  fairly  broad  wave  elevation 
behind  the  stern.  This  region  of  high  curva¬ 
ture  has  become  less  pronounced  at  x  =  3.2  as 
the  free  surface  reaches  its  maximum  height 
behind  the  stern  and  the  free-surface  distur¬ 
bance  caused  by  movement  of  the  hull  spreads 
farther  from  the  oenterplane. 


Velocity  vectors  in  the  transverse  planes 
of  Figure  14  are  shown  in  Figures  15,  16,  and 
17.  Figure  15  displays  the  velocity  vectors 
at  X  =  0.0,  just  as  the  water  leaves  the  hull. 
Here  the  water  has  a  strong  upward  motion 
toward  the  oenterplane  which  will  produce  the 
wave  train  behind  the  transom.  In  Figure  16, 
X  =  1.6,  the  velocity  vectors  downstream  of 
the  transom  are  seen  to  have  a  similar  pattern 
with  the  free  surface  approaching  its  maximum 
height  above  the  mean  level.  The  velocity 
vectors  in  Figure  17,  x  s  3.2,  show  that  the 
water  near  the  oenterplane  is  no-/  moving  down¬ 
ward,  indicating  that  the  free  surface  has 
reached  its  peak  in  this  region  and  is  begin¬ 
ning  to  fall.  This  view  also  shows  that  the 
water  farther  from  the  oenterplane  has  an 
upward  and  outward  motion  as  the  wave  formed 
behind  the  transom  begins  to  spread. 
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Figure  16;  Velocity  Vectors  for  Fr  =  1.66  in  Plane  x 


Figure  17:  Velooity  Vectors  for  Fr  =  1.66  in  Plane  x  =  3.2 


Computed  and  measured  wave  elevations  at 
various  distances  behind  the  stern  are  com¬ 
pared  in  Figures  18,  19,  and  20.  Eaoh  of 
these  figures  oompai‘es  linear,  nonlinear,  XfZ 
Free  Surface  (XYZFS),  and  experimental  results 
at  various  distances  behind  the  transom  for  a 
particular  Froude  number.  The  linear  results 
were  obtained  using  the  finite-difference  pro¬ 
gram  of  Van  Eseltine  4  Haussling  [93.  That 
program,  which  also  excludes  bow  effeots,  uses 
a  formulation  of  the  free-surfaoe  oondition 
which  includes  a  nonlinear  term,;;^^,  needed 

to  handle  the  steep  sidewalls  of  the  hull. 
This  nearly-llnear  boundary  condition  is 
satisfied  at  the  moan  water  level.  The  XYZFS 
results  were  calculated  with  the  198'i  version 
of  that  program  [11],  which  uses  a  souroe  dis¬ 
tribution  on  both  the  body  and  free  surface. 
The  method  satisfies  the  linearized  free- 


surfaoe  and  exact  ship  hull  boundary  condition 
at  the  hull  surface  below  the  undisturbed  free 
surface.  The  entire  hull.  Including  the  bow, 
is  taken  into  account  for  the  XYZFS  calcula¬ 
tions.  The  experimental  results  come  from  the 
report  by  O'Dea  [10]  who  measured  steady  wave 
elevations  downstream  of  the  hull.  All  of  the 
computed  results  appear  to  be  in  reasonable 
agreement  with  the  experimental  data.  Differ¬ 
ences  can  be  attributed  to  inacouraoies  in 
both  the  numerical  and  experimental  pro- 
oeduros.  The  nonlinear  results  tend  to  indi¬ 
cate  higher  wave  elevations  than  the  linear 
results,  although  the  shape  of  the  free  sur¬ 
face  is  virtually  identical.  In  regions  of 
greatest  curvature,  the  nor linear  results  are 
in  better  agreement  with  experimental  values 
than  are  the  XYZFS  results  which  tend  to 
"smooth-out"  the  free  surface  in  these  areas. 
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Nonlinoar -  j  Linear - ; 

Experiment  o  .  XYZFS  - 


Wave  Elevations  for  Fr  =  2.  lit 

Nonlinear -  j  Linear - ; 

Experiment  o  ;  XYZFS  - 


Figure  20:  Computed  and  Measured 
Wave  Elevations  for  Fr  =  2.67 

Nonlinear -  j  Linear - ; 

Experiment  o  ;  XYZFS  - 

These  comparisons  indicate  that  a  partic¬ 
ular  computational  method  may  produce  wave 

heights  which  are  closer  to  experimental 

values  than  those  of  another  method  for  a 
given  Froude  number  and  distance  from  the 

hull.  No  single  method  considered  here  is 
clearly  in  better  agreement  with  experiments 
for  the  range  of  Froude  numbers  and  flow 
regions  studied.  However,  the  fully  nonlinear 
scheme  can  provide  the  most  complete  picture 
of  this  complex  flow-field  since  the  solution 
is  obtained  at  the  exact  free-surface  and  hull 
boundaries.  In  particular,  the  motion  of  the 
fluid  near  the  hull  and  the  surface  oan  be 
studied  using  the  nonlinear  approach. 


V,  Conolusion 

A  numerical  method  has  been  developed  and 
used  to  analyze  the  nonlinear  waves  generated 
by  the  stern  of  a  3-D  semi-infinite  hull  in 
the  water  surface.  The  unsteady  flows 
approached  steady-state  solutions  asymptoti¬ 
cally.  The  flow  is  assumed  to  detach  from  the 
base  of  the  transom  stern  or  farther  upstream 
if  the  hull  pressure  fell  to  zero.  The  watted 
area  is  computed  as  part  of  the  solution. 

As  the  Froude  number  increases  for  a 
realistioally  shaped  hull,  the  wetted  area 
tends  to  decrease  and  the  location  of  the 
first  peak  behind  the  transom  tended  to  move 
downstream.  The  amplitude  of  this  peak 
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reached  a  maximum  at  Fr  =  2.14.  Wave  eleva¬ 
tions  compared  well  with  experimental  data, 
especially  in  regions  of  high  free-surface 
curvature.  Also,  the  dynamic  pressure  was  in 
good  agreement  with  experimental  results. 
This  work  demonstrates  that  a  numerical  scheme 
based  on  fully  nonlinear  free-surface  poten¬ 
tial  flow  can  yield  results  useful  in  under¬ 
standing  the  complex  flow  about  transom 
sterns.  Additional  work  is  still  needed  to 
develop  the  capability  of  handling  bow  effects 
so  that  the  entire  ship  hull  can  be  included 
in  the  computational  scheme. 
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DISCUSSION 
of  the  Paper 
by  R.  M.  Coleman 

NONLINEAR  FLOW 


DISCUSSION 
by  K,  Eggers 

For  better  understanding  of  your  approach, 
could  you  tell  me  what  happens  if  you  Invert 
the  direction  of  the  incoming  flow  input. 

Would  you  obtain  a  bow  flow,  l.e.  the  case  of 
the  ship  traveling  stem  ahead?  Would  there  be 
waves  ahead  of  the  body  then? 

Author’s  Reply 

I  would  like  to  thank  Prof.  Eggers  for 
raising  an  Interesting  question.  If  the  direc¬ 
tion  of  the  flow  were  reversed,  we  should 
obtain  a  bow  flow  with  a  large  bow  wave  but 
otherwise  calm  water  ahead  of  the  ship. 

However,  this  flow  would  be  more  complicated 
than  the  stem  flow  considered  in  this  paper 
due  to  complications  which  arise  in  handling 
breaking  waves  and  the  Intersection  of  the  free 
surface  and  the  hull.  For  the  Froude  numbers 
studied  in  the  current  work,  the  water  leaves 
the  hull  smoothly  with  the  detachment  occurring 
either  at  the  bottom  of  the  transom  or  farther 
upstream.  If  we  attempted  to  compute  the  flow 
generated  by  the  body  moving  astern,  we  would 
be  faced  with  the  more  difficult  problem  of 
determining  the  position  of  the  contact  line 
where  the  water  surface  meets  the  equivalent  of 
a  blunt  bow.  For  Froude  numbers  of  interest, 
the  water  surface  cannot  be  assumed  to  be 
smooth  in  this  region  and  might  well  be  discon¬ 
tinuous  if  spray  or  breaking  is  present.  In 
the  mathematical  formulation  of  the  bow  flow 
problem,  we  must  allow  for  the  presence  of 
singularities  along  this  contact  line  and  it  is 
not  yet  clear  how  to  treat  these  singularities 
accurately.  The  singular  nature  of  the  contact 
line  is  a  significant  feature  of  the  flow  about 
surface-piercing  bodies  and  one  which  requires 
a  great  deal  of  further  study.  Some  of  the 
papers  presented  at  this  conference  address 
this  Important  problem  and  should  provide  some 
insight  into  its  solution. 
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NUMERICAL  SOLUTION  OF  THE  NONLINEAR  SHIP  WAVE  PROBLEM^ 


R.  R.  Chamberlain*  and  S.  M.  Yen 
Coordinated  Science  Laboratory,  University  of  Illinois 
Urbana,  Illinois  61801 


Abstract 

This  work  presents  the  development  of  a 
new  finite  difference  computational 
technique  for  the  solution  of  the  nonlinear 
ship  wave  problem.  Previous  computational 
complexities  concerning  implementation  of 
the  exact  hull  boundary  condition,  the  open 
boundary  condition  and  the  nonlinear  free 
surface  conditions  are  resolved.  The 
Laplace  equation  is  solved  by  a  fast  direct 
method,  while  locally  body  fitted 
cooordinates  are  used  to  treat  the  exact 
hull  geometry.  The  nonlinear  free  surface 
conditions  are  successively  approximated  by 
iteration,  and  the  open  boundary  condition 
is  found  to  be  nonref lectlve.  Results  are 
presented  for  the  thin  ship,  the  Neumann- 
Kelvin  and  the  full  nonlinear  problems.  The 
nonlinear  wave  resistance  is  observed  to 
behave  in  accordance  with  the  thin  ship 
results  at  low  Proude  numbers. 


I.  Introduction 

The  solution  of  the  full  nonlinear  ship 
wave  problem  for  arbitrary  hull  forms  is 
recognised  as  one  of  the  ultimate  challenges 
of  modern  numerical  ship  hydrodynamics 
research.  This  paper  presents  the 

development  of  a  general,  time  dependent 
finite  difference  approach  to  the  solution 
of  the  nonlinear  ship  wave  problem  and 
describes  how  It  differs  from  previous 
numerical  approaches.  Although  we  shell 
restrict  otr  immediate  attention  to  the 
Wigley  hull,  the  method  to  be  developed  can 
be  applied  to  other  geometries  as  well. 
Since  Che  present  approach  doea  contain 
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several  key  concepts  which  differ  in  many 
importanc  aspects  from  those  previously 
considered,  this  paper  shall  compare  and 
contrast  our  procedures  with  Chose  of 
others. 

Our  Initial  study  of  the  nonlinear  ship 
wave  problem  for  the  Wigley  hull  began  with 
a  finite  difference  approach  in  which  body 
fitted  coordinates  were  used  throughout  the 
computational  domain  so  as  to  properly 
accommodate  the  hull  geometry.  Furthermore, 
the  motion  of  the  free  surface  was  followed 
by  a  time  dependent  mesh  system  which 
conformed  to  the  boundary  at  each  time  step. 
This  procedure  has  also  been  described  by 
Chan  [1]  and  by  Chan  and  Chan  [2].  The 
matrix  structure  arising  from  the  finite 
difference  representation  of  Che  Laplace 
equation  in  this  nonorthogonal  and  time 
dependent  mesh  system  was  found  to  be 
extremely  awkward.  The  matrix  was  non- 
symmetric  and  was  not  diagonally  dominant, 
but  we  still  applied  successive  line 
overelaxaClon  Co  the  solution  of  this 
problem.  The  convergence  of  this  Iterative 
method,  if  Indeed  It  does  converge  under  the 
prnsent  conditions,  is  generally  quite 
slow.  However,  in  all  cases  using  the  body 
fitted  mesh  system  about  the  Wigley  hull,  we 
found  that  the  Iterative  method  did  not 
converge  sufficiently  to  give  an  accurate 
prediction  of  wave  resistance. 

Another  point  under  study  was  the 
treatment  of  the  downstream  or  open  boundary 
condition.  When  using  a  time  dependent 
approach  for  surface  wave  problems,  It  Is 
usually  thought  that  one  must  provide  a 
means  for  the  waves  to  cleanly  pass  through 
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the  boundary  of  a  finite  coaputatlonal 
region.  Methods  have  been  developed  [I] 
based  on  a  scheme  proposed  by  Orlanskl  [3] 
to  allow  the  specification  of  the  flow 
variables  at  such  an  open  boundary.  We  have 
found,  however,  that  specifying  the  solution 
at  the  downstream  boundary  drastically 
reduces  the  efficiency  of  solving  the 
nonlinear  ship  wave  problem.  Furthermore, 
there  Is  an  alternative  treatment  which 
gives  valid  results  and  which  Is  simpler  In 
the  sense  that  the  Issue  of  accurately 
estimating  advectlon  speeds  can  be  avoided. 


velocity  by  the  maximum  forward  speed,  , 
and  time  by  L/U^.  The  Froude  number,  Fr,  is 

defined  Fr  » - ttv  We  note  also  that  the 

range  for  U_  Is  0  <  U  <  I  since  the 

8  S 

Instantaneous  speed  of  the  ship  changes 
during  Its  Initial  acceleration  up  to  the 
maximum  speed  U^. 

The  remaining  boundary  conditions  for 
^(x,y,z;t)  may  be  summarized  as  follows: 


The  purpose  of  the  present  study  Is  to 


explore  some  recent  developments  which  have 
been  designed  to  alleviate  the  previous 

♦x 

m 

0  , 

upstream 

computational  difficulties.  We  shall  begin 
with  a  review  of  the  governing  equations 

♦x 

0  , 

downstream 

followed  by  the  development  of  the  numerical 
solution  technique.  The  basic  algorithm  Is 

♦y 

* 

0  . 

symmetry 

then  applied  to  the  linearized,  the  Neumann- 
Kelvln  and  the  full  nonlinear  problems  for 

0  , 

lateral 

Che  case  of  the  Wlgley  hull. 

- 

0  . 

bottom. 

H.  Governing  Bgaatlons  and 
Boundary  Conditions 

The  Wlgley  hull  Is  placed  symmetrically 
within  a  three  dimensional  domain  so  that 
only  half  of  the  flow  field  needs  to  b^ 
considered  (Fig.  1).  In  cartesian 
coordinates  the  governing  equation  Is  the 
Laplace  equation,  which  la  written  In  terms 
of  the  perturbation  potential  ^  as 


The  exact  hull  boundary  condition,  requiring 
that  the  resultant  fluid  velocity  relative 
to  the  moving  ship  be  tangent  to  the 
surface,  Is  stated  as 

•  n  -  (5) 

where  n  is  the  unit  normal  vector  (positive 
into  the  fluid)  and  y  ■  f(x,z}  describes  the 
shape  of  the  hi  11.  The  cartesian  components 


XX  yy  zz 


0  . 


(1) 


The  kinematic  condition  at  the  free  surface, 
stating  that  no  fluid  nay  cross  the  boundary 
Is 


of  n  are  expressed  as 
2  2  1/2 

(I  +  f  +  f  )  .  For  the  present  study, 
we  consider  the  Wlgley  hull  which  Is  defined 
by  the  equation 


n,  +  (u  +  ♦  )n  +  ♦  n  -  ♦  .  (2) 

t  s  XX  yy  z 

The  function  n(x,y;t)  Is  the  free  surface 
height  above  an  arbitrary  reference  plane 
which  Initially  coincides  with  the  xy  plane. 
Furthermore,  Is  the  Instantaneous  speed 

of  the  ship  In  the  -x  direction. 


f(x,t)  -yd-  4x^)(l  -  (z/h)^)  (6) 

for  -  y  <  X  <  y  and  -h  <  r  <  0.  The 

parameters  b  and  h  are  defined  as  b  ■  bean  •• 
0.10  and  h  ••  draft  •  0.0625. 


We  also  have  the  dynamic  condition 
which  requires  the  pressure  to  be  zero  on 
the  free  boundary.  In  a  reference  frame 
which  moves  with  the  ship,  this  condition  Is 
written  on  z  -  n  (x.yit)  as 


The  Noumann-Kelvin  problem  Is  recovered 
from  the  full  nonlinear  problem  by  simply 
neglecting  the  nonlinear  terms  In  Bqs.  (2) 
and  (3).  The  linearized  free  surface 
conditions  thus  become 


♦t  *  Vx  * 


n.  +  u  n  -  ♦ 

t  S  X  z 


sod 


In  the  above  equations,  all  lengths  are 
nondlmsnslonsllsed  by  chs  ship  length,  L, 


♦  ♦  «  ♦  ♦  — y  -  0  . 
■  *  Fr* 


(7) 

(8) 
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These  conditions  are  now  applied  on  the 
plane  of  the  undisturbed  free  surface,  l.e., 
on  z  x  0.  The  remaining  boundary 
conditions,  particularly  the  exact  hull 
condition,  are  unaltered  In  this 
formulation.  The  fully  linearized  problem, 
however,  makes  one  further  simplification 
and  approximates  the  hull  boundary  condition 
as 


♦ 


y 


u  f 


S  X 


(9) 


and  applies  It  on  the  hull  centerplane,  y>0, 
as  opposed  to  the  exact  hull  location, 
y  -  f<x,z). 


III.  Development  of  the  Numerical  Method 

For  any  time  dependent,  finite 
difference  approach  to  the  nonlinear  ship 
wave  problem,  the  most  time  consuming  task 
Is  the  numerical  solution  of  the  Laplace 
equation  at  each  time  step.  It  Is  thus  very 
Important  to  have  an  extremely  efficient 
numerical  technique.  The  most  efficient 
algorithms  belong  to  the  class  of  direct 
methods,  as  discussed  by  Ohrlng  [4].  The 
present  algorithm  Is  a  very  general  approach 
based  on  the  FFT  and  Is  described  by 
Swartztrauber  and  Sweet  (5]. 

Consider  the  general  Poisson  equation 
In  cartesian  coordinates,  for  which  the 
seven  point  difference  approximation  Is 

‘'‘JVl,j,k  ■  2  ♦l,J.k 


S  ^*l.J-l,k  ■  ^  ♦l,J,k  *  ^1,4+1, J 


\  *l,J,k-l  ■  ‘V  ♦i.j.k 


the  vertical  direction  so  that  the  shallow 
draft  of  the  Ulgley  hull  can  be  accommodated 
without  using  an  excessive  number  of  grid 
points. 


We  now  assume  that  the  solution  and  the 
right  hand  side  can  be  written  as 


and 


-I 


^l,j,k  “  1-1  ^1,L  '^j,kC08(l-l)e^  (13) 


(l-l)n 

'1  "  (L-1) 


normalizing  factor  j  Is  defined  as 


“i.J 


1/2  if  1-1  or  i-J 
1,  otherwise. 


In  the  X  direction,  the  Fourier  coefficients 
of  the  solution  and  the  right  hand  side  are 

-1  -1 

represented  by  and  r^  ,  respectively. 

It  can  be  seen  from  Bqs.  (12)  and  (13)  that 
the  number  of  coefficients  required  to 
exactly  represent  the  solution  and  the  right 
hand  side  in  the  x  direction  Is  Just  L,  the 
total  number  of  x  grid  points.  Furthermore, 
the  cosine  transform  Is  used  since  It 
satisfies  the  boundary  conditions  ^ 

exactly  at  both  the  upstream  and  downstream 
boundaries. 


*  \  ♦t,4,k4l  “  ’'l,J,k  • 


(10) 


Tha  constants  Cj  and  Cj  are  — ^  and  — , 

tx  dy 

raapactlvely,  while  the  variable 
coafflcienta  in  the  s  direction  are  defined 

as 


Thaaa  daflnicions 
allow  CM  use  of  nooualfons  grid  spacing  in 


We  now  aubstltute  Eqs.  (12)  and  (13) 
into  Eq.  (10),  multiply  through  by 

coe(m-l)  9^  and  sum  over  the  range  of  i. 

Using  the  orthogonality  relations 


L 


(i-n 

2 

L-l 

^0 


if  1  -  a  a  1  or  L 

if  i  ■  m  -  I  or  L 
if  1  a  m 


aod 


i-l  *1,L 
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we  obtain  the  system 


for  and  all  l,k  followed  by 


"  ^*j,k  *  *j+l,J  ®k*j.k-l 

-  vtk  -  v;.k.i  -  ^i*i.k  -  ^5.k 

in  which  =  AC^sin^  '2(L-1) 

1*1 )  2y • • • »L* 

By  applying  the  above  procedure  In  the 
X  direction,  we  have  uncoupled  the  finite 
difference  equations  so  that  there  Is  no 
longer  any  x  (1)  dependence.  We  now  have  a 
sequence  of  L  two  dimensional  linear  systems 
to  be  solved.  This  sequence  can  be  further 
reduced  to  LxM  tridlagonal  systems  (one 
dimensional)  by  transforming  in  the  y  (j) 
direction,  which  contains  M  unknowns  pec 
mesh  line.  A  completely  analogous 

transformation  then  yields 


Vk*“  +  ^m^ 


'l.j.k 


i£l  ®i,L  ♦j.k  cosd-DB^ 


(19) 


for  1“1,2,...,L  and  all  j,k.  The  Fourier 
sums  In  Eqs.  (16)-(19)  are  efficiently 
computed  using  an  FFT  routine.  We  note  that 
there  are  no  restrictions  on  the  number  of 
grid  points  in  any  direction,  and  thus  the 
programmer  has  great  flexibility  In 
designing  the  mesh  system. 


Implementation  of  the  Boundary  Conditions 

The  boundary  conditions  In  Eqs.  (4)  are 
directly  implemented  through  the  use  of  the 
cosine  transform,  or.  In  the  case  of  ^  *  0, 
In  the  trldlagonal  solution  of  Eq.  (15). 
The  right  hand  side  of  the  Laplace  equation 
remains  zero  even  at  these  boundaries  since 
the  zero  gradient  conditions  do  not 
Introduce  any  source  terms.  The  only  non¬ 
zero  terms  which  appear  on  the  right  hand 
side  do  so  at  the  hull  and  the  free  surface. 


(15) 


In  which  X^  -  ACjSin^  for 

m*l  ,2, . . . ,K. 


The  procedure  for  the  exact  solution  of 
the  Poisson  equation  In  a  three  dimensional 
region  Is  now  outlined  as  follows.  The 
right  hand  side  of  Eq.  (15)  Is  obtained  In 
two  steps  as 


For  the  fully  linearized  problem,  the 
hull  and  free  surface  conditions  are 
implemented  In  a  straightforward  manner. 
The  hull  condition  of  Eq.  (9)  simply 
modifies  the  right  side  of  Kq.  (10)  on  the 
centerplane  grid  points.  The  free  surface 
conditions,  Eqs.  (7)  and  (8),  are  advanced 
In  time  using  the  numerical  scheme  of  Chan 
(1),  and  the  new  values  of  at  the  free 
surface  are  used  as  Dlrchlet  conditions  for 
the  Laplace  equation.  Since  these 

conditions  are  always  applied  on  the  plane 
z“0,  the  coefficients  aj^,  bj^  and  In  Eq. 
(10)  are  constant  In  time. 


ill  h,i 


(16) 


for  (•■1,2,...,L  and  all  J,k  followed  by 


for  n»l,2,...,M  atid  all  1,  k  (8^  is 

•A  S 

analogous  to  8^).  Once  Is  known,  Eq. 


The  mesh  system  used  for  the 
Implementation  of  the  exact  hull  and 
nonlinear  free  surface  conditions  Is  shown 
in  Fig.  2.  This  system  Is  locally  body 
fitted  so  that  the  hull  geometry  Is  exactly 
accommodated  while  the  Interior  field  is 
described  by  a  cartesian  grid.  Furthermore, 
the  top  grid  plane,  orlgnally  representing 
Z"0,  Is  now  allowed  to  move  with  the  free 
surface  so  that  the  z  coefficients  In  Eq. 
(10)  now  vary  with  time.  This  variation, 
however.  Is  limited  to  the  first  grid  plane 
below  the  free  surface. 


(15)  is  solved  for  each  vortical  (z)  mash 

lino  to  obtain  i,  '  .  the  exact  solution 
k 

^1  j  k  1*  lovtnd  In  two  steps  as 


M 

E. 


•^..M  ^k’“  co«<*-09j 


(18) 


The  linearized  and  exact 
Implementations  of  the  hull  condition  ace 
compared  In  Fig.  3.  In  both  cases,  the 
fictitious  quantity  »  u  ^8  eliminated 

from  the  finite  difference  system  using  the 
boundary  condition.  This  Implementation 
differs  from  that  used  by  Ohrlng  and  Tclste 
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[6,7]  in  that  no  Taylor  series 
approximation's  are  used  to  simulate  the 
actual  hull.  This  treatment,  however,  still 
requires  a  modification  of  the  fast  Poisson 
solver  since  Che  grid  is  no  longer  entirely 
rectangular.  The  capacitance  matrix 
technique  is  used  for  this  purpose,  and  an 
excellent  discussion  of  this  method  is  given 
by  Buzbee  [9].  The  basic  idea  is  that  two 
fast  direct  solutions  plus  the  solution  of  a 
small,  dense  matrix  system  will  provide  Che 
exact  solution  to  the  finite  difference 
equations  in  this  locally  body  fitted  mesh 
system.  A  simple  test  problem  showing  Che 
accuracy  of  this  technique  is  described  in 
[8]. 

With  the  linearized  free  surface 
conditions  applied  on  the  plane  z-0,  the 
modified  Poisson  solver  may  be  applied 
directly  to  the  solution  of  Che  Neumann- 
Kelvin  problem.  However,  since  the 
capacitance  matrix  technique  requires  that 
Che  geometry  remain  fixed,  an  additional 
modification  is  necessary  in  order  to  apply 
the  Dlrlchlet  conditions  for  ♦  on  the  moving 
free  surface.  We  first  define  the  matrix  A 
such  Chat  Che  linear  system  A^  •>  r  describes 
the  discretization  of  Che  Laplace  equation 
in  Che  region  whose  boundaries  include  the 
exact  hull  and  the  moving  free  surface. 
Similarly,  we  define  the  matrix  6  to  be  that 
for  Che  Neumann-Kelvln  problem,  since  linear 
systems  involving  B  are  efficiently  solved 
by  Che  modified  fast  Poisson  solver.  Now 
consider  the  splitting  A  -  B  -  N,  where  N 
represents  only  Che  time  dependent  part  of  A 
due  Co  the  motion  of  the  free  surface.  This 
leads  naturally  to  the  following  iteration 
to  solve  A^  >  r: 


where  s  denotes  the  iteration  count.  The 
new  fight  hand  side  of  Eq.  (20)  is  again 
zero  everywhere  except  near  the  hull  and 
free  surfaces.  Furthermore,  since  N 
Involves  only  the  time  dependent  equations 
near  the  free  surface,  it  allows  the 
Dlrlchlet  conditions  there  to  be 
Increasingly  better  approximated  at  each 
Iteration. 

He  now  make  some  comments  concerning 
the  optimisation  of  the  fast  Poisson  solver. 
Since  the  right  hand  side  of  Che  Laplace 
equation  Is  entirely  zero  below  the  keel  of 
Che  ship,  we  see  from  Bqs.  (16)  and  (17) 
that  Che  Fourier  coefficients  are  also  zero. 
It  la  thus  not  oacassary  to  provide  storage 
for  these  quantities.  In  addition,  since  we 
are  only  Interested  in  the  solution  for  6 
near  the  free  surface  and  on  the  hull,  we  do 
O’  need  Co  compute  the  Fourier  amplltudea 


or  store  the  solution  in  the  region  below 
the  keel.  This  is  seen  to  be  possible  upon 
consideration  of  Eqs.  (18)  and  (19)  where  it 
is  observed  that  the  solution  in  the  region 
of  Interest  depends  only  upon  the  Fourier 
amplitudes  in  the  xy  planes.  Thus,  only  the 
Fourier  data  between  the  keel  and  the  free 
surface  are  required. 

Finally,  we  observe  that  the  downstream 
condition  «  0  Is  necessary  for  the 
storage  and*^  computational  efficiency  of  the 
present  method.  The  specification  of  the 
solution  for  <ti  at  the  downstream  boundary 
would  introduce  non-zeros  on  the  right  hand 
sides  of  Eqs.  (10)  and  (15).  In  this  case, 
the  solutlo'ii  would  have  to  be  computed  and 
stored  in  the  entire  region,  and  this  would 
seriously  degrade  the  efficiency  of  the 
present  optimized  solver. 


IV.  Results 

The  present  time  dependent,  finite 
difference  technique  is  first  applied  to  the 
linearized,  thin  ship  problem  for  the 
purpose  of  resolving  Che  issue  of  the  open 
boundary  condition  i)  »  0.  We  consider  two 
domain  sizes,  6.6  x  ^.0  x  1.0  and  4.95  x  2.0 
x  1.0,  containing  129  x  33  x  20  and  97  x  33 
X  20  grid  points,  respectively.  For  these 
cases,  we  note  that  it  was  only  necesarry  to 
compute  and  store  the  solution  for  if  on  7 
horizontal  (xy)  planes  since  this  is  the 
number  of  z  grid  points  used  between  Che 
free  surface  and  the  keel.  We  compare  the 
surface  wave  patterns  for  these  domains  at 
t  -  7,  8  and  9  In  Fig.  4.  This  figure  shows 
that  the  steady  state  solution  is 
independent  of  Che  domain  length.  This  is 
strong  numerical  evidence  for  the  use  of  our 
simple  open  boundary  treatment  since  any 
adverse  effects  on  the  solution  would 
clearly  be  evident  in  this  comparison. 
Furthermore,  we  have  observed  that  the 
solutions  on  the  hull  surface  are  Identical 
for  both  domains.  Since  less  computational 
work  Is  Involved  in  the  short  domain,  this 
is  the  one  we  have  used  throughout  this 
study. 

In  order  to  validate  the  present  method 
for  the  linearized  problem,  we  compare  In 
Fig.  5  the  steedy  state  (t  ••  9)  hull  wave 
profile  for  Fr  >  0.266  with  that  from  the 
classical  Mlchell  „  solution  (n 
nondlnenslonallzed  by  U^/2g).  The  agreement 
la  seen  to  be  quite  good.  Figure  6  shows  a 
similar  comparlaon  with  an  experiment  by 
Shearer  and  Cross  [10]  for  Fr  «•  0.350.  llte 
qualitative  features  for  this  case  have  also 
been  reproduced  well  by  the  present  numerlel 
epproeeb. 

The  impleacntecloa  of  the  nonltneer 


250 


boundary  conditions  at  the  exact  location  of 
the  free  surface  requires  several 
Iterations,  according  to  Eq.  (20).  Our 
computer  code  uses  the  Iteration  parameter 
IC,  defined  so  that  IC-1  Iterations  are 
performed.  Figure  7  shows  the  effect  of 
IC  •  2,  4  and  6  on  the  hull  wave  profiles  at 
t  »  9  for  Fr  »  0.233.  The  differences  In 
Che  profiles  are  Insignificant,  and 
typically  two  or  three  Iterations  are 
sufficient. 

We  now  conclude  this  section  with  a 
discussion  of  the  wave  resistance.  This 
quantity  Is  computed  at  each  time  step  by 
Integrating  the  pressure  obtained  from 
Bernoulli's  equation.  The  wave  resistance 
coefficient  Is  just  the  resistance 

1  2 

nondlmenslonallzed  by  ,  where  S  is 

the  wetted  hull  area  at  rest.  Figure  8 
shows  the  comparison  of  vs.  Fr  for  the 

thin  ship,  the  Neumann-Kelvln  and  the  full 
nonlinear  problems.  Both  of  the  linearized 
calculations  exhibit  Che  characteristic 
humps  and  hollows  In  C^,  while  Che  nonlinear 

curve  Is  not  as  exaggerated.  It  Is 
ItiteresClng  to  note  chat  the  nonlinear 
effect  on  Che  wave  resistance  Is  most 
pronounced  for  moderate  Froude  numbers, 

0,25  <  Fr  <  0.30.  For  low  Froude  numbers, 
the  nonlinear  and  thin  ship  results  exhibit 
the  same  trend,  as  would  be  expected  when 
the  slope  and  amplitude  of  Che  waves  are 
small. 


V.  Summary 

The  present  numerical  development  has 
been  designed  to  specifically  address 
several  key  computational  Issues  which  are 
Inherent  In  Che  nonlinear  ship  wave  problem. 
Instead  of  using  slowly  convergent  Iterative 
methods  for  the  Laplace  equation,  we  employ 
a  fast  Poisson  solver  Co  obtain  the  exact 
solution  to  Che  linear  system.  This  choice 
aecesslCaCes  the  concept  of  the  locally  body 
fitted  mesh  system  for  Implementation  of  the 
exact  hull  condition  since  etost  of  the 
domain  must  remain  cartesian.  The  Irregular 
computational  stars  arising  from  the 
deformed  region  on  and  adjacent  to  the  hull 
ace  handled  exactly  by  the  capacitance 
matrix  method.  Furthertmire ,  In  order  to 
optimize  the  direct  solver  by  not  computing 
or  storing  Che  potential  at  any  grid  point 
below  the  keel,  ve  apply  the  condition 
4^  <•  0  at  both  the  upstream  and  dovnsteam 

boundaries.  this  treatment  of  the  open 
boundery  haa  been  shown  by  numerlcel 
experlmante  to  be  accurate. 


Wave  profiles,  surface  wave  patterns 
and  wave  resistance  coefficients  are 
calculated  for  the  Wlgley  hull  using  the 
present  method.  The  results  are  seen  to 
reproduce  the  features  of  linearized  theory 
and  experiments.  For  low  Froude  numbers, 
the  nonlinear  wave  resistance  reduces  the 
behavior  which  is  predicted  by  the  thin  ship 
results. 

Three  computer  codes  were  used  to 
compute  the  present  results.  These  codes, 
along  with  a  detailed  users  manual,  will  be 
made  available  upon  request  to  Chose 
Interested. 
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Figure  1.  Placement  of  the  ahip  within  the  Cartesian  coordinate  ayatea, 
denoted  by  (x,y,z).  The  coordinate  syetem  follows  the  forward 
(^x  direction)  motion  of  the  ehip. 


253 


(a) 


r'isura  2.  Tuo  vlcvsi  of  locally  body  fitted  nush  syetcn  for  the  Mlgley 

hull,  hota  chat  only  the  finite  difference  oquationit  on  and  near 
the  hull  are  i)erturbed  due  to  the  coordinate  tranuforeation. 

(a)  A  vide  view  in  Che  (y,s)  plane  showing  the  hull  accoeatodacio! 

(b)  A  Cop  view  in  tiui  (x,y)  plane. 


25) 


WlBity  Hull  C^srtsirpltne  (y  »  0) 


Exact  Wiglay  Hull  (y"f(x^)) 


Figure  3.  Comparison  of  the  thin  ship  and  exact  hull  mesh  systems  and  their 
relationship  to  the  implementation  of  the  Neumann  body  condition. 

(a)  The  unknown  g  k  located  a  distance  Ay  outside  of  the  domain 

and  is  easily  eliminated  from  the  equations  by  using  the  thin  ship  condition. 

(b)  The  unknown  iji.  .  .  in  the  locally  body  fitted  mesh  system  is  no  longer 

IgUfK 

located  a  uniform  distance  outside  of  the  domain.  Special  derivative  formulas 
must  therefore  be  used  in  order  to  eliminate  it  from  the  system  of  equations. 


Wave  Elevation,  T]  Wave  Elevation, 
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gure  5. 


Comparison  of  the  Wlgley  hull  wave  profile  using  the  thin 
ship  condition  irtth  the  Michell  solution  for  Fr  »  0.266. 
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Figure  6.  Comparison  of  the  Wigley  hull  wave  profile  using  the 
thin  ship  condition  with  an  experiment  for  Fr  ■  0.350. 
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Wave  Elevation 


-1.0  -.8  -.6  -.4  -.2  -.0  O.a  0.4  0.6  O.B  1.0 


Longitudinal  Coordinate,  x/l 


Figure  7.  Comparison  of  the  Wlgley  hull  wave  profiles  for 
Fr  =  0.233  and  IC  »  2,  4  and  6. 


Figure  8,  Comparison  of  the  Wigley  hull  wave  resistance  vs.  Froude 
number  for  the  full  nonlinear  conditions,  the  exact  hull 
condition  and  the  thin  ship  condition. 
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DISCUSSION 
of  the  Paper 

by  R.R.  Chsfflberlaln  and  S.M.  Yen 
NUMERICAI.  SOLUTION  OF  THE  NONLINEAR  SHIP  WAVE  PROBLEM 


DISCUSSION 
by  S.M.  Yen 

I  would  like  to  encourage  the  colleagues  in 
naval  hydrodynamics  to  accept  our  offer  to  use 
our  method  to  solve  the  full  nonlinear  ship 
wave  problem  for  hull  surfaces  other  than  the 
Wigley  hull.  We  will  send  anyone  upon  request 
a  copy  of  our  computer  program  package  as  well 
as  a  user's  manual.  We  will  also  help  the  user 
to  run  the  program.  We  believe  that  only 
through  close  working  contact  and  by  sharing 
computer  programs,  the  progress  in  numerical 
ship  hydrodynamics  can  be  expedited. 

DISCUSSION 
by  Henry  T.  Wang 

In  your  paper  you  repeatedly  refer  to  the 
boundary  conditon  “  0  the  downstream  y-z 
plane  as  the  "open  boundary  condition”.  This 
would  seem  to  imply  that  you  are  allowing  the 
waves  to  propagate  through  the  downstream 
plane,  whereas,  in  fact,  you  are  applying  a 
solid  wall  (or  reflecting  boundary)  condition 
on  this  plane. 

Author's  Reply 

This  discussion  is  especially  significant 
since  it  brings  up  one  of  the  most  important 
Issues  which  we  have  attempted  to  address.  We 
feel  that  all  references  to  the  condition 
ijix“0  as  an  'open  boundary  condition'  are  fully 
justified  in  this  case,  especially  after  con¬ 
sideration  of  the  compelling  numerical  evidence 
presented  in  Figure  4.  The  two  sets  of  calcu¬ 
lations  shown  in  this  figure  are  identical 
except  for  the  length  of  the  domain.  In  par¬ 
ticular,  the  so-called  solid  wall  condition 

has  been  employed  at  both  downstream  boun¬ 
daries,  and  yet  no  wave  disturbances  are  seen 
to  be  reflected  from  either  of  these  artificial 
boundaries.  In  fact,  the  short  domain  and  the 
long  domain  solutions  are  essentially  iden¬ 
tical,  both  in  phase  as  well  as  in  amplitude. 
This  result  could  hardly  be  expected  from  a 
reflecting  boundary. 

In  our  experience  with  the  nonlinear  ship 
wave  problem  as  well  as  with  problems  in  com¬ 
putational  aerodynamics,  we  have  encountered 
similar  findings  many  times  before.  Fortun¬ 
ately  the  numerical  solutions  in  many  cases 
seem  relatively  insensitive  to  the  approxima¬ 
tions  made  at  the  downstream  boundary,  espe¬ 
cially  when  the  disturbances  there  are  small. 

It  must  be  remembered  that  ^  is  the  pertur¬ 
bation  potential,  and  we  are  thus  allowing  the 
mean  flow  to  pass  uniformly  out  of  the  domain. 
The  errors  Involved  In  applying  the  condition 
**  0  are  not  significant  enough  to  cause  any 
serious  degradation  of  our  solutions. 
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FINITE  DIFFERENCE  SIMULATION  OF 
NON-BREAKING  3-D  BOW  WAVES  AND 
BREAKING  2-D  BOW  WAVES 

by  Hideaki  Miyata*,  Shinichi  Nishlmura**,  Hlsashi  Ksjitani'^ 

*  Department  of  Naval  Architecture,  University  of  Tokyo 
Bongo,  Bunkyo-ku,  Tokyo 
**  Kobe  Shipyard,  Mitsubishi  Heavy  Industries  Ltd., 
Wadamisaki,  Hyogo-ku,  Kobe 


Abstract 

Two  versions  of  the  finite  difference  method 
called  TUMMAC  method  are  explained  with  a 
number  of  computed  examples.  The  TUMMAC- 
IVvml  method  is  developed  for  the  purpose  of 
simulating  3-D  nonlinear  ship  waves.  Since 
the  exact  invisoid  free  surface  conditions  are 
implemented  on  the  full  surface  and  the  free- 
sUp  body  boundary  conditions  are  fulfilled  on 
the  surface  of  the  approximated  hull,  the  ;  ■ 
simulated  wave  formation  shows  fairly  good 
agreement  with  the  measured.  The  difference 
of  wave  geometry  due  to  the  variation  of  bow 
configuration  are  exemplified  with  two  series  of 
practical  hull  forms.  The  other  version  called 
TUMMAC-Vot  method  is  a  2-D  version  that  can 
simulate  the  wave  breaking  motion.  The 
simulation  of  2-D  bow  waves  elucidates  the 
process  of  wave  breaking,  from  wave 
steepening,  overturning,  impinging  to  vortex 
generation. 

I.  Introduction 

As  is  weU  known,  the  hull  forms  have 
experienced  innovative  Improvement.  A  bow 
bulb  has  been  proved  to  be  very  effective  in 
the  past  three  decades  [  1]  and  its  application 
is  still  continuing  to  extend,  for  Instance,  to 
fishing  boats  and  small  cargo  boats.  In  the 
last  decade  another  bulb  for  a  stern  called 
stern-end-bulb  is  developed  [21  [3]  [4]  [51 
and  the  configuration  of  a  bow  bulb  is  refined 
into  a  thin  long-protrudent  one  for  middle  and 
low  speed  ships  [61  [71. 

The  success  in  hull  form  improvement  owed 
much  to  the  sound  understanding  of  physical 
phenomenon.  The  development  of  a  ^gantic 
bulbous  bow  [81  was  promoted  not  only  by  the 
wave  making  theory  but  also  by  the  wave 
pattern  analysis  using  stereo-photographing 
technique  which  clearly  showed  the  nonlinear 
wave  making  in  the  near-field.  Wave  making 
theories  have  been  incompetent  to  explain  stern 
wave  generation  and  then  the  development  of  a 
stern-end-bulb  was  conducted  through  experi¬ 
ments.  An  intuitive  idea  forwarded  the  hori¬ 


zontal-bow-fin  (HBF)  and  the  movable  bulb  [9], 
The  refinement  of  bulb  configuration,  from 
bulbous  to  thin  protrudent  type  for  low  and 
middle  speed  ships,  was  commenced  by  the 
recognition  of  the  presence  of  wave  breaking 
phenomenon  [101  and  accelerated  by  the  under¬ 
standing  of  the  distinctive  characteristics  of 
steep  nonlinear  waves  called  free  surface  shock 
wave  (FSSW)  that  is  likely  to  break  [11]  1 12] 
[13]  [14].  The  role  of  linear  wave  making 
theories  in  the  engineering  problems  has  not 
been  so  significant  as  mathematically  oriented 
researchers  expected. 


The  understanding  of  the  complicated  phy¬ 
sical  phenomena  of  water  flow  around  a  ship 
elucidated  the  shortcomings  of  the  current  wave 
resistance  theories.  This  is  another  important 
role  of  experimental  Investigations.  The  wave 
contour  maps  computed  by  linear  theories  do 
not  show  satisfactory  agreement  with  experi¬ 
mental  results.  The  claimed  agreement  In  the 
value  of  wave  resistance  is  supposed  to  be 
questionable  when  the  agreement  in  wave 
formation  is  not  demonstrated. 

Excessively  gross  approximation  of  bound¬ 
ary  conditions  seems  to  render  substantial 
difficulties  in  explaining  the  nonlinear  wave 
motions  in  the  near  field  which  are  the  source 
of  subsequent  complicated  motions  of  wave 
breaking,  vortex  generation  and  so  forth. 

The  exact  free  surface  conditions  must  be 
satisfied  on  the  exact  location  of  the  free  sur¬ 
face.  The  no-sUp  body  boundary  conditions 
must  be  fulfilled  on  the  body  surface  taking 
Into  account  the  wave  motion.  These  are 
requested  by  the  substantial  sensitiveness  of 
wave  resistance  and  by  the  nonlinear  charac¬ 
teristics  of  ship  waves.  The  recognition  of 
the  nonlinear  aspects  of  ship  waves  obtained 
from  experimental  studies  led  the  authors  to 
the  development  of  a  MAC -type  [15]  finete 
difference  method  that  solves  the  Navier-Stokes 
(NS)  equations  by  time-marching.  It  is  called 
TUMMAC  method  (Tokyo  University  Modified 
Marker- And-Cell  method). 
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In  this  paper  two  versions  of  the  TUMMAC 
method  are  explained  with  a  lot  of  computed 
examples.  One  is  the  TUMMAC-IVvml  (varia¬ 
ble  mesh  in  one  direction)  method  for  3-D  ship 
waves  and  the  other  is  the  TUMMAC-Vot 
(overturning)  method  for  breaking  2-D  waves 
The  explanation  of  the  TUMMAC-IVvml  method 
and  computations  of  waves  of  a  bulk  carrier 
and  a  tanker  are  made  and  Its  availability  in 
the  design  of  hull  forms  is  discussed  in  PART 

1.  The  explanation  of  the  TUMMAC-Vot  method 
and  the  numerical  experiment  of  breaking  2-D 
waves  are  made  inPART2.  PARTI  deals  with 
the  generation  of  steep  nonlinear  bow  waves 
before  breaking,  and  PART  2  deals  with  further 
complicated  nonlinear  motions  that  starts  with 
wave  breaking  in  the  framework  of  a  2-D  flow. 
The  former  study  seems  to  have  practical 
availability  in  hull  form  improvement.  The 
latter  fundamental  study  seems  to  be  important 
for  the  further  improvement  of  the  numerical 
simulation  method  of  ship  waves  and  for  the 
elucidation  of  the  nonlinear  wave  mechanics. 


PART  1 

NON-BREAKING  3-D  BOW  WAVES 

II.  Free  Surface  Shock  Wave 

Experimental  studies  on  the  complicated  wave 
motions  in  the  near  field  of  ships  clarified  the 
typical  characteristics  of  ship  waves  [14]. 

They  are  as  follows. 

(a)  Steepness  of  the  wave  slope. 

(b)  Formation  of  lines  of  discontinuity. 

(c)  Turbulence  on  the  free  surface  on  and 
behind  the  wave  fronts. 

(d)  Systematical  change  of  the  wave-crest-line 
angle. 

(e)  Fulfillment  of  the  Froude's  law  of  similarity. 

(f)  Approximate  satisfaction  of  a  kind  of  shock 
relation  across  the  wave  fronts. 

(g)  Dissipation  of  wave  energy  into  momentum 
loss  far  behind. 

From  these  distinctive  characteristics,  part¬ 
ly  analogous  to  shock  waves  in  supersonle  flow 
and  nonlinear  shallow  water  waves,  nonlinear 
waves  in  the  near  field  of  ships  in  deep  water 
are  called  free  surface  shock  wave  (FSSIV) . 

How  to  understand  these  features  of  non¬ 
linear  ship  waves  determines  the  approaches  to 
be  taken.  The  characteristics  (a),(d)  and  (e) 
imply  that  it  is  substantially  wave  making 
motion,  and  (a)  and  (d)  discriminate  FSSW 
from  olassioal  ship  waves.  Discontinuity  may 
be  produced  by  the  steep  wave  configuration 
which  can  form  a  corner  on  the  free  surface, 
and  furthermore  it  is  accentuated  by  the 
occurrence  of  wave  breaking.  The  character¬ 
istics  (o)  and  (g)  are  results  of  the  dissipa¬ 
tive  process  of  waves  which  starts  with  break¬ 
ing  as  a  natural  consequence  of  the  steep 
wave  generation.  Steep  waves  called  FSSWs 
are  usually  generated  in  the  near  field  and 
they  are  usually  so  steep  as  to  be  liable  to 
break  especially  when  the  Froude  number 


based  on  draft  Fd  is  large.  The  steep  waves 
themselves  show  nonlinear  features  and  the 
dissipative  motion  cause  further  complicated 
fluid  behavior. 


The  generation  of  FSSW  directly  contributes 
to  wave  resistance.  Whether  its  energy  is 
dissipated  into  momentum  loss  or  spread  by 
dispersion  in  the  far  field,  the  wave  resistance 
is  not  Influenced  in  the  first-order  approxi¬ 
mation.  The  effect  of  the  dissipative  flow  on 
wave  malting  seems  to  be  a  higher-order 
mechanics.  The  first  problem  to  be  attacked 
is  the  theoretical  explanation  of  the  generation 
of  FSSW,  since  it  is  the  source  of  other  non¬ 
linear  free  surface  motions  and  of  dispersive 
wave  propagation  as  well.  The  M.AC-type 
finite  difference  method  seems  to  be  most 
powerful  for  this  problem,  since  it  excludes 
any  linearizing  postulations. 

111.  TUMMAC-IVvml  Method 

Two  primitive  versions  of  the  TUMMAC 
method  for  3-D  waves  were  developed.  They 
are  the  TUMMAC -I  method  for  waves  around 
a  wedge-shaped  bow  [16]  [17]  [18]  [19]  and 
the  TUMMAC -II  method  for  waves  ai’ound  a 
ship  of  arbitrary  waterline  [20]  [21].  Being 
based  on  the  techniques  developed  in  these 
previous  versions  the  TUMMAC -IV  method  was 
developed  for  waves  generated  by  a  ship  of 
arbitrary  configuration.  Since  the  version 
with  the  mesh  system  of  equal  spacing 
(TUMMAC-IVa)  is  already  described  in  Ref.  [22] 
and  the  attained  accuracy  of  the  improved 
version  with  a  variable  mesh  system  in  vertical 
direction  (TUMMAC-IVvml)  is  described  in  Ref. 
[  23] .  The  computational  procedure  is  described 
only  briefly  here. 


A  rectangular  inflexible  mesh  system  is 
employed  with  variable  spacing  in  the  vertical 
direction.  The  horizontal  spacing  DX  and  DY 
are  common  to  all  the  cells,  while  DZ  vai'ies 
with  respect  to  the  z -coordinate.  Velocities 
are  defined  on  the  six  surfaces  of  a  cell  and 
pressure  at  the  center  of  a  cell.  Suppose 
<i.  j,  k)  denote  the  location  of  the  center  of 
a  coll,  then  the  NS-oquatlons  are  approximated 
into  a  finite  difference  form  by  forward  differ¬ 
encing  in  time  and  centered  differencing  in 
space  except  the  convective  terms. 


’'rH.k='H.H.k-('^i.H.k'^i.j.k^/DY.DT  (1) 

”l,j.k+r‘n,3,k+r^'^l,j,k+r'*i,j,k^  /DZj^.DT 
whore 

'i.l.l.k 
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Fig.l  Block  diagram  of  TUMMAC-lVvml 

,^+v.DT(— 1(2) 

Here  DT  Is  time  increment  nnd  UC ,  VC  and 
tVC  are  the  convective  terms.  By  use  of  con¬ 
tinuity  equation  the  following  Poisson  equation 
for  pi'essuro  is  derived. 

'*'i.j.k 

=Hl/DX2n/DY’+l/(DZj^_^.DZ^^j))'‘ 


Whore 


Fig. 2  Variable  spacing  in  vertical  direction. 


DZka=HDZ^.D2k^,, 


Eq.(3)  is  solved  by  a  simultaneous  iterative 
method  through  the  following  equation. 


,m  ,_m  , 

M.j.k  *  1,1, k 

t{2  DT{1/DX2+1/DY2+1/(DZ,  ,.DZ,  ^.))1  (6) 

k-j  k+'i 

where 

“r.j.k-('^iH.j.k-c.j.k>/>^" 

Hero,  superscripts  denote  the  number  of 
iteration  and  D  is  divergence  of  a  coll. 

At  every  time  step  of  the  timo-miu'ching  the 
pressure  field  is  updated  by  the  now  velocity 
field  and  the  now  pressure  field  gives  a  now 
velocity  field  by  advancing  one  time  stop  by 
•i'l.d).  The  pi-ocodure  is  illustrated  in  Fig.l. 

For  the  differencing  of  the  convective  term 
the  combinotion  of  the  centered  differencing 
ond  the  second  order  upstream  differencing 
(donor-cell  method)  is  eiuployod  following  Hirt 
ot  ol.  [24).  With  ttiis  differencing  method 
the  torn)  3(w^)02,  for  example,  becomes 


’‘K.i.k>*^“i.j.kH' 
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The  velocity  points  are  shown  in  Fig. 2,  in 
which  a  black  circle  indicates  the  point  at 
which  W2C  is  estimated,  a  is  a  combination 
factor. 


By  the  use  of  a  variable  mesh  system  the 
degree  of  accuracy  of  the  finite  differencing 
is  lowered  by  order  one.  Eq.(3)  does  not  have 
second-order  accuracy  in  the  vertical  direction. 
The  differencing  of  the  convective  term  also 
becomes  less  accurate  as  explained  below. 

By  Taylor  aeries  expansion  of  Eq.(8)  about 
the  location  zt4W2C  is  written  as 


W2C 


(2+a)DZ. +(2-a)DZ. 


a(w’) 
3  z 


(0) 


3w 

(--)*+0<DZ’) 

3z 


When  a  =1.0,  l.e.  the  case  of  tho  donor-coil 
roothod , 


W2C= 


3DZ^>DZ^^^ 


Kw’) 

-5 —  ♦  0(DZ) 


(10) 


and  when  «  =0.0.  l.o.  tho  caso  of  tho  contcrod 
difforenoing. 


V;2C» 


♦0(DZ») 


(11) 


However,  the  formal  roduollon  of  tho  degree 
of  accuracy  can  bo  easily  compensated  by 
using  e  very  fine  cella  near  the  free  surface 
where  Itigh  resolution  la  required. 


Fig. 4  Approximation  of  hull  surface. 


The  computati.,nttl  domain  is  shown  in  Fig. 3 
for  the  case  of  bow  wave  computation.  Proper 
boundai’y  conditions  must  be  imposed  and 
fulfilled  on  all  the  boundaries. 

Since  a  water-line  of  a  ship  is  approximated 
by  a  succession  of  Une  segments  and  n  frame - 
lino  by  steps,  the  body  surface  becomes  ns 
shown  in  Fig.  4  .  Free  slip  body  boundary  condi¬ 
tions  are  imposed  on  the  vortical  surfaces. 

In  order  to  lot  the  water  flow  along  the  franMj- 
Unos  smooth,  the  ratio  of  the  portion  of  a 
horizontal  plane  through  which  water  flow 
vertically  is  considered  in  tho  fulfillment  of 
the  zero- divergence  condition  of  tho  fluid 
region  of  a  boundary  coll.  The  exact  Inviscid 
fi'ce  surface  conditions  oi-o  nppi'o.ximately 
satisfied.  Use  is  made  of  tho  "Irregular  star" 
and  tho  "marker  particle"  techniques. 


IV.  Waves  of  a  Bulk  Carrier 

Two  hull  forms  of  a  bulk  carrier  of  26000 
deadweight  tonnage  is  chcaon  for  tho  compu¬ 
tation.  Tho  original  hull  MS5F0  has  a  conven¬ 
tional  bwy  bulb  and  the  Improved  one  M55F1  a 
long-protrudont  tliin  bulb.  The  hitter  was 
designed  by  the  authors  and  was  applied  to  a 
full-scale  slilp  equipped  with  sails.  The  length 
(Lpp),  bk-eadth  (B)  and  draft  (d)  of  tho 
models  are  3,000m,  0.497m  and  0.090,m  (ballast 
condition)  or  0.209m  (full-load  condition), 
respectively.  Tho  computations  wore  executed 
with  these  dimensions  of  models. 

The  forcbodies  are  considered  and  an 
example  of  ooU  division  is  as  shown  In  Pig.S. 
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Pig. 5  Cell  division  of  M55F0  for  ballast  condition. 


Fig. 6  Time  fioquenco  of  wave  contours  of  KSSFO  in  ballast  condition  at  Kn"0.ie,  froa  lOOth  to 
600th  tine  atep  with  the  Interval  of  100  steps. 
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Fig. 7  Velocity  vector  field  of  M55F0  and  FI  in  ballast  condition  at  Fn=0.l8. 


For  the  case  of  ballast  condition  the  coll  size 
DX  X  DY  X  DZ  is  12  x  12  x  7.5  -  40.5(00  and 
the  computational  domain  is  -0.276ra  <  x  < 
0.540m,  0ni<y<0.420w  and  -0.288m<Z‘;  0.075m. 
Then,  the  approximate  number  of  cell  in  which 
pj'cssui'e  is  computed  is  about  28000.  For  the 
case  of  full  load  condition,  DX  x  DY  x  DZ  is 
14  X  14  X  10.3  -  55,4mm  and  the  computational 
domain  Is  -0. 420ni<x<  0,546ni,  Om<y<  0.420m 
and  -0.493m<  z<  0.072m.  Then  the  coll  number 
is  about  31000. 

The  timo  Increment  is  3.23  and  3.63  milli¬ 
second  for  ballast  and  full-load  condition, 
respectively.  The  uniform  flow  Is  accelerated 
for  300  time  stops  and  the  computation  is 
continued  to  the  600th  lima  stop  when  the 
steady  state  in  reached.  The  Fwudc  number 
based  on  Lpp  (Fn)  reached  at  the  steady  state 
is  O.IS  and  0.20  for  ballast  condition  ond  Q.18 
for  full-load  condition.  The  Froude  nutabor 
based  on  d  (Fd)  is  1,04  ond  i.lS  for  ballast 
condiUofi  end  0.662  f(?r  fuU-losd  condition. 


needs  a  little  more  time  steps. 


The  velocity  vector  fields  are  compared 
between  the  two  mo<lels  in  Fig. 7  for  ballast 
condition  and  in  Pig.  8  for  full-load  condition. 
The  blunter  bow  of  M55F0  causes  greater 
disturbance  velocities .  which  is  related  with 
Wghor  wave  height  and  consequently  higher 
wevo  resistance.  The  downward  velocities 
fom  a  vortical  motion  beneath  the  hull.  This 
corresponds  to  three-dimensional  sepnratioit  of 
forobodies.  Do.spite  that  free-slip  body 
boundary  conditions  are  Imposed,  the  qualita¬ 
tive  ngroeuiont  is  gecKl.  in  a  strict  sense  it 
is  safe  to  consider  it  as  a  consequence  of 
numerical  error.  However,  those  figures 
indicate  that  the  throe-dimensional  separation 
is  initiated  by  boundary  layer  separation,  the 
role  of  wldch  is  ployed  by  numerical  error  in 
those  esses,  and  the  ratational  flow  is  fornied 
by  the  velocities  outside  a  boundary  layer. 


The  time  sequence  of  wove  contours  la 
shown  in  Fig. 6  for  the  oese  of  M55F0  In  ballast 
condition.  The  wave  height  in  contours  in 
PART  I  ie  all  made  dimensionless  with  r«8i»ot 
to  the  head  of  uniform  stream  H  (=U*/2g). 

The  mB.>d)yium  wove  height  of  0.75H  appears 
Just  whan  the  ncceleretfon  of  the  Inflow  is 
ceased  and  the  foroinoat  wave  does  not  show 
romsrltflble  variation  after  the  400th  time  step, 
but  ttiQ  dovoli^taont  of  Ute  second  wave  crest 


Computetl  wove  contour  mops  at  the  steady 
state  ore  ahown  In  Fig.  9,  and  those  measured 
by  a  wave  recorder  are  in  Fig.  10.  Perspec¬ 
tive  views  in  the  some  conditions  are  shotvn  in 
FHgs.ll  and  12.  The  reduction  ratio  of  the 
two  contours  is  the  same,  although  the  coor¬ 
dinate  is  dimensional  in  Fig.  9  and  dimenaion- 
loss  in  Pig.  10.  The  overall  agroemont  between 
computation  and  experiment  la  fairly  good. 

With  the  increase  of  Froude  Jtumber  the  fore- 
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Pig. 8  Velocity  voctor  field  of  MS5F0  and  Kl  in  fuU-load  condition  nt  Pn^O.lS. 


most  wave  oxtonds  and  {ho  second  wave  crosi 
dtsnpponrs.  The  anplo  of  wnvo  crost  do- 
cren.ses  with  tho  increase  of  I'roudc  number, 
wtiich  is  one  of  the  typical  oharaetaHstics  of 
l-’SSW.  Tho  difforonoo  of  wnvo  geometry 
between  the  two  load  conditions  is  obviously 
notwl.  Although  this  is  pnrtly  attributable  to 
the  difforonoo  of  hull  configuration,  tho  most 
dcyminnnt  cause  is  tho  difference  of  f’roudo 
inimber  based  on  draft.  When  it  i.s  low  und/or 
the  bow  configuration  is  blunt,  a  wove  with 
circular  geometry  called  normal  FSSW  is  gene¬ 
rated  as  in  the  cases  of  full -load  condition. 

Tho  ffWHsraost  wave  of  a  bow  which  is  not 
oxtromoly  blunt  is  deformed  into  an  oblique 
I-'SSW  when  Froude  number  is  sufficiently  largo 
as  in  the  cases  of  ballast  condition.  Tlw 
simulated  angle  of  wave  crest  line  is  asn.allor 
than  the  measured  in  ballast  condition  but  H 
is  contrary  In  tho  full  loud  uotidilion.  Tho 


agreement  of  the  maximum  wave  height  is 
fairly  good  and  tho  difforonee  is  nsunliv  about 
0.05H. 

Tho  suporiortty  of  M55KI  to  M$5F0  In 
ballast  condition  is  obvious.  The  maximum 
and  minimvim  wave  height  are  both  reduced 
and  tho  area  of  largo  wave  height  b  reduced. 
On  full-load  condition  alight  reduction  of 
waves  is  also  observed  but  Its  degree  is  not 
.so  significant.  The  results  of  towing  test 
indicate  that  w’avo  resistance  i,s  reduced  by 
10%  at  Fn-'-O.lS  in  batlaat  condition.  The 
ctsoputeU  results  also  dmnonstratc  the  effee- 
livoness  of  a  thin  long-protrudent  bulb  for 
such  a  middle -speed  Sidp.  Thus,  tho  simu¬ 
lations  by  tho  TUMMAC-IVvml  method  is 
proved  to  bo  offeotlvo  for  the  procedure  of 
hull  form  optimisation.  The  discrimination  of 
a  better  hull  form  will  be  oiade  more  reusona- 
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bly,  whgn  Ingenious  use  Is  ir.ftdie  of  the 
integration  of  the  pressure  distribution  on  the 
hull  surfflCo  or  tljat  of  th«  wave  energy  In  the 
computational  dotoain. 

V.  Waves  of  a  Tanker 

For  another  axanipia  0  series  of  tanker 
model  MSt  Is  chocen.  The  dimension  of  the 
model  la  Lpp  x  B  k  d  =1  2.60m  s  O.SQStn  s 
O.oeSm  (ballast)  or  0.166m  (full-load),  T)t» 
series  is  Composed  of  two  without  a  bulb  and 
two  with  a  bulb  as  shown  In  Fig.  13.  The 
bulb  configuration  of  MS7P3  is  that  currently 
applied  to  low -speed  full  bull  forms  of  tankers 
and  large  bulk  carriers.  M57F3  has  mi  os- 
treroely  long  thin  bulb  which  Is  expected  to 
reduce  PSSW  and  its  breaking  in  ballast  con¬ 
dition.  M5SP6  has  a  round  bew  without  a  bulb, 
which  may  be  preferable  when  wave  resistance 
can  be  safely  ignored. 


I'ho  jofflbodios  .^r«  ctataklcrod  In  iho  eenipu- 
latjon,  rtuil  coll  i5i-.'islon  for  ballast  condition  is 
shown  in  Pigs.  14  to  16.  The  coll  siso  D.V  x 
BY  X  DX  Is  16.5  s  15. S  s  7.37  -  25.05mm  foa- 
baUaat  condition  and  16.5  x  16.5  .v  S.2]  - 
4t.S4i»)m  for  full-lo<id  condUion.  The  Icngh 
and  width  of  the  corap utfdtonal  domain  is 
}.t22»  and  O.JtMjm,  rospeetively .  common  to 
the  two  draft  condition  and  the  water  depth 
is  0.311m  for  ballast  condition  and  0.383m  for 
full-loud  condition.  Then  the  approxtoatc 
jtumber  of  coll  is  29000  and  33000  for  the 
reapoettve  case. 

The  time  increment  is  3.36  end  4.53  milli¬ 
second  for  ballast  and  full-load  conditions, 
iwspcctlvely .  The  uniform  flow  is  sccelcrated 
for  300  time  steps  end  the  cotnnutatlon  is 
continued  to  the  SOOth  time  atap.  Pn  ia  0.15 
for  ail  iho  cases,  and  Pd  is  0,975  in  ballsst 
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S'ig.lO  K«^»ur«<i  v«vs»  contour  odps  of  MSiPO  (ioft)  and  PI  (right). 


condition  and  0.610  in  full-load  condition. 

The  cwnputed  velocity  vector  fields  are 
shown  in  f'ig.s.l7  imd  18.  The  rotational  flow 
beneath  the  hull  is  more  clear  than  in  the 
case  of  MSS  owing  to  the  selected  section 
behind  FP. 

Wave  geometry  is  compared  between  the 
four  scHes  models  in  ballast  condition  in  Pigs. 
19  and  20.  The  maximum  wove  height  of 
M57F0,  F3.  PS  and  F6  is  0.95H,  0.85H.  0.75H 
and  v).95H,  respectively,  which  implies  the 
favorable  effect  of  e  bow  bulb.  The  su;*- 
pression  of  the  foremost  wave  crest  is 


significant  by  (ho  thin  long-protrudetit  bulb, 
although  the  .second  wave  crest  is  lareo.st 
among  the  four.  The  now- typo  bow  eonfig\i- 
rafion  of  MSTFSi  will  be  useful  at  l*n=0.15  or 
greater  when  the  reduction  of  wave  resistance 
is  not  eompensated  by  the  increosc  of  viscous 
resistance  duo  to  the  Increase  of  wetted- 
surfaee  area.  The  difference  In  waves  is 
very  small  between  M57P0  and  l-G.  The  mund 
bow  configuration  secerns  to  have  nc'gligiUic 
influence  on  wave  generation. 

In  *!..  tHm  and  sinkago  are 

rcstrictfri  ■ihKo  they  are  usually  free  In  usual 
towing  levxs.  If  the  effect  of  tills  restnctioti 
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Fig. 13  Lines  of  M57  series  models. 
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Pig. 15  Cell  division  on  a  horizontal  plane 
for  ballast  condition. 
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free  surface  of  M57P3  on  ballast  condi-  "•u  i«-o.oo36i.  h 


tion. 


Fig. 19  Comparison  of  computed  wave  contour  maps  of  M57  series  models  in  ballast  condition. 


2/1 
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Fig. 20  Comparison  of  computed  perspective  view  of  M57  series  models  in  ballast  condition. 

is  significant,  a  particular  consideration  or  Tha  computed  wave  contour  maps  are  com¬ 
modification  is  needed  in  computations.  How-  pared  in  Figs. 21  to  26.  All  the  measurements 

ever,  the  effect  is  not  so  important  for  low  except  for  the  full-load  condition  were  carried 

and  middle  speed  ships  as  experimentally 


F.lg,2l  Measured  contour  maps  of  M57P0  in 

ballast  condition  showing  the  effect  of  Fig. 22  Comparison  of  contour  maps  of  M57F0  in 
slnkcge  and  trim  restriction.  full-load  condition. 
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COHPIjrATION  COHPUTATION 

Fig. 23  Comparison  of  contour  maps  of  M57F0  in  Fig. 24  same  as  Fig. 23,  M57F3 
ballast  condition. 
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Fig. 25  same  as  Fig. 23,  M57F5. 


Fig. 26  same  as  Fig. 23,  M57F6 
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Fig, 27  Comparison  of  measured  and  computed  wave 
profiles  on  the  centerline  and  two 
transverse  lines  of  M57F0  in  ballast 
condition. 


Fig. 28  same  as  Fig. 27,  M57F0  in  full-load 
condition. 


0.4  0^0  y 

Fig.29  swe  as  Fig.27,  M57F3  in  ballast  condi-  Flg.30  same  as  Fig.27,  M57F5  in  ballast 

condition. 


out  letting  trim  and  slitkage  ft^e ,  despite  the 
neglect  of  these  movement  in  simulations.  As 
is  already  noted  in  the  previous  oases  of  M55, 
the  wave  formation  shows  conspicuous  differ¬ 


ences  between  the  two  draft  conditions.  The 
configuration  of  the  contours  of  the  foremost 
wave  is  quite  different  and  the  second  wave 
crest  does  not  appear  within  *he  computational 
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Fig. 31  same  as  Fig. 27,  M57F6  in  ballast 
condition. 


domain  in  full-load  condition  while  it  is  clearly 
generated  in  ballast  condition.  These  signi¬ 
ficant  change  of  waves  due  to  the  change  of 
draft  could  not  be  explained  by  linear  theories. 
Overall  agreement  is  fairly  good  and  it  is 
especially  so  in  the  full-load  condition.  The 
most  noticeable  discrepancy  appears  on  the 


second  wave  crest,  to  which  complicated 
higher-order  influences  presumably  due  to  the 
wave  breaking  and  free  surface  turbulence 
will  give  effects. 

In  order  to  examine  the  details  of  agree¬ 
ment  and  disagreement  some  wave  profiles  are 
compared  between  simulation  and  experiment  ■ 
in  Rg8.27  to  31.  Fig. 27  shows  that  the  effect 
of  sinkage  and  trim  is  not  significant.  The 
measured  profiles  are  reproduced  from  a 
recording  paper  of  a  pen-recorder  and  the 
recorded  Mgh-frequency  fluctuation  implies 
the  occurrence  of  free  surface  turbulence. 

The  agreement  is  most  satisfactory  in  full¬ 
load  condition,  in  which  free  surface  turbu¬ 
lence  is  scarcely  recorded.  The  measured 
wave  profiles  of  M57F0,F3  and  F6  in  ballast 
condition  show  jump-like  shape  similar  to  a 
turbulent  bore  involving  high-frequency 
fluctuation  on  and  behind  the  jump.  This 
implies  that  this  jump-like  shape  is  formed  by 
wave  breaking.  The  wave  profile  before  wave 
breaking  is  supposed  to  show  much  better 
agreement  with  the  simulated  result.  There¬ 
fore,  the  wave  breaking  motion  seems  to  play 
a  most  significant  role  in  the  generation  of  the 
discrepancy.  The  remarkable  discrepancy  in 
the  second  wave  crest,  for  instance  at  x=0.1m 
in  Fig. 30,  is  also  attributable  to  the  effect  of 
wave  breaking  and  subsequent  turbulence 
generation.  The  degree  of  accuracy  of  the 
TUMMAC-IVvml  method  seems  to  be  satisfac¬ 
tory  unless  significant  wave  breaking  gives 
influences,  and  further  improvement  of  the 
method  will  be  attained  when  breaking  motion 
is  taken  into  account. 


PART. 2 

BREAKING  2-D  BOW  WAVES 


VI.  Wave  Breaking,  Necklace  Vortex 

It  is  demonstrated  in  the  previous  section 
that  the  steepness  of  waves  is  imtlmntoly  related 
with  wave  breaking  and  that  the  agreement 
attained  by  the  TUMMAC-IVvml  method  is 
inadequate  when  noticeable  breaking  occurs. 

The  difference  of  the  intensity  of  breaking 
motion  is  supposed  to  appear  in  the  froo 
surface  turbulence,  since  wave  breaking  motion 
causes  free  surface  turbulence. 

Turbulence  measurements  wore  conducted 
with  M55F0  and  M55F3  ( 25] .  The  latter  is  a 
slight  modification  of  M55F1.  The  inoasui'ing 
points  are  on  the  lino  parallel  to  the  hull 
water-line  and  10mm  below  the  deformed  free 
surface  as  seen  in  Fig. 32.  A  split-typo  hot- 
film  anemometer  is  used  with  the  sampling  time 
of  1  millisecond.  The  analysed  turbulent  kinema¬ 
tic  energy  and  Reynolds  shear  stress  ore  shown 
in  Figs. 33  to  3G.  It  is  noted  that  the  differ¬ 
ence  of  turbulence  intensity  Is  oxtromoly  largo 
between  the  two.  The  difference  of  the  non¬ 
linear  behavior  of  waves  appears  in  a  most 
exaggerated  form  in  turbulence  near  the  free 


surfoce.  When  tills  turbulence  is  of  signi¬ 
ficant  magnitude,  its  influence  on  the  wave 
motion  downstream  may  not  bo  ignored.  The 
understanding  and  theoretical  explanation  of 
the  phenomena  tliat  start  with  wave  breaking  is 
of  importance  for  the  elucidation  of  the  nonlinear 
wave  mechanics  and  for  the  design  of  optimal 
hull  form. 

The  nonlinear  free  surface  flow  around  a 
bow  of  an  advancing  ship  has  been  explained 
and  discussed  in  terms  of  necklace  vortex  i  2G] . 
wave  breaking  [10]  and  FSSW  [11]  [13]  [14] 
since  1968.  Recently  similar  experimental 
studies  are  made  by  other  researchers  [  35] 

[36]  [37]  [38]  [39].  However,  no  synthetic 
interpretation  of  the  overall  nonlinear  pheno¬ 
mena  is  ottainod,  although  the  authous  explain¬ 
ed  the  four  dovolopmontal  stages  of  FSSW 
through  cxpoHmental  analyses,  namely,  (a) 
formation  of  very  steep  nonlinear  waves,  (b) 
breaking  or  damping  of  wave  crest  and  occurr¬ 
ence  of  energy  deficit,  (c)  diffusion  of  energy 
deficit  with  fi’oe  surface  turbulence ,  and  (d) 
formation  of  a  momentum  deficient  wake  far 
beltind.  The  most  nonlinear  motions  of  wave 
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Fig*  32  Points  for  turbulence  measurenient. 
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Pig. 33  tongitudinal  distribution  of  turbulent 
kincciAtic  energy, 

breaking  and  necklaoo  vortex  generation  are 
associated  with  the  stages  (b)  and  (o).  It 
seems  to  be  easy  to  understand  that  stoop 
waves  may  break  and  that  overturning  or  spill¬ 
ing  motion  of  breaking  waves  may  produce 
vortlolty.  However,  It  Is  difficult  to  e.\perl- 
mentally  elucidate  these  developmental  stages, 
since  the  fluid  motion  Is  usually  very  compli¬ 
cated  Involving  remarkable  turbulence. 

The  capability  of  a  Qnlte  difference  method 
for  the  simulation  of  wave  breaking  was 
demonstrated  by  Harlow  et  al.(  27]' through  a 
numerical  simulation  of  a  breaking  wave  on  a 
sloping  beach.  However,  the  subsequent 
nuaieploal  works  seem  to  be  tackled  by  a 
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boundary  element  method,  for  Instance,  by 
Longuet- Higgins  et  nl.r28J.  Vinji  et  al.r?9]. 
Despite  the  increasing  number  of  research  by 
a  boundary  element  method  the  progi’ess  in 
the  elucidation  of  wave  breaking  mechanics 
does  not  seem  to  be  vei-y  remarkable.  It 
seems  to  be  clear  that  the  boundary  element 
method  has  substantial  difficulties  in  the 
e.xplanntlon  of  the  wave  motion  after  the  stage 
of  overturning.  The  ovortui'nlng  stage  is  only 
the  beginning  of  the  nonlinear  behavior  of 
breaking  waves.  Subsequent  stages  of  the 
generation  of  wave  Impact  load  and  vortices, 
which  are  full  of  nonlinear  fontui'es,  are  of 
serious  Importance.  Therefore,  a  finite  differ¬ 
ence  method  that  has  broader  versatility  is 
employed  hero  for  the  simulation  of  2-D  break¬ 
ing  waves. 

_V11.  The  TUMMAC-Vot  Method 

The  TUMMAC-V  method  was  developed  for 
the  numerical  study  of  nonlinear  2-D  waves 
generated  by  an  advancing  floating  body  In 
deep  water  [30]  [31]  [32J.  Since  tills  method 
could  not  cope  with  the  wave  breaking  motion, 

It  Is  modified  Into  Tt;M.yAC‘Vot  version  [331 
[34]. 


The  block  diagram  is  shown  in  Fig.  37. 
Since  the  fundamental  solution  algorithm  and 
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Fig, 35  same  as  Fig. 34. 

the  procedure  are  same  with  the  TUMMAC- 
IVvml  method,  the  equations  and  description 
of  the  computational  procedure  are  not  repea¬ 
ted  here.  The  distinctive  features  of  the 
TUMMAC-Vot  method  are  the  flagging,  the 
determination  of  free  surface  and  px'essure 
computation,  to  wliich  some  explanations  are 
given  here. 

All  the  cells  are  flagged.  They  are  either 
a  full-of-fluki  cell  (flagged  F) ,  an  (vir  cell 
(flagged  A),  a  free  surface  coll  (flagged  S)  or 
a  body  boundary  coll  (flagged  B)  as  soon  in 
Fig.  38.  The  configuration  of  frao  surface  is 
appro-Kimated  by  a  succession  of  line  sogmonts 
of  which  end  points  ore  located  on  the  under¬ 
lying  rectangular  mesh  system  os  soon  in  Fig. 
39.  An  S-celi  is  defined  ns  ono  that  conta.ns 
a  sogmont  of  free  surfaco.  Flagging  is  also 
made  for  velocity  and  prossuixj  depending  on 
whether  they  are  inside  the  segment  or  not. 
The  use  of  segments  instead  of  markers  is 
advantageous  fer  the  expression  of  the  free 
surfaco  that  la  a  multi-valued  function  of  x- 
cooiHiinato  and  for  the  flagging  procedure. 

The  computation  of  pressure  is  carried  out  at 
every  Inside  pressure  points.  Outside  velo¬ 
cities,  which  are  necessary  for  the  movement 
of  sogmonts  and  for  the  computation  of  convec¬ 
tive  terms,  are  not  initially  flagged  and  extra¬ 
polated  from  inside  volooities  with  approxiaiate 
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Fig. 36  same  as  Fig. 34. 
zero-  norm al -  gradient . 

For  the  movement  of  segments  a  Lagrangian 
manner  Is  used  and  the  updated  segments  must 
have  their  end-points  on  the  underlying  mesh 
system  as  shown  in  Fig. 39.  In  the  solution  of 
the  Poisson  equation  for  pressure  by  the  SOR 
method  the  formula  of  "irregular  star"  is 
employed  as  soon  in  Fig.  40.  Four  leg  lengths 
for  one  pressure  point  are  stored  in  memory. 

Other  particular  consideration  is  necessary 
for  the  breaking  motion  just  when  the  falling 
wave  front  touches  the  free  surface  below. 

The  air  region  enclosed  by  the  overturning 
wave  is  either  filled  with  water  when  its  area 
is  approximately  smaller  than  that  of  one  coll 
or  kept  to  bo  an  air  roiflon  to  which  free 
surfaco  conditions  ai’o  applied  when  it  is 
sufficiently  large, 

VIll.  Brooking  Bow  Waves  In  a  tlnlfonii  Flow 

A  rectangular  flwiting  body  of  which  length 
is  200mm  and  draft  is  100mm  is  placed  in  a 
computational  domain  which  is  2m  long  and 
0.4m  deep  below  the  freo-surfaco.  The  origin 
of  the  coordinate  system  being  at  the  center  of 
the  body  on  the  still  fi-oo  surface,  the  inflow 
boundary  Is  located  at  x  =  -l.Om.  The  cell 
length  DX  la  10n\m  and  the  height  DZ  is  5mm, 
and  then  the  number  of  ooU  in  wliioh  proasuro 
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Fig. 37  Block  diagram  of  TUMHAC-Vot. 
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Is  computed  la  about  16000.  The  computationa 
were  undertaken  at  two  Froudo  numbers  based 
on  draft  Fd,  l.e,  1.25  and  1.50.  The  uniform 
upstream  Is  accelerated  from  rest  to  the  above 
Froude  numbers  for  978  and  1404  time  stops 
with  the  time  increment  of  0.00162  and  0.00125 


Fig. 39  Movement  of  free  surface  segment. 


•  atmospheric  pressure 


Fig. 40  Pressure  points  and  legs  of  “irregular 
stars* . 


sec.  respectively.  The  actual  kinematic  vis¬ 
cosity  1.14  X  10*  m*/8cc  is  used.  The  itera¬ 
tion  number  and  time  are  denoted  N  and  T. 
respectlvoly. 

Computed  velocity  vector  fields  after  the 
accelerating  stage  are  shown  in  Fig.  41  for  the 
case  of  Fd=1.25.  Wove  breaking  motion  similar 
to  a  spilling  breaker  occurs  at  the  forward 
creeping  wave  front.  The  successive  breaking 
motion  produces  vortical  motion  and  the  resul¬ 
tant  vortical  layer  la  gradually  enlarged.  The 
time  development  of  vortioity  is  shown  in 
contour  maps  in  Fig.  42.  Significant  vortlcity 
is  generated  when  the  overturning  wave  front 
with  forward  velocity  Is  connected  with  the 
forward  face  of  the  wave.  The  region  with 
vortlcity  is  extended  both  forward  and  bock- 
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Fig.  Velocity  vector  field  of  bov  weve  tit  l‘d»1.25 


wni'cl.  The  vorticlty  in  the  vicinity  of  Iho 
floating  body  is  supposed  to  bo  nssocistod 
with  another  vortex  gonorntion  mechajiisn> 
siiuilar  to  tiist  of  horseshoe  vortex. 

Thu;  time  sequence  of  wave  profile  st 


Fd^il.SO  is  shiv.vn  in  Fi(f.43.  The  hroakinR 
motion  is  much  more  evident.  PlunRing-tyiMs 
breakers  are  successively  causctl  nt  the  wove 
front  that  advances  forward.  The  stern  wave 
is  also  gradually  developed  without  conspicuous 
dynamic  motion  and  its  almost  steady  profile 
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fly.  42  tlse  seyuotu:*  of  vortlcity  contour  Bap 
at  Fd»1.25,  froa  T«t .7458»c  to  2.7l580c 
at  tha  Internal  of  0.l94e«c,  tho 
contour  intorval  U  lOa^/sac. 

stftrts  from  tho  close  proximity  of  the  bottom 
of  the  floating  body  in  this  simulation.  The 
details  of  the  bow  wave  motion  are  shown  in 
Fig. 44.  The  overturning  motion  of  large 
magnitude  forms  an  enclosed  ^r  region  and 
causes  a  vortical  motion.  The  forward  move¬ 
ment  of  the  wave  front  ceases  when  it  reaches 


X  =  -0.6m  with  the  plunging  motion  being 
attenuated.  It  is  worth  noting  that  the 
increase  of  Froude  number  from  1.25  to  1.50 
gives  serious  variation  of  the  breaking  motion, 
i.e.  from  spilling  to  plunging  type.  The 
difference  between  the  two,  therefore,  is  not 
supposed  to  be  essential  for  the  characteristics 
of  breakers. 

Pressure  contours  at  four  instances  are 
shown  in  Fig. 45  for  the  case  of  Fd=1.50.  The 
high  pressure  region  indicated  by  the  circles 
is  caused  by  the  breaking  motion.  In  parti¬ 
cular,  the  high  pressure  is  most  obvious  just 
when  the  falling  wave  front  impinges  the  free 
surface  belov/  at  the  1600th  time  step.  The 
computed  maximum  pressure  exceeds  three 
times  of  the  head  of  the  uniform  stream,  the 
resolution  of  which  is  owing  to  the  small  time 
increment  of  the  order  of  millisecond. 

Although  the  computed  results  are  not 
included  in  this  paper,  breaking  motions  do 
not  occur  in  the  simulation  at  Fd-1.00.  A 
noticeable  breaking  motion  which  is  resolved  in 
the  present  computaion  is  not  supposed  to 
occur  at  Fi'oude  numbers  below  1.00  in  this  2- D 
ease.  The  experimental  study  on  ship  bow 
waves  in  Section  V  also  indicates  that  a  break¬ 
ing  motion  becomes  conspicuous  when  the 
Froude  number  based  on  draft  exceeds  a 
certain  value.  A  critical  Froude  nuntbor  for 
the  occurrence  of  bow  wave  breaking  seems  to 
exist. 

The  intense  vorticity.  high  pressure  and 
air-ontralnmont  which  arc  produced  as  conseq¬ 
uences  of  breaking  motions  cause  further 
complicated  free  surface  motion.s  as  oxperimon- 
lully  observed  (31)  (34).  The  fj-ec  surface  is 
seriously  turbhiiont  with  .sound.  The  present 
simulation  seems  to  be  successful  in  the 
qualitative  o.yplunation  of  the  generation  of 
vorticity.  high  pressure  and  air-entrainment. 
However,  qunnJitalivo  agreemoiU  is  not  satis¬ 
factory.  Further  impi'ovomont  is  needed  for 
the  ochivement  of  more  realistic  simulation, 
since  at  pro.sent  the  fluid  motion  is  iiievit.ably 
averaged  in  time  and  space  and  the  turbulence 
model  is  not  incorporated. 

IX.  Hroaking  Bmv  W.aves  in  a  Shear  Flow 

Shear  flows  ore  sometimes  gonoratod  in 
circulating  tanks  and  at  sea  with  tidal 
currents,  and  they  render  Influences  on  ship 
waves  and  consequently  on  wave  resistance. 
Kayo  and  Takekuma  (35)  experimontally  demon¬ 
strated  the  forward  and  backward  movement 
of  wave  front  due  to  the  accelerated  or  decele¬ 
rated  free  surface  flow.  In  this  section  the 
Influence  of  accelerated  and  dccoloratod  shear 
flows  on  wave  breaking  is  numerically 
simulated.  The  horirontal  shear  layers  arc 
produced  by  modifying  the  volocltics  at  the 
Inflow  boundary.  The  uppermost  velocity  is 
accelerated  or  decelerated  by  40%  and  other 
four  velocities  at  the  velocity  points  below  are 
continuously  roodlliod  with  vortical  distribution 
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Pig.«3'g;  ccncinued  from  rig.43(.f). 

simulation  la  conduc 

ted  at  Fd=1.25,  wlille  that  .at  r'd=1.00  is 
descrilTsd  in  Rof.  f  32}  without  breaking  simu 
lation. 


—  •.r.-.vv.  vwior  uGias  01  the 

^nelsreted  and  decelerated  cases  are  shown  ir 
Figs  4G  end  47,  reapeeUvely,  at  the  same  time 
levels  with  Fig.  41.  The  accelerated  free  sui'fact 
Slow  magnlfles  the  wave  motion  due  to  the 
large  kinematic  energy,  while  the  decoloratotl 
tree  surface  flow  let  the  wave  front  advance 
forward  and  lower  the  wave  level.  In  both 
cases  a  vortical  flow  with  antlciockwise  ratatlor 
is  generated  at  the  atagnant  region  just  in 
front  of  the  floating  body .  ejid  it  is  more 
clearly  observed  in  the  decelerated  case  partlj 
due  to  the  accordance  of  the  sign  of  rotation 
of  the  given  shear  flow. 


Contour  maps  of  velocities,  vortidty  y  and 
pressure  are  compared  in  Figs.  48  and  49. 

The  breaking  motion  is  more  violent  in  the 
accelerated  case  as  is  observed.  At  this 
Frourto  number  the  increase  o.f  kinematic  energy 
owing  to  tlie  flow  acceleration  gives  more 
significant  effect  on  breaking  motion  than  the 
vortidty  of  antielookwias  rotation  caused  by 
the  free  surface  deceleration.  However,  the 
decelerated  flow  may  plaj'  a  Utile  more  important 
role  about  at  the  critical  Froude  number  (rd= 
l.O)  as  seen  in  Rof. 1 32), 
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Fig. 44  Velocity  vector  field  of  bow  wave  at  Fd«l.50. 


X.  Evolution  of  Ship  Wave 

There  are  a  number  of  argument  for  the 
eomplioatod  water  flow  around  a  bow.  Kayo 
and  Takekuma  ( 35]  claimed  that  a  shear  layer 
has  an  Intimate  I'elation  with  wave  breaking  and 
that  the  vortical  motion  in  front  of  a  bow  is 
analogous  to  horseshoe  vortex  that  occurs  on  a 


solid  surface.  The  role  of  steep  wave 
generation  is  not  considered  and  the  generation 
of  a  shear  layer  is  not  expolnod.  Matsul  ot  al. 

( 36)  pointed  out  a  complicated  vortmal  motion 
on  the  surface  of  a  bow  of  a  blunt  ship.  It 

is  a  Uttle  different  phenomenon  from  the  break¬ 
ing  motion  at  the  wave  front.  Oglwara  et  i\l. 

(37)  oiucldatod  the  corapUoBtod  flow  Hold,  but 


Fig. 45  Contour  maps  of  pressure  (t  at  four  instances  of  Fd=1.50,  the  contour  interval  is 
0.1m*/sec*. 


they  do  not  put  stress  on  the  role  of  the 
Froude  number  based  on  draft.  Takekuma 
and  Eggers  [  38]  showed  the  variation  of  wave 
front  owing  to  the  difference  of  bow  geometry, 
which  is  one  of  the  typical  characteristics  of 
free  surface  shock  wave  (FSSW)  already 
elueidated  by  Miyata  et  al.[14],  Mori  [39] 
claimed  the  role  of  viscous  stress  on  the  free 
surface  in  steepening  of  a  wave.  In  general, 
they  do  not  focus  the  attention  on  the  genera¬ 
tion  of  FSSW  which  is  supposed  to  be  the 
soui'ce  of  the  succeeding  nonlinear  mechanics. 

The  simulations  of  bow  waves  of  practical 
hull  forms  in  PART  1  indicate  that  the  numeri¬ 
cal  method  that  ignores  viscous  effects  and 
wave  breaking  motlo'‘,8  show  fairly  good  agree¬ 
ment  with  the  experimental  results  and  that 
further  improvement  will  be  attained  by  taking 
into  account  the  breaking  motion.  The  siaiulat- 
ions  of  2-D  breaking  bow  waves  in  PART  2 
indicate  that  breaking  waves  cause  further 
complicated  motions,  namely  rotational  flow,  air- 
entrainment  and  free  surface  turbulence.  It 
seems  to  be  clear  that  among  the  many  pheno¬ 
mena  observed  the  most  dominant  is  the 
generation  of  FSSW  and  the  second  is  the 
breaking  motion  as  far  as  bow  waves  at  Froude 
numbers  of  ships  are  concerned.  The  viscous 
stress  on  the  free  surface  should  be  negligibly 


weak. 

The  velocity  profiles  of  a  computed  breaking 
2-D  wave  (Fig. 50)  is  compared  with  measured 
ones  in  the  bow  wave  of  a  wedge  model(Flg.51). 
The  resemblance  between  the  two  is  noticeable. 
The  steep  slope  of  velocity  suddenly  appears  at 
the  wave  front  and  it  is  attenuated  behind  it. 

It  is  supposed  to  bo  generated  by  the  steep 
wave  slope  and  Intenrified  by  the  breaking 
motion. 

In  terms  of  the  bow  flow  two  vortices  are 
often  discussed,  they  are  necklace  vortex  and 
horseshoe  vortex.  The  terra  of  necklace 
vortex  was  used  for  vortices  caused  by  wave 
breaking  by  Taneda  and  Amamoto  [26].  The 
term  of  horseshoe  vortex  is  currently  used  for 
the  vertices  generatad  as  a  result  of  the  inter¬ 
action  of  a  boundary  layer  on  a  solid  surface 
with  a  stagnant  flow  in  front  of  a  body,  see 
Fig. 52  for  simplified  2-D  illustration.  Lugt 
[  40]  did  not  take  notice  of  the  differenc-* 
between  the  two  and  called  all  the  vortices  of 
this  kind  necklace  vortex,  since  the  term  of 
horseshoe  vortex  was  reserved  for  the  vortex 
system  associated  with  3*D  wings  with  tip 
vortices.  However,  the  present  simulations 
and  experimental  results  show  that  two  kinds 
of  vortex  ocoui*  in  a  breaking  bow  wave. 


0.15 

0.10 

0.05 

0.00 

-0.05 

0.15 

0.10 

0.05 

0.00 

-0.05 

0.15 

0.10 

0.05 

0.00 

-0.05 

0.15 

0.10 

0.05 

0.00 

-0.05 

-Q.IQ 

-0.15 


-0.80  -0.70  -0.60  -0.50  -0.40  -0,30  -0,20  -0.10 


Fig.4o  Velocity  ve^,tor  field  at  Fd»1.25 

The  skematlc  stages  of  vortex  generation  are 
illustrated  In  Fig. 53,  which  is  drawn  by 
simplifying  the  simulated  2-D  velocity  fields. 

The  overturning  of  waves  generates  necklace 
vortex  of  which  intensity  depends  on  that  of 
ovorturnlg  motion.  The  successive  oocurrenco 
of  breaking  produces  a  vortical  layer  and  this 
layer  full  of  vorticity  of  antiolockwlse  rotation 


with  an  accelerated  free  surface  flow. 

interacts  with  the  flow  at  the  stagnant  region, 
and  consequently  a  vortex  similar  to  a  horso- 
shoe  vortex  is  generated  in  the  proximity  of 
the  body.  These  stages  are  repeated.  The 
generation  of  horseshoe  vortox  is  quite  differ¬ 
ent  from  Ihui  of  necklace  vortex  caused  by 
breakers.  The  role  of  boundary  layer  in  case 
of  a  body  with  a  solid  surface  is  played  by  the 
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Pig. 47  Velocity  vector  field  at  Fd«1.2S  with  a  decelerated  free  surface  flow. 


vortical  layer  caused  by  breakers  In  the  case 
of  e  body  with  a  free  surface.  A  steep  verti' 
cal  gradient  of  velocity  that  a  steep  non- 
breaWng  wave  may  produce  also  has  the 
possibility  to  generate  horseshoe  vortex. 
However,  the  mag^tude  will  be  much  smaller. 


The  above  discussions  are  partly  based  on 
the  2-D  simulations  schematically  Illustrated  in 
Fig.  52,  while  both  mecklace  and  horseshoe 
vortloea  are  threo-diiuensional  In  nature.  How¬ 
ever,  the  resemblance  of  Fig.  50  with  Fig.  51 
seems  to  support  the  above  Intuitive  discuss¬ 
ions.  In  the  flow  field  of  bow  waves  both 
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Fig. 48  Contour  maps  of  u,  w,  y  and  at  N-1320 
in  tho  case  of  acceloratod  free  surface 
flow,  the  contour  intervals  are 
O.lm/soc,  O.lm/sec,  lOm^/sec  and 
O.OSo^/soc*  respectively. 


necklace  and  horseshoe  vortices  occur.  The 
role  of  tho  latter  cannot  bo  ignored.  However, 
necklace  vortices  are  usually  more  important. 


Fig. 49  same  as  Fig. 48,  in  tho  case  of  decoler- 
atod  free  surface  flow. 


while  horseshoe  vortices  almost  disappear  if 
the  bow  configuration  is  not  so  blunt  as  to 
generate  a  normal  FSSW. 

Wave  breaking  is  the  phenomenon  of  dissi¬ 
pating  wave  energy,  and  furthemoro ,  the 
subsequent  phenomena  of  vortex  generation, 
air-entrainment  and  turbulence  generation  are 
related  with  viscous  dissipation.  On  the  other 
hand  tho  role  of  dispersion  in  sliip  waves  is 
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Fig,  51  Measured  velocity  profile  on  a  pla<\e 
parallel  to  anc  a  draft  length  away 
fran  the  centerplane  for  a  wadge  model 
of  a®4S'’  at  Fd=1.0. 


©  necklace  vortex ,  horseshoe  vortex 


Kig.53  Vortex  generation  in  bow  waves. 


/ 

horseshoe 

vortex 


Fig. 52  Necklace  vortex  and  horseshoe  vortex. 


Fig. 54  Evolution  of  ship  wave. 


well  known  with  the  Kelvin's  wave  system. 
Therefore,  dissipation  and  dispersion  are  both 
important  for  ship  waves.  The  nonlinear  steep 
waves  called  FSSW  are  generated  by  a  sWp  in 
the  close  vicinity  and  the  wave  energy 
concentrated  in  it  is  pai*tly  dissipated  into 
momentum  loss  far  beltlnd  through  breaking 
and  turbulence  generation  and  partly  spread 
to  the  far  field  by  dispersion  to  form  a 
Kelvin's  wave  system,  as  shown  in  Fig. 51. 

Tho  difference  between  the  wave  resistance 
derived  h'om  force  measurement  and  that 
derived  from  wave  analysis  Is  attributed  to  the 
dissipation  of  wave  energy.  The  importance  of 
dispersion  and  dissipation  in  waves  of  fore- 
bodies  depends  on  the  hull  geometry  and  tho 
Froude  number  based  on  draft.  A  blunt  bow 
generates  waves  of  largo  height  and  steepness 
which  are  Ukoly  to  break.  Wave  breaking 
does  not  occur  unless  the  Froude  number 
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based  on  draft  exceeds  a  certain  critical  value. 
As  already  described,  wave  breaking  is 
scarcely  noted  in  the  full-load  condition  of 
M57  wliile  it  is  remarkable  in  the  ballast 
condition.  This  is  due  to  the  difference  of 
that  Froude  number,  since  the  Froude  number 
based  on  ship  length  is  common  to  the  two 
conditions . 

XI.  Concluding  Remarks 

Two  versions  of  the  TUMMAC  method  are 
described  with  a  lot  of  computed  results.  The 
TUMMAC-IVvml  method  has  succeeded  in  the 
simulation  of  FSSW  generation  and  the 
TUMMAC -Vot  method  has  been  proved  to  be 
useful  for  the  understanding  of  the  mechanics 
of  wave  dissipation.  The  former  method  seems 
to  be  already  available  for  the  use  of 
engineering  purposes,  since  the  generation 
of  FSSW  is  the  source  of  subsequent 
phenomena  and  wave  generation  itself  gives 
resistance  to  a  ship.  By  finding  a  better  hull 
form  among  a  series  of  hull  the  optimization 
procedure  can  be  ac hived.  However,  for 
further  advanced  reliability  of  the  numerical 
simulation  used  for  engineering  purposes  the 
simulation  of  3-D  wave  breaking  and  the 
modelling  of  free  surface  turbulence  must  be 
incorporated  in  the  simulation  method  for  ship 
waves  in  future. 

The  TUMMAC-IVvml  method  was  developed 
for  the  simulation  of  nonlinear  ship  waves, 
characteristics  of  which  were  well  clarified  by 
experiments,  and  then  its  practical  capability 
of  discriminating  a  better  hull  form  was  aimed 
at  by  raising  the  degree  of  accuracy.  On  the 
other  hand  the  TUMMAC-Vot  method  was 
developed  to  investigate  into  the  very  non¬ 
linear  phenomenon,  to  which  experimental 
Investigations  find  difficulties  in  whole 
-'lucldatiori  because  of  the  complixity  and 
iins*“'»diness.  These  seems  to  be  the  two 
’  ■  ds  of  important  usage  of  ntmiericai  experi¬ 
ment  by  a  fiiiUa  difference  method. 

The  computations  with  the  TUMMAC-IVvml 
code  wore  executed  by  a  super- computer 
HITAC  S-SlO/20  and  those  with  the  TUMMAC- 
Vot  code  by  a  HITAC  M'280  of  the  Computer 
Centre,  the  University  of  Tokyo.  The  maxi-i 
mum  speed  of  S- 810/20  is  greater  than  600 
MFI.OPS.  Since  70%  of  the  computations  in 
TUMMAC-IVvml  Is  vectorized  the  use  of  the 
super-computer  is  advantageous ,  v.’Jiilo  no  pari 
of  TUMMAC-Vot  is  vectorized  oiving  to  the 
complexity  of  sorting  asid  flagging.  The  CPU 
time  reqtdred  by  the  simulation  of  waves  of 
forebodies  is  about  one  hour  for  respective 
case,  and  that  required  by  the  2-D  breaking 
simulation  is  about  two  hours  when  the 
c*orapatation  ia  continued  for  2000  time  stops. 
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DISCUSSION 
of  the  paper 
by  H.  Miyata 

"FINITE-DIFFERENCE  SIHUUTION  OF  NON-BREAKING  30  BOW  WAVES  AN  BREAKING  2D  BOW  WAVES" 


DISCUSSION 
by  H.C.  Raven 

In  general  your  calculations  appear  to 
give  a  fairly  good  prediction  of  the  wave  ele¬ 
vations.  The  velocity  fields  (Fig.  7  and  17), 
however,  show  some  very  strange  features.  It 
is  useful  to  realize  that  in  fact  you  are 
solving  a  nearly  potential  flow  problem?  the 
flow  is  considered  to  be  laminar,  for  a 
Reyno'’ds  number  of  a  few  million,  and  free  slip 
boundary  conditions  are  imposed.  Therefore 
tnere  is  no  physical  source  of  vorticity  of 
any  significance,  except  perhaps  at  the  free 
surface 

Still  the  resulting  flow  field  is  full  of 
vorticity,  you  find  separation  from  a  smooth 
surface,  and  even  at  a  large  distance  from  the 
hull  the  flow  does  not  resemble  a  pctential 
flow;  moreover,  the  "vortex  sheet"  found  in 
the  conterplana  seems  to  follow  a  very  strange 
path.  Suppose  that  all  this  is  due  to  numer¬ 
ical  errors,  Does  not  this  ateka  all  other 
results  {including  the  wave  patterns)  also 
ufireHsble? 

Author's  Reclv 

The  vortices  that  appear  in  the  simula¬ 
tions  by  TUMHAC-IV  are  supposed  to  fee  due 
to  numerical  error.  However,  the  simulated 
bilge  vortices  sees  to  be  similar  to  physi¬ 
cally  observed  ones,  although  tiie  effective 
Reynolds  number  in  the  simulations  is  smaller 
than  the  actual  value  due  to  the  truncation 
error  of  the  convective  terms  and  the  vortices 
are  diffA^sad,  It  is  interesiting  to  note  that 
Sizzi  end  Eriksson  (J.  Fluid  Hech.  153,  196S) 
successfully  simulated  vortices  on  a  3-0  wing 
by  a  flnite^iffereoot  method  based  on  Euler's 
equations- 

',he  interaction  of  be**  waves  with  bilge 
vortices  has  not  been  considered  to  be  of 
importance,  the  good  agreement  in  wave  gBO»e- 
try  attaitt$d  by  our  method  seems  to  support 
this  attderstanding. 

oiscussief? 

by  K.  Eggers 

I  feel  sorry  to  be  unprepared  tor  a  deep 
discussion  as  this  paper  certainly  deserves. 
Just  one  point!  your  cbeputations  for  a  2-0 
rectangular  cylinder  »ho»»d  a  row  of  discrete 
vertices  ahead  of  the  cylinder,  as  displayed 
in  Fig.  iS.  Me  have  perfonwd  experit^nts  in 
Maeburg  in  cooperation  with  Pr.  Sayo  from 
Mitsubishi  with  a  s#«i -eubtergad  circular  cyl¬ 
inder  and  observed  the  flow  by  video  cemarc 
after  injecting  tracers. 


For  all  speeds  considered  we  observed 
discrete  vortices  of  alternating  sign  in  the 
triangular  dead  water  region  behind  the  free- 
surface  stagnation  point  ahead  of  the  bow.  I 
wonder  if  your  program  may  be  able  to  simu¬ 
late  even  such  phenoaionon? 

Author's  Reply 

I  thank  Prof.  Eggars  for  his  valuable 
discussion.  The  present  method  cannot  simu¬ 
late  with  satisfactory  quontitative  accuracy 
the  viscous  flow  with  turbulence  and  vortices 
which  is  generated  by  wave  breaking  and  so  on 
partly  due  <o  tlto  lack  of  turbulence  model 
and  the  insufficient  deg.'ee  of  accuracy. 
However  the  st-ength  of  the  horseshoe  vor¬ 
tices  is  far  weaker  than  that  of  the  necklace 
vortices  by  •,«(ve'  h'-^cking  as  seen  in  Fig,  42. 
It  will  be  better  to  note  that  the  flow  visu¬ 
alization  technique  is  not  always  useful  fo“ 
the  understanding  of  the  intensity  of  the 
fluid  motions.  Intense  motions,  ofte.n  with 
turbulence,  are  difficult  to  be  visualized  by 
tracers  and  gentle  tuotior.s  are  some  ti&ss 
easily  visualized.  Most  doainact  phenomena 
seem  to  be  satisf acton  ly  siwlated  by  the 
present  issethod  out  the  improvement  of  the 
sethod  is  nevcssary  for  the  resolution  of  the 
•ore  detailed  phenomena  that  the  discv«s«r 
experiftentclly  elucidated. 

DISCUSSION  by  C.E.  Hirt 

Professor  Hiyata  end  his  ccilleagies  ere 
to  be  coewe.-Jded  for  tlieir  excellent  Aor\s,  in 
comparing  experisantel  observation  with 
detailed  nuaet-icsl  comnutatinns.  Their  us* 
of  experiktsntal  evidence  to  guide  ‘eprove- 
»«nts  in  numerical  models,  end  cohve>"S«ly, 
the  interpreteticn  of  wave  tank  data  using 
tjvtteiled  coftputer  simulations  1*  a  lantterk 
in  the  coupling  of  these  two  approaches  for 
pi'mcticpl  ship  d«$ion  problMS. 

Although  the  authors  coneentrated  in 
coftpariisons  of  surface  wav*  profiles,  the 
occurrence  in  their  sipoliitiona  Of  large 
KSle  irratatiomtl  flow  patterns  under  the 
ver4;e1  bulk  is  intriguing.  Sine*  these  flow 
structures  cannot  be  nredicted  bry  potenti?! 
flow  «<k£61s,  but  are  likely  to  fee  aignifiesnt 
in  desHio  considarstions!,  X  wSu5<S  tike  to 
kfww  If  the  uotfvara  hei,-®  attempted  p  e<snf1na 
these  coaput-Od  f^etures  below  tM  surfac« 
with  ?*s*rvatio«s‘f 

Orie  final  reparkt  the  nijnerical  tech- 
nl-stiies  »j««d  for  th»s  »t»rk  tee  iwt  guH*  to 
liate.  Use  cf  werleble  ssesh  spacing  in  tvoM- 
zofttal  direct i£»\s  would  «»t  likely  reduce 
coKjk'utationel  times  by  at.  Jeest  a  factor  of  2 
and  possribly  by  an  order  of  paghittide.  Also, 
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there  are  better  methods  for  defining  the 
geometry,  and  more  general  three-dimensional, 
free  surface  tracking  methods  that  would 
improve  the  resolution  of  the  steep  surface 
slopes  observed  on  the  leading  bow  waves.  I'm 
sure  many  researchers  arc  anxious  to  see  fur¬ 
ther  results  from  this  group. 

Author's  Reply 

I  thank  Or.  Hirt  for  his  useful  discussion 
and  for  his  previous  works  which  were  useful  to 
the  development  of  the  TUMHAC  method. 

The  pressure  distribution  on  the  hull  sur¬ 
face  is  compared  with  meesurement  and  the  over¬ 
all  agreement  is  coed  (see  J.  Soc.  Nav. 

Arch.  Japan,  vcl.  167,  (1985)).  By  use  of 
the  computed  pressure  resistance  derived  from 
the  integration  of  pressure  distribution  the 
hull  form  improvssment  will  be  made  with  better 
reliability,  iiotwithstantiing  the  use  of  free- 
slip  booy  condition  the  30  vortex  separation  is 
simulated  a$  observed  in  Figs.  7  and  17, 
Altho»!gh  comparison  wi  .h  ebs-  rvation  is  not 
made  for  the  vortical  flow,  it  seeas  to  be 
clear  thst  more  advanced  techniques  will  be 
rvec«-«sary  to  have  better  agreement  in  viscous 
flews. 


The  use  of  variable  me^h  system  in  longitu¬ 
dinal  and  lateral  directions  does  rujt  always 
seem  to  me  effective,  s^nca  it  may  attenuate 
the  waves  that  propagate  to  the  far  field  by 
dispersion.  The  author's  partial  success  is 
oue  to  tilt  balanca  of  stability,  accuracy,  sim¬ 
plicity  and  economy  of  the  dev-etopad  computer 
uvidas.  However,  »$  tho  discussar  pointad  out, 
there  ara  wy  poims  ,o  tdiich  iaiprovtMnt  can 
be  made. 

(tlSCd^IQM 
by  ¥,  dong 

;  would  tike  to  congratulate  the  authors 
for  thetr  estehsiv*  work.  But  I  would  like  to 
ask  the  authors  a  question.  Should  tha  areas 
under  the  positive  wave  height  and  under  the 
negative  wave  height  be  the  saaie  in  etc  time 
step  throughout  Figures  43?  If  »iot,  then  the 
draft  of  the  body  should  be  different  in  eech 
step. 

Thank  you  very  much  for  your  discussion. 

In  #11  the  computetions  in  our  paper,  both  in 

of  a  Ship  model  end  in  esse  of  s  2-0  box. 
the  body  is  fixed  to  the  coordinete  system, 
♦djiek  cerretpooda  to  the  experimental  condition 
in  rthich  the  IsodV  i*  fixed  to  the  towing 
oacfi'age.  Jf  the  movement  of  the  body  is 
olltMcd  the  dreft  ehangea  sod  the  trim  movement 
wi'l  also  piece.  This  corresponds  to  the 
frme-to-trift-sad-ainksge  condition,  to  which 
Pur  mitthcd  ca>nnot  cope  with  st  present.  The 
'roluao  of  the  fluid  in  the  coaputstionsl  domsin 
iaay  be  permitted  to  very  when  proper  open  boun- 
dery  opoditions  ere  ii^iosad  end  folfil'imd. 
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HORIZONTAL  DISPLACEMENT  OF  HYDROFOILS  BENEATH  THE  FREE  SURFACE 
by  Jodn-Plerre  V.  Cordonnier 
Ecole  Natlonate  Supdriaure  de  Mdcanique 
NANTES  FRANCE 


Abstract. 

The  TUMMAC  method  Is  applied  to  the 
problem  ot  simulating  2-0  flows  around  hydrofoils 
mcvlog  at  oonstarit  speed  near  the  free  surface.  A 
finite-difference  scheme  Is  used  to  sotvo  Navler- 
Stokos  equations  .  The  pressure  Is  computed 
throughout  the  fluid  by  means  of  the  simultaneous 
Iterative  method  which  is  a  modification  of  the 
successive  over  reiavatlon  method.  On  the  proft'e 
boundary,  a  no-sllp  condition  is  ensured  by 
extrapolating  votoctties  inside  the  hydrofoil,  m  order 
to  tot  the  waves  free  of  breaking  a  spocta!  iraafmont 
of  the  freo  surface  condition  is  employed;  email 
segments  desortb®  ihe  free  surface.  e>(aty  fluid  ooifs 
are  flagged.  Computing  tests  firs  performed  on  the 
NACA4412  profW©-  The  resuhs  show  a  fatrty  good 
quaHta'.'t/e  agreement  with  eKperlrnants.  A  turboteo-' 
00  sofHtme  Is  dsslrabie  in  ordar  to  increase  ma 
computattprt  accuracy. 


t.  IrUfodUC'.ton. 

The  case  of  hydroJotl#  movtng  at  constant 
speed  beneath  the  free  surface  has  often  bean 
sttidted  thaoreftcetty  as  wott  as  expert-manjaify.  Using 
pQte.stial  theoiies.  one  o«n  compute  lut'  flow  o-*ouoa 
spah  h^TfoJia  but  ifta  remi’ts  are  very  poor  ss  soon 
as  ftw  depth  Of  aubmergertcn  becomes  s.wsii  f  t  J. 
fhs  fsi^As^on  of  this  eoma^  mostly  from  tiiii*  great 
ffttluens#  ef  the  fres  surface  -whlsh  shews.  #a 
exe^fifwdhtet  tests  dsmonstratsd.  two  pnneipfi" 
fo.ftmea  et  fJPw  aECCording  as  ta  whether  the  Froude 
numb«f  !«  high  or  taw.  id  the  firpt-  which  m%'  be 
Kspeoied  at  ftsgl)  t^roude  number#,  dte  flow  tf  smooth 
over  th*  upfWtr  surtaea  of  the  fott  and  no  dtsccmtinuisv 
occurs  on  she  iTea  earfsoe.  This  was  the  Stirling 
polrti  for  tvaariy  evefy  theoratiGSl  treatment.  How- 
eve  .  Jf  the  rpil  approaohe#  the  tree  sorfsee  t£*<3 
OdSttfy.  there  will  be  some  afr  ventltitian  and  e  itow 
sepafRllpn  on  ttiw  upper  SUff®iw  {  a.S  }.  in  the 
seccAd  m4fdr  regime  of  flow,  the  free  .surface  f# 
di*vuftse^  by  vsfkjus  type*  of  gfevtiy  waves  or 
hydreoUc  #mps.  Siueh  ftifw?  occur  «t  ipw  Freifda 
number*  and  they  result  tn  t>onsy«fSbiy  dtffrNrsfrt 
eorvautons  »s  ttf  e$  fr^?^^e^^  rutd  preiaureb  cm  the 
hydrofp't  are  ccncerrsetJ  .  So  far..  Od  eewet  dtvtdlng 
point  between  fpw  and  high  Froude  flumbar#  may  be 
easerted  but  it  seerhs  »t«ty  that  « i«  ciosety  resoted  to 
U'«  known  etfacts  o?  propsgaUftft  eeioetty  tot  two- 
dtmertatorutei  oitenrtof  waves. 


Tha  theory  of  hydrofoils  running  near  the 
water  surface  Is  not  new  but  all  of  the  early 
Investigations  were  concerned  with  computing  the 
over-all  forces  on  the  foil,  namely  lift  and  drag, 
rather  than  the  details  of  the  local  flow  [  2  h 
Furthermore,  they  wore  completely  unable  to  sotvo 
the  problem  in  most  cases  when  the  free  surface  Is 
very  non  llnsar,  In  order  to  understand  these  non 
linear  wave  phenomena  and  to  evaluate  the  forces 
caused  by  the  non-linear  behavior  of  waves  on  the 
body,  a  theoroticat  tool  is  elaborated  which  can  cope 
with  the  non-llnearity  of  waves  as  far  as  possible.  A 
largo  demonstration  ot  Its  abIHty  h-.  solving  non¬ 
linear  free  surface  flow  problems  has  been 
performed-  Many  program  codes  are  now  available 
for  20  is  welt  as  ao  problems,  stallonnary  or 
uns'sHonnary.  with  finite  or  Infinite  depth 
t  6  to  12  ).  The  so-caltsd  TUMMAC  (Tokyo 
Univeistty  Modified  Marker  And  CetO  method  was 
daveteped  at  the  University  of  Tokyo  and  resolves 
Navler-Siokes  equations  through  a  finite  difference 
scheme.  Year  after  year  many  computattonnet 
techniques  were  tested  and  a  refined  version  Is  now 
evatlopto  Tine  last  Improvement  m  the  iwo- 
dimenafohoot  probfom  is  the  pof.stbttity  of  hav+ng  a 
non-tlmp.'y  connected  free  surtaee  elevsVon  func¬ 
tion  with  respect  to  me  hcrwontai  ccordtnote. 
Therefore,  such  a  program  cods  lust  su'jable  for 
solving  hydrofoil  p'X-blems. 

W'tftout  demonstrating  again  me  general  bases  of 
the  method,  e  short  summary  of  the  computotiehai 
procadur*  ts  followed  by  an  extensive  statement  ot 
ttJ8  boundary  treatments.  Some  oxamptea  of 
compuiettons  ere  reported  and  '  lefr  accuracy  is 
pviftnated  through  eomparisona  wtih  expertreents, 


II.  The  2-0  HYdratoit  o.>obiem. 


The  fluid  domain  Is  arbitrarily  limited  In 
space  and  divided  Into  rectanQular  cells  (fig.  1). 
The  ceil  size  is  defined  as  OX.  OZ  respectively  In  the 
X  and  I  directions.  Pressure  Is  defined  at  the  center 
of  each  cell  and  the  velocities  on  the  (our  sides 
(fig.  2). 
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Using  continuity  equation,  the  pressure  Is 
computed  by  means  of  the  Poisson  equation  of  which 
finite  difference  expression  is: 


fig.  2  Finite  difference  scheme. 

A  finite  difference  form  of  the  Navier  Stokes 
equations  is  written  using  forward  differencing  in 
time.  If  (l.k)  denotes  the  location  of  any  cell  center 
In  the  fluid,  OT  being  the  time  Increment,  at  the  n^1 
time  step,  velocities  are  obtained  from  the  preceding 
time  step  through  the  following  equations: 
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The  convective  terms  UC|.».v’«,k 
WC|  b.yty'it  are  also  obtained  from  the  veloo’''le8  at 
the  time  step,  in  expressions  (2),  the  upaoe 
differencing  technique  Is  selected  using  parameter 
a;  ct  B  0  gives  central  dlfferenoing,  a  »  1  corres¬ 
ponds  to  ths  donor-oell  method  and  0  <  a  <  1  Is 
some  hybrid  method  In-between. 


By  means  of  a  simultaneous  Iterative  method, 
this  equation  Is  solved  using: 


0  d  o'l  -  ud/[2I-K*  -K).DT] 

ik  i.k  i,k  QZ^ 
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where  u  is  a  relaxation  factor  and  dT,  x  the 
divergence  of  the  cell: 


^k-^,k 

OX  *  07 


iterations  are  stopped  when  the  pressure 
difference  between  two  consecutive  approximations 
Is  less  than  a  certain  small  quantity,  chosen  a  priori. 

During  the  time  marching  procedure,  pres¬ 
sures  are  renewed  throughout  the  fluid  domain  at 
every  time  step  and  the  new  pressure  field  gives  a 
new  voloolty  field  from  equations  ( 1) . 

When  a  boundary  cell  is  reached,  depending 
on  the  boundary,  some  special  conditions  must  be 
written.  These  conditions  are  approximately  satisfied 
by  imposing  some  extrapolated  values  to  velocities 
outside  the  fluid  domain.  Five  different  bounderles 
have  to  be  oonsidored;  the  Inflow  and  outflow 
boundaries,  ths  bottom,  the  body  and  the  free- 
surfaoe. 


III.  Boundary  treatments. 

1.  inflow  boundary: 

This  Is  the  left-hand  vertical  side  of  the  fluid 
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domain  through  which  the  fluid  Is  supposed  to  flow 
with  a  uniform  horizontal  velocity.  The  flow  starts  at 
rest  and  is  accelerated  up  to  a  predefined  speed. 
Therefore,  every  ^  have  the  same  consta.nt 
value  depending  on  the  time  step  and  every 
W..-)  are  equal  to  zero.  These  velocities  are 

not  renewed  during  the  pressure  computation. 

2.  Outflow  boundary; 

This  is  the  right-hand  vertical  side  of  the  fluid 
domain.  Since  the  exact  condition  Is  Impossible  to 
write,  the  purpose  of  the  condition  on  that  boundary 
Is  to  write  something  which  should  not  generate 
upstream  perturbations.  The  easiest  solution  Is  to 
keep  valocities  as  constant  In  passing  through  that 
boundary.  Since  the  result  Is  not  so  bad.  If  N  Is  the 
number  of  horizontal  cells,  the  extrapolated  valoci¬ 
ties  are  : 

*-*N+3/!;,k=  ''‘^N+l.k+J./z 


Assuming  a  no- slip  condition  on  that  bounda¬ 
ry  and  a  velocity  profile  which  ;s  a  square  root 
funciion  of  the  distance  to  the  body  curtace, 
'extrapolating  factors'  are  simply  obtained; 


y=  1^  X 1/  mth 


'd- I 


3.  Bottom  boundary; 

Two  cases  can  be  studied;  rigid  horizontal 
bottom  at  finite  depth  or  infinite  depth  The  case  of  a 
bottom  at  finite  depth  is  treated  in  writing  a  no-slip 
boundary  condition;  Uj+i/j  5=  0,  W(  1/?.=  0.  in 
the  Infinite  depth  case,  the  bottom  of  the  considered 
fluid  domain  Is  supposed  to  be  connected  to  a 
domain  where  the  flow  is  close  to  be  potenvial. 
Therefore,  extrapolatod  velocities  are  computed 
using  potential  theory; 

U|+l/2.1=  UpOt  •  '^1.1/2®  p- 

4.  Body  boundary; 

The  body  Is  a  completely  submerged  hydrofoil 
of  any  profile  whose  angle  of  incidence  and  depth  of 
submergence  are  adjustable.  The  foil  contour  Is 
replaced  by  a  succession  of  lino  segments  of  which 
extremities  are  laying  on  the  underlining  rectangular 
mesh  system.  Each  cell  containing  a  segment  Is  set 
as  body  boundary  cell  and  is  specially  treated  In  the 
process  of  computing  fluid  characteristics  (fig.  3) 


fig.  3  Body  boundary  cells. 

Due  to  the  body  shape,  there  Is  not  enough 
space  Inside  the  body  to  extrapolate  velocities  using 
the  variables  U(I,K)  and  W(I,K),  (I.K)  being  any 
cell  coordinates,  as  in  the  usual  computing  process. 
It  Is  thus  necessary  to  designate  for  each  body 
boundary  cell  the  places  where  velocities  are 
unknown  from  standard  computations  and  which  from 
the  computed  values  In  the  fluid  are  available  for 
extrapolation.  This  Is  realized  through  “extrapolating 
factors*. 


d  being  either  DX  or  D2  depending  on  the  mash  line 
direction. 

Eight  different  cell  types  can  be  distinguished 
and,  for  sach,  four  “extrapolating  factors*  are 
detincd  a:.  sKetchcd  In  figure  5. 


fig. 


&  Cases  of  body  boundary  ceils. 
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At  the  trailing  edge  of  the  foil,  one  more 
velocity  is  extrapolated  as  shown  In  figure  6. 


5.  Free  surface  boundary: 

In  order  to  leave  the  waves  free  of  over¬ 
turning  and  breaking,  It  Is  necessary  to  use  a  new 
technique. 

At  each  time  step,  the  free  surface  Is 
approximated  by  a  polygonal  contour  (fig.  7)  and 
cells  are  flagged  as  -1:  air  cell.  0:  surface  cell  or 
1:  full  ceil. 
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fig.  7  Free  surface  coll  flagging. 
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fig.  8  Free  surface  extrapolations. 


Every  velocities  and  pressures  are  also 
flagged:  1  If  normally  computed.  0  if  not  and  -1  if 
extrapolated.  Following  the  free  surface  contour, 
velocity  extrapolations  are  performed  In  order  tc 
have  approximately  a  zero  normal  gradient  through 
the  free  surface.  Depending  on  the  flagging  of  the 
neighbouring  velocities,  various  cases  are  studied 
(fig,  8).  Uncomputed  velocities  are  originally 
flagged  0.  Once  extrapolated  they  become  -1,  This 
procedure  is  repeated  throe  times  In  order  to  avoid 
any  lack  in  extrapolated  velocities  In  computing 
convoctive  terms  and  moving  the  free  surface 
segments. 

In  free  surface  cells,  pressure  Is  computed 
using  Irregular  star  as  shown  in  figure  9.  Everywhere 
the  pressure  is  not  normally  computed  (flagged  0), 
it  is  set  to  the  atmospheric  pressure. 


fig.  9  Free  surface  pressure  scheme. 

The  Poisson  equation  for  the  pressure  (3)  Is 
replaced  by  the  following  equation; 


\%%h\ 

Wyvv 

(5) 


A  new  free  surface  shape  Is  obtained,  at  each 
time  step,  by  moving  free  surface  segments, 
following  sketch  of  figure  10.  In  a  Lagranglan 
manner. 


fig.  10  Free  surface  displacement. 


Since  the  new  contour  Is  made  of  tine 
segments,  the  end-points  of  which  being  not 
necessarily  laying  on  the  basic  rectangular  mesh 
system,  a  new  polygonal  contour  is  approximated  as 
shown  on  figure  10.  After  the  occurence  of  an  over¬ 
turning  phenomenon,  particular  consideration  Is 
neoessaiy  when  the  (ailing  wave  touches  the  free 
surface  below.  The  enclosed  air  region  Is  filled  whh 
water  It  Its  ataa  Is  small  or  kept  to  be  an  air  region  to 
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which  free  surface  conditions  are  applied  when  It  Is 
sufficiently  largo.  Furthermore,  In  the  pressure 
computations,  he  presence  of  two  boundaries  In  the 
same  cel!  is  trusted  as  if  there  were  no  boundary. 
The  two  fluid  regions,  which  are  going  *o  touch  each 
other,  aie  assumed  to  be  connected. 


IV.  Application  to  NACA4412  profile. 

The  selected  profile  is  NACA4412.  a  famous 
profile  for  Its  numerous  experimental  and  theoretical 
studies.  The  mesh  size  Is  OX  =  1  cm  In  the 
hori.rontal  direction  and  OZ  =  5  mm  In  the  vertical 
one,  so  that  a  30  cm  cord  length  profile  is  devided 
Into  about  60  line  segments.  Two  angles  of 
Incidence  and  three  depths  of  submergence  are 
considered:  10  and  20  degrees:  6,  12  and  30 
centimeters.  The  fluid  domain  Is  2,30  m  long  and 
en  cm  hhh  sn  that  aboui  30000  cells  are  describing 
the  computing  field  (fig.  11).  It  extends  from  1.6m 
to  -0.8  m  In  the  X-dIrectlon  and  from  -0.5  m  to 
0.1  m  In  the  Z-dIrectlon. 


time  steps  during  the  occurrence  of  the  wave  over¬ 
turning  and  breaking.  The  foil  angle  of  incidence  is 
10°  and  its  depth  of  submergence  6  cm  (measured 
at  the  mid-cord)  below  the  undisturbed  free  surface. 
A  quasi  steady-state  Is  reached  after  1000  steps  in 
which  some  confused  fluid  motion  takes  place  behind 
the  foil.  The  incident  uniform  flow  velocity  Is 
1.15  m/s  which  corresponds  to  a  Froude  number  of 
0.67. 

Figure  13  Is  the  case  of  a  NACA4412  at  10° 
angle  of  attack,  immersed  at  12  cm,  moving  at 
three  various  Froude  numbers:  0.43,  0.67  and 
0.923.  Here  again,  over-turning  and  breaking 
occurred  except  with  the  highest  Froude  number  for 
which  a  real  steady-state  Is  reached. 

The  over-turning  wave  is  again  provoked  for 
this  high  Froude  number  In  Increasing  the  foil  angle 
of  Incidence  (20°) ,  even  If  the  depth  of  submergen¬ 
ce  Is  equal  to  the  profile  cord  length  <30  cm)  as 
shown  on  figures  14  and  15. 


NACA4412 


fig.  n 

The  uniform  stream  velocity  lo  reached  after  a 
period  of  acceleraticn,  the  value  of  which  Is  8%  of 
the  gravitational  one.  The  time  increment  Is 
OT  =  0.01  s  and  the  kinematic  viscosity  of  fresh 
water  Is:  v  =  1.03x10~®  m'/s. 

After  test  computations,  the  relaxation  factor 
(I)  is  adjusted  to  1.5  .  Due  to  Important  pressure 
fluctuations  when  the  foil  angle  of  Incidence  is  equal 
to  20  degrees,  this  parameter  is  reduced  to  1  In 
computing  pressures  In  the  body  boundary  cells. 
Iterations  In  solving  tho  Poisson  equation  for 
pressure  are  stopped  if  the  number  of  Iterations  is 
greater  than  50  (=dlvergence)  or  when  the 
difference  between  two  successive  approximations  of 
the  pressure  Is  less  than:  0.0001  +  0.0004*U®. 

Three  Froude  numbers,  based  on  the  profile 
cord  length,  are  oonsldered:  0.43,  0.67  and 
0. 928, 


V.  Numerical  results. 

Computed  velocity  vector  fields  are  ohown  on 
figures  12  through  15.  For  clarity,  not  all  of  the  oeli 
velocities  are  drawn:  one  over  three  In  the  X- 
dlrectio.’i.  every  one  In  the  Z-dlreotlon. 

Figure  12  presents  a  time  sequence  of  eleven 


VI.  Ccmparlson  with  experiments, 

Frc  '  reference  t  3  ).  lift  and  drag  on  the  foil 
are  evaluated  from  pressure  measurements  along 
the  hydrofoil  profile. 

For  comparison  with  those  results,  a  roughly 
computed  total  force  acting  on  the  full  Is  computed  at 
each  time  step  from  the  oressures  obtained  Inside 
the  body  boundary  celts  used  In  tr.e  TUMMAC 
simulation.  Although  the  precl8io:i  could  be  Increa¬ 
sed  in  ah..apolatlng  these  p.essures  up  to  the  body 
surface,  this  gives  the  order  of  magnitude  of  the 
estimated  \jlue8.  The  results  are  as  follows; 
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The  comparison  shows  a  fairly  good  agree¬ 
ment  between  numerical  and  experimental  results. 
Consldarlng  that  these  are  obtained  In  the  process  of 
creating  a  new  numerical  tool,  a  great  deal  of  other 
numerical  calculations  Is  needed  to  Improve  the 
results. 


VII.  Concludlno  remarks. 

All  these  numerical  simulations  are  perfor¬ 
med  on  the  HITAC  M-280  of  the  Computer  Center, 
the  University  of  Tokyo.  One  hour  and  half  CPU  time 
Is  generally  needed  for  about  thousand  time  steps. 
In  order  to  reach  quantitative  accuracy,  the  cell  size 
can  be  reduced  but  the  computing  cost  will  rapidly 
limit  the  number  of  cells. 

Due  to  the  Intense  vorticity  which  Is  developed 
Inside  the  fluid  by  hydrofoils,  very  small  eddies  are 
present  near  the  extrados  side  which  cannot  be 
simulated  without  appropriate  turbulence  scheme. 
This  will  be  the  next  Improvement  of  the  TUMMAC 
method. 

However,  this  new  TUMMAC  version  Is  able  to 
cope  with  very  non-llnear  free  surface  effects.  Over¬ 
turning  and  breaking  waves  are  very  frequent 
phenomena  In  hydrodynamic  problems  and  this 
program  code  will  be  vory  useful  In  solving  such 
complicated  fluid  motions. 
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DISCUSSION 
of  the  laper 

by  Jean-Pierre  V.  Cordonnlcr 

HORIZONTAL  DISPUXEMENT  OF  HYDROFOILS  BENEATH  THE  FREE  SURFACE 


DISOTSSION 
by  Xasuhiro  Mori 

In  our  experiments,  which  may  correspond  to 
the  present  comput...ion,  we  CTCperleii^’ed  a  dif¬ 
ferent  type  of  breaking  from  overturnings*  It 
is  a  kind  of  free-surface  turbulent  flow  where 
the  main  stream  energy  is  transformed  into  tur¬ 
bulent  energy.  In  ycuv  calculation  this  pro'- 
cess  seems  to  be  skipped  over. 

Through  my  recent  study  based  on  the  stabi¬ 
lity  analysis,  the  pressure  gradient  in  the 
vertical  direction  seems  to  olay  an  important 
role  for  such  a  turbulent  fr„e-8urface  flow,  we 
call  it  sub-breaking  wave  to  distinguish  from 
breakings  with  overturning.  Are  there  any 
indications  of  change  of  its  signs  before  the 
breaking  in  your  calculations? 

Have  you  not  experienced  any  problems 
during  the  calculation  at  high  speed  as  you 
Increase  the  speed? 

Author *a  Reply 

As  mentioned  in  the  further  improvements  of 
the  method,  it  is  highly  advisable  to  include  a 
turbulence  scheme  in  Che  process  of  simulating 
flows  around  hydrofoils,  since  the  elemantary 
cell  sirs  cannot  be  reduced  without  increasing 
computing  costs.  Since  the  so-called  “sub- 
breaking"  phenomenon  appeofo  as  being  origi¬ 
nated  from  free  surface  turbulence,  the  present 
simulation  has  completely  Ignored  it,  due  to  a 
too-large  eiementaiy  cell. 

Sinca  the  inltlel  acceleration  Is  kept  as  <t 
constant,  the  main  difference  between  high  and 
low  speed  computations  is  the  time  taken  to 
roach  the  steady  state  flow.  The  computational 
domain  eust  also  be  increased  at  high  speed  In 
order  to  include  enough  waves  behind  the  foil. 

DISCUSSION 

^y^Ir.  C.  S.  Bodenhuls 

Hy  Cdsaent  concerns  the  accuracy  of  the 
differeiica  gchaaws  used  in  the  TU?8iAC  sethod 
presented  here  and  the  a*K»!rlc«l  dispersion  an 
inaccurate  difference  »che;»e  twy  entail.  Ac 
the  free  surface  the  computational  star  is 
iri’egi4ar,  at  the  solid  boundBrlcs  extrajjols- 
tion  is  usod  in  order  to  define  s  mi-»Hp  con¬ 
dition  on  Che  boundary  surface-  It  appears 
therefore  to  ae,  that  it  is  vary  difficult  to 
obtain  froperly  balanced  difference  fonts  at 
the  boundary  cella  and  that  nueerical  dleper- 
alon  cajt  hardly  be  avoided.  Accordingly,  it 
■uat  be  difficult  with  ihia  sssthod  to  predict 
flow  bohavltMir  adequately  in  a  quantitative 
manner,  in  the  ceaa  of  rapidly  varying,  non¬ 


linear  phenomenc  such  as  breaking  surface 
waves.  This  brings  me  to  suggest,  that  atten¬ 
tion  should  be  given  to  the  problem  of 
separating  true  physical  effects  and  effects 
introduced  by  the  numerical  msthc-is. 

I  would  appreciate  If  the  author  could 
respond  to  this  comment. 

Author's  Reply 

The  powerful  ability  of  this  kind  of 
finite  difference  method  will  not  be  denied 
even  If  some  numerical  errors  are  included- 
The  boundary  Integral  method,  for  Instance, 
can  explain  the  over-turning  motion  which  is 
only  the  beginning  of  the  breaking  wave 
motion.  The  numerical  error  can  be  diminished 
to  a  small  allowable  degree  by  employing 
higher-order  differct.clng  scheme,  such  as 
Adams-Bashforth  metho-l  for  time  differencing, 
third-order  upstream  or  fourth-order  compact 
scheme  for  apece  dlfferenolog  etc...,  nnd/or 
finer  mash  system. 

DISCUSSION 
By  C.C.  Kniung 

I  would  like  to  cwjment  on  the  flow  insta¬ 
bility  over  the  hydrofoil.  In  one  of  my  early 
experimenta  on  models  with  a  foil-llke 
bulbous-bow,  It  was  obsurved  that  She  flow 
InstebiJity  occurred  above  the  bulbous-bow  at 
«  certain  towing  spesJ.  Surh  phenomenon  has 
not  happened  at  either  greater  or  less  chan 
that  particular  speed.  It  was  then  speculated 
that  this  could  be  duo  to  the  “hydraulic  Jump" 
oceirring  at  the  critical  speed  of  (gh)'^, 
whece  h  «  aaao  dapth  of  the  bulb. 

Author's  Reply 

During  the  varloue  coaputlBg  te«tg 
realised  while  completing  the  computer 
program,  -w  hydraulic  Jump  occurred  above  the 
foil.  This  la  mainly  due  to  the  ctwlce  of 
Incident  velocltiea,  away  ftoft  tiw  critical 
ona. 

Noverthelsaa.  the  preaeat  slwulation 
program  is  perfectly  able  to  gunerat#  euch 
physical  pitenomoiion  if  it  should  appear. 

OldiuVSSlQS 

By  S.H,  Ven 

In  the  TVMKAC  walbod,  a  Ulglwr  order 
tntcrpolatlun  tihrum  la  ivsed  to  Intreaae  the 
accuracy  of  implftsanfcatlon  of  condltlona  at 
the  free  surface.  Thl*  ache*®  has  the 
anootlkluf  sffft't  which  aocuimlatea  with  tlce. 
t  would  like  to  auggast  that  the  author  atu- 
dlaa  this  effect  oa  the  accuracy  of  the  aolu- 
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tlon  before  any  Interpretation  Is  tnade  on  the 
difference  between  the  calculations  and  experi¬ 
ment  a  • 

Author's  Reply 

Some  error  Is  expected  on  the  free  surface 
In  the  TUMMAC  method  that  uses  an  Inflexible 
rectangular  mesh  system  and  a  lot  of  efforts 
have  been  focussed  here  to  Improve  accuracy  and 
to  minimize  accumulation  of  error  with  tlme< 
Whether  this  error  on  the  free  surface  la 
within  an  acceptable  range  or  not  can  be  Judged 
by  computations  wl.th  various  cell  sizes,  since 
the  error  Is  a  function  of  the  spacing.  In  the 
case  of  the  TUMMAC-IV  method  for  ship  waves, 
this  Is  studied  and  It  Is  demonstrated  chat  the 
error  does  not  show  unfavorable  effect  when  DX 
Is  smaller  than  IZ  of  the  ship  length  (see 
MIYATA  and  NISHIMURA,  J.  Fluid  Mech.  157, 
1985).  The  same  kind  of  study  will  be  made  In 
Che  two-dimensional  case  with  breaking, 
although  Che  judgement  is  supposed  to  be  a 
little  more  difficult  since  the  flow  Is  quite 
unsteady.  The  comparison  with  experimental 
results  aays  only  titac  the  agreement  Is  good 
considering  pressures  on  the  foil.  The  free 
surface  elevation  la  still  to  be  compared  with 
the  experimental  one. 
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Abstract 

A  new  boundary  integral  equation 
method  uo  sol«e  numerically  thre  - 
dimensional  steady-state  wave-  resis¬ 
tance  problem  with  a  linearised  free- 
surface  condition  is  developed  in  this 
paper  with  two  aims  to  improve  the 
reliability  of  Neumann-Kelvin  solution 
and  to  make  a  first  ste"  toward  non¬ 
linear  wave-making  pr^.iem.  After 
checking  the  basic  ^»ccuracy  of  the 
method  using  eleman  :y  waves  a  pilot 
study  is  performed  for  flows  around  a 
point  doublet  ar.i'  Michel  1  approximation 
for  a  Wigley  h;  -.1.  The  discretized 
form  of  the  present  boundary  equation 
is  convinced  to  correspond  exactly  the 
linearized  free-surface  problem.  Be¬ 
cause  the  method  is  easy  to  be  formu- 
liited,  dealt  with  and  checked,  the 
reliable  solution  can  be  obtained  and 
the  wave  resistance  and  the  amplitude 
funct-on  can  be  easily  calculated  in 
high  accuracy. 


1 . Introduction 

A  boundary  integral  equation  (BIB) 
method  for  the  three-dimensional  stea¬ 
dy-state  wave-resistance  problem  with 
linearized  free-surface  condition  is 
treated  in  this  paper.  The  method  is 
an  expanded  version  to  the  three-dimen¬ 
sional  problem  of  a  part  of  the  aut¬ 
hor's  preliminary  paper  on  the  two- 
dimensional  Neumann-Kelvin  problem  (1J. 
The  present  numerical  technique  is 
investigated  with  two  aims.  One  of 
them  is  to  develop  a  method  to  aim  to 
solve  Neumann-Kelvin  problem  at  lasc  by 
means  of  a  new  method  unlike  the  usual 
one  using  wave- kernel  functions.  The 
other  one  is  to  make  a  first  step  to¬ 
ward  the  non-linear  wave-making  prob¬ 
lem. 

The  problam  of  wave-making  resis¬ 
tance  of  ships  is  observed  recently  to 
be  treated  as  the  fully  non-linear 


problem  by  many  authors.  They  make 
steady  progress  in  this  field 
(2, 3, 4, 5, 6].  Their  success,  however, 
does  not  always  imply  that  the  linear 
theory  has  an  explicit  limit  and  is  of 
no  use.  We  can  not  forget  the  role  of 
the  linear  theory,  Miche 1 1 -Ha ve lock 
theory,  in  the  improvement  of  ship  form 
[8].  While  the  wave  resistance  calcu¬ 
lated  by  the  linear  theory  is  known  to 
be  occasionally  far  from  the  experimen¬ 
tal  ones,  it  is  a  fact,  as  indicated  by 
Ogilvie  [9],  that  the  effect  of  diffra¬ 
ction  (sheltering  effect)  of  the  ship¬ 
generated  waves  by  the  ship  itself,  one 
of  the  main  causes  of  the  difference, 
has  not  been  fully  investigated. 

Neumann-Kelvin  problem  seems  to  be 
most  suitable  for  exainining  the  role  of 
the  linear  theory  since  the  solution 
contains  the  effect  of  the  diffraction. 
The  solution  has  been  recognized  as  to 
improve  the  defects  of  the  linear  theo¬ 
ry  and  has  been  thought  as  available. 
Numerical  calculations  for  the  Neumann- 
Kelvin  problem  were  performed  by  va¬ 
rious  authors  [10,11,12,13]  and  some  of 
‘:he  natures  of  the  Neumann-Kelvin  solu¬ 
tion  were  made  clear  by  comparing  with 
the  M’ chel  1 -Havelock  theory.  But  the 
reported  results  seem  not  to  be  always 
identical  with  each  other  [12].  One 
of  the  reasons  of  the  difference  may 
result  from  the  fact  that  the  Neumann- 
Kelvin  problem  is  fairy  difficult  to  be 
solved  numerically,  especially  the  wave 
kernel  function,  Havelock  source  used 
in  the  almost  all  calculations,  is  a 
floorer. 

Neumann-Kelvin  solution  has  the 
other  important  side,  the  non-unique¬ 
ness  problem.  This  was  fixed  positi¬ 
vely  in  two-dimensional  problem  [1,14], 
that  is,  Neumann-Kelvin  problem  has 
infinitely  many  solutions.  The  solu¬ 
tion  refered  as  zero-vertical  flux  flow 
solution  was  proposed  as  the  most  rea¬ 
sonable  one  [1],  The  eigen  solution 
which  has  a  weak  singularity  at  the 
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corners  between  the  free  surface  and 
the  tody  surface  was  made  clear  to 
related  to  the  change  of  the  sinkage 
and  trim  (1,15).  These  theoretical 
results  were  verified  numerically  in 
the  two-dimensional  problem  til  but  not 
in  the  three-dimensional  problem  except 
one  report  [if),  giving  not.  so  suffi¬ 
cient  verification. 

The  dispersion  of  the  calculated 
results,  in  spite  of  the  important  role 
of  the  Neumarn-Kel vin  problem,  may  not 
make  ones  feel  so  much  reliability  on 
the  numerical  results  nor  possibility 
on  thr  Neumann' Kelvin  problem  itself, 
at  least  we  can  not  examine  the  role  of 
the  solution  correctry.  The  shortcut 
method  to  improve  the  reliability  of 
Neumann-Kelvin  solution  is  to  compare 
with  the  results  obtained  by  the  other 
methods  from  the  usual  ones.  This  is 
one  of  the  motivations  to  develop  the 
BIE  method  presently  for  the  linear 
wave-making  problem.. 

The  present  method  is  developed 
also  with  the  intention  of  applying  to 
the  non-linear  wave-resistance  problem. 
A  lot  of  theories,  methods  and  numeri¬ 
cal  calculations  concerning  the  non¬ 
linear  problem  have  been  reported,  in 
many  of  them  the  numerical  results  may 
agree  well  with  the  flow  phenomenon. 
This  agreement  between  the  calculations 
and  the  phenomena  is  amenable  to  make 
us  convinced  that  the  theories  or  the 
formulae  correctly  represent  the  pheno¬ 
mena.  Through  the  experience  of  nume¬ 
rical  calculation  we  know  that  the 
above  scheme  is  not  always  justified. 
The  numerical  computation  technique 
(method),  lying  between  the  theories 
and  the  calculated  results,  may  occa¬ 
sionally  cause  the  unexpected  results, 
different  from  what  the  theories  de¬ 
note.  In  fact,  through  computing 
steady  wave  phenomena  by  mea 's  of,  say, 
boundary  integral  equation  method  or 
finite  difference  method,  we  know  that 
somewhat  little  change  of  condition  in 
computation  may  occasionally  give  the 
different  numerical  results.  The 
above  mentioned  ii  '.icates  that  the 
numerical  method,  especially,  for  com¬ 
puting  water  waves,  has  to  be  checked 
carefully  concerning  the  accuracy,  the 
reliability  and  the  suitability.  For 
these  purposes  it  is  a  shortcut  way  to 
compare  the  results  obtained  by  the 
method  on  the  assumption  of  the  linear 
free-surface  condition  with  the  ones 
calculated  by  the  well-J:nown  analytic 
method. 

For  the  above  described  two  alms, 
to  prepare  for  calculating  the  Neumann- 
Kelvin  solution  by  means  of  the  other 
method  from  the  usual  one  and  to  make  a 


step  toward  the  non- linear  wave-resis¬ 
tance  problem,  a  boundary  integral 
equation  method  is  adopted  in  this 
paper.  The  BIE  method,  using  Rankin 
sources  other  from  the  wave  kernel  fun¬ 
ctions,  has  recently  paid  attention  to 
{1j).  The  .method  has  a  benefit  that 
the  treatment,  say,  program  coding,  is 
easy  and  tho  computing  time  is  relati¬ 
vely  short.  It  is  also  considered 
that  the  method  is  easy  to  be  expanded 
toward  the  non-linear  problem.  The 
method,  however,  has  many  points  to  be 
checked  before  applied  to  the  actual 
problems,  for  it  is  not  long  after 
developed  for  the  water  wave  problem 
and  there  are  not  a  ]  ot  of  accumulation 
of  knowledge  on  the  numerical  techni¬ 
ques,  The  problems  are  following; 
which  type  of  representation  is  suitab¬ 
le,  Green's  mixed  form,  Rankin  source 
type  or  Dawson's  form  [4]  ?  ;  how 
small  size  of  meshes  are  adequate  to 
subdivide  the  free-surface  boundary  ?  ; 
how  must  the  radiation  condition  (no 
waves  at  upstream)  be  treated  1  ;  what 
effect  does  the  truncation  of  the  infi¬ 
nite  flow  region  give  on  the  solution  ? 

The  elemental  parts  of  !.hem  were 
fixed  in  [1]  for  the  two-dimensional 
Neumann-Kelvin  problem.  Green’s  type 
of  representation  seems  superior  in 
describing  the  solution  in  the  BIE 
method,  because  the  boundary  conditions 
on  the  free  surface  and  the  body  sur¬ 
face  can  be  expressed  in  the  repre¬ 
sentation  itself  by  using  partial  in¬ 
tegration  and  a  usual  technique  applied 
in  the  potential  theory.  This  is  one 
of  the  benefits  of  the  BIE  method  com¬ 
paring  with  the  other  methods,  say, 
finite  difference  method.  It  admits 
us  to  use  larger  size  of  meshes  than 
the  finite  different  meth-ods. 

Concerning  the  radiation  condition 
an  idea  was  shown  to  be  successful  [1], 
the  condition  of  no-disturbance  occu- 
ring  in  the  upstream  radiation  region 
is  given  literally  (the  value  of  the 
perturbed  potential  vanishes  there)  and 
the  usual  linear  free-surface  condition 
is  in  same  time  satisfied  there  in  the 
least-  squares  sense. 

Various  devices  have  been  invented 
for  treating  the  truncation  region, 
upstream  finite  difference  (open  boun¬ 
dary)  method  [171,  hibrid  method  of 
matching  with  the  analytic  solutions  at 
the  Doundary  [18],  a  method  of  represe¬ 
nting  the  effect  of  truncated  region  by 
a  integral  over  the  truncation  boundary 
(19).  Among  them  the  upstream  finite 
difference  method  is  used  succesfully. 
Butupstream,  central  and  downstream 
finite  difference  techniques  are  consi¬ 
dered  as  identical  in  mathematical 
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sense.  Shortly  speaking  the  author's 
opinion,  the  success  of  only  upstream 
direction  of  the  method  shows  that  the 
technique  does  not  rigorously  equal  to 
the  mathematical  equation  and  that  the 
open  boundary  technique  does  not  hold 
in  matiiematica  1  sense.  From  the 
author's  experience  the  numerical  solu¬ 
tion  obtained  by  the  open  boundary 
technique  depends  on  the  position  of 
truncation  (wave  node,  loop  or  elsew¬ 
here),  which  can  be  shown  also  by  a 
theoretical  examination. 

The  truncation  trouble  was  circum¬ 
vented  in  ( 1  ]  by  putting  the  artificial 
singularities  at  a  downstream  position 
the  strength  of  which  was  determined  so 
as  to  make  the  wave  motion  vanish  at 
downstream  infinity.  Accordingly  the 
truncated  downstream  region  can  be 
neglected  as  same  as  the  upstream  re¬ 
gion.  This  method  has  the  other  bene¬ 
fit  that  the  forces  and  moments  acting 
on  the  object  can  be  easily  obtained  by 
calculating  the  ones  acting  on  the 
wave-cancelling  singularities  while  in 
the  usual  methods  the  pressure  integra¬ 
tion  has  to  be  done.  The  invention  is 
applied  in  the  present  paper  for  three- 
dimensional  problem  in  which  the  ampli¬ 
tude  functions  can  be  also  calculated 
easily  unlike  the  other  direct  methods. 

In  the  following  a  pilot  study  is 
conducted  by  using  the  above  mentioned 
method.  At  first  a  study  on  the  mesh 
size  is  done  by  using  so-called  elemen¬ 
tary  waves  (sinusoidal  waves  propaga¬ 
ting  in  each  direction). 

Next,  concerning  a  flow  around  a 
submerged  dipole  the  basic  performances 
of  the  method  are  checked  by  comparing 
with  the  analytic  ones.  At  last 
Michel  1  approximations  are  compared 
with  the  analytic  results. 

Neumann-Kelvin  solution,  one  of 
the  main  purposes,  is  not  calculated 
because  of  shortcoming  of  time  and  that 
of  the  computer  capacity.  The  present 
paper  must  remain  in  a  basic  study 
while  the  some  points  and  the  knowhow 
for  these  numerical  method  will  be  made 
clear. 


2, Formulation 

cj’  Boundary  Integral  Equation 

A  source  of  disturbance  (dipole, 
shiplike  y)  exits  in  a  uniform  flow 
with  free-eij.rface,  the  condition  of 
which  is  assumed  to  be  linearized,  the 
bottom  is  infinitely  deep.  The  frame 
of  reference  is  fixed  to  the  disturban¬ 
ce,  x-axis  in  negative  direction  of 
uniform  flow,  z-axis  upwards,  (x,y) 


plane  consisting  in  a  unperturbed  free- 
surface  (see  Fig.1),  Let  the  velocity 
potential  be 

$(x,y,z)  =  -Ux  +  0(x,y,z),  ...(1) 

whe’-e  U  stands  for  velocity  of  the 
uniform  flow  and  l^>(x,y,7,)  perturbation 
velocity  potential.  The  linearized 
free-surface  condition  is  as  follows; 
'^>„(x,y,0)  +  (x,y,0)  =  0, 

on  P  (z=  0),  ...(2) 

where  Ko =  g/U*,  the  subscripts  denotes 
the  partial  derivatives. 

The  solution,  0(x,y,z),  of  the 
free-surface  flow  problem  is  represen¬ 
ted  by  Green's  formula  in  the  present 
paper.  The  integration  region  of 
Green's  formula  is  generally  expanded 
as  including  the  infinite  volume  be¬ 
cause  the  wave  motion  caused  by  the 
disturbance  propagates  to  the  infinite 
downstream  region  (almost  inside  two 
Kelvin  angles).  In  order  to  apply 
Green's  formula  to  the  finite  water 
surface  region,  a  line  (refered  to  as 
'dl')  on  which  artificial  doublets  are 
distributed  is  assumed  to  bo  put  at  an 
adequately  downstream  position,  the 
axis  being  parallel  to  the  y-axis. 
The  strength  of  the  artificial  doub¬ 
lets  are  determined  so  as  to  make  va¬ 
nish  the  wave  motion  at  far  downstream. 
It  will  be  proven  later  that  the  line 
doublets  in  two  directions  (x-,  z- 
directiona)  can  make  any  wave  vanish. 
Then  the  integration  region  of  Green's 
formula  can  be  limited  in  finite  region 
on  the  free-surface,  of  course,  in 
sense  of  numerical  calculation  not  in 
mathematics. 

-  <#>(Q)G,v(PjQ)]<3S.  ...(3) 

Here,  n  denotes  normal  derivative  in 
inner  direction  to  water  region,  P 
and  Q  mean  f ieldpoint(x,y,z)  and  the 
boundary  point  {x',y',z')  respectively, 

G(P;Q)  is  Rankin  source  potential; 

G(P,Q)  -  -1/r,  ...(4) 

r*  a  (x-x*)2  ♦  (y-y')^  +  (z-z')^, 
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H  means  the  surface  of  the  disturbance 
object,  F  the  free-surface  (z=0)  and  dl 
the  surface  of  cylinder  of  infinitesi¬ 
mal  radius  around  the  artificial  doub¬ 
lets  line  located  at  (xjf  ,-y»~yg»2|(£  ). 
S<3enotes  the  upstream,  downstream  and 
side  boundary  surfaces  perpendicular  to 
the  free-surface  limiting  the  flow 
field  as  including  the  object  (see 
Fig.1 )  and  in  the  numerical  calculation 
the  integral  over  S  is  neglected  be¬ 
cause  the  disturbance  outside  21  has 
little  effect  on  the  solution.  One  of 
the  reasons  of  adopting  Green's  formula 
(3)  as  the  representation  of  the  solu¬ 
tion  is  stated  in  Introduction  but 
there  are  other  reasons,  the  treated 
quantities  (velocity  potential)  in  the 
representation  has  directly  the  physi¬ 
cal  meanings,  the  property  of  the 
obtained  results  can  be  easily  in¬ 
quired,  the  weak  singularity,  if  it 
exits  on  the  corner  between  the  body 
surface  and  the  free-surface,  can  be 
treated. 


0 

-  x'G^(P;Q)  ]dS,  ...(9) 

where  F©  stands  for  the  free-surface 
inside  the  ship  hull.  Take  the  diffe¬ 
rence  between  (8)  and  (9)  and  use  the 
boundary  condition  on  H, 

-  Ux'^  =  0,  for  Q  6  H.  ...(10) 

Then  we  get  the  following  form  inclu¬ 
ding  only  (^-term  unknowns; 

=  -^ff^4>(Q)G„(P;Q)dS 

Here,  it  is  noted  that  in  numerical 
computation  Gn.dS  can  be  estimated  by 
solid  angle  -dC(  [20].  If  subdividing 
H  into  dH.C  we  have  the  following  dis¬ 
cretized  formula; 


Write  the  representation  (3)  as 
the  summation  of  the  terms  over  H,  F 
and  dl; 

<|>(p)  =  4>h(p)  +  4^(p)  +  4)a^(P).  ...(5) 

When  the  body  is  replaced  by  a  point 
doublet  located  at  (0,0, zp),  the  integ¬ 
ration  over  H,  4?<(P)  is  written  as 
follows; 

4^(P)  =  <l>oo(P) 


-  U  ^  0(j,'  x'  ,  ...(12) 

where  o(u  is  solid  angle  for^Hj,  4Fo^ 
and  c(  ij  =  21Z  when  Q  6  H.  In 
order  to  calculate  the  solid  angle,  a 
formula  of  spherical  excess  in  spheric¬ 
al  trigonometry  is  available. 

The  second  term  of  eq.(5)  is  writ¬ 
ten  as  follows; 


=  ■  +  (z-zp)*  ]''^'*,...(6) 

where  M  is  strength  of  the  doublet. 
For  Michel  1  approximation,  4^(P)  is 
written  in  the  following. 


X  l/[(x-x')^+  y2+  (z-z')*  ]''^^ 


dx'dz', 

...(7) 


where  y  o  f(x,z)  denotes  the  half 
breadth  of  the  ship  and  Ho  is  its  cen¬ 
ter  plane  (y  =  0).  When  the  body  is 
like  a  ship  piercing  the  free-surface 
(this  case  is  not  calculated  in  the 
present  paper),  (P)  includes  the 
unknowns . 

4>h<P)  =  t4|i<Q)G(P;Q) 

-  <j>  (0)G^(P;Q)  ]dS.  ...(8) 

To  eliminate  the  4k  terra,  consider  the 
uniform  flow  inside  the  ship  hull  and 
we  have. 


'#>F<P)  =  -  4>,^(Q)G(P;Q) 

-  (^>(Q)Gj,'(P;Q)]dx'dy’.  ...(13) 

Substitution  of  the  free-surface  condi¬ 
tion  (2)  into  the  right  hand  side 
gives; 

-  <^(Q)Gjj/(P;Q)  Idx'dy'. 

Integrate  by  part  the  first  term  of  the 
integrand  and  we  have; 

4rc^p(P)  «  j‘fp4’(Q)t-5^G  jeV(P;Q) 

+  Ga'(P;Q)  Jdx'dy' 

-  4)(Q)Gx'(P;Q)  Jdy’,  ...(14) 

where  C  stands  for  the  intersection 
between  H  and  F  the  line  integration 
over  the  boundary  Coo  between  S  and  F  is 
assumed  to  be  neglected.  The  above 
representation  makes  uf  circumvent  the 
explicit  treatment  of  the  free-surface 
condition.  This  is  one  of  the  bene- 


fits  of  using  Green's  type  of  represen¬ 
tation.  The  second  term  of  the  right 
hand  side  corresponds  to  the  so-called 
line  integral  term  in  Neumann-Kel vin 
problem  in  the  form,  while  the  singular 
properties  are  different.  The  line 
integral  term  implies  that  the  value  of 
<px(Q)  can  be  given  arbitrarily  on  C, 
but  this  problem  related  to  the  non¬ 
uniqueness  of  Neumann-Kel vin  solution 
will  not  be  discussed  here.  In  the 
case  of  the  point  doublet  and  Michel  1 
approximation,  the  line  integral  term 
in  eq.(14)  vanishes  and  discretization 
gives,  when  Q  is  on  F, 

4-n:(|)p^=  2tc4k 

Arl  <7  V 

where 

'  a 

- XLr.ja _ (16) 

ri/=  (X,  -  X.P.  <y^  -  y.f  .  .  z^.)^ 

When  Q  is  not  on  F,  is  to  be 

replaced  by  Z  o(xj  4’; . 

aF/  ’  « 

The  last  term  of  the  right  hand 
side  of  eq.(5)  can  be  written  by  the 
velocity  potential  of  the  line  doublets 
in  X-  and  y-directions  as  follows? 

X  G(P?Q)dy',  ..,(17) 


where  f(y)  and  g(y)  denote  the  stren¬ 
gth  of  the  line  doublets  in  x-  and  y- 
direction  respectively.  Discretiza¬ 
tion  gives? 


where 


*  . . . 


Zij  =  5^^Gg*(P;Q)dy', 

-  Zi  r 


(19) 


Substitution  of  eq.(11),(14)  and 
(17)  into  eq.(5)  and  let  the  field 
point  P  be  on  F  and  H,  Then  we  have 
the  boundary  integral  equation  with 
respect  to  the  velocity  potential 
and  the  line  doublets; 

2^4  (P)  ♦  ^  <t>(Q)G^(P?Q)dS 

♦  G,»{P;Q))dx'dy' 


“  g(y')  j|,]G(P?Q/dy' 

=  UJ$^^x'G^(P;Q)dS  -1  ,^^4^,G(P;Q)dy', 

for  P  €  F  and  H.  ...(20) 

This  integral  equation  may  be  solved 
uniquely  under  some  adequate  radiation 
condition  which  will  be  shown  in  the 
later  section.  Discretize  eq.(20)  in 
the  case  of  a  point  dipole  or  Michell 
approximation  by  using  eq.(6),(7),(1 5) 
and  (18)  and  let  the  point  P  be  on  F. 
Then  we  have  the  simulutaneous  equation 
with  respect  to  ^(P)  on  the  free- 
surface  as  follows? 

4  IT  /  for  a  point  doublet , 

4'rt4’Ho^»  for  Michell  approximation, 

for  P^  e  F.  ...(21 ) 

The  field  point  P/  is  assumed  to  be 
taken  as  the  center  point  of  the  i-th 
mesh.  The  above  formulation  seems 
more  simple  and  easier  to  be  coded  than 
the  usual  method,  say,  the  finite  dif¬ 
ference  method.  Especially,  eq.(21) 
does  not  need  the  numerical  differen- 
ciation  and  the  higher  accuracy  can  be 
expected  to  be  obtained.  In  fact,  in 
the  two-dimensional  problem  the  size  of 
mesh  is  satisfactory  to  be  spaced  by 
one  tenth  of  a  wave  length  while  in  the 
finite  difference  method  one  fourtieth 
is  required  in  order  to  obtain  the  same 
accuracy  (1). 

Im  additional  benefit  of  the  wave 
cancelling  line  doublet  is  that  the 
forces  and  moments  acting  on  the  object 
are  evaluated  by  the  ones  acting  on  the 
line  doublets.  That  is  because  in  the 
region  outside  the  control  region  no 
disturbances  occur  and  any  momentum 
flux  does  not  flow  out.  This  makes 
the  balculation  of  the  forces  and  mo¬ 
ments  easy,  especially  the  wave  resis¬ 
tance.  The  far  downstream  waves  which 
is  caused  by  the  object  without  the 
wave-cancelling  line  doublets  are  equal 
to  the  inverse  of  waves  caused  by  only 
the  later.  Accordingly  the  amplitude 
function  In  eq.(27)  of  the  waves  caused 
by  the  object  can  be  written  by  the 
strength  of  the  line-doublets  as  fol¬ 
lows? 

H(e)  =* 

exp(  K«sec'0  (z'+ix'cosG*  iy‘3in0)dy' 

...(22) 

where  (x',y')  denotes  the  position  of 
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the  doublets  line.  The  wave 
resistance  can  be  calculated  by  the 
following  formula; 

Rw  =  lic.H(0r  sec»6d0.  ...(23) 

The  other  forces  and  moments  can  be 
calculated  by  Lagally's  formula.  In 
the  following  only  the  results  are 
shown.  Let  the  velocity  potential  be 
divided  by  in  eq.(5)  and  the 

other  term; 

4){P)  =  4)^^  (P)  +  4>r(P). 

The  drag  force  is; 

+  4>R^,jj,(Q)g(y')]dy',  ...(24) 

where  the  integration  region  is  the 
doublets  line,  the  z-direction  force; 

Z=Zp+Zp,  ...(25) 

Zp  =  fB'^^4>(Q)dy' , 

+  4y.j,,(Q)g(y')]dy’, 
the  trim  moment; 

M  =  Mp  +  Mq,  ...(26) 

Mp=  +  f’O'ffp  <j>  (Q)dx'dy*, 

«D 

-  ^^,(0)g(y' )  3dy' . 

3. Error  Estimation 
by  Means  of  Elementary  Waves 

It  is  necessary  to  chec)c  the  basic 
accuracy  of  the  numerical  solutions 
before  solving  the  BIE  for  the  actual 
problem.  How  large  size  of  mesh  is 
reasonable  for  the  free-surface  is  the 
problem  to  be  chec)ced  in  this  section. 
For  the  two-dimensional  steady-state 
wave-resistance  problem,  when  using  the 
same  method  as  the  present  paper,  it  is 
studied  (1)  that  the  mesh  size  is 
desirable  to  be  spaced  by  one  twentieth 
of  a  wave  length  and  by  one  tenth  if  a 
little  error  is  admittable.  In  order 
to  obtain  the  reasonable  size  of  mesh 
in  three-dimensional  problem  the 
following  estimation  of  errors  is 
performed  by  using  the  elementary 
waves . 

The  free  waves  at  far  downstream 
of  wave  motions  are  generally  expressed 
as  the  following  form  of  velocity 
potential  (211; 


(j>(x,y,z)  =  Re  4jfr.  \  H(e) 
exp[)ic,sec*e  ( z  -  ix  cos0-  iy  sin0) 
sec*fl  d6, 

where  Re  stands  for  real  part  of  and 
HO)  is  complex  and  refered  to  as 
amplitude  function.  The  form  shows 
that  the  free  waves  consists  of  the 
elementary  wave  propagating  in 
direction  of  S  ; 

4>o(x,y,z}  - 

CO)cos[  KoSec^S  (x  cos6  +  y  sin©)  ]  ^ 

S(9)sin[  KlsecO (x  cosS  +  y  sinQ)]/ 

exp(Ko2  sec*'©)  ...(28) 

Let  the  length  of  the  free  wave 
propagating  in  ©  =  0  be  as  Xo= 
and  we  have  the  following  relations  of 
the  length  of  free  waves,  Xq  ,  propaga¬ 
ting  in  ©-direction  and,  ,  of  its 
projection  to  x-axis,  to  y-axis. 

X^l  Xi  -  coa^Q , 

^/X«=  cos©,  for  0^  9  4  TL/2...(  29) 
/ta/%o=  cos’©  cosec©. 

The  x-component  of  the  wave  length,  Xr, 
is  one  time  Xo  or  less,  but  the  y- 
component,  becomes  infinitely  large 
as  &  approacnes  to  it/2.  From  the  view 
point  of  the  two-dimensional  criterion 
of  mesh  size,  the  f ree-s.:rfaco  may  be 
subdivided  by  one  twentieth  of  Xo  in  x- 
direction  but  must  be  infinitesimal  in 
y-direction.  This  point  maizes  the 
three-dimensional  problem  be  difficult 
to  be  solved  numerically.  It  may 
, however,  be  possible  to  get  a  reasona¬ 
ble  mesh  size  with  a  satisfactory  accu¬ 
racy  from  the  actual  point  of  view,  for 
the  amplitude  of  waves  in  large  ©- 
direction  is  in  fact  suall. 

Now,  it  is  necessary  to  estimate 
the  error  depending  on  the  mesh  size  as 
a  function  of  wave  propagating 
direction,  0  .  The  error  can  be 
assessedLy  calculating  the  following 
value  obtained  by  substitution  of  the 
velocity  potential,  0b  ,  of  the 
elementary  wave  (28)  into  the  first  two 
terms  of  the  left  hand  side  of  eq.(21}. 

If  the  right  hand  side  of  eg. (30)  has  a 
high  accuracy  and  (piP)  satisfies  the 
linearized  free-surface  condition  (2), 
then  El  must  be  zero  approximately. 
Accordingly  the  value  of  eq.(30)  turns 
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Fig. 2  Error  of  Free-Surface  Condition 


out  the  index  of  how  the  free-surface 
condition  holds  true.  The  values  are 
examined  for  the  free-surface  region, 
N  4L  »  lYl  <  2.0/2,  in  two  cases,  (1) 
Nx/^,  =  20,  %/xo  =  11,  (2)  =  10, 

N^/2.*  =  21,  where  Nx »  mean  the 
number  of  meshes  per  a  wave  length 
in  X-  and  y-direction  -respectively. 
The  values  of  E.^  are  checked  near  the 


Fig. 3  Wave  Profiles  for  a  Point  Doublet 
without  Radiation  Condition  ( K«d  =  0.5) 


center  of  the  square  free-surface  re¬ 
gion  because  the  finite  region  effect 
can  be  neglected  in  the  central  region 
inside  a  distance  of  a  quarter  of  wave  i 
length  from  the  side  boundary.  The 
obtained  results  are  plotted  in  Fig,2, 

4)0  means  amplitude  of  09 .  , 

The  figure  shows  that  the  mesh  » 
size  (1)  is  satisfactory  for  the  waves 
propagating  in  0  <  60®,  i.e.,  Nx/2o  =  »■ 
20,  N'*/2o  =10,  but  the  mesh  size  of  Nj 
/  Xt)  >  20  has  to  be  taken  to  express  ", 
accurately  the  waves  propagating  in  0  <  * 
75®.  In  any  case  it  is  shown  to  be 
difficult  to  express  accurately  high- 
frequency  components  (  0>  60*)  of  the  J 
diverging  waves.  It  is  conjectured  „• 
that  the  more  severe  condition  has  to  • 
be  taken  when  using  finite  different  K 
method.  At  least  the  relation  between  J 
the  mesh  size  and  the  limit  of  expres-  r 
sible  wave  components  must  be  taken 
into  account  when  applying  such  a  di¬ 
rect  numerical  method  as  the  present 
one.  The  above  mentioned  nature  of 


Fig. 4  Wave  Profiles  for  a  Point  Doublet 
()rod=0.5) 


the  present  method  is  not  always  mise¬ 
rable  and  it  does  not  seem  a  fatal 
defect  because  ,as  stated  before,  the 
high-frequency  components  of  the  real 
waves  caused  by  ship  are  usually  weak. 
It  is  noted  here  that  the  larger  the  E; 
value  of  eq.(30)  is,  the  smaller  ampli¬ 
tude  the  waves  obtained  .by  eq.(21) 
have. 


submerged  point  doublet  in  a  uniform 
flow  are  treated  in  this  section.  The 
location  of  the  point  doublet  is  (0,0, Ze 
),  zp=  -  d,  the  strength  m  =  M/Ud* 
=  8.  The  control  free-surface  region 
is  assumed  as  -1.5  i  x/l*  4  0.25, 
’y/ito)  <  0.5,  the  spacing  of  the 
meshes,  Nx/2.0  -20,  N^/x*  =22. 


4.WaveB  and  Wave  Resistance 
of  a  Point  Doublet 

In  order  to  get  the  basic  knowhow 
of  the  numerical  method  mentioned  in 
the  last  section,  waves  caused  by  a 


At  first,  the  BIE  (21)  is  tried  to 
be  solved  without  wave-cancelling  line 
doublets  and  with  no  radiation 
conditions.  The  obtained  wave  profile 
at  )C*d  ■  0.5  ar9und  the  point  doublet 
is  shown  in  Fig. 3.  The  waves  are 
observed  propagating  upstream,  too. 
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Fig.5  Wave  Pattern  for  a  Point  Doublet 
(BIE,  >Cod=0.5,  4vCo5=  0.1) 


Pig.6  Wave  Pattern  for  a  Point  Doublet 
(Analytic,  vCod  =  0.5,  =  0.05) 


In  fact  the  solution  of  the  linearized 
steady-statethe  wave-malcingproblem  is 
)cnown  to  be  analytically  indefinite  and 
some  adequate  physical  condition, 
radiation  condition,  is  needed  to  get  a 
unique  solution,  for  example, 
artificial  viscous  coefficient  fx  ■>  +0. 
The  obtained  result  must  correspond  to 
the  analytic  property  of  the  indefinite 
solution.  To  analyze  the  indefinite 
solution  of  eq.(21),  the  well  )tnown  SVD 
method,  singular  value  decomposition 
[22],  is  applied  to  the  coefficient 
matrix  of  the  left  hand  side  of 
eq.(21).  The  definite  eigen  solutions 
of  eq.(21)  which  must  be  exist  are  not 
found  in  spite  of  the  fact  that  in  two- 
dimensional  problem  two  eigen  solu¬ 
tions,  upstream  and  downstream  propaga¬ 
ting  waves,  were  obtained  (1).  The 
reason  is  due  to,  perhaps,  somewhat 
numerical  problem,  the  size  of  the 
coefficient  matrix  is  too  large  for  the 
SVD  program. 

Now,  add  the  following  radiation 
condition  to  the  BIE  (21)  in  the  radia¬ 
tion  region  composed  of  the  upstream 
first  three  columns  of  meshes? 

(p(x,y,0)  o  0.  ...(31) 

This  condition  is  imposed  in  the  sense 
of  least  squares  in  the  SVD  method. 
Then,  we  have  the  waves  propagating 
only  downstream  as  shown  in  Fig. 4,  the 
wave  heights  are  calculated  by  the 
derivatives  of  spline  functions  which 
are  fitted  to  the  obtained  velocity 
potential.  A  trial  to  impose  the 
radiation  condition  (31)  only  on  the 
downstream  radiation  region  Instead  of 
upstream  ma)ces  the  waves  propagate 
upstream,  completely  symmetric  to  the 
before  obtained  waves.  These  results 
imply  to  correspond  to  the  solution  of 
the  artificial  viscouscoef f icient/< 
being  positive  or  negative  in  the  ana¬ 
lytic  theory.  Accordingly  it  is  con¬ 
vinced  that  the  DIE  (21)  is  exactly  the 
discretized  form  of  the  linear  free- 


surface  condition  (2).  Besides  the 
same  thing  occurs  when  upstream  or 
downstream  finite  difference  is  used. 
If  central  finite  difference  is  used, 
the  same  results  are  obtained  correspo¬ 
nding  to  which  the  radiation  condition 
is  imposed  upstream  or  downstream. 
The  wave  pattern  of  Fig. 4  is  shown  in 
Fig.5,  which  gives  fairy  good  agreement 
with  the  analytically  calculated  con¬ 
tours  in  Fig. 6. 

The  above  good  agreement  is  not 
always  obtained.  When  moving  the 
downstream  truncation  point,  the 
numerical  results  differ  from  the 
analytical  one  as  the  case  may  be.  It 
is  due  to  neglecting  the  following 
effect  of  the  truncation  region? 

<J»„(Q)G(P?Q) 

-  ^>(Q)Grt.  (P?Q))dy’dz’.  ...(32) 


In  order  to  let  the  truncation 
effect  be  neglegible,  introduce  the 
artificial  wa  v  e  -  ca  nee  1  1  i  ng  line 
doublets.  Consider  the  analytic 
condition  of  wave-free  in  far 
downstream  before  going  into  the 
numerical  calculation.  The  velocity 
potential  can  be  written  as  following 
form  at  infinitely  far  downstream; 


<J>(P)/Ud  3 


Re  4w,i\  H(6) 


oxp(  »c,sec*6  (z-  ix  cosO-  iy  sinS)  1 


sec'ddB,  ...(33) 


where  H(0)  =  P(e)  ♦10(6).  The 

amplitude  function,  H  (6),  for  the  line 
doublets  in  x-  and  y-directions  are? 

Hi(©)/d  = 

explK;sec*0 (z  ♦  ix  cosO^  iy  9inG))dy* 

■ oxpl  K^sec'S ( z ♦  ix^^cos0>)  x 


i 

I 
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Fig. 7  Comparison  of  Densities  of  Wave 
Cancelling  Line  Doublets  (  x;,d  =  0.5) 


Fig.0  Comparison  of  Densities  of  Wave 
Cancelling  Line  Doublets  (  K.d  b  0.25) 


X  (G(e)  *  i  cos&F(0)), 

where 

]F(©)) 

lG(®)]  ...(35) 

B  \  iexp(i><,y'8oc  DalnOldy' » 

■U  g(y*) 

f(y)  •  f(y)/0d‘.  g(y)  •  gty)/0d’  are 
non^dimenaionailred  strength  of  the 
line  doublets.  The  wave  free 
condition  is  given  by; 

H(e)  ♦  HL(d)  -  0, 

for  any  m  i  11/2  ...(36) 


Fig.9  Wave  Profile  for  a  Point  Doublet 


(  Kid  =  0.5) 


•:  !■:  i:  .  •: 

ic.x 


Fig. 10  Wave  Pattern  for  a  Point  Doublet 
(  )f,d  o  0.5,  X{^/Xo  =•  -0.425) 

?<y)»9(y)  can  be  easily  obtained  by 
inverse  Fourier  transforaiation; 

fiy)  ♦  igty)  “  ^  cos8) 

(1  ♦  sin*©  )sec'*dH(0)/d 

expt-ic,3ec*0(ad(  ♦  ix^^cos©* 

iy  sind)]dd.  ...(37) 

As  the  amplitude  function  for  the  point 
doublet  la; 

H{©)/d  «  i/4r*o*<-,d 

exp(“K,d  oQC*0}sec9,  ...(38) 

the  strength  of  the  wave-cancelling 
line  doublets  are  obtained  from  6g.{37) 
aa  followa; 
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»  -m«r,d/ti  jy^Gxp|(-K,3dc*0(d  ♦ 

cos  { K’.  y  8ec*d  slnO) 

f  sec6cos(  K^x^secO) 

{  da  ...(39) 

V  3in('C,K^^sece) . 

The  densities,  f(y),  g(y),  oxlft  when 
a >  -d  and  they  decay  exponentially 
as  y  tends  to  infinity. 

In  order  to  obtain  the  strength  of 
the  wave-cancelling  line  doublets  in 
the  numerical  calculation,  impose  the 
radiation  condition  (31)  in  the 
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Fig.12  Wave  Pattern  for  a  Point  Doublet 
(Kid  =  0.25,  x,i£/^o=  -0.2625) 
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downstream  radiation  region  aa  same  as 
the  upstroato.  Then  the  densities, 
l'y)»  gty)»  are  expressed  by  the  follo¬ 
wing  Fourier  series  to  circumvent 
the  unnecessary  oscillationj 


?  coal  (2i  -  1)  X  y/2ygl  ...(40) 


The  calculated  results  of  f(y>, 
g(y)  are  plotta"*  in  Fig. 7  and  8 
comparing  the  analytic  ones.  They 
show  fairy  good  agreement,  especially 
at  Kid  •>  0.25.  The  wave  profiles  and 


Free-Surface  Area  for  a  Point  Doublet 


wave  patterns  in  these  cases  are  shown 
in  Fig. 9  to  12.  We  can  observe  the 
wave  motions  disappear  almost  complete¬ 
ly  behind  the  wave-cancelling  doublets 
line.  Fig.1  3  and  14  show  the  ampli¬ 
tude  functions  obtained  from  eq.(34). 
Comparison  with  the  analytic  curves 
points  out  that  the  real  part,  P(6), 
which  is  to  be  zero,  has  a  little  large 
values  and  the  imaginary  part, 
oscillates  unnecessarily  near  6=  40°. 
One  of  the  reasons  may  by  due  to  trun¬ 
cating  the  control  free-surface  area  in 
y-direction.  Then  the  outerpolation 
oftha  densities  of  the  line  doublets 
1b  performed  by  assuming  to  have  the 
following  form  in  large  y  region? 

f(y)»  g(y)  exp{-xy),  ...(41) 

where  C  and  X  are  constants  to  be  deter¬ 
mined.  The  corrected  results  are 
shown  in  Pig.13  and  the  amplitude  fun¬ 
ctions  seem  to  approach  fairly  to  the 
analytic  values.  In  the  high-frequen¬ 
cy  angle  region  (d>  60*)  the  discrepa¬ 
ncies  are  not  improved  correspondingly 
VO  the  discussion  in  section  3  on  the 
relation  between  tho)  accuracy  and  the 
mesh  size,  Fig.1  3  shows  also  the 
calculations  of  varying  the  location  of 
the  cancelling  doublets  line.  From 
the  various  oases  of  the  locations  it 
is  concluded  that  the  wave-cancelling 
doublets  line  can  be  moved  near  the 
point  doublet  to  a  quarter  of  wave 
length  behind.  Then  the  effect  of 
the  line  doublets  on  the  point  doublet 
is  small,  additive  tagally  force  acting 
on  the  point  doublet  is  at  most  l  %  of 
the  wave  resistance.  Fig.1 4  shows  the 
cases  when  the  mesh  sizes  are  larger, 
the  maximum  limit  of  mesh  size  is  about 
one  tenth  of  wave  length.  To  obtain 
the  stable  solution  th(i  depth  of  the 
line  doublets  must  bs  near  two  third  of 
the  x-dlrection  size  of  me^h.  When  it 
locates  too  shallow  or  too  deep,  the 
densities  of  line  doublets  tend  to 


oscillate  near  the  ends. 

From  the  previous  discussion  the 
control  area  of  the  free-surface,  the 
mesh  size,  the  radiation  region  and  the 
location  of  the  line  doublets  are 
decided  as  shown  in  Fig.1 5.  Using 
this  standard  scheme,  calculation  is 
performed  for  various  Froude  numbers, 
Fn  =  U/v/gd.  The  coefficients  of  wave 
resistance,  Rw/ ( 1 /2pU^d*m^ ) ,  obtained 
by  eq.(23)  are  shown  inFig.16,  The 
values  with  the  densities  of  line 
doublets  corrected  agree  well  with  the 
analytic  ones. 


5. Application  to  Michell  approximation 

The  present  BIE  method  is  applied 
to  Michell  approximation  for  a  first 
step  toward  actual  problems  on  the 
basis  of  the  )cnowhow  previously  ob¬ 
tained  for  a  point  doublet.  Calcula¬ 
tion  is  performed  for  a  Wigley  hull, 
the  breadth  length  ratio,  B/L  =>  0.1, 
the  draft  length  ratio,  d/L  =  0.0625, 
the  center  plane  is  over  Ixl/L  <  0.5,  y 
a  0.  The  control  area  of  free-surface 
is  -0.95  <  x/L  i  0.7,  lyi/L  <  0.75. 
The  mesh  size  is  restricted  by  the 
computer  capacity  and  it  is  set  as  a x/L 
»  ay/L  o  0.05.  The  subdivision  number 
per  a  wave  length  are  tabulated  in 
Table  1  with  respect  to  six  wave  num¬ 
bers.  The  mesh  sire  criterion  ob¬ 
tained  Section  3  implies  that  the  sub¬ 
division  number  are  not  sufficient  in 
low  speeds,  ic*L  >  12.  The  location  of 


K,L 

16 

779 

14 

9.0 

12 

10.5 

10 

12.6 

8 

15.7 

6 

20.9 

Table  1 
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Fiq.2 3  Comparison  of  Amplitude  Function  Fig. 25  Comparisonof  EnergySpectrum 

for  Wigley  Hull  ('*c.L  =  6)  for  Wigley  Hull  (KbL  =  10) 


Fig. 24  Comparison  of EnergySpectrum 
for  Wigley  Hull  (•c.L  •  6) 


Fig. 26  Comparison  of  Wave  Resistance 
for  Wigley  Hull 


the  wave-cancelling  doublets  line  is 
set  at  Xck/L  ■  -0,75,  •  '0.03. 

The  upstream  and  downstream  rv<4diation 
regions  consist  of  four  end  columns, 
respectively. 

The  calculated  densities,  f(y)  ■ 
f(y)/UL*,  g(y)  ■  gCyJ/DL*,  of  the  wave 
cancelling  line  doublets  are  shown  in 
Fig. 17  for  •<, L  »  6,  10.  They  are  not 
compared  with  the  analytical  ones  but 
in  low  speeds  they  seem  to  oscillate 
unnecessarily. 

In  Fig. 18  the  wave  profiles,  , 
obtained  by  the  present  81 E  method  are 
compared  with  the  ones  along  the 
central  plane  calculated  analytically 
by  Michel  1  theory.  The  plotted  wave 
profile  are  calculateo  along  a  line  of 
y/L  <•  0.02S  (center  of  meshes).  The 
wave  profiles  are  shown  In  Fig.19f  20  < 
k:.L  ■  6,  10)  and  Flo. 21  show  tha  compa¬ 
rison  of  wave  pattern  with  the  analytic 
one.  The  wave-cancelling  line  doub¬ 
lets  are  observed  to  offset  the  waves 
caused  by  the  ship  almost  completely 


The  wave  pattern  seems  to  give  fairy 
good  agreement  with  the  analytical  one. 
Near  the  ship  (its  center  plane)  ogree- 
ment  is  not  satisfactory.  This  is  why 
the  piesent  mesh  sire  can  not  cover  the 
severer  change  in  y-direction  of  the 
waves  near  th\.  ship  than  a  point  doub¬ 
let,  Accordingly  the  finer  subdivi¬ 
sion,  especially  in  y-direction,  is 
desirable  for  surface  piercing  fiodios. 
Also  near  the  side  and  upstreom  bounda¬ 
ry  good  agreement  may  not  be  shown. 
Wider  control  area  of  tree-surface  is 
desirable  but  this  is  not  so  fatal 
problem . 

The  amplitude  function  is 
calculated  from  the  densities  of  the 
wave-cancelling  Viha  doublets  by  using 
•q.t22)  and  (23).  The  weighted 
amplitude  functlCTi  defined  as) 

A*(e)  is  C*(8)  ♦  iS*(e) 

-  4»C,LHI8)/0L‘sec**©  ,  ...(42) 
is  plotted  in  Pig. 22,  23  (tQX.  »  6,  10) 
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with  comparison  to  the  analytic  one. 
The  amplitude  spectra  |A*{e)l*  is  shown 
in  Fig. 24,  25.  At  high  Froude  number 
the  calculated  function  gives  good 
agreement  with  the  analytic  one  in  the 
low  frequency  angles  (0<  65“ )  while 
its  real  part  has  non-zero  small 
values.  At  low  speed  the  agreement  is 
limited  to  the  low  angle  region  (  6  < 
SS"*).  This  defects  may  be  improved  by 
increasing  the  subdivision  number  of 
meshes. 

The  wave  resistance  coefficient, 
defined  as  follows,  is  plotted  in 
Fig. 26; 

Cw=  R«,/(1/2pU*L*  ).  ...(43) 

In  high  speed  region  (Fn  =  U/i/glT  > 
0.32)  the  values  calculated  by  the 
present  method  have  good  agreement  with 
the  analytic  ones,  their  change  seems  a 
little  larger  than  the  analytic  one. 
These  may  be  improved  by  the  larger 
number  of  meshes  and  the  discrepancies 
in  low  speeds  (Fn  <  0-25)  may  be  due  to 
the  mesh  size. 

On  the  basis  of  the  previous 
results, it  is  suggested  that  the  finer 
subdivision  of  the  f ree-surface, 
especially  in  y-direction  near  the 
body,  and  the  wider  control  area  are 
needed  for  surface-piercing  ships 
moving  at  lower  usual  speed.  This 
direct  improvement  depends  mainly  on 
the  capacity  of  the  computer. 
Therefore  the  other  invention,  say, 
dividing  the  control  area  into  two 
regions,  near  and  far  from  the  body, 
and  use  of  iterationara  desirable. 
Such  a  invention  will  be  available  when 
applying  the  present  SI£  method  to  the 
Neumann-Kelvin  problem. 


6. Concluding  Remarks 

On  the  basis  of  the  previous 
calculations  it  is  concluded  that  the 
present  boundary  integral  equation 
method  is  available  and  effective  to 
solve  the  linear  wave  resistance 
problem.  In  the  following  the 
features  and  knowhow  of  the  present 
method  are  stated:  The  representation 

of  the  present  &IE,  which  includes  the 
free-surface  condition  in  Itself, 
demands  no  numerical  differentiation 
and  is  very  easy  to  dealt  with.  The 
unknowns,  velocity  potential,  has 
physical  meaning  and  the  process  after 
solving  can  be  easily  handled.  Ko 
consideration  of  truncation  effect  is 
needed  due  to  adopting  the  wave- 
cancelling  line  doublets,  which  is  able 
to  bo  laid  to  near  the  object  by  about 
a  quarter  free-wave  length  if  the  local 


waves  are  not  so  strong.  Forces  and 
moments  acting  on  the  body  can  be 
calculated  by  the  strength  of  the  line 
doublets  and  also  the  amplitude 
function  can  be  easily  obtained.  The 
length  of  upstream  and  downstream 
radiation  region  needs  about  a  quarter 
wave  length.  Concerning  the  size  of 
free-surface  mesh,  one  twentieth  of 
wave  length  is  desirable  for  a  point 
doublet  but  for  surface-piercing  body 
the  finer  meshes  are  needed.  If  no¬ 
ting  these  points  Neumann-Kelvin  prob¬ 
lem  may  be  solved  in  high  accuracy  and 
by  making  use  of  these  features  the 
present  method  may  be  easily  expanded 
to  non-linear  wave  resistance  problem. 
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DISCUSSION 
of  the  paper 
by  K.  Suzuki 

"Boundary  Integral  Equation  Method  for  the  Linear  Wave  Resistance  Probleaj" 


DISCUSSION 
by  R.  Yeung 

The  present  numerical  formulation  of  the 
linear  wave-resistance  problem  is  essentially 
one  that  I  have  endeavored  to  advocate  in  the 
mid  70's  (Yeung  &  Bouger,  1977,  1979).  The 
focus  of  our  method  then  was  to  use  a  "siiaple 
source  formulation"  and  a  rational  treatment 
of  the  radiation  condition.  The  computational 
benefits  of  such  an  approach  are  well 
described  again  here  by  Dr.  Suzuki.  The 
problem  we  solved  was  tivo-dimensional  and  the 
fundamental  questions  and  solutions  related  to 
matching  and  radiation  were  carefully  dis¬ 
cussed  in  these  works,  which  Dr.  Suzuki  was 
already  aware  of.  Since  my  original  work, 
time  and  (a  shift  of)  interest  had  not  permit¬ 
ted  me  to  return  to  complete  the  three- 
dimensional  problem.  I  am  ext-'emely  glad  that 
Dr.  Suzuki  has  taken  up  the  difficult  chal¬ 
lenge  and  is  .•'eporting  success  here. 

•  There  are  considerable  similarities  as 
well  as  differences  between  Dr.  Suzuki's 
treatment  of  truncation  boundary  and  ours. 
Outside  of  the  truncation  region,  our  earlier 
works  used  eigen-functions  in  finite  water 
depth,  which  includa  the  complete  effects  of 
local  disturbances  as  well  as  the  wave-like 
kind.  The  wave-dipoles  introduced  here  are 
the  natural  3-0  infinite-depth  analog  of  the 
wave-like  terms  in  our  eigen  series  and  is 
thus  accurate  only  in  the  far  field.  The 
sine  and  cosine  components  of  the  free-wave 
terms  canot  be  determined  uniquely  from  the 
downstream  end  alonej  an  upstream  condition 
was  n9cessary-”8n  important  result  that  we  had 
pointed  out  in  our  work.  The  uniqueness  of 
the  line  dipole  distribution  used  by  Or. 

Suzuki  requires  soma  justification.  In  fact, 
it  is  not  entirely  apparent  that  the  Contribu¬ 
tions  from  the  truncation  surface  X  based  on 
Green's  Theorem  and  from  the  free-surface  f\  X 
lino  contour  would  yield  the  equivalence  of 
longitudinal  and  tranverse  dipoles  as  Or . 
Suzuki  assumed.  Perhaps  Or,  Suzuki  will  elab¬ 
orate  on  this  point  briefly. 

I  would  like  to  conclude  my  discussion  by 
congratulating  the  author  on  presenting  a  very 
interesting  paper. 


Author's  Reply 

I  would  like  to  say  great  thanks  to  Prof. 
Yeung  for  this  essential  and  helpful  comment. 
In  the  present  paper  we  assumed  two  linearized 
systems  of  waves,  wave  system  generated  by  a 
body  and  one  by  line  doublets.  Our  method  is 
based  on  the  following  two  facts  about  the 
above  two  wave  systems. 

1)  Any  body-generated  wave  motion  (free  wave) 
can  be  canceled  by  the  (free)  waves  which  are 
generated  by  the  line  doublets  and  the  distri¬ 
bution  is  uniquely  determined  by  eq.  (37). 

2)  It  can  be  proved  that  when  the  total  system 
has  no  propagating  waves  both  upstream  and 
downstream  no  (wavy)  eigen  solution  exists  in 
the  system  except  each  own  wave-free  solution. 

Accordingly  when  the  total  system  satis¬ 
fies  both  the  upstream  and  downstream  radia¬ 
tion  conditions  it  is  concluded  that  the 
densities  of  the  line  doublets  are  uniquely 
determined  except  its  own  wave-free  distribu¬ 
tions.  Then  some  errors  due  to  the  local  wave 
terms  remains  on  X  but  they  cause  no  essential 
results  if  X  '1^  PUt  far  enough  from  the  body 
and  from  the  line  doublets. 
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NUMERICAL  EVALUATION  OF  THE  NEAR-  AND  FAR-FIELD  WAVE  PATLERN 
AND  WAVE  RESISTANCE  OF  ARBITRARY  SHIP  FORMS 

A.  Bamell  and  F.  Noblesse 

David  W.  Taylor  Ni.vai  Ship  Research  and  Development  Center 
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Abstract 

The  wave  resistance  and  the  far-field  wave  potential  of 
a  ship  in  steady  forward  motion  in  calm  water  are 
expressed  as  simple  integrals  involving  the  far-field  wave- 
amplitude  function  in  their  integrands.  The  wave  potential 
at  the  ship  hull  surface  and  in  its  viciniiy  likewise  is 
expressed  as  a  simple  integral  involving  the  near-field  wave- 
amplitude  function.  These  closely-related  far-  and  near-field 
wave-amplitude  functions  are  given  by  integrals  over  the 
mean  wetted  hull  surface,  the  mean  waterline  and  the 
mean  free  surface  in  the  vicinity  of  the  ship.  A  numerical 
method  for  accurately  evaluating  the  wave-amplitude 
functions  is  presented.  In  this  method,  the  integral  over  the 
upper  portion  of  the  hull  is  combined  analytically  with  the 
integral  around  the  waterline,  prior  to  numerical 
integration.  This  analytical  treatment  of  the  contribution  of 
the  upper  part  of  the  hull  shows  that  several  terms  in  the 
hull  and  waterline  integrals  partially  cancel  out  one 
another,  and  yields  a  modified  waterline  integral  suited  for 
accurate  numerical  evaluation.  This  is  demonstrated  by 
numerical  calculations  for  five  values  of  the  Froude 
number  varying  between  0.5  and  0.1.  The  dependence  of 
the  numerical  results  upon  the  number  of  panels 
approximating  tlie  hull  is  investipted  numerically. 

I.  Introduction 

This  study  is  concerned  with  the  numerical  calculation 
of  the  near-  and  far-field  wave  p-ittcrn  and  of  the  wave 
mstsiancc  of  a  ship  advancing  at  txinstant  speed  in  calm 
water.  Ittc  numerical  method  is  based  on  the  nonlinear 
tnicgriKliffcRniiai  C()uaiton  obtainctl  in  |1|  and  given  below 
for  delermining  the  disturbance  velocity  potential  on  the 
mean  weited-hull  surface,  and  on  ilw  mean  free  surface  in 
the  vicinity  of  the  ship  where  free  surface  nonlincarltks  are 
important.  In  (his  equation  and  hereafter  in  this  study, 
nondintensional  coordinates  and  flow  variables  are  used, 
with  the  length  L  and  the  speed  U  of  the  ship  and  the 
density  ^  of  the  water  sclectwl  for  reference.  Atsp  (he 
mean  free  surface  is  taken  as  the  plane  with  the  z 
axis  pointing  upwards,  and  the  x  axis  is  taken  in  the  ship 
oencerpiane  and  pointing  towards  the  bow. 


The  equation  for  determining  the  velocity  potential 
^  =  <t>/UL  takes  the  form 

♦ID  =  wilT  +  tS).  (1) 

This  equation  expresses  the  disturbance  potential  +(l)  at 
any  point  rbn  the  mean  wetted  hull  surface  or  in_the 
mean  flow  domain  as  the  sum  of  the  potential  wU),  which 
is  defined  explicitly  in  terms  of  the  hull  shape  and  the 
Froude  number  and  thus  is  known  a  priori,  and  the 
potential  T(|;^),  which  is  given  by  a  nonlinear  integro- 
differential  transform  of  f  Specifically,  for  a  single-hull 
ship  with  port  and  starboard  symmetry,  the  potentials  wii) 
and  T(4;^)  are  defined  by  the  expressions 

4'U)  “  (2) 

T(B)  =■  F’jriC(t,aV9t-n,tj.3+/ad) 

-(♦“♦,)  3  G/axltydl  (3l 

-y(^l^“+,)3C>/3n<la  -v  F-/jGJt(|)dxdy, 
with 

Jti*)  =  iav<Di-(o+>^f2)0{34/a2-fF2aVait^y9z 

J 

-  3  (7+)’/  a  X  -f  Vf  -f  CHF 

Equations  (l)-(3)  and  (3a)  may  readily  be  obtained  from 
equations  (24),  (24a<l  and  (2)  in  (I).  In  equations  (2)  and 
(3)  c,  h  and  f  represent  the  positive  halves  of  the  mean 
waterline,  of  the  mean  wctted-hull  surface  and  of  the 
mean  free  surfecc,  respectively,  as  is  indicated  in  figure  1. 
Furiliermotc,  lii^.  t^,  0)  is  the  unit  vector  tangent  to  c  and 
pointing  towards  the  bow.  ITln,,  n^.  n,)  is  the  unit  vector 
normal  to  n  and  pointing  into  the  water,  dl  is  the 
differential  clement  of  arc  length  of  c.  and  da  is  the 
differcntia[element  of  area  of  h.  In  equations  (l)-(3)  and 
.Ht4eaftcr,  X represents  the  “calculation  point”,  that  is  the 
point  where  the  potential  is  calculated,  while  the 
“integration  point"  in  the  integrals  on  c.  h,  f  is  denoted  by 
X  Furthermore,  the  notation 

♦  *4(xl  and  ♦,  m  ♦({)  (4a.bl 

is  used.  In  equation  (3|  d^Ot  represents  the  derivative  of 
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4  in  the  direction  of  the  tangent  vector  Tto  c,  and£+^d 
is  the  derivative  of  f  in  the  direction  of  the  vector  iTx  tT 
which  is  tangent  to  h  and  pointing  downwards  as  is  shown 
in  figure  1. 


Figure  1.  Definition  Sketch  for  a  Single-Hull  Ship  with 
Port  and  Starboard  Symmetry 

The  nonlinear  term  xl^)  is  associated  with  the 
nonlinearities  in  the  free-surface  boundary  condition.  If  this 
term  is  neglected,  equation  (1)  becomes  a  linear  integro- 
differential  equation  for  determining  the  potential  on  the 
mean  wetted  hull  surface  h-(-c.  This  linearized  equation 
corresponds  to  the  usual  Neuraann-Kelvin  approximation. 
With  the  nonlinear  free-surface  term  X(^),  equations  (1H3) 
thus  correspond  to  a  generalized  Neumann-Kelvin  theory. 

Finally,  U  =  is  the  Green  function  for  port 
and  starboard  symmetry  defined  as 

0(1;  d  =  0(1;  X,  y,  z)  +  0(1;  x.  -y,  z),  (5) 

where  0(1IT)  is  the  Green  function  associated  with  the 
linearized  free-surface  condition  dGIdi+F^d^GId^^  -  0. 
The  function  0(11  x]  represents  the  wlocity  potential  of 
the  linearized  flow  created  at  point  1(4,  q,  {  <  0)  by  a  unit 
outflow  at  point  Mx,  y,  z  <  0),  stemming  from  a 
submerged  source  if  z  <  0  or  from  a  flux  across  the  mean 
free  surface  if  z  =  0  as  is  shown  in  (2). 

An  iterative  solution  procedure,  based  on  the 
recurrence  relation  (4)  =  w(4i+T(4;f*'”)  with  n  >  0 
and  s  0,  may  be  used  for  solving  equation  (1).  The 
first  approximation  in  the  sequence  of  iterative 
approximations  is  !**•  s  ip.  The  potential  ip.  which  is 
a  generalization  of  the  classical  Michell  thin-ship  potential, 
was  shown  in  |3,  4, 5,  6|  to  provide  a  ()ualitatively- 
acccptabic  approximation  for  stendcr  ship  forms.  The 
foregoing  recurrence  relation  thus  corresponds  to  a  slender- 
sltip  iterative  solution  procedure  that  takes  advantage  of 
the  slenderness  of  ship  forms. 

The  Green  function  may  be  expressed  as  the  sum  of  a 
wavy  term  W(4;  xj  representing  the  wave  fieW  behind  the 
unit  singularity  appoint  Tand  a  nonoscillatory  near-Cietd 
(local!  term  Nil;  ?!; 

dRCfllx)  »  W(4;x|  +  NiixJ.  (6) 

By  using  this  expression  for  the  Green  function  in 
equations  (2!  and  (3),  we  may  expn^  the  potential  y(4)  es 
the  sum  of  a  wave  potential  and  a  nonoscillatory 


near-field  potential 

m  =  Iw®  +  0) 

It  is  shown  in  [51  that  the  value  of  the  wave  resistance 
appears  to  be  more  sensitive  to  the  wave  potential  than  to 
the  nonoscillatory  near-field  potential,  for  which  it  may  be 
sufficient  in  practice  to  use  a  fairly  simple  algebraic 
approximation  to  the  near-field  term  Nil;  x!  in  expression 
(6)  for  the  Green  function.  The  present  study  is  concerned 
with  the  numerical  evaluation  of  the  wave  potential  and 
the  related  wave  pattern,  both  in  the  vicinity  of  the  ship 
and  in  its  far  field,  and  of  the  wave  resistance.  The 
numerical  evaluation  of  the  nonoscillatory  near-field 
potential  will  be  examined  elsewhere. 

2.  The  Wave  ftitential  and  the  Wave  Resistance 

By  using  expression  (6)  for  the  Green  function  in 
equations  (.'>),  (2),  (3),  and  (1),  we  may  express  the  wave 
potential  defined  in  equation  (7)  in  the  form 

+  Tw(4:|K  (8) 

where  the  wave  potentials  tpw  defined  as 

4itv;w*^  '  ^"xda.  19a) 

4itTw(4r+)  =  iW(t^a+/at-n,tyaf/ad) 

-(^•-♦.laW/axltydl  (9b) 

-/;(M.)3Wanda+F^^Wx(^)dxdy. 

In  equations  (9a,  b),  wc  have 

W  a  W(4l  x)  =  W(4;  x,  y,  z)  ■+  W('^  x.  -y.  z).  (10) 

It  may  be  seen  from  equations  (7)  and  (7b)  in  [2]  that 
the  wave  term  W(^  x5  in  equations  (6)  and  (10)  is  given  by 
the  integral 

Wl]- x5  =  4v  H(x-4)  Im  E(t;4)  E*(t;x5  dt.  til) 

w)iere  H(x-4)  is  the  usual  Heaviside  unit-step  function, 
which  is  equal  to  I  for  x  >  4  and  to  0  for  x  <  4.  v  is  the 
inverse  of  the  Froude  number  F,  that  is  we  have 

V  =■  1/F  with  F  =  U/(gU‘'^  (I2a.b) 

and  E{t;4)  and  E*(l;^  are  the  cxpoitem'>il  functions 

E(t;4l  =  cxp(p^{4-H(u4-»-vtj)}]  (13a) 

0*tt;xy  =  exp|p^{z-i(ux-fvy))|.  (!3b) 

In  equations  (13a.  b),  and  hereafter,  the  notation 

pin(y2+{2)W  q»i/p,  u»qw.  v-qt  (14a.h£4) 
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is  used.  It  will  be  noted  that  we  have 


v<p<<»  and  F>q>0  for  (Kt<<»,  and 

(15a,b) 

1^>0  and  0<v<l  with  u^-(-v^=l. 

(16a,b^) 

By  using  equations  (11)  and  (133,b)  in  equation  (10)  we  may 
then  obtain 

WllIT)  =  4vH(x-|)  /q”  Im(E+(t;4)+E_(t:4)] 

(E'^(t:jr)-(-E*  (t;iO!  dt. 

(17) 

where  Ej^(t;4)  and  E^(t;)0  .“.re  defined  as 

E^(t;^  =  exp(p2{4-^i(u4±v^J)}) 

(18a) 

E^IW  =  exp(p^{z-i(ux±vy)}l 

(18b) 

By  using  equation  (17)  in  equations  (9a, b)  and 
interchanging  the  order  of  integration  with  respect  to  the 
integrWion  variable  t  in  the  integral  (17)  and  the  integration 
point  X  in  the  line  and  surface  integrals  in  equations  (9a,b). 
we  may  express  the  potentials  and  in  the 

form 


fvvwW)  =  Jq  lni(E+(t:|)+E_(t:i)] 

(KO  (t;4)+K0  (tU)I  q  dt. 

wT^(l;4)  =  Im|E^.(t;4)+Ejt;4Fl 

lKt^(t;4)+K*_(t:4)l  q  dt. 


where  the  functions  K^(t;4)  and  K*j(t;i)  are  defined  as 


q  KO  (t:4)  =  E^n^t^dl+v^/^^  E^n.da, 

q  K+^(t;4)  =  lEj(t^aV3t-njtya4/ad) 

-(MjaEj/axitydi 
•^“♦•^^E^/anda+y^^  E*x(+)dxdy. 


(20) 

(21) 


In  equations  (20)  and  (21),  s  E^(t;x)  is  given  by 
equation  (18b),  and  c^,  h^,  f  represent  the  portions  of  c.  h. 
f  for  which  x  >  4,  that  is  the  portions  of  c.  h,  f  that  arc 
upstream  Jrom  the  piane  x  =  4,  Equations  (18b)  and  (I4bc) 
yield  3E^/0x  =  -iwpE^  and  aE*/an  a  vE*-F“ 
-p^E^n^  where  n^  is  defined  as 


n^  =  -n^+i(un^±vny).  (22) 

Equation  (21)  may  then  be  expressed  in  the  form 
q  K*^(t;4)  -  E*  U,a4/3t-n,tya*/3d 

+ivp(+-|,)llydl  (23) 

+v2pY^^  E;n^(*-i.)da+/^  E;««|dxdy. 

Equations  (8)  and  (19a,b)  then  show  that  the  wave 
potential  ♦^(U  in  equation  (7)  is  given  by  the  integral 

»‘4w(r)  “  /q  Im  |E+(i;4)4-E_(i;4ll  K(t;4)q  dt  (24) 


where  E^(t;4)  and  q  are  given  by  equations  (18a)  and 
{14b),  respectively,  and  the  function  K(t;4)’  is  defined  as 

K(t;4)  =  K^(t;^  +  K_(t:E  with  (25) 

K^(t;4)  =  K0^(t:4)  +  K+±(t;E  (26) 

The  function  K^(t;i)  thus  is  expressed  as  the  sum  of  the 
function  K°  (t;4),  which  is  defined  explicitly  in  terms  of 
the  hull  shape  and  the  Froude  number  by  equation  (20), 
and  the  function  K^(t;4)  which  involves  the  potential  and 
is  given  by  equation  (23).  We  then  have 

q  K^(t;4T  =  E*^[n2+t,a<i./3t-n^ty3Vad 

+ivp(^-'t'Jltydl 

E*  |n,+p-(4-^,)n^lda+ E^X('|')dxdy.  * 

Far  behind  the  ship,  the  nonoscillatory  near-field 
potential  +fg(4)  in  equation  0)  is  negligible  in  comparison 
witluhe  wave  potential  +^(4).  Furthermore,  the  function 
K(t;4)  in  expression  (24)  for  the  wave  potential  may  be 
replaced  by  its  far-field  limit  K(t)  =  K(t;  4  =  - «); 
specifically,  the  function  Kjt)  =  K^(t)+K  (t)  is  given  by 
equation  (27)  where  Kj.(t;4T,  c^.  h^,  f^,  and'^-'j'*  are 
replaced  by  K^(t).  c,  h.  f,  and  respectively.  We  then 
have 

m4{4)  ~  lmlE^lt;4)-f  E_(t:T)lK(i)q  dt  as  4'*-oo  (28) 

The  equation  of  the  free  surface  far  behind  the  ship  is 
given  by  4(4.  h)  ~  F2a+(4.  n.  4  =  0)/a4.  so  that  we  have 

rtv-4(4.»))  RelE  +  (t;4.iiH-E_(t;4.ril|K(t)  dt 
as  4"*-“ 

In  this  equation,  we  have  E^(t;4.>))  ~  F.^(t;4.n.4  =  0) 

=  exp|ip2(u4±v»j)l.  Equations  (28)  and  (29)  express  the 
far-field  wave  pattern  trailing  behind  the  ship  us  a 
superposition  of  elementary  plane  progressive  waves  with 
amplitude  given  by  F-’p-KlD/n  traveling  at  angle  6  - 
±  tan '(Ft)  with  respect  to  the  x  axis.  Tlic  function  Kitl 
will  then  be  referred  to  as  the  *far  field  wave  amplitude 
function*,  and  the  function  Klt;4l  as  the  ‘near-field  wave- 
amplitude  function*  The  nondimensional  wave  resisiana' 
r  =  R/eU-L-  ex(icrienccd  by  the  ship  can  be  dcicrminevi 
from  its  far-field  wave  pattern  by  means  of  the  Haveloclt 
integral  17).  whiclt  here  takes  the  fornt 

nv-  r  llK(tlll-q  dt  (301 

Equations  (30).  (29).  (281  and  (24)  thus  express  the 
wave  resistance,  the  far-ftcld  wavc-paiicrn  and  flow,  and  ilic 
wave  (XMcntial  on  the  hull  surface  and  in  its  vicinity  as 
simple  integrals  involving  the  far-  or  near-field  wave- 
amplitude  functiotts  K(l)  or  K(t;4l  in  their  integrands.  The 
near-  and  far-field  wave  potentials  and  the  wave  tesistartce 
can  then  be  easily  and  accurately  cvaiiiatcd  provided  the 
wave-amplitude  functions  Kiti  and  KltiH  can  be 
determined  with  sufficient  accuracy.  By  the  same  token,  no 
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realistic  prediction  of  the  near-  and  far-field  wave  potentials 
and  of  the  wave  resistance  is  possible  if  the  wave-amplitude 
functions  cannot  be  evaluated  with  sufficient  accuracy. 
Accurate  numerical  evaluation  of  the  near-  and  far-field 
wave-amplitude  functions  therefore  is  critical  to  the 
evaluation  of  the  wave  potential  and  the  wave  resistance, 
and  thus  is  the  focus  of  the  present  study. 

It  should  be  noted  in  particular  that  convergence  of 
the  improper  integrals  (24),  (28),  (29)  and  (30)  is  not 
obvious  a  priori.  As  a  matter  of  fact,  equation  (27) 
indicates  at  first  glance  that  K^(t;i)  ~  p  ~  t  as  t  -►«, 
stemming  from  the  term  ivp(+-f  J  in  the  waterline  integral 
at  a  point  of  stationary  phase  udx±vdy  =  0.  The 
improper  integrals  (30)  and  (29),  and  also  the  integrals  (28) 
and  (24)  for  i  =  0,  would  then  appear  to  be  divergent. 

A  large  number  of  numerical  calculations  of  the  far- 
field  wave-amplitude  function  K(t),  often  referred  to  as  the 
Kochin  wave  spectrum  function,  have  been  reported  in  the 
literature  on  ship  wave  resistance.  More  precisely,  the 
function  K(t)  is  usually  evaluated  numerically  and  depicted 
as  a  function  of  0  =  tan''(Ft)  for  0°  <  0  <  <  90®. 

The  truncated  limit  of  integration  0^  is  usually  taken  as 
some  value  between  70°  and  80°.  However,  it  is  not  always 
clear  that  the  function  K(0)  is  negligibly  small  for  0^,  <  0 
<  90°,  as  is  illustrated  for  instance  in  figures  11-15  and 
26-31  in  |8].  It  is  indeed  plausible  that  the  large 
discrepancies  that  can  often  be  observed  among 
calculations  of  ship  wave  resistance  by  various  authors  on 
the  basis  of  theoretically-comparable  numerical  methods  |31 
may  partly  stem  from  variations  in  the  selection  of  the 
value  of  0^.  and  more  generally  from  the  degree  of 
accuracy  with  which  the  function  K|0)  is  evaluated 
numerically  for  values  of  0  close  to  90°. 

The  main  purpose  of  the  present  study  is  to  present 
an  accurate  method  for  numerically  evaluating  the  near- 
and  far-field  wave-amplitude  functions.  This  method  is ' 
based  on  a  moihfied  form  of  expression  (27)  for  the 
function  q  K(t;4)  that  is  well  suited  for  numerical 
evaluation  for  large  values  of  t,  and  in  particular 
establishes  that  it  vanislies  at  t-»<u. 

3.  The  Near-  and  Far-Field  Wave-amplitude  Functkms 

It  was  shown  in  |1)  and  will  be  deirionstrated  again 
further  on  in  this  study  that  several  terms  in  the  integrals 
around  the  mean  waterline  and  on  tlie  mean  wetted-hull 
surface  in  equation  (27)  cancel  out  one  another  for  crucial 
values  of  t.  notably  for  t  =>  ^PwlxWy  for  which  the  phase 
p-(ux±vy)  of  the  expojtcntial  term  E*  |i'.x)  is  stationary,  h 
i  tlierefon;  is  highly  desirable  if  not  essential  that  the 
f  waterline  integral  and  tite  hull  integral  in  equatimt  (27)  be 
^  grouped  together  in  some  appropriate  manner.  In  the 
I  method  prentosed  in  this  study,  the  nKan  wetted-hull 

I  surface  h  is  divided  into  two  parts:  the  upper  hull 

I  corresponding  to  0  >  z  >  -  d  and  the  Icwr  hull  for  which 
z  <fi  -d.  wfierc  d  is  some  fraction  of  iIk  sliip  draft  d,  for 
instance  d  «  d/10  or  d/20.  Ilie  upper  hull  is  denoted  by  u 


and  the  lower  hull  by  S,  so  that  we  h  •;  h  =  u-i-£.  The 
depthwise  variation  of  the  upper  hu'  surface  is 
approximated  by  a  straight  (but  not  necessarily  vertical) 
segment.  The  depthwise  variation  of  the  potential  inside  u 
is  also  assumed  to  be  linear.  The  depthwise  integration  in 
the  integral  on  the  upper  hull  surface  in  equation  (27)  can 
then  be  performed  analytically,  and  the  surface  integral  on 
u  thus  is  reduced  to  a  line  integral  around  the  mean 
waterline.  The  latter  integral  is  combined  with  the 
waterline  integral  in  equation  (27),  so  that  the  contribution 
of  the  upper  hull  u-fc  is  expressed  as  a  modified  line 
integral  around  the  mean  waterline  c. 

The  near  field  wave-amplitude  function  K(t:4)  may 
then  be  expressed  as  the  sum  of  three  components 

K(t;|)  =  K“(t:4r  -i-  K*(t;4)  -H  Kf(t:i)  (3i) 

representing  the  contributions  of  the  upper  hull  u-t-c,  of 
the  lower  hull  t .  and  of  the  portion  of  the  free  surface  f 
where  nonlinearitics  are  important.  It  may  readily  be  seen 
from  equations  (25)  and  (27)  that  the  contributions  of  the 
lower  hull  and  of  the  free  surface  are  given  by 

q  K*(t;4l  =  vVt,  KOe*  ) 

1  ,  ,  ,  132) 

+P^(M,Xn^E^-t-n_E_))da 

q  Kf(l:i)  =  IE>E*  )X(*)dxdy.  (33) 

In  equation  (32).  t,  represents  the  portion  of  the  lower  hull 
for  which  x  >  Equations  (25)  and  (27)  also  readily  yield 
the  following  expression  for  the  contribution  of  the  upper 
hull  u-fc: 

K«(l-ri  =  K'iliii)  -I-  K«  lt;4).  with  (34) 

q  E’^lnj-(-l,0^/3t-n,tj.aV3d 

-fiwp(+-|,)|tydl  (35) 

+  Ejlnj-fp-IM.ln^lda. 

where  u,  is  the  portion  of  u  upstream  from  the  plane  x«t 
The  far-field  v/avc-amplitude  funclion^K(t)  isjlso  givmt  by 
equations  (3l)-(3Sl  with  K^ltti?.  K*(t;T).  Kht'-tl. 

Cj.  Uj.  f^.  4-4,  replacxd  by  Kit),  K''|t).  K*{tl.  K'lil.  c.  u. 
8 .  f.  t.  restxciivcly.  An  approximate  form  of  expression 
(35)  in  terms  of  a  line  integral  around  the  mean  waterline 
is  obtained  below. 

Let  the  mean  watcrliix:  be  defined  by  the  parametric 
equation 

X  B  a(A)  and  y  «  b(4i.  with  Ag  <  A  <  (36) 

where  Ag  and  Ag  correspond  to  (he  bow  and  the  stern, 
respectively.  The  uppisr  hull  is  approximated  us  (btisw-s; 

X  =>  a(AI  -f  <i(AI  z  . .  An  «!  A  <  Ag 

with  ^  ^  (371 

y  B  WA)  +  flAl  z  0>z>-d 


The  notation 


a' s  da(A)tiil,  and  similarly  for  b',  a'  and  J3',  (38) 

will  be  used.  Also,  let 

+  sf(A)s+(t(A).b(A),01  (39) 

represent  the  value  of  the  potential  at  the  point  with 
coordinates  a{A),  b(A),  0  on  c,  and 

f  =  d+(A)/dA.  (40) 

The  value  of  the  potential  at  the  point  with  coordinates 
a(A)-  o(A)d,  b(A)-^(A)(5.  -6  on  the  lower  curve  bounding 
the  upper  hull  is  denoted  by  (p: 

<p  S  cfi(X)  S  ♦la(A)-a(A)d.  b(A)-/)(A)d.  -d).  (41) 

Equation^(18b)  and  (37)  show  that  the  exponential 
s  E^(t;)0,  with  Ton  the  upper  hull,  may  be 
expressed  in  the  form 

=  E^  exp(p2(l-iy^)z],  (42) 

where  E^  and  are  defined  as 

Ej.  =  exp(-ip^(ua±vb)]  with  a  =  a(A)  and  b  =  b(A)  (43) 

y^  =>  ua±v/J  with  «  •=  «(A)  and  (i  =  /3(A).  (44) 

The  unit  outward  normal  n  to  the  upper  hull  surface  is 
given  by 

Tda  =  m  dAdz,  (^5) 

with  m  =  (3x79A)x(ax?3z).  By  using  equations  (37)  we 
may  then  express  the  normal  vector  m  in  the  form  in  » 
T+ Tzi  where  the  vectors  Tand  Tare  defined  as 

T(b',  -a',  /to'-ab')  and T(/J'.  -o',  ^'-o^).  (46a.b| 

Equations  (4S)  and  (22)  then  yield 

n^da  =  (b'  f/fz)  dAdz  and  n^da  »  /v^+/i^z)  dAdz.  (47a, b) 


where  and  are  defined  as 

o  ab'-/fa'*i(ub'5:va')  and  (48a) 

=  oT-|3a'fi(u/)'»vff').  {48b) 

On  the  mean  waterline  we  have  z  “  (a  so  that 
equations  (47a),  (4S)  and  {46a)  yield 

nj  •  (b‘)^/l(a')^+(b')^l(l  +i’>.  (49) 

where  c  is  defined  as 

t  -  {ob'-/Ja*l4(a’l*+tu')^l‘'2.  (50) 


Furthermore,  we  have  dl  =  [(aV  +(b')2]i/2  dx, 
tx  =  -a'/((a')2+(b')2l>'2,  t„  =  -K'I(a')2+{b')2]i/2  and 
3^31  =  -f/I(a')2+(b')2li/2  We.  then  have 

tydl  =  -b'dA  and  t,3+/3t  -  a'f/l(a')2+(bf].  (51a.b) 

Equations  (45)  and  (46a)  also  yield 

n,ty  =  b'(ab'-')ia')/[{a')^+(b')2](l +£2)1/2.  (52) 

Finally,  the  downward  derivative  t^/dd  is  approximately 
given  by  [4(a-ff(J,b-/(d,-3)-('ta,b,0)]/(a'2<j2+^2^2^j2]l/2 
Equations  (39)  and  (4;)  then  yield 

34/3d  2i  ((p-4)/d(l  +«2+/32)1/2.  (53) 

Equations  i49)-(5:'  then  yield 

ln2+t,3V3t-n,tya4/ad+ivp(+-^,)ltydl  =  -AdA.  (54) 
where  A  is  defined  by 

Al(a')2+!b')2l/b’  ~  (b')2/(l+£2)+a'f +ivp(M*)[(a')^+(b')2l 
+b'(ob’-/3a')(+-(p)/d(l  +  o2+/32)l'2(l+^2)l/2.  (55) 

By  using  equations  (54),  (42)  and  (47a.b),  we  may 
expff  ss  equation  (35)  in  the  form 

q  K^(t;4)  ~  Ej.{I^-F2A)  dA,  (56) 

where  A^  is  the  value  of  A  defined  by  the  equation 
a(A^)  =  si-  that  we  have  x  =  4  by  equation  (36),  E^  is 
the  exponential  defined  by  equation  (43),  and  is  the 
integral 

*±  =// lb'+/)'z+p2(+-4.)(v^+(4^z)] 

exp(p2{l-iy^)z)  dz.  (57) 

For  A  ■  Adequation  (37)  shows  that  we  have  x  = 

4+o(Aj)z.  The  variation  i>(A,)z  in  the  Value  of  x  for  A  =  A^ 
and  0  >  z  >  -d  is  small  of  order  ad  This  small  variation 
in  the  value  of  x  has  been  neglected  in  equation  (56).  The 
potential  ♦  s  s  lia+oz,  b+/lE,  z)  s  i(z;  A)  in  equation 
(57)  is  f.pproximated  by  the  linear  function 
4(a,b.0i  -  j4(a  -  erd,b  -  /Jd,  -  d)  -  ♦(a,b,0))z/d  s  ++(+-<p)z/d 
by  equations  (39)  and  (41).  Equation  (57)  may  then  be 
expressed  in  the  form 

J*  ■=  lb'+p2(M.)‘'±l  lo* 

+l|J'+p2(M«>'i+p2(t)-<p)v^/d|  +|p2(^-(p))ii/d)  I,*. 

where  are  the  integrals 

In*  “  //  z''<iz. 


326 


These  integrals  can  easily  be  evaluated  analytically,  and  it 


may  be  verified  that  we  have 

=  c^d-A^),  If  =  -4+«±fe±+<9A±,  (59a, b) 

I±  =  2t{-2tJel+<k^+6^l2)A^,  (59c) 

where  and  are  defined  as 

=  q^/(l-iy^)  (60) 

A±  =  exp(-p2(l-iyi)<!l  (61) 

Equations  (43),  (61)  and  (44)  yield 

E^A^  =  e^exp(-p^6),  (62) 

where  e^  is  defined  as 

e^  =  exp{-ip^{u(a-<Ki)±v(b-/?d)}|  (63) 

By  using  equations  (58),  (59a, bd  and  (62)  in  equation  (56), 
we  may  then  obtain 

q  K^(t:|)  Oi  i^jC^%±F^-exp(-p2<J)e^a^l  di,  (64) 

where  and  a  ^  are  defined  as 

-£  ±  [^' + P^+-+»)P  ±+ P^(+-v)v  j.  /d]  (65) 


+2i].p^(h<p]l^J6~F^-A 

a±  =  £±[b'+pV+J''±) 

-£  ±  («  i+  d)W' + P^+-+,)P  i+ P^{+-¥lv  jt  /d] 
+2£j(4+6£^+d^/2)  p^(+-<p)p^/d 

The  term  a^  may  be  expressed  in  the  form 

a^  =  q^(b^+c^{9-+)/dl+d^((p-f,),  (66) 

where  the  coefficients  b^,  c^,  d^  are  given  by 

b^  =  (b'-d/y-E^/yi/d-iy^)  (66a) 

®±  =  (Vi.-djii-2Ejjr^)/(l-iyj)^  (66b) 

d^  =  iv^~6n^-t^n^)H\~\r^)  (66c) 

By  using  equations  (55),  (60)  and  (i4b)  we  may  express  the 
term  F^  defined  by  equation  (65)  in  the  form 

F^  =  G^-F2(B±+C^(+-<p)/d]  (67) 

where  the  terms  G^,  and  are  defined  as 

“  lP^«±(''^-E^M±)-iFpb'l(M.) 
-F2a'b'f/((a')2+(b')2|  (68) 

B^  =  (b')W+(b’)^(l+EVu2(b'-Eiir)/(l-iy±)  (69) 

=  (b')2(eb'-dtt‘)4(a')2+(b')2!(l  +  a2+)32)P2(l +*2)1/2 

+u^Wi-2*^Pj.)/(l-iyjt)^  (70) 


By  using  equations  (60)  and  (14b^)  we  may  express  the 
term  G^  defined  by  equation  (68)  in  the  form 

Gi  =  FpIuVi-ib'(l-iyi)KW.V(l-iy±) 

-«±P±(M.V(l-iy±)-FVb'f/((a')2+(b')2l. 

Equations  (48a),  (44)  and  (16c)  yield 

uv^-ib'(l-iy^)  =  +i(ua'±vb')(v+i|3). 

Furthermore,  equation  (43)  readily  yields 

(E^)’  =  dE^/dA.  =  -ip^(ua'±vb')E^. 

We  may  then  obtain 

E±G±  =  ±Fq(E^)'(^-K)(v+Wl-iyi) 

-e^M±  Ei  (+-♦.)/(!  -iy±  )-FVb'E^f/I(af +(byi. 

An  integration  by  parts  yields 

E^G^  =  ±FqIE^(M.)(v+i/3)/(l-iyi))' 
TFqE^KM.HvTiWl  -iy±)r 

-£±(r±Ei(*-+.)/(l-iyi)-FVb'E^f/l(a')2+(b')2]. 
We  then  have 

E^Gj  =  ±Fq(E^(+-A.)(VTP(l-iy^)|' 

*  ,  71 

-F^D^Eif-R^E^iM.) 

where  the  coefficients  and  are  given  by 

=  a'b71(a')2+(b')Viu03±iv)/(l-iy±).  (72) 

R^  =  £^tij./(l-iyi)±Fq[(vTi/J)/(l-iy^)r.  (73) 

By  using  equations  (60),  (48b),  (44),  (14c)  and  (16c)  we  may 
verify  that  we  have 

R^  =  0.  (74) 

Equations  (67),  (71)  and  (74)  yield 

E^F^  =  ±FqIEi(M.)(vTWl-iy±)l'-F^EiA^  (75) 

where  the  term  A^  is  defined  as 

A^  =  B^+C^II-vl/d+Dif.  (76) 

with  the  coefficients  B^,  and  given  by  equations 
(69),  (70)  and  (72).  Equation  (64)  then  becomes 

q  K“i(t:5  a:  ±u|E^(M.)(v»i/31/(l  -iy 

where  l^(t;^  is  the  integral 

I^(t;tl  =■  jj["^^MA±Ei+v^p(-p^d)a±ejldA.  (78) 
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The  first  tenn  in  equation  (77)  vanishes  at  the  upper  limit 
of  integration  since  we  have  for  A  =  A^.  The 
contribution  of  the  lower  limit  of  integration  Ag  to  the  first 
term  in  equation  (77)  also  yields  a  null  contribution  to  the 
function  K“(t;|I  defined  by  equation  (34).  Indeed, 
equations  (37)  show  that  we  have  b  =  0  and  /3  =  0  at  the 
bow  (and  also  at  the  stern);  equations  (43)  and  (44)  then 
yield  =  exp(-ivpag)  =  E_  and  =  uog  -■  y_  for 
A  =  Ag. 

Equations  (34),  (77)  and  (li)  finally  yield 

qK“(t;|)tv -/^«(A^E,+A  E 

,  “  “  (79) 

■  I-  v'exp(  -  p'^d)(a  ^  e  a  _  e  _  )i  dA, 

where  E^  and  e^  are  the  exponential  functions  defined  by 
equations  (43)  and  (63),  and  and  a^  are  the  amplitude 
functions  defined  by  equations  (76)  and  (66).  The 
coefficients  B^.,  C^,  and  b^,  c^,  d^  in  expressions 
(76)  and  (66)  for  the  amplitudes  and  a^  are  defined  by 
equations  (69),  (70),  (72)  and  (66a,b,c).  In  these  equations, 
y^-  c±,  £,  v^  and  are  defined  by  equations  (44),  (60), 
(50)  and  (48a,b).  Finally,  a,  b,  a,  p  are  the  functions 
defining  the  shape  of  the  upper  hull,  as  is  indicated  by 
equations  (37).  The  far-field  wave-amplitude  function  K^lt) 
is  also  given  by  equation  (79)  where  A^  becomes  Aj  and 
is  ignored  in  expression  (66)  for  the  amplitude  function  a^. 

At  a  point  where  the  phase  of  the  exponential 
function  E^  is  stationary  we  have  ua'±vb'  =  0,  as  may 
be  seen  from  equation  (43).  Equations  (16c).  (14b;c)  and 
(12a)  then  show  that  we  have  (b')^/l(a')^-l-(b')^l  =  u^  if 
ua'±vb'  =  0,  and  equations  (50)  and  (44)  yield  y^  =  ±t. 
Equations  (69),  (70)  and  (72)  then  become 


TiuAb'c 

(80a) 

uA(<»b'  -  pa'Vi  1  -t-  ff  A  +  /}2)  I'Ai  1  +  ^2)  1/2 
■l■uA(v^-2^^p^)/(l?:i£)A. 

(80b) 

-iuA(u/JTVo)/(l?:i£), 

(80c) 

The  two  terms  in  exprrasion  (72)  for  thus  are 
combined  into  the  single  term  shown  in  equation  (80c)  at  a 
point  of  stationary  phase  of  the  exponential  function  E^. 
The  two  terms  on  the  right  sides  of  equations  (72)  and  (73) 
stem  from  the  terras  on  the  right  side  of  equation  (63). 
These  terms  correspond  to  the  term  v2p2(^-4^)n^  in  the 
integral  on  the  upper  hull  and  the  terms  ivp(+-^,)ty  and 
t^ty3f/3t  in  the  integral  on  the  waterline  in  equation  (35). 
^nation  (74)  and  equations  (72)  and  (80c)  then 
demonstrate  that  the  aforementioned  terms  in  the  integrals 
around  the  mean  waterline  and  on  the  mean  wetted-hull 
surface  in  equation  (27)  partially  cancel  out  one  another 
and  should  be  properly  combined,  as  was  already  noted  at 
the  beginning  of  this  section.  In  particular,  it  is  interesting 
that  the  term  ivp(|-|,)ty  in  the  integral  around  the  mean 
waterline  in  equation  (27)  does  not  appear  in  the 
expression  for  the  modified  waterline  integiai  defined  by 
equations  (79)  and  (76). 


4.  Numerical  Evaluation  of  the  Wave-Amplitude  Functions 

Equation  (31)  expresses  the  near-field  wave-amplitude 
function  as  the  sum  of  three  terms  corresponding  to  the 
contributions  of  the  upper  hull  u-fc,  the  lower  hull  2  and 
the  free  surface  f,  and  defined  by  equations  (79),  (32)  and 
(33),  respectively.  The  far-field  wave-amplitude  function  is 
defined  by  closely-related  expressions.  A  simple  approximate 
numerical  method  for  evaluating  the  waterline  integral  in 
equation  (79)  and  the  surface  integrals  in  equations  (32) 
and  (33)  is  presented  in  this  section. 

f^urnerica]_Evaluation  ^  the_Water]ine_Injegral 

Let  l^(t:|)  be  the  waterline  integral 

I±(t;4)  =  (A^E^-i- A^e^)  dA,  (81) 

where  A^  and  Sj.  are  the  amplitude  functions  defined  by 
equations  (76)  and  (66),  E+  is  the  exponential  function 
defined  by  equation  (43),  and  e^  is  the  exponential 
function  defined  by 

e±  =  explp^{z^-i(ux^±vyj)}l.  (82) 

as  may  be  seen  from  equations  (79),  (63)  and  (37).  In 
equation  (82)  and  hereafter  we  have  x^  =  a-ad,  y^j  = 
b-j3d  and  Zj  =  -d. 

If  the  waterline  is  divided  into  a  number  of 
contiguous  segments  Aj  <  A  <  Aj.|.|,  we  may  express 
equation  (81)  in  the  form 

I±(t;i)  =  E  (83) 

j=l  ' 

where  Aj  =  Ag  and  Aj^.|  -  Aj.  The  integrals  over  each 
segment  Aj  <  A  <  Aj^i  can  easily  be  evaluated  analytically 
if  the  arguments  of  the  exponentials  E^.  and  e^  are 
approximated  by  linear  functions  of  A  and  the  amplitude 
functions  A^  and  a^  are  represented  by  polynomials  in  A. 

By  expressing  A  in  the  form  A  =  Aj-KAj^,  -Ajlp  with 
0  <  (i  <  1  and  replacing  a  =  a(A)  by  the  linear 
approximation  a  Oi  aj-f(aj^|-aj)p,  where  aj  ~  a(Aj)  and 
s  a(Aj+i),  and  similarly  for  the  functions  b(A)  and 
Xg(A),  yg(A),  Zg(A)  in  equations  (43)  and  (82).  we  may  obtain 

~  Ej*expl~i(ej*  |-0j±)f<].  (84a) 

e  i  ~  Cj*  cxp((Wj*  ,  -  Wj*  Ip),  (84b) 

In  these  equations  0j*,  0j*  ,  and  wi|  represent  the 
values  of  the  functions  0^  and  w^  at  the  points  Aj  and 
Aj+j,  where  0j,  and  w^  are  defined  as 

0^  =»  p^(ua±vb)  and  w^  =  P^(Zd-i(uXg±vyg));  (85a.b) 

we  thus  have  Oj*  =  pA(uaj±vb|).  Furthermore,  and 
similarly  represent  the  values  or  the  exponential  functions 
=>  exp  (-16^)  and  e^  «  exp  (w^)  at  the  point  Aj, 
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The  coefficients  C^,  Dj,  and  b^,  c^,  in 
expressions  (76)  and  (66)  for  the  amplitude  functions 
and  aj.  are  taken  as  constant  within  each  segment  A:  <  A 
<  Aj_,.|.  The  derivatives  f  =  d^(A)AjA  and  (^-(p)l6  of  the 
potential  are  also  taken  as  constant  within  each  segment. 
Specifically,  we  have  f  2;  (+j+i  -Aj)  and  (<}>-<p)/d 

l(+j-cPj)/dj  +  ('j'i+i-cpj+,)/dj+,]/2  in  the  segment 
(Aj,  Aj^|].  Equation  (76)  then  shows  that  the  amplitude 
function  is  taken  as  constant  within  each  segment. 
However,  the  potential  tp  in  the  term  d*((p-4,)  in 
expression  (66)  for  the  amplitude  a^^  is  approximated  by 
the  linear  function  cp  ^  <pj+|<p;^l  -(pj)p  within  the 
segment  (Aj,  A;^,].  The  amplitude  a^  is  then  approximated 
by  the  linear  function 

a±  ao±  +af  p. 
where  af  and  af  are  defined  as 

ag*  =  q^[b^+c^((p-+)/dI+d  +  (cpj-<t'.). 
a,±  =  d+(<pj^|-(Pj). 

By  using  the  foregoing  approximations  for  the 
functions  E^.,  e.^,,  A^  and  a+  and  performing  the  change 
of  variable  A  =  Aj+(Aj^i  -Aj)p  in  equation  (83).  we  may 
obtain 

J 

U(t;4)2ii;  (Aj^.|-Aj)(A^P^+w2(ag±io±+ajti*ll.  (88) 
j^l 

where  and  i^,  with  n  =  0  and  1,  are  the  integrals 
defined  as 

=  Ej±/Q'exp(-i(0f^|-ef)pldp. 
in  ^  ^’‘PK'^j+l  “Wf  )p1  d^^. 


(86) 

(87a) 

(87bl 


=  (ef+i-ef)/(w±,-wf) 

(93a) 

=  (ef-Pi)^(wf=-Wj±,) 

(93b) 

=  (e^,-Pi)/(wj^i-wf) 

(93c) 

if  Ilwjt,-wfll5t0 

Equations  (79),  (81),  (82),  (88),  (76)  and  (91)  finally  yield 
the  following  expression  for  the  contribution  of  the  upper 
hull  to  the  near-field  wave-amplitude  function 

J 

qK“(t;?)~  E  (Aj-Aj+|){(B-(-v2qAb) 

•*  '  -fD(^j-.^j+[|/(Aj-Aj^,) 

(94) 

-i-  (C  -  v-q-c)[(ii>j  -  (Pj)/dj  -K^j + 1  -  (Pj  ^ ,  )/dj  ^ ,  J/2 

+  v-[dj(cpj~f,)-t-dj+,((Pj^,-.f.)]} 


where  the  coefficients  B,  b,  C,  c.  D,  dj  and  dj^| 
as 

are  defined 

B  =  B^.  P^+  B_P_.  b  =  b^.p+  +(>_P_. 

(95a.b) 

C  =  P^+  C_P_.  c  =  c+p^,  +c_p_. 

(95cd) 

D  =  D^P,.-fD_P_. 

(95e) 

dj  =  d^p>-(-d_p“.dj^,  =  d  +  Pj+^,-l-d_pf+i 

(95f,g) 

In  these  equations,  P^,  and  p^.  pj*,  p,*  |  are  given  by 
equations  (89a.b)  and  (92),  (93a.b.c)  and  B^,  C^,  and 
b±.  c±.  d±  are  given  by  equations  (69),  (70).  (72),  (80a.b.c) 
and  (66a.be)  together  with  equations  (44).  (48a.b),  (50).  (60) 
and  (37).  Furthermore,  we  have  A,  =  Ag  and  Aj^i  =  A^  in 
equation  (94).  The  contribution  of  the  upper  hull  to  the 
far-field  wave-amplitude  function  is  also  given  by  equation 
(94)  where  the  summation  is  extended  over  all  the 
segments  in  the  waterline  and  is  replaced  by  0. 


These  integrals  can  be  evaluated  analytically.  We  have 

P^  =  (Ej±-fEj±,)/2if0jt,  =  9f  (89a) 

P±  -  i(Ej±  , -Ef  )/(0f+, -0j±)  if  (89b) 

‘o  “  (e*-f-ej^|)/2  and  i|±  =i|/2  if  ilWj*  |-Wj='=||=0  (90a,b) 

ifl*  =  (ejti-ef)/(Wj*i-Wj±)  and  (90c) 

if  “  ej*|/(Wj±,-wf=)-(ei5.i-ejt)/(Wj*|-Wj-)A  (90d) 

if  llWj^i-Wj^llv^O 

By  using  equations  (87a, b)  we  may  obtain 
a^if -fafif  q2lb^+c^((p-^)/d]p^ 

(91) 

+d±l(9)j-^.)pf +(q)j+i  “+,)pf+,I. 

where  =  i^.  p,*  =  if -if  and  pi|  =  if.  Equations 
(90a-d)  then  yield 

Pi  =  (ef  -(■ef+,)f2  and  pf  “Pi/2=»pj* , 
if  Ilwj5.|-wf  11=0, 


I^umericaj_E^liwtion  ^  die _Hi^-^rf^e_In^gral 

Let  us  now  consider  the  integral  K|(t;i)  occurring  in 
equation  (32)  and  defined  as 

q  K*(t;^  =  E^(n,+p-(MJn^l  da.  (96) 

where  E^  =  E^(t;x)  is  the  exponential  function  given  by 

Ei  =  exp(Wj.(t;x)l  with  =  p2(z-i(ux±vy)].  (97a.b) 

The  lower  hull  surface  8  is  approximated  by  a  set  of 
contiguous  plane  triangles.  On  each  of  these  elementary 
plane  triangles  n^  and  n^  =  -n^j+Kun^lvny)  are 
constant,  so  that  equation  (96)  yields 

q  K^(t;4)  ~  lfi(i±+P‘'i±-It,>>  (98) 

'vhere  the  summation  is  carried  over  all  the  triangles  that 
are  upstream  from  the  plane  x  =  4.  and  and  are 
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the  integials  detined  as 

4  =  /E±  da  and  da.  (99a.b) 

The  integration  in  equations  (99a, b)  is  carried  over  the 
surface  of  any  of  the  plane  triangles  in  the  lower  hull. 

Lei  -  with  j  =  1,2,3  -  represent  the  position 
vectors  of  the  three  vertices  of  any  plane  triangle  in  the 
lower  hull.  The  location  of  any  point  Tinside  that  triangle 
can  be  defined  by  the  parametric  equation 

T  =  ^  4-Axj2+/ir,3  with  0<K1  and  &«Jfi-<l-A  (100) 

and  by  definition.  The  veiticesTi,  x^  are 

distributed  counter  clockwise  for  an  obsirvet  located  inside 
the  hull.  The  unit'outward  normal  tf  to  the  hull  surface  is 
then  given  bylT da  =  (alOdpi)  x  (a'x?3y  rUdu  --  ^ 

^13  ^  ^12  have  IT da  =  nf  dAd^i  wiisre  m  is 

the  vector  with  components  m,;,  m^,  m^  given  by 

'"x  ~  y|3^l2“^l3yi2' 

my  =  z,,x,2-x,3Z,j,  (101) 

=  Xi3yi2-'yi3’‘i2- 

Equations  (98)  and  (99a,b)  then  become 

q  K^(t;4)  ~  (m^o^  +p^mj.qj,.),  (102) 

where  m^  is  defined  as 

=  -mj+i(um^±vmy).  (103) 

as  may  be  seen  from  equation  (22),  and  oq  and  are 
the  following  integrals 


^~'^,+A+,2+Ji4>|3,  (108) 

where  we  have 

'^j  s  4(x^)  (109) 

and  s  By  using  equation  (108)  in  equation 
(107b)  we  may  then  obtain 

ai  ofij|,+ofi^2  +  ®3*+3~‘’0 <Ii0) 

where  0|*,  03=  are  defined  as 

of  =  o^-of-af  (Ilia) 

of  =  Ef-yJ'dA  A  exp(AW±)/p''-^dn  explpWjt)  (Illb) 

‘’3*  Ef_^'dAexp(AWi2)_/p’"V)^exp(A'Wf3)  (111c) 

where  equfiijon  (107a)  was  used. 


Equations  (32).  (96),  (102),  (110)  and  (111a)  finally  yield 
the  following  expression  for  the  contribution  of  the  lower 
hull  to  the  near-field  wave-amplitude  function: 

q  K'^HU):;;  ir 

,  (112) 

+p^{y|(+|-+.)+y2(^2~+.*'‘'y3i+3~'^.)H- 

where  the  summation  is  carried  over  all  the  triangles 
upstream  from  the  plane  x  =  L  s  4(xj),  and  the 
coefficients  /q  and  are  defined  as 

yo  =  nin(0Q+ -i-oo")  and  (113a) 

yj  ®  m  +  of  s-m_Oj"  with  l<j<3.  (113bl 

The  integrals  (107a)  and  (lllbjcl  can  be  evaluated 
analytically.  It  may  be  verified  tliat  we  tiave 


of  'n^'dA_^*  *dn  E^  and  (104a) 

°  ±  “  ^  ± 


oq  =  (Ef -t-Of -t-Ef  )/6  and  of  ■=  of  n  o^  =  ofi^ 
if  l|W5ll4-liWf,ll-i-l!Wfj||  3  0,  (114) 


By  using  equation  (100)  in  equations  (97a,b)  we  may 
obtain 

Ej  “  Ef  exp(AvVfj)cxp(,iW5).  (lOS) 

where  we  have 

Ef  =  cxpfWj*)  with  Wj*=>p2|Zj-i(uXj±vyj)l  (I06a.b) 

and  W,|  s  -  W.*.  Equations  (I04a,b)  and  (105)  then 
yield 

of  =  EfjJ'(Uexp(AWfi)jJ'‘^dticxp(pW5)  (107a) 

Oi  «  Ef^'dAcxp(AW5)^'~Wcxp(|iW5)(M.).  (J07b) 

Variation  of  ilie  potential  ^  b  4(i)a<)  within  each  plane 
triangle  in  the  lower-hull  surface  is  approximated  by  a 
linear  function  of  A  and  as  follows: 


wlicre  Wj^  B  W|f  -\Vf ,  as  was  already  defined,  and  Ef 
and  Wf  are  defined  by  equations  (106a.b).  If 
=  0  but  Uf  *  0,  with  Uf  dermed  as 


Uf  =  Wf-(Wf-f\Vf  )/2. 

tllSl 

the 

coefficients  of .  of .  of  and  of  are  given  by 

of  =  CflEf-d  +  UflFf). 

tll6al 

of  -  Cj^lEf-fFf-tlRf  1. 

lliabi 

of  «.  of  0  -Cf|(l+Uf/2lFf-yRf). 

(I16a»l 

where  Cf .  Ff  and  Rf  are  defmed  as 

Cf 

=  Vf  Vf  with  Vf  a-  UUf . 

tllTa.bl 

-  (Ef+E,*l/2  and  Rf  -  Vf  (Ff-Ef ). 

lilTcdi 
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Finally,  in  the  general  case  when  Wj^  it  0,  #  0  and 

W|j  #  0  the  coefficients  and  oj*  (Uj<3)  are  given  by 


4  =  -(Ff+Ff+F3±),  (118a) 

,.±  =  _(F.±+v,^Fjt+F^],  (118b) 

where  Vj^,  F*  and  are  defined  as 

Vjf  =  IWjt-Ff  =  VjfV^Ef,  (119a,b) 

H  =  V.fV±(E^Ef).  (1190 


In  equations  (115)  (119),  (j,  k,  1)  represents  any  one  of  the 
three  cyclic  permutations  (1,2,3),  (2,3,1),  (3,1,2). 

Almost  ail  of  the  plane  triangular  elements  in  the 
lower  hull  surface  P  can  be  combined  in  groups  of  two 
contiguous  triangles  forming  a  single  quadrilateral  element. 
Tlie  lower  hull  surface  can  then  be  approximated  by  a  set 
of  contiguous  (non-plane)  qu.adriiateral  elements  covering 
the  whole  or  most  of ».  If  necessary,  these  quixlrilateral 
elements  may  be  supplemented  by  a  small  number  of 
triangular  elements.  A  quadrilateral  element  can  be  divided 
into  two  triangles  in  two  different  ways,  as  is  shown  in 
figure  2.  The  contribution  of  the  quadrilateral  element 
depicted  in  figure  2  to  the  surface  integrals  oefining  the 
wave-amplitude  functions  may  then  be  taken  equal  to  half 
ti'i.-!  contributions  of  the  four  triangles  with  vertices 
identified  by  the  integers  (1.2,3),  (2.3.4),  (3.4.1),  (4,1,2). 
Equation  (112)  then  yields 

q  Ziro+P-{r.(+,-0+r,i+2-^.' 

+  r3t^,-<^.)+r4it4-|.i})/2  1120) 

+ Iro + P'  { y  1  I 

where  the  summation  is  carried  over  all  the  quadrilateral 
ami  triangular  elemetm  upstream  front  the  plane  x  =  i. 
and  we  have  =  +1^)  and  as  was  defined 

iwviousiy.  Iltc  contribution  of  tlie  lower  hull  to  the  far- 
field  wave  ainpliiudc  function  is  also  given  by  equation 
1120)  if  4,  is  ignored  and  the  sunnnaiion  is  extended  to  all 
tlie  quadrikttcral  and  triangular  clcnicttts  in  the  lower  hull, 
TIte  coefficients  y,.  vj,  y,  are  associated  with  triangular 
elements  and  arc  defined  by  equaiiotis  |II3|  |1I9I,  The 
awfllcicnis  Tq.  t'l.  fj.  r f ,,  aincspotul  to  quadrilateral 
clemetus  and  arc  defined  below. 


Figure  2.  .AiHHOximaiion  of  a  Quadrilateral  Rtncl  by 
Four  Plane  Trtangubr  Piiiek 

Let  Ti.TvT^.  represem  the  position  vectors  of  ilic 
scrttccs  of  a  quadrilateral  etcrncni.  as  in  figure  2. 
Furtliermofc.  let  (ij.kj)  rcprcfcni  any  one  of  the  four  cyclic 
pcrtnuiaiiooi  (J.2,3.4).  (2.3.4.11.  (3.4,l.2).  |4,1.2,3».  Tiw 


normal  vector  m(m^,  my,  m^)  to  the  plane  triangle  with 
vertices  xJ,T^,‘x,  is  denoted  by  nij.  The  xy,z  components 
of  m,  may  readily  be  obtained  from  equations  (101): 


m!'  =  Zj,Xjk-Xj|Zjk,  (121) 

4  =  Xjiyjit-yjiXjy. 

where  Xj](  as  was  defined  previously.  Equation 

(103)  takes  the  forrn 

mA  =  -mf-t-V^lumf  tvmy).  (122) 

Equations  (il3a.b)  then  yield 
4 

Fq  =  X!  mj'l£|'^-r-£j“)  and  (123a) 

i=l 

Fj  =  /jc  +  yji  +  yj,  with  l«j«4.  Il23bl 

where  the  coefficients  y^i  are  defined  as 

Xj,  =  mi^;-nn-£j7  (1230 


The  coefficients  £j-  and  Cjfare  identical  to  the  coefficients 
Of  and  oj-  in  equations  til3a,b)  for  the  trir.ngle 
corresponding  to  the  integer  i.  that  is  the  triangle  with 
vertices  x'.Tjj.'x,. 

Numerjoiljivaliwiion  of  Ihcj^w-S^tface -•niegr^ 

Compaiison  of  equations  (32)  and  (33)  shows  that  tl»e 
corttribution  of  the  free  suriacc  lo  the  rhar  fiod  wave- 
amplitude  function  may  be  evaluated  numcrxally  by  using 
an  expression  similar  to  expression  (120).  although 
alternative,  more  efficient  •.’.umerical  methods  can  be 
devised  by  using  the  fact  that  the  mean  free  surface  f  is 
fiat.  More  prccitely,  tlie  portion  of  the  plane  z  =  0  outstde 
the  ship  can  be  divided  into  a  set  of  contiguous 
quadrilateral  and  triangular  elements  and  linear  variation 
may  be  tussumed  for  the  function  x(i)  defined  by  equation 
l3a)  within  the  iriangulai  cieincnts  and  within  each  of  the 
(our  triangles  that  may  be  consiductl  for  any  quadrilateral 
element.  Wc  may  then  obtain 

q  K'dl  2r£(f,X,  +f,X,-i-f  fjJCjl/2 

-i- ty,x,-»-ru,Tyj)(,i 

where  tire  summation  is  carried  over  ail  the  quadrilateral 
and  triangular  elcmem'!  upstream  foam  (tic  lim:  x  {.  kj 
represents  the  value  of  tlw  ftmciion  Jf{^)  at  the  vertex  x^. 
and  the  coeffieicnis  y^  and  f^  are  associated  with  iri-angular 
and  quadrilateral  elements,  nespcctisely,  and  arc  defined  as 

’'j  *  l<j<3.  lUSl 

a.nd  fj  »  yjs  +  yp^^yji Ki<4.  112^5 

The  cocfficknis  are  given  by  equations  (114)4119)  and 


the  coefficients  /jj  are  defined  as 

Xji  =  (127) 

where  mf  is  the  z  component  of  the  normal  vector  nfj  to 
the  triangle  i  given  by  equation  (121),  and  tjfis  identical  to 
the  coefficient  oj*  for  the  triangle  i  as  was  already  noted 
below  equation  {123c).  The  contribution  of  the  ftee  surface 
to  the  far-field  wave-amplitude  function  is  also  given  by 
equation  (124)  where  the  summation  must  be  extended  to 
all  the  quadrilateral  and  triangular  elements  in  the 
free-surface 

5.  Numerical  Study  of  the  Far-Field  Wave-Amplitude 
Function 

Results  of  numerical  calculations  of  the  far-field  wave- 
amplitude  function  K(t)  based  on  expressions  (31).  (94)  and 
(120)  are  piesentcJ  and  discussed  below  for  a  realistic  hull 
form  at  five  Froude  numoers,  namelv  at  F  =  0.5.  0.35. 
0.25.  0.15.  0.1.  The  contribution  of  the  free  surface 
giver  by  expression  (124).  was  ignored  in  these  calculations. 
In  order  to  isolate  the  numerical  errors  that  are  directly 
associated  with  the  calculation  method  of  K(t)  summarized 
by  equations  (31).  (94)  and  (120),  calculations  v/erc 
pcrfoniied  for  a  hull  form  defined  mathematitaliy,  and 
approximate  analytical  expressions  were  used  for  the  value 
of  the  velocity  potential  +  on  the  mean  hull  surface.  In 
other  words,  the  numerical  errors  associated  wit)i  hull 
geometry  approximations  and  velocity-potential  calculations 
are  eliminated  frxjm  the  calculations  reix-rted  below. 

The  hull  form  for  which  numerical  %dlculations  have 
been  performed  has  a  jltarpentled  bow  region  0.25  <  x  < 
0.'’  u  cylindrical  midship  region  -0.25  <  x  <  0.25.  and  u 
round-ended  stem  region  -0.5  <  x  <  -0.25.  The  top 
waterline  (plane  z  0).  the  ©miral  buttock  line  (plane 
y  01.  and  the  ftamelines  .\  "  tO.475.  *0.45.  *0,4. 
*0.35.  *0,3  and  ±0.25  are  depicted  in  figure  3.  More 
precisely,  the  siiarp-emled  bow  regiott  is  dermed  by  the 
parametric  equations 

X  »  l/2'-.l-(l-Af(l|HoQ  +  a|p)pi| 

2yrt»  «  (W,Hl-j4t2~-l/A|l(l+»i)-/Jo(l-i/A|t*Vl 
-zAI  « 

where  0<A<iJl|and0<v<  I-  Hw  midship  region  is 
taken  at  the  eUipttai  cylinder  defined  by  the  jianmietnc 
equatiota 

X  “  If2-A 

2)*b  CXMt4tf2) 

-zjU  ->  siiMttfJl] 

where  A,  <  A  <  l-Aj  and  0  <  p  <  1.  Finally  the  ioand- 
ended  stem  region  is  defined  by  the  panuttetne  cquaitcns 


X  =  --iy2-i-A2~A2(l-«2P)sin[n(A-l-t-A2)/2A2] 

2y/b  =  cos(n(A-l-*A,)/2A2]cos(np/2) 

-zAl  =  sin(Tj,u/2) 

where  I-A2  ^  A  1  and  0  <  p  ^  1.  ihe  beam/length 
ratio  b  and  the  draft/length  ratio  d  are  taken  eqi;al  to  0.15 
and  0.06.  respectively,  and  the  constants  A|.  A2.  otq.  Uj,  01, 
|3q  are  taken  as  A|  =  0.25  =  A,,  oq  =  0.12  =  0|, 
o,  =  0..>./3(,  =  0.2. 

- ^ 


Figure  3.  Waterline.  Central  Buttock  Line,  and 
Framclincs  of  Hull  Form  Used  for  Numerical  Calculations 


The  far  field  wave-amplitude  function  Kttl  asstKiated 
v/ith  the  above-defined  hull  form  is  depicted  in  figures  4a-d. 
5a  d.  6p  d.  7a-d  and  8a  d  corresponding  to  F  =  0.5.  0.35. 
0.25.  0.15  and  0,1.  respectively.  Figures  4a.  5a.  6a.  7a  and 
8a  depict  the  real  and  imaginary  pans  of  the  function  qK^. 
corresponding  to  the  cont.'ibution  of  the  top  waterline  in 
equations  |79)  or  194).  The  function  qK^.  thus  represents 
the  modified  waterline  imegrai  given  by  the  expressions 

qK^  , E ,-1-  a  t  klA  Il’Sal 

N 

tl2Sbl 

Figures  4b.  Sb.  6b.  7b  am)  8b  depict  tite  real  and  imaginary 
lans  of  the  function  qK(,  cortes^Kwding  to  the  sum  of  the 
amiributions  of  the  bottwn  waterline  in  equations  l?9l  or 
|94)  and  of  the  lower  hull  defiricd  by  cquaJ.vns  (32t  or 
tl20).  The  function  qKf,  iluis  -.'epresents  ;ne  modified  hull 
integral  givvm  by  the  exprcssiotis 


+y‘ln,iE‘»+E’ l•♦‘p*♦^n,l:*+n  t*  ijda  tl29al 
^  N 

^^•dKh^q'  £  tAi-kiHUbv-p-ldiqrj-t-dj.irp,.,! 

+rj4,-*-r,f,+rj*ji{/2  ii29bi 
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The  sum  qK^+qKf,  yields  the  far-field  wave-amplitude 
function  qK.  The  real  and  imaginary  parts  of  the  function 
qK(t)  are  depicted  in  figures  4c,  5c,  6c,  7c  and  8a  The 
values  of  8  =  tan  “'(Ft)  are  also  indicated  in  these  figures. 
Finally,  figures  4d,  5d,  6d,  7d  and  8d  depict  the  function 
qllK(t)ll^  whose  integral  yields  the  wave  resistance,  as  is 
indicated  by  equation  (30).  A  number  of  interesting 
features  may  be  observed  from  figures  4a-d  through  8a-d. 

Comparisons  of  figures  4a  to  4b  through  figures  8a  to 
8b  indicate  that  the  modified  hull  integral  qK|,  vanishes 
faster  than  the  modified  waterlme  integral  qK^  as  t 
increases.  More  precisely,  figures  4o  ob  show  that  the 
function  qK[,  appears  negligibly  small,  on  the  scale  of  these 
figures,  for  values  of  t  greater  than  appioximately  10.5.  14. 
17.5,  24  and  30  for  F  =  0.5.  0.35,  0.25,  0.15  and  0.1, 
respectively.  The  shortest  waves  in  the  wave  spectrum  are 
then  contained  in  the  modified  waterline  integral.  This 
finding  has  fortunate  practical  implications  since  the 
computing  time  required  for  evaluating  the  hull  integral 
qK[,.  for  a  given  hull  form  and  for  given  values  of  F  and  t. 
is  considerably  larger  than  that  required  for  evaluating  the 
waterline  integral  qK^. 

Figures  4a.b  through  8a,b  show  that  the  magnitudes 
of  the  imaginary  parts  of  the  functions  qK|,  and  qKj,  are 
appreciably  larger  than  the  magnitudes  of  the 
corresponding  real  parts.  Figures  6a  and  6b  also  show  that 
the  magnitudes  of  the  functbns  qltnlKj)  and  qIm(Kj,l  are 
comparable  for  F  =  0.25.  For  larger  values  of  F.  figures 
4a.b  and  5a,b  show  that  the  hull-integral  function  qlmiKJ,) 
is  slightly  larger  in  magnitude  than  the  waterline-integral 
fuiK'tion  qlm(Kp.  For  smaller  values  of  F  on  the  other 
hand,  figures  7a,b  and  8a.b  show  that  the  magnitude  of 
the  function  qlmiK',)  Is  significantly  larger  than  that  of  the 
function  qlm(Kj,l.  More  precisely,  the  ratio  of  the  largest 
absolute  values  of  the  functi  "ts  qlnUKjl  and  qlnilKj,)  is 
appruxitnatcly  equal  to  0.8,  0.9,  1,  1.8  and  2.5  for  F  0.5. 
0.35.  0.25.  0.15  and  0.1.  rcstKctively.  Tlie  innHirtance  of 
the  hull  integral  Kj,  relative  to  tite  waterline  integral  K^. 
tlierefore  diminislics  os  the  Fruude  number  decreases. 

Comparisons  of  the  magnitudes  of  ilic  first  peaks  of 
tlie  funciions  and  qlmtKj,)  in  figures  4a.b  thrraigh 

?.a.b  to  the  function  qlnuKl  qlnUK^l  rqlmlKJ,;  deinctcd 
in  figures  4c  through  Sc  indicate  that  the  funaions 
qlmlK^)  and  qim(Kj,l  r*  ially  cancel  out  tme  another  for 
small  values  of  t  (for  targe  value-s  of  t.  the  hull  integral  is 
much  smaller  than  tire  waterline  integral,  as  wias  noted 
previottslyl.  As  a  result  of  this  partial  caiuvnaiton  of  the 
comjsoiwnt  functions  qKj  and  qKj,.  diffcicncis  beiwreen  tire 
magnitudes  of  the  teal  and  inwginary  parts  of  lire  sum  qK 
are  much  kss  prontHmeed  titan  for  tire  functiom  qKj  and 
qKj,.  estreciaily  for  F  •>  0.5. 

Tire  values  of  9  «  ian"'(Fil  cortc^jtding  to  the 
values  of  i  noted  in  figures  4a.b  througlt  8a.b  art  indicated 
in  figures  4c  througli  8c  It  was  noted  previously  that  the 
hull-imegral  funaiem  qKj,  appears  to  be  ncgligibty  small  for 


values  of  t  greater  than  about  10.5,  14,  17.5,  24  and  30  for 
F  =  0.5,  0.35,  0.25,  0.15  and  0.1,  respectively.  The  values 
of  8  corresponding  to  these  values  of  F  and  t  are  79.2°, 
78.5°,  77.1°,  74.5°  and  71.6°,  respectively.  Figures  4c 
through  8c  show  that  the  oscillations  of  the  far-«"<eld  wave- 
amplitude  function  with  respect  to  the  variable  8  become 
extremely  rapid  as  8  increases  toward  90°. 

Figures  4ad  through  8ad  show  that  the  integrand 
qllK(t)ll^  of  the  Havelock  wave-resistance  integral  (30) 
vanishes  appreciably  faster  than  the  function  K(t;  as  t 
increases.  More  precisely,  figures  4d  through  8d  indicate 
that  the  function  qllKIl’  becomes  practically  negligible  for 
t  ~  11,  13,  15,  24  and  IS  for  F  =  0.5,  0.35,  0.25,  0.15 
and  0.1,  respectively. 

Figures  4a,b,c  through  8a,b,c  show  that  the  far-field 
wave-amplitude  function  Kit)  is  an  oscillatory  function  of  t. 
Knowledge  of  ihe  approximate  value  cf  the  pseudo  period 
of  these  oscillations  is  very  useful  for  aauraie  and  efficient 
numerical  evaluation  of  the  integrals  in  expressions  (28) 
and  (30l  defining  the  far  field  wave  potential  and  the  wave 
resistance  The  pseudo  period  At  of  the  oscillations  of  the 
functions  qRe(K)  and  qlm{K)  depicted  in  figures  4c 
thraugh  8c  is  represented  in  figure  9  versus  p  =  (v^-^t^)''^^ 
where  w  =  1/F.  for  F  =  0.5,  0,35.  0.25,  0.15  and  0.1.  The 
values  of  the  pseudo  period  corresponding  to  the  real  and 
imaginary  pans  of  the  function  qK(t)  arc  identified  by  the 
symbols  o  and  x,  respectively,  in  figure  9.  Two  solid-line 
curves  representing  (he  functions  iO/p  and  20.ip  are  also 
shown  in  this  figure.  The  values  of  the  pseudo  period  At 
depicted  in  figure  9  were  determined  from  figures  4c 
through  8c  by  identifying  ihe  suix-esssive  roots,  t,  say.  of 
the  real  and  imaginary  parts  of  the  function  qK(i).  More 
precisely,  the  pseudo  periods  At  ■=  i,.,|  -i,  and  At  = 
lh,*i |)l/2  =  U, ,  I -i|.,|>/2  arc  computed  from 
the  roots  t,  -ami  assumed  to  hold  at  (t,-t't|,,l/2  and  i,, 
resiK'cilvely,  Figure  9  shows  that  :lie  ralues  of  the  (wcudo 
(Wriod  determined  in  this  maimer  from  figures  4c  through 
8c  arc  fairly  well  Ixmnded  by  the  curves  1()4>  and  20/t\ 
except  for  F  0.5  am!  0.25  for  which  a  large  number  of 
the  iweudo  (Kriods  asseviated  with  the  real  and  imaginary 
pans,  respectively,  of  the  function  qKttI  arc  aliove  the 
surxe  20/(x  The  iscudo  iiertod  of  tlw  itseillattons  of  the 
function  qKltl  may  then  he  safely  estimated  by  the  simple 
appro.ximatKM)  t/tv  -n*)'-.  where  C  is  a  coostaiu  between 
10  and  20. 

Finally  it  is  imctesiing  to  com(>are  the  far-field  wave- 
amiditude  function  qK(i)  end  the  modirtcd-huli-imcgral 
fut'ction  qKj,ti)  to  the  hull  integral  funaion  qK|,HI 
corttsjxmding  to  tlic  hull  integral  in  equation  t27i  and 
given  by  equation  (120).  where  itic  summation  here  is 
carried  over  all  the  quadrilateral  jcmcls  in  both  the  upfwr 
hull  u  and  the  lower  hull  s ,  The  real  and  imaginary  p3rt,v 
of  the  wliolc-hull  integral  qK^ti)  are  depieted  in  figure  10 
for  F  =  0.25.  which  should  be  ewnpared  to  figures  6b  and 
6c  represemitvg  the  modificd-hull  integral  qKj,(i}  and  tlte 
wave-amplitude  funsiiott  qK(o.  ntspectiwely.  Figure  10 
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shows  striking  differences  compared  with  both  figures  6b 
and  6c.  In  particular,  figures  6bjc  show  that  the  functions 
qKj,(t)  and  qK(t)  are  negligibly  small  for  t  greater  than 
about  17.5  and  35,  respectively,  whereas  figure  10  indicates 
that  the  function  qKh(t)  decreases  very  slowly  as  t 
increases.  As  a  matter  of  fact,  numerical  evaluation  of  the 
function  qK,,(t)  for  35  «  t  <  60  shows  that  it  may  not  be 
regarded  as  negligibly  small  for  t  smaller  than  60.  The 
magnitude  of  the  function  qK^  is  also  appreciably  larger 
than  that  of  the  function  qK.  The  modified-hull  integral 
qKj,  differs  from  the  whole-hull  integral  qKj,  in  that  the 
contribution  of  the  upper  portion  of  the  hull  to  the  hull 
integral  qK^,  is  combined  with  the  waterline  integral  in 
equation  (27),  The  difference  qK-qKj,  between  the 
function  qK  and  the  hull  integral  qK,,  depicted  in  figures 
6c  and  10,  respectively,  corresponds  to  the  waterline 
integral  in  equation  (27).  Comparisons  of  figure  10  with 
figures  6b  and  6c  therefore  illustrate  the  importance  of  the 
upper  portion  of  the  hull  in  the  hull  integral  and  of  the 
waterline  integral,  respectively,  in  equation  (27). 

Comparison  of  figures  10  and  6c  also  illustrates  the 
advantage  of  the  analytical  treatment  of  the  upper-hull- 
surface  integral  and  of  the  waterline  integral  in  equation 
(27),  prior  to  numerical  integration,  performed  in  this 
study. 

6.  Influence  of  Size  of  Panels 

The  numerical  results  presented  in  figures  4a-d 
through  8a-d  have  been  obtained  by  dividing  the  hull  form 
defined  previously  in  terms  of  separate  parametric 
equations  for  the  bow  region  0  <  A  <  0.25,  the  midship 
region  0.25  <  A  <  0.75  and  the  stern  region  0,75  <  A  <  1 
into  quadrilateral  panels.  These  quadrilateral  elements  are 
defined  by  dividing  the  parametric  space  0  <  A  <  1  and 
0  <  p  <  1  into  constant-A  and  constant-p  lines.  More 
precisely,  the  segment  0  <  p  <  1  is  divided  into  Nyz  equal 
subsegments,  and  each  of  the  three  segments  0  <  A  <  0.25, 
0,2a  <  A  <  0.75,  0.75  <  A  <  I  is  uividcd  into  Nx/5  equal 
subsegments.  The  hull  form  is  then  divided  into  Nx  ■  Nyz 
quadrilateral  panels.  The  panel  numbers  Nx  and  Nyz  were 
taken  as  Nx  =  250  and  Nyz  =  40  for  the  calculations 
reported  in  figures  4a-d  through  8a-d. 


A  numerical  study  of  the  influence  of  the  panel 
numbers  Nx  and  Nyz  upon  the  precision  of  the  numerical 
results  is  now  presented.  Figures  lla  and  lib  show  the 
percentage  relative  error  £  in  the  predicted  values  of  the 
wave  resistance,  defined  by  the  Havelock  integral  (30), 
corresponding  to  several  values  of  Nx  and  Nyz.  More 
precisely,  figure  lla  depicts  the  variation  of  £  as  a  function 
of  Nyz  for  a  fixed,  large  value  of  Nx  taken  equal  to  250. 
Calculations  have  been  performed  for  7  values  of  Nyz 
equal  to  8,  10,  12,  16,  24,  32  and  40.  The  relative  error  £ 
is  computed  on  the  basis  of  the  wave-resistance  value 
corresponding  to  Nyz  =  40,  Figure  ilb,  on  the  other 
hand,  depicts  the  variation  of  £  as  a  function  of  Nx  for  a 
fixed,  large  value  of  Nyz  taken  equal  to  40.  Calculations 
have  been  performed  for  9  values  of  Nx  equal  to  40,  60, 

80,  100,  120,  150,  200,  250  and  300.  The  relative  error  e  is 
computed  on  the  basis  of  the  wave-resistance  value 
corresponding  to  Nx  =  300.  Both  figures  lla  and  lib 
present  results  for  F  =  0.5,  0.35,  0.25,  0.15  and  0.1. 

Figure  lla  indicates  that  comparable  relative  errors  £ 
are  obtained  for  F  =  0.35  and  0.5,  on  the  one  hand,  and 
for  F  =  0.15  and  0.1,  on  the  other  hand,  if  a  given  value 
of  Nyz  is  used.  Furthermore,  the  relative  error  for  F  = 

0.25  is  smaller  than  that  for  F  =  0.35  and  0.5,  which  is 
smaller  than  that  for  F  =  0.15  and  0.1.  For  instance, 
figure  lla  shows  that  we  have  c  ~  0.4%  for  F  =  0.25, 

£  ~  0.8%  for  F  =  0.35  and  0.5,  and  c  1.4%  for  F  = 
0.15  and  0.1  if  Nyz  is  taken  equal  to  24.  Conversely,  if  a 
given  relative  error  is  desired,  say  £  =  0.8%.  figure  lla 
shows  that  Nyz  must  be  taken  equal  to  18  for  F  =  0.25. 

24  for  F  =  0.35  and  0.5,  and  30  for  F  =  0.15  and  0.1.  A 
smaller  value  of  Nyz  would  probably  be  sufficient  for  F  = 
0.15  and  0.1  if  a  nonuniform  subdivision  of  the  segment 
0  <  p  <  1  is  used,  with  smaller  panels  in  the  vicinity  of 
the  waterline  since  the  lower  part  of  the  hull  has  a 
relatively  small  contribution  to  the  wave-amplitude 
function  at  small  Froude  numbers.  The  reason  for  the  fact 
that  the  relative  error  £  corresponding  to  a  given  value  of 
Nyz  is  larger  for  F  =  0.35  and  0.5  than  for  F  =  0.25 
may  possibly  be  related  to  the  previously-noted  partial 
cancellation  between  the  waterline  integral  and  the  hull 
integral,  which  is  most  pronounced  at  high  Froude 
numbers.  Figure  lla  indicates  that  it  should  be  sufficient  to 
take  Nyz  equal  to  about  25,  with  a  concentration  of 
smaller  panels  close  to  the  waterline. 

Figure  11b  indicates  that  the  value  of  Nx  which  must 
be  used  if  a  given  relative  error  is  desired  increases  as  the 
Froude  number  decreases.  For  instance,  figure  lib  shows 
that  Nx  must  be  taken  approximately  equal  to  30  for  F  = 
0.5,  48  for  F  =  0,35,  74  for  F  =  0.25,  85  for  F  =  0,15 
and  170  for  F  =  0.1  if  a  relative  error  e  equal  to  0.8%  is 
desired.  Figure  Itb  indicates  that,  fur  a  given  value  of  Nx, 
the  relative  error  for  F  =  0,1  is  appreciably  larger  than  for 
F  -  i),15,  O.'j,  0.35  and  0.5.  The  relative  error  also 
appears  to  decrease  less  rapidly,  as  the  value  of  Nx 
increases,  for  F  =  0.5  than  for  the  other  values  of  F.  The 
simple  relation  Nx  “  17/F  yields  Nx  =  34.  49,  68,  114 
and  170  for  F  =  0.5, 0.35,  0.25,  0.15  and  0.1,  respectively. 
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Figures  Ila,b.  influence  of  Panel  Numbers  Nx  and  Nyz 
Upon  Accuracy  of  Wave-resistance  Calculation 


Figure  lib  indicates  that  this  simple  formula  for  Nx 
provides  a  reasonable  guidelinei 

7.  Conclusions 

A  method  for  numerically  evaluating  the  near-  and 
far-field  wave  potentials  and  the  wave  resistance  of  an 
arbitrary  ship  form  advancing  at  constant  speed  in  cairn 
water  has  been  presented.  The  method  is  based  on  the 
integral  representations  (24),  (28)  and  (30).  which  express 
the  near  and  far-field  wave  potentials  and  the  wave 
resistance,  respectively,  in  terms  of  the  near  and  far-field 
wave-amplitude  functions  K(ti^  and  K(t),  respectively. 

The  closely-related  near-  and  far-field  wave-amplitude 
functions  are  defined  by  integrals  over  the  mean  wetted- 
hull  surface,  the  mean  waterline,  and  the  mean  free  surface 
in  the  vicinity  of  the  ship  where  free-smface  nonlinearities 
may  be  important,  as  is  indicated  in  ci^ualion  (27).  The 
hull-surface  integral  in  this  equation  is  split  into  two  parts 
corresponding  to  the  contributiions  of  the  upper  and  lower 
portions  of  the  hull.  The  depthwise  integration  in  tlie 
integral  over  the  upper  porthm  of  the  mean  wetted  hull  is 
performed  analytically  by  using  linear  approximations  for 
the  depthwise  variations  of  tlte  hull  fortn  and  of  the 
velocity  potential.  The  upperhuU  integnU  thus  is  teduoed 


to  an  integral  around  the  mean  waterline,  which  is 
combined  with  the  waterline  integral  in  expression  (27). 

This  combination  of  the  contributions  of  the  waterline 
and  of  the  upper-hull  surface  shows  that  several  terms  in 
the  hull  and  waterline  integrals  partially  cancel  out  one 
another,  and  yields  a  modified  waterline  integral  suited  for 
accurate  numerical  evaluation.  The  analytical  treatment  of 
the  contribution  of  the  upper  hull  form  presented  in 
section  3  and  the  numerical  results  presented  in  section  5 
demonstrate  the  paramount  importance  of  the  waterline 
integral  in  equation  (27).  In  particular,  the  role  of  the 
waterline  integral  is  well  illustrated  in  figures  6bp  and  10. 
These  figures  also  illustrate  the  advantage  of  the  method 
for  evaluating  the  wave-amplitude  functions  presented  in 
this  study. 

The  wave-amplitude  functions  thus  are  expressed  as 
the  sums  of  the  modified  waterline  integrals  K“ 
corresponding  to  the  contribution  of  the  upper  portion  of 
the  hull,  including  the  waterline,  the  lower-hull  integrals  K* 
corresponding  to  the  contribution  of  the  lower  portion  of 
the  hull,  and  the  frce-surface  integrals  accounting  for 
free-surface  nonlinearities,  as  is  indicated  in  equation  (31). 

A  simple  method  for  numerically  evaluating  the  integrals 
(79)  and  (32)  defining  the  functions  K**  and  K*. 
respectively,  is  presented  in  section  4.  The  numerical 
method  is  based  upon  approximating  the  hull  fomv  by  an 
ensemble  of  quadrilateral  panels  composed  of  four  plane 
triangles,  together  with  linear  approximation  for  the 
variation  of  the  velocity  potential  within  each  component 
triangle.  The  expressions  for  the  f’,;r,ctions  K“  and  K* 
corresponding  to  these  numerical  approximations  are  given 
by  equations  (94)  and  (120),  respectively. 

Two  main  conclusions  may  be  drawn  from  the 
numerical  results  presented  in  section  5.  One  conclusion  is 
that  it  is  useful  to  express  the  function  qK“-fqK®  in  the 
form  qKj-^qKj,,  where  qK^  and  qKj,  are  the  modified 
waterline  and  tiull  integrals  defined  by  equations  |128a,b) 
and  (129a,b)  for  the  far-field  wave-amplitude  function  (and 
closely-related  expressions  for  the  near-field  wave-amplitude 
function).  Tlic  wave-amplitude  functions  thus  are  expressed 
as  the  sum  of  the  modified  waterline  integrals  the 
modified  hull  integrals  Kj,,  and  the  frcc-stirfacc  integrals 
K^  The  major  recomntendation  of  this  decomposition  is 
that  the  modified  hull  integral  qKj,  vanishes  appreciably 
faster  than  the  modified  waterline  imegrttl  qK'.  as  i 
increases  (the  shortest  waves  in  the  wave  stvecirum  are 
contairted  in  tlie  function  qKy.  A  significant  reduction  in 
computing  time  may  then  be  aclticvcd  sino!  the  cotnputing 
time  required  for  evaluating  tlie  hull  integral  qKj,,  for  a 
giwn  hull  form  and  for  given  values  of  F  and  t.  is 
coitsidcrably  forger  than  that  required  for  evaluating  tire 
waterline  integral  qK^.. 

Anotlter  conclusion  which  iT>ay  be  drawn  from  the 
numerical  results  presemed  in  section  S  is  that  the  pseudo 
period.  At,  of  the  oscillations  of  the  wave-amplitude 
fujiaion  qK(t)  may  be  safely  estimated  by  the  simple 
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approximation  C/(v^+tV'^*,  where  v  =  1/F  and  C  is  a 
constant  between  10  and  20.  The  wave-amplitude  function 
qK(t)  may  then  be  evaluated  numerically  for  the  values,  t, 
say,  of  t  defined  by  the  recurrence  relation  tj^|  = 
t|-l-c/(v2-l-t?)^^  with  i  0  and  tf)  =  0.  In  this  relation,  c  is 
the  constant  given  by  c  =  C7N  where  N  is  the  number  of 
points  per  pseudo  period  at  which  it  is  desired  to  evaluate 
the  function  qK(t).  In  practice,  N  may  be  taken  between  3 
and  5,  so  that  the  constant  c  in  the  recurrence  relation 
may  be  chosen  between  2  and  7. 

The  influence  of  the  size  of  the  panels  used  for 
approximating  the  hull  surface  upon  the  precision  of  the 
numerical  results  was  studied  numerically  in  section  6. 

This  numerical  study  shows  that  a  fairly  large  number  of 
panels  must  be  used  for  very  small  Froude  numbers. 
Furthermore,  the  numerical  study  presented  in  section  5 
shows  that  the  pseudo  period  of  the  oscillations  of  the 
wave-amplitude  functions  decreases  with  F,  and  that  the 
largest  value  of  t  for  which  the  amplitude  functions  must 
be  evaluated  (ie.  the  smallest  value  of  t  for  which  these 
functions  are  negligibly  small)  increases  as  F  decreases.  All 
of  these  three  factors  result  in  an  increase  of  computing 
time  at  small  Froude  numbers.  Tlte  numerical  method 
presented  in  section  4  for  evaluating  the  waterline,  hull- 
surface  and  free  surface  integrals  (79),  (32)  and  (33) 
therefore  becomes  less  practical  at  very  small  Froude 
numbers.  A  complementary  analytical  method,  based  on 
asymptotic  evaluation  of  the  foregoing  integrals  by  using 
the  methods  of  stationary  phase  and  of  steepest  descent, 
for  large  values  of  v=l/F,  or  more  getterally  of  p’sv’-rt’, 
would  then  be  useful.  This  complementary  analytical 
method  will  be  presented  elsewhere. 
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"NUMERICAL  EVALUATION  OF  THE  NEAR-ANO-Fi«-FIELD  WAVE  PATTERN  AND  WAVE  RESISTANCE  OF  ARBITRARY  SKIP* 

FORMS' 

DISCUSSION 


by  J.  Bear 

Dr.  Noblesse  and  Mr.  Barnell  presented 
yet  another  In  a  long  series  of  fine  papers 
devoted  to  the  steady  ship  wave  problea.  In 
particular,  the  careful  step-by-step  nuaerl- 
cal  analysis  nust  be  appreciated  at  Its  full 
value.  Obtaining  accurate  solutions  to  the 
Neuaann-Kelvin  problee  Is  one  of  of  the  most 
difficult  tasks  In  numerical  ship  hydrod¬ 
ynamics  (Reference  3  of  the  paper  contains 
some  revealing  statistics  In  this  respect). 

Recently  I  obtained  an  encouraging  con¬ 
firmation  of  the  "slender  body"  wave  resis¬ 
tance  theory  of  Noblesse  (see  Reference  1). 
Computations  for  the  Migley  hull  showed  a 
very  close  agreement  between  Noblesse's 
"first  order"  wave  resistance  and  predictions 
obtained  by  means  of  numerically  "exact" 
source  distributions.  Small  deviations 
occurred  only  at  fairly  high  Froude  numbers. 
Results  of  ay  Investigation  will  soon  be 
published. 


The  relatively-small  differences  between 
the  wave-resistance  values  obtained  by  Mr. 

Baer  for  the  Wigley  hull  form  on  the  basis  of 
the  first-order  slender-s,  Ip  approximation  ♦ 
and  of  the  numerical ly-exact  potential  ^  In 
equation  1  are  certainly  encouraging. 

The  second  term  in  the  far-fleld  asymp¬ 
totic  expansion  of  the  nonosclllatory 
near-field  term  N  In  equation  6,  which  Mr. 

Baar  has  obtained.  Indeed  ought  to  be  useful, 
when  combined  with  the  known  three  terms  In 
the  near-field  ascending  series,  for  obtaining 
a  falrly-simple  composite  approximation  for  N. 


Regarding  the  effect  of  the  nonoscllla- 
tory  nearfield  disturbance.  Noblesse  has 
shown  in  Ref.  5  of  his  paper  that  a  simple 
and  crude  approximation  to  this  disturbance 
might  surface.  My  experience  seems  to  sup¬ 
port  this  observation.  The  algebraic  approx¬ 
imation  proposed  by  Or.  Noblesse  Is  based  on 
a  combination  of  the  first  terms  In  the 
ascending  end  asymptotic  series  expansions  of 
the  near-field  disturbance.  In  an  unpublished 
note*  1  derived  the  second  term  In  the  asymp¬ 
totic  series  of  the  near-field  disturbance. 

It  can  be  expected  that  this  result  will 
yield  a  better  approximation.  Eventually 
such  an  approximation  might  remove  all 
together  what  has  been  hitherto  one  of  the 
major  numerical  difficulties  occurring  in  the 
solution  of  the  Neumann-Kelvln  prob1<w. 


Author's  Reply 

We  wish  to  thank  Mr., Baar  for  his  Inter¬ 
esting  and  valuable  discussion.  Nr.  Bear's 
discussion  is  especially  appreciated  because 
It  addresses  two  Important  aspects  of  the 
numerical  solution  of  the  Neumann-Kelvln 
problem  that  are  not  examined  in  our  paper, 
namely  the  convergence  of  the  elandar-shlp 
iterative  solution  procedure  and  the  caloula- 
ton  of  the  nonosolllatroy  nearfield  potential 
«N- 


*"Nathemat1cal  analysis  of  the  Kelvin  Wave 
Source  Potential",  Brunei  Univerelty, 
Uxbridge,  IMB. 
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PROGRESS  IN  THE  CALCULATION  OF 
NON-LINEAR  FREE-SURFACE  POTENTIAL  FLOWS 
IN  THREE  DIMENSIONS* 
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Abstract 

An  efficient  numerical  method  Is  presented 
for  computing  non-linear,  three-dimensional 
potential  flow  about  a  pressure  distribution 
moving  over  the  free  surface  of  a  fluid.  Some 
sample  calculations  are  presented,  and  com¬ 
pared  with  the  predictions  of  linearized 
theory.  It  is  found  that  linearized  and  non¬ 
linear  results  are  in  reasonable  agreement 
over  the  entire  range  of  parameters  for  which 
solutions  could  be  obtained.  However,  a 
maximum  downstream  wave  height  appears  to 
exist  in  the  non-linear  case,  presumably 
associated  with  the  onset  of  wave  breaking. 

1.  Introduction 

This  paper  is  concerned  with  the  computa¬ 
tion  of  fully  non-linear,  three-dimensional, 
potential  flow  due  to  a  distribution  of 
pressure  moving  with  uniform  velocity  over  the 
free  surface  of  a  fluid.  In  some  approxima¬ 
tion,  the  problem  might  represent  flow  due  to 
a  ship,  although  due  to  the  absence  of  a 
contour  of  intersection  between  the  free  sur¬ 
face  and  a  hull,  the  problem  more  properly 
corresponds  to  flow  caused  by  an  air-cushion 
vehicle.  The  problem  has  been  chosen  for  its 
relative  simplicity  and  to  illu-straLC  a 
numerical  method  which  we  believe  will  be  of 
use  in  more  complicated  ship-hydrodynamical 
problems. 

The  linearized  solution  for  flow  due  to  an 


and  serves  as  a  check  on  the  non-linear 
results. 

In  recent  years,  several  two-dimensional 
non-linear  problems  in  free-surface  hydro¬ 
dynamics  have  yielded  to  numerical  solution, 
and  these  studies  are  used  to  guide  the  in¬ 
vestigation  of  the  three-dimensional  problem 
considered  here.  For  example,  von  Kerczek  and 
Salvesen  [41  used  a  finite  difference 
technique  to  solve  for  flow  in  a  stream  of 
finite  depth  due  to  a  moving  pressure  distri¬ 
bution,  and  Schwartz  [51  has  considered  the 
same  problem  in  infinitely  deep  water.  Both 
studies  indicate  that  the  two-dimensional  wave 
resistance  of  the  pressure  distribution  may 
become  zero  under  certain  circumstances,  even 
when  the  assumptions  of  linear  theory  are  no 
longer  valid.  Unlike  von  Kerczek  and  Salvesen 
[41,  however, Schwartz  [51  used  a  boundary 
Integral  method  to  solve  his  problem;  such 
methods  have  the  obvious  advantage  of  reducing 
by  one  the  number  of  dimensions  involved  in 
the  formal  statement  of  the  problem,  and  of 
satisfying  automatically  the  boundary  condi¬ 
tion  at  infinite  depth  within  the  fluid.  In 
addition  Schwartz  used  an  inverse-plane 
formulation  in  which  the  velocity  potential 
and  streamfunction  are  taken  as  Independent 
variables.  Inverse-plane  methods  combined 
with  boundary-integral  techniques  have  also 
been  used  by  Forbes  and  Schwartz  [61  to 
solve  for  flow  about  a  semi-circular  obstacle 
placed  on  the  bottom  of  a  running  stream,  and 


arbitrary  distribution  of  pressure  is  well 
known,  and  may  be  found,  for  example  in  the 
article  by  Uehausen  and  Laltone  [1].  Newman 
and  Poole  [2]  considered  the  case  of  a  dis¬ 
tribution  moving  in  a  canal  of  finite  width, 
and  Tatlnclaux  [31  has  catalogued  linearized 


by  Vanden  Broeck  and  Tuck  [7]  to  investigate 
flow  in  the  neighbourhood  of  the  bow  or  stem 
of  a  two-dimensional,  rectangular  "ship". 

This  latter  paper  Indicates  the  complexity  of 
flow  caused  by  a  body  which  is  surface- 
piercing. 


wave-reals tancG  profiles  for  a  variety  of 
pressure  distributions.  Tatlnclaux  did  not 
attempt  the  numerical  evaluation  of  the  free- 
surface  profile,  however,  and  in  general  this 
la  a  task  comparable  to  the  numerical  solution 
of  the  full  non-linear  problem  in  difficulty 
and  computer  time  requirements.  For  the 
rectangular  Gaussian  distribution  considered 
in  this  study,  a  method  is  presented  for  the 
evaluation  of  the  linearized  surface  elevation 

*  Thla  research^as  initially  supported  by  the  ONR 
University  of  Iowa,  number  N00014-83-K-0136. 


Inverse  plana  methods,  first  Introduced  by 
Stokes  [8],  afford  a  considerable  simplifica¬ 
tion  for  problems  involving  a  simply-connected 
fluid  domain,  since  the  unknown  free-surface 
location  is  mapped  simply  to  a  straight  line 
in  the  inverse  plane,  along  which  the  stream- 
function  is  constant.  However,  problems  may 
also  be  foni\ulatod  directly  .in  the  plana  of 
the  physical  variables,  with  no  loss  of  numer- 
ical  efficiency  when  boundary-integral  methods 
Special  Focus  Research  Programme  at  the 
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are  used.  Such  an  approach  was  adopted  by 
Hess  [9],  although  the  solution  to  his 
integral  equation  was  apparently  sought  by  an 
iterative  process  which  cannot  converge, 
since  the  integral  operator  possesses  a 
continuous  spectrim,  as  has  been  shown  by 
Forbes  [10].  Successful  Iterative  schemes 
for  two-dimensional  problems  formulated  in 
the  physical  plane  may  be  found,  for  example, 
in  articles  by  Forbes  [11,  12]. 

For  three-dimensional  potential  flows. 
Street  [13]  has  shown  that  Inverse  methods 
preclude  the  use  of  boundary-integral  techni¬ 
ques,  so  that  of  necessity,  a  physical-plane 
formulation  is  required.  Such  methods  have, 
of  course,  been  in  existence  for  some  time 
for  problems  not  involving  a  free  surface;  of 
these,  perhaps  the  best  known  is  due  to  Hess 
and  Smith  [14,  15],  although  their  method  has, 
in  fact,  been  Improved  somewhat  by  Landweber 
and  Macagno  [16]. 

Our  aim  in  this  paper  is  to  demonstrate 
that  numerical  solutions  of  acceptable 
accuracy  to  the  problem  of  three-dimensional 
non-linear  flow  caused  by  a  moving  pressure 
distribution  may  be  generated  by  a  new  numer¬ 
ical  method  which  is  as  efficient  in  three 
dimensions  as  Forbes'  [11,  12]  two-dimensional 
algorithms,  and  has  the  same  potential  for 
accuracy  as  the  method  of  Landweber  and 
Macagno  [16].  Details  of  the  problem  formu¬ 
lation  are  given  in  section  2,  and  the  numer¬ 
ical  method  Itself  appears  in  section  4.  The 
linearized  solution  is  described  in  section  3, 
and  a  presentation  of  the  results  of  computa¬ 
tion  is  given  in  section  5.  Some  possible 
extensions  and  Improvements  to  the  method  are 
indicated  in  section  6. 

2,  Formulation 

Consider  a  pressure  distribution  which  is 
stationary  with  respect  to  a  moving  cartesian 
coordinate  system  in  which  the  z-axls  points 
vertically,  as  in  Figure  1.  The  pressure 
distribution  is  assumed  to  be  of  the  form 
»  where  is  a  constant  which 
represents  the  maximum  strength  of  the  dis¬ 
tribution  and  has  the  dimensions  of  pressure. 
The  distribution  is  assumed  to  be  symmetric 
about  the  plane  y-0  ,  so  that 
P(x,-y)  ■  P(x,y)  ,  and  to  have  some  character¬ 
istic  length  2L  and  width  2B  .  Relative  to 
the  coordinate  system,  the  fluid  flows  in  the 
direction  of  the  positive  x-axis  such  that  its 
speed  Infinitely  far  upstream  is  c  .  The 
downward  acceleration  of  gravity,  g  ,  acts 
upon  the  fluid,  which  is  assumed  to  be  invls- 
cld  and  incompressible,  and  to  flow  without 
rotation. 

Dimensionless  variables  are  defined  forth¬ 
with,  by  choosing  c  as  a  reference  velocity 
and  L  as  a  reference  length.  Since  the  flow 
is  irrotational,  it  may  be  described  by  a 
velocity  potential  (Ji  ,  which  is  made  dimen¬ 
sionless  by  reference  to  the  product  cL  .  A 
particular  flow  is  thus  characterised  by  the 
length-baaed  Froude  number 


the  dimensionless  half-width 


and  dimensionless  strength 


of  the  pressure  distribution.  Here,  P  de¬ 
notes  the  fluid  density.  In  these  dimension¬ 
less  coordinates,  the  pressure  distribution 
now  has  characteristic  length  2  and  width 
2B  ,  as  shown  in  Figure  1. 

In  the  interior  of  the  fluid,  the  velocity 
potential  (J)  satisfies  Laplace's  equation 

=  0  ,  (2.1) 
since  the  fluid  is  assumed  ideal.  In  addition, 
1,  ■*  0,  ■*  0  as  z  (2.2) 

If  the  unknown  free-surface  elevation  is 
described  by  the  equation  z  =■  ^(x,y)  ,  then 
the  usual  kinematic  free-surface  condition  and 
Bernoulli  equation  may  be  written 

(fi  4  +  (j)  C  »  it>  on  z  =  C  (2.3) 

x  X  y  y  ^z 

and 

((j>2+<j,2+<j,2)  +  ;  +  aP  =  JjF^  on  z  =  c  (2.4) 

respectively.  The  radiation  condition,  that 
no  waves  be  present  upstream  of  the  pressure 
distribution,  leads  at  least  to  the  require¬ 
ment 

't>y  ■“> 

(2.5) 

although  these  equations  are  not  of  themselves 
sufficient  to  prevent  the  appearance  of  up¬ 
stream  waves,  and  a  stronger  statement  regard¬ 
ing  the  rates  at  which  the  above  limiting 
values  are  approached  might  normally  need  to 
be  made. 

It  remains  to  choose  a  suitable  form  for 
the  pressure  distribution  function  P(x,y)  . 

An  obvious  choice  is  the  piecewise  constant 
function 

fl,  if  {x|  s  1  and  |yl  S  B 

P(x,y)  - 

[O,  otherwise. 

This  choice  has  been  examined  in  detail  by 
Tatinclaux  [3],  who  showed  that  the  wave 
resistance  as  a  function  of  Froudo  number  F 
exhibits  wild  oscillations  as  F  0  .  Our 
own  numerical  results  confirm  this  behaviour, 
and  also  suggest  that  the  expression  for  the 
linearized  free-surface  elevation  does  not 
give  a  bounded  result  everywhere.  Aocerilngly, 
this  case  will  not  be  considered  further  here. 

For  definiteness,  we  shall  consider  the 


344 


FIGURE  1 ;  The  non-dimensional ized  flow  configuration  and 

coordinate  system. 


simple  "rectangular  Gaussian"  pressure  dis¬ 
tribution 

P(x,y)  -  e“*  “y  (2.6) 

although  the  numerical  technique  developed 
here  clearly  has  much  wider  applicability. 

The  choice  (2.6)  leads  to  well-behaved 
expressions  for  the  linearized  solution, 
although  the  wave  resistance  plot  lacks  the 
customary  maxima  and  minima  at  low  Froude 
number,  as  will  be  seen  presently. 

An  integrodlfferentlal  equation  for  the 
velocity  potential  at  the  free  surface  Is 
derived  by  applying  Green's  third  formula  to 
the  function  <j)“X  in  the  volume  V  shown  in 
Figure  2.  By  equations  (2.1),  (2.2)  and  (2.5), 
this  function  is  harmonic  and  vanishes  at 
infinity.  Suppose  Q(x,y,z)  is  a  fixed 
point  on  the  free  surface  of  the  fluid  and 
P(p,a,T)  is  a  moveable  point  on  any  of  the 
surfaces  Sij  ,  Sg  or  Sot  bounding  volume  V  . 
The  use  of  Green's  third  formula  is  equivalent 
to  distributing  simple  (Rankine)  sources  over 
the  entire  free  surface,  since  the  Green 


function  l/Rpn  is  assumed,  and  this  is  just 
the  potential  due  to  a  point  source  located 
at  P  and  observed  from  point  Q  .  Here 

RpQ  -  r(p-x)^+(cJ-y)^+(T-z)^]*^ 

is  the  distance  from  P  to  Q  ,  measured  from 
point  Q  .  Since  the  function  l/Rpn  is 
singular  at  Q  ,  this  point  is  excluded  from 
the  volume  V  by  the  small  hemispherical 
surface  Sg  placed  about  point  Q  .  The  sur¬ 
face  Sip  is  the  entire  free  surface  z«?(x,y) 
punctured  by  a  small  circle  of  radius  e 
centred  at  Q  ,  and  So,  is  a  hemispherical 
surface  of  large  radius  centred  at  the  origin. 
When  £•*  0  and  surface  S^  expands  to  infin¬ 
ity,  there  results  Green's  third  formula 


2ir(4i-x)p 

■  J|c(<>-x)p 

Sip 


3  [-L]  . 


1  a 
’S'Q 


(2.7) 


(*-x)pldSp 


in  which  n-  denotes  the  normal  to  surface 
Sx  at  point  P  pointing  Into  the  fluid. 


FIGURE  2i  The  domain  of  definition  of  the 
integrodlfferentlal  equation. 
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Surface  Sf  is  now  the  entire  free  surface  of 
the  fluid  with  a  circle  of  vanishingly  small 
radius  about  Q  excluded. 

In  anticipation  of  the  forthcoming  numer¬ 
ical  work,  the  singularity  is  removed  from  the 
first  term  on  the  right  hand  side  of  equation 
(2.7),  by  writing  the  equation  in  the  form 


2Tr(((.-x)^ 


St  r 


dS., 


(2.8) 


A  Taylor-seriea  expansion  of  the  first  inte¬ 
grand  when  P-K)  ,  as  described  by  Mlloh  and 
Landweber  C17],  confirms  Chat  it  is  indeed 
non-singular. 


Following  Landweber  and  Macagno  C16],  the 
lasttermin  equation  (2.8)  may  be  evaluated  in 
closed  form,  using  the  Gauss  flux  theorem 


# 


0  , 


(2.9) 


in  which  S  5  S.p  +  Sg  +  Soj  is  the  closed 
surface  to  volume  V  shown  in  Figure  2.  The 
contribution  from  the  surface  Sg  in  the 
limit  e-*0  is  easily  seen  to  be  -2i!  j 
similarly,  because  the  free  surface  is 
asymptotically  flat  at  infinity,  the  surface 
So,  is  an  exact  hemisphere,  and  its  contribu¬ 
tion  is  thus  .  These  two  contributions 
cancel,  so  that  the  remaining  Integral  over 
the  surface  S-p  is  eero,  by  equation  (2.9). 

The  last  term  in  equation  (2.8)  therefore 
vanishes  exactly. 

Because  the  first  term  on  the  right  hand 
side  of  aquation  (2.8)  is  non-singular,  the 
surface  may  bo  replaced  by  ttve  full  free 
surface  s  •  C(x,y)  ,  The  second  tern  has  a 
weak,  bvit  Integrable,  singularity  and  the 
Surface  way  likovlse  be  replaced  by 
a  •  C  in  this  tern  alao.  Using  the  definition 


2TT(d>(Q)-x) 


Ok  OO 

“11  4(P)-ij»(Q)-p+x} 

“  00  “  CO 


!;(P)-C(Q)-(P-x)  i;p{P)-(a-y)c^(P) 

[ (P-x)*+(a-y)^+(?(p)-^(Q))2]3/2 
00  CD 
11 


dpda 


Cp(P) 


[ (p-x) ^+(0-y) ^+( C(P)-C(Q) ) *] ■ 


dpda 


(2.12) 


The  kinematic  condition  (2,3)  has  been  used 
in  the  derivation  of  the  last  term  in  this 
expression.  In  view  of  the  assumed  symmetry 
of  the  pressure  distribution  function 
the  syraaetry  conditions 

t (x.-y)  “  C (x.y) 

?:y(x.-y)  •  -<y(x,y) 

<f(x.-y,2)  «  ij>(x,y,i) 

apply,  and  are  incorpor-iited  into  equation 
(2,12).  Consequently  it  is  only  necessary  to 
consider  the  half-space  yiO  . 

The  solution  to  this  problem  thus  consists 
of  determining  the  surface  elevation 
*  “  C(s,y)  and  the  velocity  potential 
if (x,y iC (x,y))  there,  by  solving  the  intogro- 
differentlal  equation  (2.12)  combined  with 
the  surface  conditions  (2.3)  and  (2.4;,  and 
eubjcct  to  a  radiation  condition  of  the  type 
(2.5).  Values  of  if  at  interior  points  of 
the  fluid  may  then  be  generated  using  Creeu's 
third  formula. 

The  vector  force  ?  on  the  pressure 
dlstrlbutior.  may  alao  be  computed  from  the 
above  solution  according  to  the  fonsula 

F  “  -//  a  P(x,y)n  dS  . 


P(x,y)  , 


(2.13) 


n 


m 


(2.10) 


of  the  inward-facing  normal  vector  to  the  sur¬ 
face  s  ■  Cfs.y)  ,  and  the  formula 


ds  -  iiJLjJi: 

|k.n| 


(2.11; 


for  the  elemental  area  dS  ,  nquatluo  (2-8)  la 
vrletfio  in  the  form 


which,  in  view  of  equations  (2,10)  and  (2.11), 
yields  the  wave  resistance 

r 

0  -  -a  j  1  P(x.y)  ;^(x.y)  dxdy  (2.14) 

—■ft  —ft. 


A.id  Che  weight 


W  •  o 


P(x.y)<lsdy 


(2.15) 


of  the  distribution.  For  the  pressure  distri¬ 
bution  function  (2.6),  equation  (2.15)  yields 
the  weight 


W  •  - 
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3.  The  Linearized  Solution 


If  the  pressure  distribution  acting  on  the 
surface  is  weak,  then  «  is  small  and  linear¬ 
ization  about  uniform  flow  is  possible.  The 
result  is  well  known,  and  the  solution  for 
arbitrary  pressure  distribution  functions 
P(x,y)  is  given  by  Wehausen  and  Laltone  (fl], 
p.598).  The  linearized  expressions  for  (t>  and 


jp(C.n)dC  dn 

-a> 


2ir  «> 


ik  cos  6  exp{krz+l(x-C)cos  6 +l(y-ti)8ln  6  3} 

kF^cos^e  -  1 


0  0 


dk  d9  +  O(a^) 


(3.1) 


and 

00 

C(x,y)  -  ^  j|p(C, n)dC  dn 
-00 


TT/2  «>  _  /pw  2 

C(x.y)  -f-  fb(6)|  ---V- 
0  0 


-  a6 


'f 

6  j  b^(0)( 


-a(8)bH6) 


sin(xb(0)cos  0)cos(yb(9)sin  0)d0 


+  O(a^)  , 


(3. A) 


where  the  improper  integrals  are  to  be  inter¬ 
preted  in  the  Cauchy  principal-valued  sense. 
Here, 


a(0)  - 
b(0)  - 
f(k,0) 


li(cos^0  +  S^sln^0) 

1 

F^co's’^ 

-  ke*'^sln(kx  cos  0)cos(ky  sin  8) 


(3.5) 


2ti 


exp{lk[  (x-Ocos  0 +(y-n)eln  0]}„ 

—  —  utT— —To - -  dk  d8 

kF  cos  8-1 


+  0(a*)  .  (3,2) 

These  expressions  are  formally  divergent,  due 
to  the  presence  of  a  pole  singularity  In  each 
Integrand,  and  must  therefore  be  Interpreted  In 
a  manner  which  leads  to  a  bounded  solution 
free  from  upstream  waves.  This  procedure  is 
described  by  Havelock  (18)  and  Wehausen  and 
Irtiltonc  (I’l'i,  p.  A 75),  and  Involves  deforming 
the  path  of  integration  In  the  complex  k-planc 
to  avoid  the  pole  singularity  at 
kj,  •  (F*eo8*0)“)  In  a  semi-circle  of  vanish¬ 
ingly  small  radius  centred  at  kg  . 

When  the  pressure  distribution  function 
(2.6)  Is  substituted  Into  equations  (3.1)  and 
(3.2),  the  outer  integrals  may  bo  evaluated  at 
once.  After  the  singular  Integrals  have 
been  interpreted  appropriately.  In  the  manner 
described  above,  tho  solution  for  ^  and  v 

7  „ 

0 

dk  dO 

^  [b=(0)co.  9 
0 

cos(xb<0)cos  6)Gos(yb(6)sln  0)d6 

+  0(a*)  (3.3) 

and 


«U,V,s)  “  *  “  V 


g(k,6)  ■  k  cos(kx  cos  0)cos(ky  sin  0)  . 

The  linearized  wave  drag  is  computed  from 
equations  (2,1A)  and  (3. A).  The  final  result 
is 

it/2 

D  -  I  b’(6)cos  0  e'^*^®^*’^^®^d0 

0 


+  0(a>)  .  (3.6) 

where  the  functions  .t(0)  and  b(0)  are 
defined  in  equations  (3.5). 

A.  Huffiorleal  Method s 


ia.  Evaluation  of  the  llnearlaed  solution . 


This  section  reviews  the  numerical  method 
weed  for  the  evaluation  of  the  linearized 
solution  given  by  equations  (3.3)  and  (3. A). 
Both  expressions  require  the  evaluation  of  a 
singular  Integral  of  the  fora 


I 


-ak’ 
f(k)e  ** 

k  -  b 


dk 


in  which  a  is  positive,  and  perhaps  also 
small.  This  Integral  way  be  rendered  non- 
singular  oy  writing  tha  identity 
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- dk  -  I  h(k)e~^  dk 

0  0 

“  i  2 

f  -ak 

+  £(b)  I  g  dk  ,  (4.1a) 

0 

where 

l,(k)  .  .  (4.1b) 

The  function  h(k)  in  equation  (4.1b)  is 
written  as  the  sum  of  an  even  and  an  odd 
expression, 

h(k)  -  ijrh(k)+h(-k)]  +  i5rh(k)-h(’k)l  . 

so  that  the  first  term  on  the  right-hand  side 
of  equation  (4.1a)  becomes 
00  00 

h(k)e  ^  dk  «  >s  I  h(k)e  dV. 

0 

00  ^ 

+  >S  I  [h(k)-h(-k)'Je“^‘‘  dk  . 

0 

A  straightforward  change  of  variable  on  the 
right-hand  side  of  this  equation  leads  to  the 
result 


The  first  integral  is  evaluated  by  a  Hermlte- 
polynomial  quadrature  rule,  and  the  second  by 
a  Laguerre-polynomlal  rule,  as  above. 

The  singular  integrals  in  equations  (3.3) 
and  (3.4)  may  thus  be  evaluated  using  equations 
(4.1)  -  (4.3).  The  integrations  with  respect 
to  0  in  equations  (3.3),  (3.4)  and  (3.6) 
are  then  performed  using  96-th  order  Gaussian 
quadrature. 

4b.  Solution  of  the  non-linear  problem. 

The  full  system  (2.3)  -  (2.5)  and  (2.12)  of 
non-linear  equations  is  solved  numerically  by 
adapting  the  methods  of  Forbes  and  Schwartz 
[6]  and  Forbes  [11]  to  three-dimensional  geo¬ 
metries.  The  free  surface  z  ■  ^(x,y)  in  the 
half-space  yaO  is  represented  by  discrete 
values  on  a  rectangular  lattice  xj^  , 

k  "  0,1,... ,N  ,  yj  ,  2  •  0,1,.. .,M  distribut¬ 
ed  over  some  finite  subset  of  the  x-y  half¬ 
plane.  The  points  xy  are  separated  uniformly 
by  an  amount  Ax  ,  and  the  values  are 

likewl.se  uniformly  spaced  with  interval  Ay  . 
The  quantities  Xg  and  Xfj  are  chosen  to  be 
large  negative  and  large  positive  n’nnbars, 
respectively;  by  the  lateral  symmetry  of  the 
problem  yo  "0  ,  and  yj.j  is  chosen  to  be 
appropriately  large  and  positive. 

The  kinematic  condition  (2.3)  and  the 
Bernoulli  equation  (2.4)  are  combined  to  give 

C^H„C„)*]  +  4  +  aP  -  isF^ 

*  7  X  A  7  y 


on  s  "  4  ,  (4.4) 

where  the  symboVs  and  denote  the 

functions  i>^(x,y,C(x,y))  and’^  ❖y(x,y,4(x,y) ) 
respectively.  By  the  chain  rule  of  calculus, 
these  functions  may  be  eliminated  in  favour  of 
derivatives  of  <^(x,y,C(x,y))  using  the 
results 


Ttje  first  integral  o.n  the  right-hand  8.(da  of 
equation  (4.2)  is  evaluated  using  a  20-point 
ileraltc«polyno;faicl  quadrature  rule.  The 
integrand  of  the  second  term  is  finite  at 
toQ  ,  and  consequently,  thia  expraasion  it 
evaluated  by  a  13-point  Laguerre-polynomlal 
quadrature  rule  (aee  Abraaowits  and  Stegun 
[19],  p.  890). 


It  remains  to  evaluate  Che  tecond  integral 
in  equation  (4.  la).  It  la  shown  in  the 
Appendix  chat  this  msy  ba  written  in  tevaa  of 
non-tingular  Integrala  according  to  the 
relatioftsblp 


-rsk' 


dk  «  (ab*)^  j  d 


**  j  1:1. 


c*-ab* 


t*  -  ab' 


dt 


^  iJ(x,y,4(*.y))  “  $jj(x.y.4(x,y)) 

+  '>.(K.y,4(x,y))4. 

❖(x.y,4(k.y))  “  dy(*.y.4(x.y>) 

+  '>j(K.y.4(s.y)>4y  . 


(4.3) 


The  fuDCClor.s  1^  equations  (4.3)  are 
eliminated  using  the  kinematic  condition  (2.3) 
to  give 


2Ub*>^ 


[  . 

'  1  <ab^)*> 


dc 


S.53 


(4.3) 


i(ix(x,y,C) 

(1+?^)  ^  ^(x.y.O  -  C/y  ^  iKx.y.c) 

“  1  +  +  r/ 

X  y 

a. 6) 

<t>y(x,y,0 

(1+C*)  ^  <ti(x,y,0  -  ^jj^y  <t>(x,y,^) 

- - i+rn^c’ — -  ' 

X  ^y 


Equations  (4.6)  are  substituted  into  equation 
(4.4),  which  eventually  yields  the  reJation 


ii 

dx 


(4.7) 


in  which 


xj,-x  y„-y 

-  ds  I  dt - - 5-  (4.8) 

J  (As^+Sst+Ct*)^ 

X  -X  -y„“y 

0  n 

and 


A(Q)  -  1  +  C^(Q) 

3(q)  =  2C  (Q)C  (Q) 

X  y 

C(Q)  -  1  +  Cy(Q)  . 

The  integral  J  in  equation  (4.8)  may  be 
evaluated  in  closed  form,  by  making  use  of 
the  indefinite  integral 


F(x,y)  -  (l-Kpri  - 


■3<fl 

1^ 

f 

i^yJ 

'  1 

ds 

1 _ 

[As^  +Bst+Ct?]  ^ 


and  3i>/3x  and  3i{i/3y  are  the  derivatives  of 
the  surface  function  ^i(x,y,C(x,y))  on  the 
left-hand  side  of  equations  (4.5). 

The  integrodif ferential  equation  (2.12)  is 
treated  numerically  by  truncating  its  domain 
of  integration  to  the  rectangle  xj,  s  x  S  X(j  , 
~yM  ^  y  ^  yyi  •  foUo'^lng  Forbes  and  Schwarti 
''61,  equation  (2.12)  is  evaluated  at  the  mid¬ 
points  Q(xt;jj,y£)  ,  k  •  1,..,,N  , 
i  •  0,1,. ..,H  ,  since  this  allows  freedom  to 
specify  conditions  at  the  lino  of  points 

(xo,yt)  ,  i  «  0,1 . H  in  accordance  with 

the  radiation  condition  (2,5).  In  order  to 
remove  the  singularity  from  tbs  last  terra  in 
equation  (2.12),  the  Yaylor-sorlcs  expansion 
of  the  integrand  about  ?•*<)  Is  identically 
subtracted  and  added  to  the  integrand.  Tttis 
last  term  is  thus  re-writlen  as 
>\,  X., 

_ _ _ 

,C (0-x) *+(0-y) ’+(C(P)-C(q) ) ’ r 

o 


((&-x)*A(Q)-»-<iVx)(ci-y)B(Q)+(o-y)*V(Q>i 


+  J(A(q),»(q),C(Q).x,y,x^,*jj.yjj)(;^(Q) 


whare 


-  ~r  2n{2.\8  +  Bt  +  2rA(As^+Bst+CtO)  ) 
*A 

+  in{2Ct  +  Bs  +  2rc(As’+Bst+Ct*))'^) 
+  hj(s)  +  hjlt)  , 


where  hi  and  hj  are  arbitrary  functions  of 
integration. 

After  the  syiwtietry  relations  (2.13)  have 
been  incorporated  into  the  truncated  integro- 
diffcrentlal  equation  (2.12),  and  the  singu¬ 
larity  in  the  last  ten!!  removed  in  the 
manner  described  above,  the  equation  takes  the 
form 


ix(.'y*(x.y,c{x,y))-x  1 

*N  ’'m 


■f 


iv'' 


do(4K  .o,c(o,fl))-^ts,y.s(K.y))-f>+x ) 
.  K^^^(o,o,x.y) 


♦  j  dp  I  a(J{Cp(0,0)K^^^(P.d,x,y) 

X  0 

®  -  C,(x,y)^^to.(J.*,y)} 


♦  ?.^(*.y)J(A,B,C,x,y,x^^,x:^,,yj^'  ,  (4.9) 

In  which  and  aro  functions 
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(4.12) 


of  the  points  P  and  Q  ,  and  also  of  C 
and  its  fi?st  derivatives.  Equation  (4.9) 
is  evaluated  at  the  half-intervals  , 

k  =  ,  and  the  integrals  are 

appro  iimated  by  Simpson's  rule.  Values  of 
the  dependent  variables  at  the  half-intervals 
are  interpolated  onto  whole-grid  points  by  a 
three-point  interpolation  formula  consistent 
with  the  parabolae  fitted  by  the  Simpson's 
rule  integration. 

Equations  (4.7)  and  (4.9)  are  solved  for 
the  functions  C(x,y)  and  <ii(x,y,C(x,y)) 
by  dewtonian  iteration.  Notice  chat,  by 
expressing  the  surface  conditions  in  the 
fo'.'m  (4.7),  the  need  to  solve  for  C  and 
())  simultaneously  by  Newton's  method  is 
eliminated,  resulting  in  an  enormous 
reduction  in  computer  storage  and  time 
requirements.  Instead,  C(x,y)  is  obtained 
at  the  surface  mesh  points  by  Newton' s 
method,  and  the  values  of  (ji  are  then 
updated  at  each  iteration  of  Newton's  method, 
using  the  method  of  lines  and  a  predictor- 
corrector  approach  to  integrate  equation 
(4.7). 

To  begin,  an  initial  guess  is  made  for  the 
unknown  vector  of  length  N(M+1)  formed 
from  the  quantities  (Sx^kS.  >  “  1,...,N  , 

£.  =  0,1,..., M  .  These  values  are  initially 
set  Co  zero.  The  radiation  condition  (2.5) 
is  Imposed  at  x°Xo  ,  so  as  to  satisfy 
equation  (4.7)  exactly,  by  specifying 


^oi  "  '-VoJl  “  “  3y 


of 


0  , 


+>  0  *  X 
OX  0 


[l-2aF"^P(x^,yjj)]'^  , 


(4.10) 


f  =  0,.,.,M  . 


Predictor;  ij),*  ,  0  =  41,0  +  iJitl 


compute 


k+l,f  ^fcf 


ki 


.  3y 


by  five-point  different- 
k+l,f  iation 


f94*l 

compute  "a  from  equation  (4.7) 

^  Jk+l,f 


Corrector:  <!> 


|t|  df:!  1 

(4.13) 


compute 


'■'k+l,J, 


and  (|i 
dx 


as  above. 


k4-l,f 


The  integrodif ferential  equation  (4,9), 
discretized  and  evaluated  at  the  half-intervals 
X]^  ,  ,  k  =  1,...,N  ,  yields  a  system  of 
N(M+1)  algebraic  equations  for  the  unknowns 

(Cx)kf  >  ^  1 . ^  . ^  ■  This 

system  is  solved  by  Newton's  method  to  obtain 
an  improved  estimate  for  the  unknowns.  The 
Iteration  (4. ll)-(4. 13)  is  then  repeated  until 
convergence  is  observed.  The  scheme  converges 
quadratically,  and  about  five  iterations  are 
reouired  to  satisfy  equation  (4.9)  with  a  root- 
mean-squared  residual  error  less  than  10“®. 

The  wave  drag  D  is  computed  from  equation 
(2.14)  using  straightforward  Simpson's  rule 
quadrature.  As  a  check,  equation  (2,14)  is 
also  evaluated  using  double  cubic-spline 
Integration,  in  which  the  splines  are  integrat¬ 
ed  in  closed  form,  and  the  results  of  the  two 
methods  are  in  good  agreement. 


The  free-surface  elevation  4  is  now 
obtained  by  trapezoidal  rule  integration, 
using  equations  (4.10)  as  initial  conditions, 
according  to  the  formula 


\+l,f  “  ’ 

(4.11) 

k  -  0,1,.,.,N-1  ,  I  -  0,1,. ..,M  . 


The  values  of  4  thus  obtained  from  equation 
(4.11)  are  differentiated  numerically,  using 
five-point  Lagranglan  difference  formulae, 
to  obtain  4y  at  the  surface  mesh  points. 

A  predictor-corrector  method  is  next  used 
to  compute  <l>  at  the  surface,  from  the 
values  of  4  and  its  derivatives  calculated 
above.  Initial  conditions  are  supplied  by 
equations  (4.10),  so  that,  if  <(>*  denotes 
the  predictor  value,  the  two  steps  are  as 
follows! 


5.  Presentation  of  Results 

In  Figure  3,  the  linearized  wave  drag 
computed  from  equation  (3.6)  is  shown  as  a 
function  of  Froude  number  F  ,  for  the  dimen¬ 
sionless  pressure  strength  a=0.01  .  Results 
are  displayed  for  the  chree  different  values 
3“0.1,  0.2  and  0.3  of  the  half-width  of 
the  pressure  distribution.  Perhaps  surprising¬ 
ly,  the  wave  resistance  fails  to  exhibit  the 
local  maxima  and  minima  normally  encountered 
at  low  Froude  number,  but  instead  approaches 
zero  monotonically  as  F-+0  . 

To  attempt  to  reproduce  the  results  of 
Figure  3  in  the  non-linear  case  would  place  an 
unreasonable  demand  on  presently-avallalle 
computing  resources.  Instead,  a  comparison  of 
linear  and  non-linear  results  can  be  made  more 
profitably  by  considering  the  fixed  Froude 
number  F-0.7  .  Results  at  other  Froude 
numbers  are  expected  to  be  qualitatively 
similar.  Accordingly,  we  present  in  Figure  4 
a  comparison  of  the  linearized  and  non-linear 
wave  resistance  as  functions  of  pressure 
strength  a  ,  when  F»0.7  and  B“0.2  . 
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FIGURE  3;  Linearized  wave  drag  as  a  function 
of  Froude  number  F  ,  for  three 
different  values  of  S  ,  and  a=0.01  . 


The  linearized  drag  is  shown  with  a  solid 
line  in  Figure  4,  and  is  a  quadratic  function 
of  0  ,  as  Indicated  by  equation  (3.6).  For 
small  a  ,  the  linearized  and  non-linear 
results  are  in  excellent  agreement,  as 
expected,  but  as  a  Is  increased,  the  non¬ 
linear  values  are  seen  to  fall  below  the 
predictions  of  linearized  theory.  The 
difference,  however,  is  not  great,  and  for 
a=0.02  ,  the  non-linear  drag  is  still  almost 
90%  of  the  linearized  value. 

The  free-surface  elevations  at  the  centre- 
plane  y“0  given  by  the  linearized  and  non¬ 
linear  solutions  are  contrasted  in  Figure  5, 
for  the  case  F=0.7  ,  6"0.2  ,  a»0.02  . 

The  linearized  profile  is  sketched  with  a 
dashed  line  in  the  Interval  -5SxS5  .  As 
mentioned  in  the  introduction,  the  numerical 


evaluation  of  the  linearized  frce-surface 
elevation  is  a  difficult  process,  and  in 
spite  of  the  care  taken  here,  it  is  neverthe¬ 
less  not  possible  to  guarantee  the  accuracy 
of  the  result  outside  the  interval  shown. 

The  non-linear  result,  shown  with  a 
solid  line  in  Figure  5,  is  taken  from  a 
numerical  solution  with  N=34  ,  M=6  ,  a 

total  of  245  surface  points,  which  took 
seven  iterations  and  over  three  hours  of  com¬ 
puting  time  on  an  IBM  3083  E  computer  to 
achieve  convergence.  Both  sets  of  results  are 
in  close  agreement  over  much  of  the  solution 
domain,  although  the  non-linear  wave  heights 
are  slightly  less  than  those  of  the  linearized 
waves,  which  is  consistent  with  the  results 
for  wave  resistance  in  Figure  4.  The  last 
half-wavelength  or  so  downstream  also  appears 
to  be  in  error  for  the  non-linear  solution; 


cc 

FIGURE  4;  Linearized  and  non-linear  wave  drag  as  a 
function  of  a  ,  when  F-0.7  and  8-0.2  . 
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FIGURE  5;  Linearized  and  non-linear  surface  elevation  on 
the  centre-plane  y“0  ,  for  the  case  F=0.7  , 
3=0.2  ,  0=0.02  . 


this  is  undoubtedly  due  to  the  downstream 
truncation  of  the  domain  of  integration  of 
the  integrodifferentlal  equation  (2.12), 
and  has  been  documented  in  detail  elsewhere 
[6, 111  for  two-dimensional  problems. 

Figure  6  shows  a  perspective  plot  of  the 
free  surface  for  the  non-linear  solution 
obtained  with  F»0.7  ,  3=0.2  ,  C(«0.01  . 

The  surface  has  been  extended  by  reflection 
about  the  plane  y=0  in  accordance  with 
the  symmetry  conditions  (2.13),  and  the 
values  of  y  and  ?  have  been  amplified  by 
scale  factors  of  5  and  100  respectively.  The 
surface  exhibits  an  approximately  elllptically 
-shaped  depression  in  the  vicinity  of  the 


origin,  due  to  the  presence  of  the  pressure 
distribution,  and  the  first  downstream  wave 
clearly  forms  a  curved  front,  which  opens 
towards  the  downstream  side  of  the  flow  field. 

In  Figure  7,  a  perspective  plot  is  shown 
for  the  free  surface  obtained  from  the  non¬ 
linear  solution  for  the  case  F=0.7  ,  6=0.2  , 
a=0.02  .  A  portion  of  this  surface  has  already 
been  sketched  in  Figure  5.  This  value 
01=0.02  is  the  largest  pressure  strength  for 
which  Newton's  method  converged,  and  so  it  is 
possible  that  the  non-linear  waves  in  Figures 
5  and  7  are  approaching  some  maximum  height  at 
which  wave-breaking  would  presumably  take 
place.  Of  course  the  discretization  of  the 


FIGURE  6;  Perspective  plot  of  the  free-surface;  F-0.7  , 
6"0.2  ,  0=0.01  (non-linear  case). 
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free  surface  in  this  study  involved 
relatively  few  surface  mesh  points,  and  the 
use  of  larger  numbers  of  grid  points  might 
enable  higher  v/aves  to  be  obtained,  although 
at  greatly  increased  computational  expense. 

6.  Discussion  and  Conclusions 

A  successful  numerical  method  has  been 
presented  for  the  calculation  of  three- 
dimensional,  steady  potential  flow  involving 
a  free  surface,  and  represents  a  logical 
extension  of  earlier  boundary-integral  methods 
developed  for  two-dimensional  flow  problems 
[6,11,12].  Since  it  is  not  necessary  to  do 
so,  no  attempt  has  been  made  to  "match"  the 
numerical  solution  to  a  linearized  downstream 
wave-field.  However,  it  is  possible  that 
better  accuracy  might  result  from  employing 
such  a  procedure,  similar  perhaps  to  that 
outlined  by  Lin,  Newman  and  ^ue  [20]. 

Although  the  method  is  demanding  on  computer 
time,  it  is  nevertheless  very  efficient,  and 
the  accurate  numerical  solution  of  many 
non-linear,  three-dimensional  free-surface 
problems  reduces  now  merely  to  a  question  of 
expense.  As  is  the  case  for  two-dimensional 
problems,  however,  It  is  unclear  how  well  the 
method  can  cope  with  the  important  class  of 
surface-piercing  flow  problem.s. 


most  of  the  permissible  values  of  F  ,  8  and 

a  .  In  practice  however,  the  expression  for 
linearized  wave  elevation  is  generally  of 
limited  use,  since  it  is  difficult  to  evaluate 
accurately,  particularly  in  the  far  field,  and 
for  arbitrary  pressure  distributions  requires 
a  computational  effort  comparable  to  the 
solution  of  the  full  non-linear  problem.  By 
contrast,  the  non-linear  results  do  not  suffer 
loss  of  accuracy  in  the  far  field,  except  that 
due  to  the  downstream  truncation  of  the 
Integrodif ferentiai  equation,  and  the  run-time 
of  the  method  is  essentially  independent  of 
the  particular  form  chosen  for  the  pressure 
distribution  function. 

It  appears  that  some  maximum  value  of  the 
pressure  strength  a  exists,  at  which  incip¬ 
ient  wave  breaking  occurs.  The  numerical 
results  presented  suggest  that  this  value  may 
be  about  a=0.02  ,  although  more  accurate 
computations  would  be  needed  to  confirm  this 
speculation. 
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Appendix 


Transformation  of  a  singular  integral. 


To  prove  the  Identity  (4.3),  the  change  of 
variable  t  ■  k-b  is  introduced  i.ito  the 
left-hand  side,  giving 


f 


dk  "  e  + 
-b 


dt 


(A.l) 


The  quanti.y  exp(-at*+2abt)  is  identically 
subtracted  and  added  to  the  numerator  of  the 
expression  in  the  integrand  of  equation  (A.l) 
to  yield 


I  "_ 
J  k  -  b 


dk 


-ab' 


CO 


0 


“2abt  2abt 
e  -e 

t 


dt 


+  e 


•ab' 


2abt 

~~  dt  .  (A.  2) 


From  the  definition  of  a  Cauchy  principal- 
valued  integral  with  a  singularity  at  t"0  , 
vlr. 


b 

I  f(t)dt 
-b 


-E  b 

11m  [  f(t)dt  +  [f(t)dt  , 

^^-b  I 


it  is  evident  that  the  first  and  third  Integrals 
In  equation  (A. 2)  cancel,  leaving 
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i  iTTb  ■>>■-'= ) - ; - 


f  -a(t-b) 

+  J  - - r -  dt  . 


(A.  3) 


The  first  term  on  the  right-hand  side  of 
aquation  (A. 3)  is  now  written 

7  -a(t+b)^_  -ab" 

- _^dt 

-CO 


00 


-  *5 


—00 


-a(t-b)^  -ab^ 
e  _ -  e 

t 


dt  . 


and  the  changes  of  variable  u  ”  t+b  and 
u  =  t-b  in  the  first  and  second  of  these 
terms,  respectively,  gives 


0 


du 


-au 
e _ 

u  +  b 


du  . 


(A.  4) 


Equation  (4.3)  may  be  obtained  from  (A. 4)  by 
first  making  the  change  of  variable  t  ■  ui^ 
in  the  first  term  on  the  right-hand  aide. 

The  second  term  is  written 


1  f  -au’^ ,  1  [  u  c 

b )  ®  ■  b )  -irTF 


du 


and  equation  (4.3)  follows, 
change  of  variable  t  ■  au* 


upon  the 
in  this  term. 
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DISCUSSION 
of  the  Paper 
by  Lawrence  K.  Forbes 

PROCRESS  IN  THE  CALCOUTION  OF  NON-LINEAR  FREE-SURFACE  POTENTUL  FLOWS  IN  THREE  DIMENSIONS 


DISCUSSION 
by  V.J.  Monace.lla 

Section  4a.  on  the  evaluation  of  the 
linearized  solution  seems  to  deserve  comment. 

An  analysis  is  provided  whereby  the  Cauchy 
principal  value  integral  is  transformed  to  four 
infinite  integrals  two  of  which  are  evaluated 
by  Hermite-polynomlal  quadratures  and  two  by 
Laguerre-polynoralal  quadratures.  There  exist 
many  mathods  for  evaluating  Cauchy  principal 
value  integrals  but  perhaps  the  most  straight¬ 
forward  method**  is  one  in  which  the  singu¬ 
larity  is  ignored. 

It  was  proved**  that  if  the  singularity  is 
located  at  the  midpoint  of  the  range  of 
integration  then  any  quadrature  for  which  the 
abscissae  and  weight  functions  are  symmetrical 
about  the  singularity  and  which  avoids  the 
singularity  itself  can  be  used.  The  conditions 
on  the  quadrature  impose  no  serious  restric¬ 
tions  as  they  are  properties  of  all  even-order 
standard  quadratures.  Thus,  using  g(k)  to 
represent  the  author's  f(k)exp(-aK  )  the  singu¬ 
lar  integral  can  be  written 


Author's  Reply 

1  am  indebted  to  Mr.  V.J.  Monacella  for 
drawing  my  attention  to  his  ingenious  device 
for  evaluating  Cauchy  principal-valued 
integrals  numerically,  simply  by  placing 
points  symmetrically  about  the  pole  singu¬ 
larity  and  then  ignoring  it. 

The  discusser  suggests  that  the  integral 
in  section  4a  of  the  paper  be  written  in  the 
form 

f  “  Ij  +  l2, 

J  o  k-b 

in  which  G(k)  =  f (k)exp(-ak^ ) ,  and 

11  -  r  G[b(k+l)]dk 

12  -  r  dk. 

J  o 


g(k) 


dk 


The  first  integral  on  the  right  hand  side  can 
be  approximated  as  Just  discussed.  The  second 
integral  can  be  approximated  by  standard 
methods.  It  should  be  noted  that  Che  error 
term  associated  with  the  numerical  integration 
of  the  first  integral  depends  only  on  the 
quadrature  chosen  and  the  well  behaved  com¬ 
posite  function  8('*)~g(b)  , 

V-b 


In  particular,  writing  I  In  the  standard  form 
to  apply  Cauta  integration  formulas, 

I-PV  glb(k*l).l  dk  ■>•  J*  dk 

the  first  integral  can  te  evslustsd  by  any 
even-order  Gsuss-Legandre  quadrature,  Ignoring 
the  singularity,  and  the  latter  integral  by  the 
Gauss-Laguerre  quadrature.  I  would  appreciate 
any  insight  chat  the  author  can  of far  regarding 
the  efficiency  of  the  two  maChods. 

**Konecellai  V.J.,  ”0n  Ignoring  the  Singularity 
in  the  Nut;erical  Evaluation  of  Cauchy  Principal 
Value  Integrals, ^  David  Taylor  Model  Basin 
Raporc  2356.  Feb  1967 


Certainly  the  integral  can  be  evaluated  to 
high  accuracy  using  Mr.  Monacella 's  device  of 
ignoring  the  singularity,  and  this  form  now 
only  involves  two  integrals,  instead  of  the 
four  which  appear  in  my  analysis. 

My  concern  however  is  not  with  the  eva¬ 
luation  of  the  integral  Ii,  which  as  pointed 
out  by  the  discusser  could  be  done  efficiently 
in  a  variety  of  ways,  but  irutead  with  the 
accuracy  with  which  the  integral  I2  may  be 
evaluated,  especially  In  the  case  when  the 
constant  a  In  the  exponential  terra  la  very 
small,  as  may  happen  when  the  pressure  distri¬ 
bution  is  narrow.  As  the  discusser  suggests, 
integral  I2  can  be  evaluated  directly,  effec¬ 
tively  by  multiplying  and  dividing  the  inte¬ 
grand  by  oxp(-k),  and  applying  the  kCausa- 
Laguerre  quadrature  rule  to  the  function 
G(k)exp(k}.  When  a  ia  small  and  a  quadra¬ 
ture  rule  of  moderate  order  is  used  however, 
this  can  involve  substantial  error.  To  gat 
around  this  problem  it  would  be  necessary  to 
oxploitjtlie  fact  Chat  an  exponential  term 
exp(-tk  )  appears  in  the  integrand,  and 
attempt  to  rewrite  Integral  I2  in  a  form  which 
enables  the  most  effective  use  of  Gauss- 
Kenalta  and  Gauss-Laguerre  quadratures.  This 
would  now  Involve  at  least  three  integrals, 
and  a  computational  effort  comparable  with 
that  required  in  section  4a  of  my  paper. 

Perhaps  the  most  efficient  method  of  evs- 
luetlng  the  Integral  In  section  4a  might  be  to 
uee  the  methed  given  in  that  section  when  a 
la  email,  and  to  uee  Mr.  Monacellm'e  euggeeted 
form  I2  when  a  is  large. 
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DISCUSSION 
by  Katsuo  Suzuki 

My  question  Is  how  the  present  numerical 
method  deals  with  the  case  of  Tatlnclaux  when 
the  free-surface  elevation  Is  discontinuous 
along  the  line  of  |y|“S«  lx|<l  as  shown  In  the 
Figure  SI,  S2  obtained  by  the  linearized 
theory. 

Author's  Reply 

I  thank  Dr.  Suzuki  for  his  question  con¬ 
cerning  the  behaviour  of  the  numerical  method 
when  applied  to  Tatlnclaux 'a  piece-wise 
constant  pressure  distribution  function,  and 
for  the  diagrams  he  has  supplied  for  the 
linearized  surface  elevation. 

When  the  present  numerical  method  is 
applied  to  a  discontinuous  surface  pressure, 
results  are  obtained  which  are  qualitatively 
similar  to  those  presented  in  my  paper.  This, 
however.  Is  a  consequence  of  the  fact  that  the 
finite  differences  cannot  represent  the  discon¬ 


tinuity,  and  hence  do  not  correspond  to  the 
behaviour  of  the  exact  non-linear  solution. 
Indeed  for  two-dimensional  problems,  Van  den 
Broeck  and  Thck*  show  that  a  discontinuous 
pressure  distribution  leads  to  a  linearized 
solution  for  which  no  non-linear  solution 
exists.  Three-dimensional  problems  are 
apparently  even  less  tolerant  of  discon¬ 
tinuities  in  the  pressure  distribution  func¬ 
tion,  since  the  linearized  free-surface 
elevation  becomes  unbounded  at  the  corner 
points  of  Tatlnclaux' s  rectangular  piecewlse- 
constant  pressure  distribution.  Certainly  we 
must  expect  there  to  be  no  non-linear  solution 
for  such  a  pressure,  and  as  the  numerical  mesh- 
sizes  are  refined  in  the  present  algorithm, 
then  the  behaviour  of  the  present  scheme  must 
ultimately  reflect  this  fact. 

*Reference ;  J.-M.  van  den  Broeck  and  E.O. 

Tuck,  "Wave-less  free-surface  pressure 
distributions,"  Mathematical  Research  Center 
Technical  Summary  Report  #2679,  University  of 
Wisconsin,  Madison,  Wisconsin  (1984). 


o 

o 


Figure  SI  -  Wave  Pattern  Generated  by  Pressure 

P(x,y)-1,  I  x|  <0.5,  I  y(  <0.5,  ko-1.0,  AkoC-0.1 
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the  non-linear  drag  integral  (2ol4)  numeri¬ 
cally.  Aa  the  discusser  indicates,  the 
downstream  waves  certainly  have  not  decayed  to 
insignificance  at  the  terminating  downstream 
surface,  and  so  the  surface  gradients  there  are 
not  necessarily  small.  This  poses  no  dif¬ 
ficulty  in  the  present  investigation,  however, 
since  the  surface  gradient  function  in  the 
Integrand  of  equation  (2.14)  is  nultlplled  by 
the  pressure  distribution  function  (2.6),  which 
decays  exponentially  rapidly  away  from  the  ori¬ 
gin.  For  less  well-behaved  pressure  distribu¬ 
tion  functions.  Dr,  Mori's  observation  could  be 
of  concern,  however. 


DISCUSSION 
by  K.  Mori 

According  to  my  experience,  the  Integration 
over  Che  free-surface,  eguatlon  (2.14),  depends 
strongly  on  the  position  of  Che  coicputing 
domain.  Significant  surface  gradients  seem 
still  to  exist  on  your  terminating  .urface 
X  -  5.0. 

Author's  Reply 

Dr.  Mori  expresses  concern  about  the 
accuracy  with  wt;ich  it  is  possible  to  evaluate 


Figure  S2  -  Wave  ^elghta  Around  Prasaure 

I  X  I  <0.5,  {  y  I  <0,5,  P(x,y)-1,  ko-1 
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FORCES  ON  A  SLENDER  SHIP  ADVANCING  NEAR 
CRITICAL  SPEED  IN  A  SHALLOW  CHANNEL 

C.C.  Mel 
H.S.  Choi 

Massachussetts  Institute  of  Technology 
Cambridge,  MA  02139 


Abstract 

In  recent  towing  tank  experiments  by  Huang 
et  al.  (1982)  it  has  been  established  that  a 
ship  moving  at  a  steady  speed  not  far  from  the 
critical  speed  Vgh,  where  h  is  the  tank  depth, 
radiates  solitons  upstream  in  an  almost  peri¬ 
odic  manner.  On  the  other  hand,  Wu  and  Wu 
(1982)  have  found  similar  results  theoretically 
for  two  dimensional  disturbances  such  as  a 
pressure  band  moving  along  the  free  surface,  by 
solving  numerically  the  approximate  equations 
of  Boussinesq  class  for  long  waves  in  shallow 
water.  In  this  paper,  more  recent  work  aimed 
at  the  prediction  of  two  dimensional  upstream 
solitons  by  a  three-dimensional  strut  is  re¬ 
viewed  and  preliminary  extensions  for  a  slender 
ship  are  discussed. 

1.  Introduction 

In  several  early  experiments,  it  was  ob¬ 
served  that  a  steady  state  was  difficult  to 
achieve  if  the  ship  was  towed  at  nearly  the 
critical  speed  which  is  the  propagation 
speed  of  infinitesimal  long  waves  in  shallow 
water.  In  addition  to  Thews  and  Landweber 
(1935,  1936)  who  were  the  first  to  discover 
such  a  phenomenon,  Kinoshita  (1946)  also 
noticed  similar  behavior.  In  particular,  he 
described  the  damming  of  water  in  front  of  the 
ship  and  the  occurrence  of  backwater  moving 
ahead  of  the  ship  and  that  "the  stream  around 
the  ship  remains  no  longer  in  a  steady 
condition."  Time-averages  of  the  measured 
resistance,  sinkago  and  trim  wore  found  to  vary 
sharply  with  the  speed  in  the  vicinity  of  the 
critical  speed.  In  similar  experiments, 
Izubuchl  and  Nagasawa  (1937)  also  found  that 
the  resistance  curve  shows  a  hump,  and  the  trim 
of  the  ship  changes  abruptly,  near  the  critical 
speed.  These  observations  were  further  sub¬ 
stantiated  by  the  oxtensivo  experiments  of 
Graff,Kracht  and  Wolnblun  (1964). 

In  earlier  theories,  the  assumption  of 
steadiness  was  undoretandably  made.  Hichell 
(1898)  and  Joukowskl  (1903)  independently  de¬ 
rived  the  steady-state  llnearieod  theory. 

C.C. Mel  Dep't  of  Civil 
H.S. Choi  Dep't 


This  approximation  was  further  extended  by 
Tuck  (1966)  for  slender  ships,  by  means  of 
matched  asymptotics.  According  to  this  kind  of 
theory,  the  far  field  equation  is  elliptic  for 
subcritical  speeds,  implying  no  steady  waves, 
and  hyperbolic  for  supercritical  speeds,  imply¬ 
ing  waves  similar  to  those  in  sunersonic  aero¬ 
dynamics.  In  the  transcritlcal  region,  the 
linearized  theory  breaks  down.  Steady,  one- 
dlmenslonal  hydraulic  approximation  was  also 
advanced  by  Kreltner  (1934)  who  found  that  the 
solution  became  singular  near  the  critical 
speed. 

Maruo  (1948)  was  the  first  to  suggest  the 
use  of  a  nonlinear  theory  similar  to  that  of 
transonic  aerodynamics.  More  calculations  have 
been  made  subsequently  by  Lea  and  Feldman 
(1972)  and  by  Maruo  and  Tachlbana  (1981)  who 
however  warn  of  the  breakdown  of  the  continuous 
solution  at  the  critical  speed.  Unlike  com¬ 
pressible  aerodynamics,  waves  In  shallow  water 
are  affected  to  some  extent  by  dispersion,  in 
addition  to  nonlinearity.  Mei  (1976)  extended 
the  Boussinesq  approximation  which  contains 
dispersion  and  nonlinearity  to  leading  order, 
to  transcritlcal  flow  around  a  slender  strut  in 
horizontally  unbounded  water.  Hia  work  is  a 
generalization  of  Karpmon  (1967)  who  found  that 
a  slender  strut  in  a  high  supercritical  flow  la 
governed  by  the  KdV  equation.  All  those 
theories  are  for  steady  state  motions  In  a 
horizontally  unbounded  sou. 

Tl>e  experiments  of  Huang  ot  al.  (1982)  and 
theory  by  Wu  and  Wu  (1982)  c.nn  bo  regorded  as  a 
turning  point,  for  they  huvo  established  decl- 
slvoiy  that  cither  in  a  two  dimensional  flow  or 
in  a  channel  with  n  finite  width,  the  response 
caused  by  a  localized  disturbance  moving  at  a 
constant  speed  not  far  fro»\/'gir  la  basic.'slly 
transient.  Specifically,  Huang  et  al.  towed  a 
model  ship  along  the  center  line  of  a  tank  and 
noticed  that,  in  addition  to  the  expected  ship 
waves  In  the  wake,  solitons  which  are  uniform 
across  tho  entire  tank  width  are  radiated  ahead 
of  the  ship.  If  approached  from  below,  tho 
closer  tho  Ftoude  miabcr  F  *  UA^gR  is  to  unity, 
tho  greater  are  the  frequency  and  at^litude  of 
the  solitons.  By  aolvlivg  numerically  a  aet  of 
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equations  of  the  Boussinesq  type,  Wu  and  Wu 
investigated  the  waves  due  to  a  band  of  travel¬ 
ling  pressure  and  found  the  same  phenomenon; 
their  response  is  necessarily  two  dimensional 
everywhere.  Further  theories  and  experiments 
for  two  dimensional  disturbances  travelling 
either  above  or  beneath  the  water  layer  have 
confirmed  and  amplified  these  findings  iLee 
et  al.  (198^),  Akylas  (1984),  Ertekin  et  al. 
(1984)  ] . 

The  fact  that  a  three-dimensional  body  such 
as  a  slender  ship  can  give  rise  to  two  dimen¬ 
sional  waves  upstream  is  interesting.  Firstly 
the  tank  width  2W  is  an  obviously  Important 
parameter,  along  with  the  length  2L  and  beam 
2B  of  the  disturbance.  Clearly  if  W  is  compar¬ 
able  to  B  and  much  less  than  L,  the  induced 
waves  should  be  essentially  uniform  across  the 
tank,  both  up  and  downstream;  the  two-dimen¬ 
sional  theory  already  developed  for  B  =  W  cap- 
tv^res  most  of  the  physics.  At  the  other 
extreme  when  W  is  much  greater  than  L,  the  tank 
walls  are  effectively  absent  and  two  dimen¬ 
sional  solitons  need  not  arise  and  steady  waves 
could  exist  and  be  descrlbable  by  a  nonlinear 
theory  either  with  or  without  dispersion, 
depending  on  the  slenderness  of  the  disturbance 
[Haruo  (1948,  1981)  and  Mel  (19)6)j.  There  are 
however  Intermediate  cases  which  can  be  of 
interest.  In  the  experiments  by  Huang  et  al. 
and  by  Ertekin  et  al.  the  ship  length  Is 
roughly  comparable  to  the  channel  width. 
Numerical  computations  by  solving  the  full 
shallow  water  equations  involving  two  horizon¬ 
tal  space  coordinates  and  time  have  been  per¬ 
formed  by  Ertekin  et  al.  (1985)  for  a  rectangu¬ 
lar  pressure  patch  on  Che  free  surface.  Wlille 
there  must  be  many  canals  which  arc  so  narrow 
relative  Co  Che  dimensions  of  the  ship,  it  is 
in  the  much  wider  ones  that  a  ship  is  likely 
operated  near  the  critical  speed.  £y  focussing 
attention  to  a  small  neighborhood  of  the  criti¬ 
cal  speed,  Mel  (1985)  has  found  that,  for  a 
certain  class  of  width-to-length  and  slender¬ 
ness  ratios,  the  tronserltical  flow  due  to  a 
thin  strut  is  as  simple  as  the  two-dlBenslonal 
case  treated  by  Akylas  (1984)  in  that  the  per¬ 
turbed  flow  Is  essentially  two  dlmenssonal  and 
descrlbable  by  a  one-ditBensionai,  inhoaogenous 
KdV  equation.  In  this  paper  we  shall  oucllitc 
this  theory  and  present  some  preliminary 
results  of  its  nxtension  to  slender  ships. 

2.  Approximate  theory  for  a  thin  strut 

Figure  1  depicts  the  geometry  of  a  wall- 
sided  strut  along  the  axis  of  a  channel.  Tlio 
length  and  the  Raxiaum  beam  of  the  strut  are 
21  and  2B  respectively.  The  coordinate  sy^te- 
is  fixed  on  tha  ship  with  the  origin  located  sc 
the  center  of  the  ald-shlp  section.  A  uniform 
flow  of  velocity  U  begins  at  time  t  «  0  from 
left  to  right  (how  to  aCam)  of  the  ship. 

For  a  potential  flow,  the  exact  governing 
equation  and  the  boundary  conditions  are  as 
follows.  t.et(^(x,y,s,c)  bo  the  velocity 


potential  of  the  flow,  then. 


(2.1) 


in  the  fluid.  On  the  free  surface,  the  kine¬ 
matic  and  dynamic  conditions 

(J  Sx  ■**  0yX>y  “ 

(2.2) 

and 

Til(p,  +  1(70)'=  0, 

z  »  ^  (2-^) 

must  hold.  On  the  horizontal  channel  bottom 
we  must  have 


a  0  ,  Z  =  “h  (2.4) 

Let  the  hull  of  a  wall-sided  strut  be  y  "  Y(x). 
On  the  hull,  the  flow  must  be  tangential: 


(J)y  »  (  U  1- ^  ,  ysY(i)(2.5) 

On  the  channel  bank,  we  require 

4  =  0,  y^W 

W  '  '  (2.6) 

Before  the  flow  starts,  all  is  calm. 

We  now  normalise  tluisc  equations  by  intro¬ 
ducing  the  following  transformation 

•S-A5, 

i-hz,  >  (-by  “■'> 

Unless  othcsvlso  statedT  all  variables  are 
dimensionless  from  here  on.  The  governing 
equations  now  become 


^’^0  +  0,z  =0, 


In  Che  fluid,  whore 


and 


As 


I  <z<tK 

(2.8) 


(2.91 
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■ft:  =/{F(5»  +f?x)  teC<t!,5.tilvSy3 

e5  <2.10) 

Fyf  +  F/C(fc+F(fe)  + 

“0  (2.U) 

on  the  free  surface, 

<t>y=0,  y=  W/L 

W  ^  /  (2.12) 

on  the  channel  bank 


4=^0,  z»-l 

on  the  bottom,  and 


(2.13) 


critical  speed,  in  the  manner  of  Mei  (1976) 
for  steady  motion  in  an  horizontally  unbounded 
sea. 


Clearly  we  want  the  slenderness  of  the 
strut  to  be 


B/  L  «  0(0 


(2.19) 


Collecting  all  the  twice-differentiated, 
linear  terms  on  the  left-hand  side  of  (2,18) 
we  get 

(2.20) 

(l-F^)$„  +|yy 

The  right-hand  side  of  (2.20)  consists  of  non¬ 
linear  0(E)  and  dispersive  0(l^)  terms.  Consider 
the  case  ' 

E  -  <5<  1  (2.21) 

We  now  focus  our  attention  to  the  immediate 
neighborhood  of  the  critical  speed  and  assume: 


13. 

e  L 


(  F^+£<hc)^ 


(2.14) 


on  the  strut  hull.  The  two  dimensionless 
parameters 


(  =  Zokji^  (2.22) 

with  o(  <•  0(1).  Several  situations  may  arise. 
Consider 


^ ■  h/L  and  £ ■  A/h 


(2.15)  ^/L  =  0(1/11^  p*)  (2.23) 


are  measures  of  dispersion  and  nonlinearity 
respectively. 

i 

W.:  now  assume  that  both  £  and  M  etc 
less  than  unity.  Following  the  usual  proce¬ 
dure  of  sliallov  water  approximation,  we  may 
introduce  the  Taylor  expansion 


After  smae  straightforward  manipulations  and 
defining  the  depth  average 


I 

“  (TTSJ)  J, 


(2.17) 


one  finds,  whan  the  efi'cts  of  dispersion  aiwS 
nonlinearity  are  kept  to  the  loading  order 
only 

+ «  0(et  e/ilM*) , 

Dssd/di  +F3/ax 


(2.  IS) 


This  equaticn  is  equivalent  to  the  Bousslnesq 
equation  In  a  moving  coordinate  system.  In 
view  of  the  recent  work  of  Erteklii  ec  al.  the 
direct  numerical  solution  of  (2,18)  appears 
possible,  but  is  still  an  arduous  task.  L«t 
ufl  examine  the  iawdi,at:e  neighborhood  of  the 


where  IJ*  is  of  order  unity  and  the  exponent  m 
is  still  to  be  chosen.  Let  os  rescale  the  y 
coordinate 


y  =  ^7  /  (2.24) 

so  that  the  channel  bank  is  at  ^  •  1.  Wliether 
the  term  is  comparable  to  the  nonlinear 
and  dispersive  terms  on  the  right  of  (2.20) 
depends  on  a.  To  consider  the  trasislent  effect 
to  leading  order  it  is  appropriate  to  renoraal- 
ise  time  by 

(2.25) 


Ue  then  cbcain 

“30^  f  j  +  0^^^  )  (2.26) 

Tiie  boundary  cond Irion  on  the  hull  bocooea 


If  wc  choose 


<n=l,  i.e.,  W/L 


6W  Y 

«  Ts 


(2.27) 


(2.28) 
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and  3/3^^  0,  (2.28)  is  tha  so-called 
Kadomtsev-Petviashvllli  (K-P)  equation.  For  a 
compatible  boundary  condition  on  the  hull,  we 
take 

S/L«0Ce^)=  (2.29) 


while  jS  represents  the  blockage  effect  since 
B/W  is  the  blockage  coefficient.  It  can  be 
solved  numerically  by  several  known  algorithms, 
o.ne  cif  which  will  be  described  later. 

3.  Modification  for  a  slender  ship. 


The  boundary  condition  on  the  channel  bank  is 

$1)  ®  ^  (2.30/ 

With  zero  initial  data  this  initial-boundary 
problem  can  be  solved  numerically.  In  the 
steady  limit,  Mei  (1976)  has  pointed  out  that 
(2.26)  reduces  to  the  Tricomi  equation  in 
transonic  aerodynamics  if  £ ,  l.e.,  if  the 
strut  is  fairly  thick.  ” 


We  again  limit  our  attention  to  the  case 
where  W/L  =  )  and  consider  a  slender 

ship.  Let  the  snip  hull  be  described  in  cylin¬ 
drical  polar  coordinates  by  r  -  R(x,0) .  On  the 
hull  the  kinematic  conuition  is 

(3.1) 

bet  be  the  characteristic  radius  of  the 


If  we  choose 

m  *  1/2.  l.e.,  W/L  -  (2.311 

we  should  then  renormalize  y  by 


The  boundary  condition  (2.27)  can  be  rewritten 
aa 

(2.33) 

where 


{2.3i>) 

Now  (2.2^  and  (2.3j)  imply  that  at  the  leading 
order,  9  independent  of  .  Wo  now 
substitute  the  scries 


i  ®  4^.  /I  ■  ■  (2.33) 

into  (2.26)  and  (2.33),  and  easily  obtain 

“Uf  +  0({ia('-jUUx  f'g"  Usxx 

where  u  •  .  Since 

according  to  (2.11),  it  follows  that 


Equation  (2.38)  Is  an  inhomogansous  KdV 
equation  for  tlva  It'adlng-ordcr  free  surface 
tiolghe.  It  tnvolvea  two  paraaetcra;  0(  rapre- 
seots  eba  departure  froa  the  critical  speed. 


cross  section,  l.e.,  R*  is  of  the  order  of 

the  maximum  cross-sectional  area.  It  is 
natural  to  expect  that  when 

Rb*  *  0(Bh) « (3.2) 

the  far  field  defined  by 

.^=(Xi),  (3.3) 

is  still  described  by  (2.38)  if  the  blockage 
coefficient  is  of  the  Kume  order  as  the  thin 
strut  with  chs  slenderness  given  by  (2.34), 
l.e. . 


Rs/l  »  (3,4) 

Koilowtng  Tuck  (1966),  wo  introduce  cho  Inner 
region 

ty,  2:)»0(R,)  (3.3) 

.4s  in  the  acrodyniwuica  of  a  slender  body,  tbo 
voUvctj.y  fl^ld  in  the  lim-ir  region  (s  appraxl- 
ttscsly  t-wo  dtssensional  In  the  croas-scetlonal 
nlanea.  .4c  the  outer  Ueslt  of  the  liuief 
region,  the  effect  of  the  body  is  to  Indvi  e  a 
radlhl  flux  of  the  strength  q{x)  proportional 
{<!  i.'ie  spatial  rate  of  change  of  the  cross- 
soctional  area  N(x),  i.e., 

(|()0  iJiji  tl.ti) 

The  channel  bottom  is  effeettvely  at  ncs-niivc 
infinity.  The  potential  In  tins  inner  tcglon 
is  opproxitutely  given  by 


^  ^  A  Av 

(t>  o  (J).  (,x^r)  +  (j>pU,y.z,T;  (3. 7) 

with 

ty  .z)  C/,2)/  Re. 

(3.3) 
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We  point  out  that  Tuck  studied  the  case  where 
the  lateral  dimension  of  the  ship  is  of  the 
same  order  as  the  water  depth  h;  the  outer 
limit  of  the  inner  solution  can  be  matched  to 
the  inner  limit  of  the  outer  solution  directly. 
In  contrast,  here  one  must  go  through  an  inter¬ 
mediate  region  defined  by 

X  =  0(L),  (y.z)  =  0(h)  =  Oijlh)  (3,9) 

It  may  be  easily  shown  that  to  leading  order 
the  flow  in  the  intermediate  region  is  still 
two  dimensional  in  the  cross-sectlonai  plane. 
Its  outer  limit  consists  of  two  sideward  flows 
which  are  uniform  in  depth.  The  inner  limit 
of  the  intermediate  solution  is  represented  by 
a  distribution  of  sources  along  the  centerline 
of  the  water  plane.  By  matching  with  the  inner 
solution,  it  is  no  surprise  that  the  source 
strength  of  the  intermediate  solution  must  be 
directly  related  to  the  rate  of  change  of  the 
cross-sectional  area,  i.e., 

^8  Sx 

10  Ko 

where  Sjj  is  the  blockage  coefficient  equal  to 

the  ratio  of  the  maximum  cross-scctlon  below 
the  water  line  to  the  cross-scctlon  of  the 
channel  2Wh.  By  comparing  with  the  stmt  case, 
we  may  conclude  that  to  the  outer  field  obser¬ 
ver,  the  ship  can  be  replaced  by  an  equivalent 
strut  whose  beam  is  given  by 

BY  »  «SgS  (3.11) 

Now  the  outer  solution,  I.e.,  the  wave  field, 
can  bo  computed  itasediately  from  (2.38)  with 
the  right-hand  side  replaced  by 

Sg  (3.i2) 

The  nacching  also  deterainea  the  velocity 
potential  around  the  ship, 

(3.13) 

to  leading  order,  which  can  be  usfci  to  calcu¬ 
late  the  pressure  field  according  to  the 
BornoulU  equation.  In  terms)  of  the  issner 
region  variables,  the  normal iscd  prosaure  is 

P  =  p/F3^  “-C 

r 

)J  C3.16) 

to  leading  order  ttie  pressure  is  given  by 

■p  “  (3.JM 

which  U  unifot*  in  the  croesi-soctiona! 
at  any  a.  Tlio  total  i-?vce  oti  the  ship  1.-: 


ex 


where  the  first  term  on  the  right  stands  for 
the  wave  drag  and  the  second  the  lifr.  The 
moment  can  be  defined  in  physical  variables 


(3.17) 


Instead  of  the  lift  and  moment  one  can 
alternatively  use  the  slnkage  and  trim  defined 
by 

-L*  =  Cs*+  XeT)YdX  (3.18) 

M*  =  2f9!‘‘x(s'"4-  x6t)YJx  (3.19) 

C|. 

The  dimensionless  wave  resistance  and  slnkage 
can  be  defined  as: 


Rw  =  ftw*  /fg  V  (3.20) 


S  «  s*  /  L  (3.21) 

where  V  is  tlio  dlapiaeement  of  the  ship. 


A,  Nweerical  solution 

The  first  task  Is  to  solve  for  ^  siovemcd 
by  (2.38).  We  adopt  the  explicit  finite  dif¬ 
ference  schoisf  of  Johnson  (1972) 

■(C,-  C.) 

-I."J  •• ''r/5  S, ,  s:  =!(»««,  MT)(*» 

?OT  stability,  the  tlsso  and  spatial  dlscrctl- 
aation  eust  satisf*/  the  following  innqoallty. 


Tlvw!  the  ouxlaua  value  o»  vne  unknown  also 
plays  a  role  in  the  criterion.  Wo  find 

Ax  *■  f*-l.  AT* •  0.0v03  to  fee  sufficient. 

Vigures  2-6  show  the  free  surface 
profiles  at  several  instances  of  tl»e  induced 
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by  a  parabolic  ahip  with 
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S(x)  =  1  -  ,  |xl^l  (A. 3) 

At  a  low  subcritical  speed,  there  is  a  soliton 
of  low  amplitude  propagating  ahead  of  the  ship, 
with  minor  undulations  in  the  wake.  Ac  a 
higher  subcritical  speed,  more  crests  emerge 
ahead  of  the  bow,  the  leading  ones  pull  away 
the  fastest,  giving  signs  of  forming  separated 
solitons.  At  the  critical  speed,  higher 
solitons  of  nearly  uniform  amplitudes  are 
formed.  This  trend  persists  into  the  super¬ 
critical  range.  At  high  enough  supercritical 
speed  no  more  solitons  are  radiated;  there  is 
only  some  local  disturbance.  Although  not  de¬ 
signed  for  comparison  with  the  narrow  tank 
experiments,  the  calculated  amplitudes  of  the 
leading  solitons  appear  to  agree  with  the 
measurements  of  Ertekin  (1984)  (see  Mel, 1985). 

Graff  et  al.  (1964)  also  reported  measure¬ 
ments  of  the  total  resistance,  sinkage  and 
trim  for  a  destroyer  model  of  length  2L  =  3  m 
in  a  tank  of  width  2W  =  10.1  m.  The  ratio  W/L 
is  moderately  large  to  be  close  to  that 
assumed  in  the  present  theory.  The  ship  model 
was  only  constrained  laterally  and  longitudin¬ 
ally  and  is  otherwise  free  to  heave  and  pitch. 
It  has  a  transom  stern.  Records  for  two  depths 
are  available.  In  Figure  7  we  compare  the  cal¬ 
culated  wave  resistance  with  the  msas  ired 
residual  resistance  which  is  the  total  measured 
resistance  minus  the  skin  friction  computed 
from  the  boundary  layer  theory  for  a  flat 
plate.  Near  the  critical  speed  the  computed 
values  oscillate  in  time;  we  have  plotted  as 
representative  values  the  first  maximum  and 
the  following  minimum.  The  peaks  in  both 
theory  and  experiments  occur  at  roughly  the 
same  speed.  The  quantitative  agreement  is 
understandably  poor,  '•■ince  the  residual  resis¬ 
tance  is  the  sum  of  wave  and  form  drags. 

In  Figures  8  and  9  comparisons  are  made 
for  the  sinkage  and  the  trim.  Since  the  theo¬ 
retical  values  are  for  a  fixed  ship  and  the 
experiments  are  for  a  mot ion- free  ship,  the 
comparison  is  not  a  strict  one.  Nevertheless 
the  simil.arlty  between  the  two  already  suggests 
that  the  present  simple  theory  is  on  the  right 
course. 

We  are  presently  p  Tsuing  a  higher  order 
theory  by  the  method  of  matched  asymptotics, 
details  of  which  will  be  presented  in  the 
future. 
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Figure  2  :  Evolution  of  free  surface  due  to  a 
strut.  From  bow  to  stern  -l<x<l, 
0“  10.4,04=  5. 

(a)  r  =  l,(b)  3,(c)  5. 


Figure  1  :  Definition  sketch  of  a  strut 
iiovlng  in  s  channel. 


Figure  3  ;  Evolution  of  free  surface  due  to  a 
strut,  0  “  10.4,  o(  •  2.5. 

(a)  r  -l.(b)  3,(c)  5. 
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CALCULATIONS  OF  VISCOUS  EFFECTS  ON  SHIP  WAVE  RESISTANCE 
USING  SIMPLIFIED  BOUNDARY  LAYER  APPROACHES 
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Washington,  D.C.  20375 


Abstract 

The  paper  investigates  the  effect  of  fluid  viscosity  on 
ship  wave  resistance  for  five  ship  hulls,  three  of  which  have 
extensive  experimehtal  data.  The  direct  Michell  thin  ship  and 
zeroth  order  slender  ship  theories  are  used  to  mode!  the 
potential  flow  around  the  hull.  The  viscous  flow  is  modeled 
by  four  relatively  simple  momentum  integral  boundary  layer 
methods,  which  approximate  the  flow  over  the  hull  and  in  the 
wake  by  various  axisymmetric  and  two-dimensional  models. 
The  calculated  wave  resistances  are  in  generally  good  agree¬ 
ment  with  experimental  data  for  two  of  the  hulls,  and  in  poor 
agreement  for  a  third  hull.  The  corrections  due  to  the  two- 
dimensional  models  change  the  wave  resistance  by  lowering 
the  magnitudes  of  the  weighted  amplitude  function,  without 
any  appreciable  changes  in  phase.  The  use  of  the  axisym¬ 
metric  model  with  equivalent  volume  changes  both  the  mag¬ 
nitude  and  phase  of  the  function. 

1.  Introduction 

It  is  generally  accepted  that  the  paper  by  Michell  [1], 
using  thin  ship  theory  laid  the  foundation  for  numerical  cal¬ 
culations  of  ship  wave  resistance.  In  this  theory,  the  ship  is 
assumed  to  be  sufficiently  thin  that  the  singularities  may  be 
placed  directly  on  the  hull  centerplane,  with  their  strengths 
simply  given  by  the  longitudinal  derivative  of  the  ship  width. 
Efforts  to  improve  the  accuracy  of  the  original  Michell  theory 
have  been  largely  along  three  lines;  better  satisfaction  of  the 
hull  boundary  condition,  more  accurate  approximation  of  the 
nonlinear  free  surface  condition,  and  consideration  of  the 
effect  of  fluid  viscosity  on  the  wave  resistance. 

Perhaps  the  first  notable  improvement  to  the  Michell 
hull  boundary  condition,  in  terms  of  a  practical  calculation 
procedure,  is  the  'interpolation  formula*  proposed  by  Hogner 
(2],  which  reduces  in  its  limiting  cases  to  thin  ship  and  flat 
ship  theories.  These  limiting  cues  of  the  Hogner  formula  are 
discussed  in  great  detail  by  Weinblum  I3I.  For  conventional 
ship  huils,  Hogner’s  approach  differs  frcm  that  ol  Michell  in 
two  principal  aspects;  the  singularities  are  now  placed  on  the 
actual  hull  surfue  instead  of  on  the  centerplane,  and  their 
strengths  are  obtained  by  a  more  accurate  cdculation  of  the 
longitudinal  component  of  the  normal  to  the  hull.  More 
recently,  Koch  and  Noblesse  (4]  and  Eggera  [S],  among  oth¬ 
ers,  have  emphasized  the  Importance  of  adding  a  line  integral 
ct  the  water  itirface  to  compete  Itogner's  original  approach. 
The  resultant  modified  Hogner  approach,  or  zeroth  order 
slender  ship  theory,  as  termed  by  Noblesse  |6),  remains  a 
ditea  calculation  protaeduro  for  the  singulariiy  strengths. 


Among  indirect  approaches,  the  simplest  are  those  in  which 
the  free-surface  terms  in  the  Green’s  function  are  assumed  to 
be  negligible  in  computing  the  mutual  influence  of  the  hull 
singularities,  such  as  the  approach  by  Tsutsumi  [7],  This 
results  effectively  iii  an  infinite  fluid  problem  for  the  singu¬ 
larity  strengths.  Finally,  there  are  approaches,  such  as  those 
by  Chang  [8]  and  Adachi  and  Takeshi  [9),  which  solve  the 
complete  Neumann-Kelvin  problem,  in  which  all  the  free- 
surface  effects  are  included.  The  principal  difficulty  in  this 
approach  is  the  need  to  calculate  the  influence  of  the  trouble¬ 
some  near  field  terms  in  the  Green’s  function. 

Various  approaches  have  been  used  to  improve  the  free 
surface  condition  near  the  hull.  One  type  of  approach,  used 
by  Guilloton  IlOl  and  Hong  [111,  has  been  to  employ 
transformation  techniques  to  transform  the  physical  coordi¬ 
nate  system  to  a  new  coordinate  system  where  the  perturbed 
free  surface  is  known.  Gadd  [12]  and  Dawson  [13]  use  infin¬ 
ite  fluid  Rankine  sources  to  model  the  hull  end  the  shape  of 
the  free  surface.  A  more  recent  approach  has  been  that  of 
Amromin  et  al.  [14]  who  alter  the  strengths  of  the  singulari¬ 
ties  based  on  the  local  free  surface  elevation.  It  may  be 
noted  that  these  approaches  are  usually  at  least  as  complex  as 
the  Neumann-Kelvin  approaches  since  the  near  field  free  sur¬ 
face  behavior  must  again  be  calculated. 

The  earliest  efforts  to  account  for  the  effect  of  viscosity 
by  Wigley  [15]  and  Havelock  [16]  consisted  of  finding  simple 
empirical  expressions  or  factors  for  the  reduction  in  wave 
resistance  or  the  stern  singularity  strengths.  Later,  they  [17, 
18)  concentrated  on  finding  the  effect  of  different  mathemati¬ 
cal  shapes  simulaliiig  the  displacement  effect  of  the  boundary 
layer  flow  in  the  stem-near  wake  region  on  the  resultant  wave 
resistance.  These  studies  were  obviously  intended  for  ascer¬ 
taining  only  overall  trends  of  the  viscous  correction  and  are 
not  tied  to  a  particular  ship  geometry.  The  most  recent  stu¬ 
dies  have  used  high  order  flow  theories  to  model  the  viscous 
flow  in  the  stem  and  near  wake,  such  as  in  [19-23].  In  [19- 
21],  the  viscous  flow  Is  taken  to  give  a  displacement  thickness 
which  modifies  the  hull  shape  while  in  [22-23]  the  calculated 
viscous  flow  velocities  are  taken  to  interact  with  the  potential 
flow  velocities.  Often,  these  complex  viscous  flow  theories 
are  used  to  modify  t  simple  potential  flow  theory,  such  as 
thin  ship  theory. 

The  present  paper  investigates  the  effect  of  the  displace¬ 
ment  thickness  due  to  four  different  momentum  integral 
approximations  for  the  hull  boundary  layer  flow  on  the  wave 
resistance  calculated  by  using  the  previously  mentioned  direct 
thin  ship  and  zeroth  order  slenda  ship  theories.  The  four 
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approaches  approximate  the  actual  hull  by  an  axisymmetric 
body  of  equivalent  volume,  an  axisymmetric  body  of 
equivalent  wetted  area,  a  two-dimensional  body  of  equivalent 
thickness,  and  the  two-dimensional  body  extended  into  the 
wake.  The  use  of  the  axisymmetric  approximations  was 
introduced  by  the  author  in  a  previous  report  [24]  and  do  not 
appear  to  have  been  previously  used  in  connection  with  wave 
resistance  theories.  The  use  of  these  low  order  boundary 
layer  approximations  is  compatible,  in  terms  of  computer 
time  requirements,  with  the  simple  potential  flow  theories.  It 
is  emphasized,  however,  that  the  boundary  layer  theories 
proceed  entirely  from  first  principles,  without  using  any 
empirical  or  ad  hoc  correction  factors.  The  calculations  are 
performed  for  five  ship  hulls.  Three  of  the  hulls  are  the  Wig- 
ley  125],  Series  60  (Q  —  0.60)  [25],  and  Sharma  [26]  strut, 
for  which  there  are  abundant  experimental  data.  The  fourth 
hull  is  a  Series  60  hull  with  a  straight  stern  contour,  and  the 
fifth  hull  is  a  Wigley  hull  with  its  width  everywhere  doubled. 

The  paper  describes  the  poteniial  flow  wave  resistance 
and  boundary  layer  approaches  which  are  used.  The  geometr¬ 
ical  characteristics  of  the  five  hulls  are  described,  including 
the  shapes  of  the  axisymmetric  and  two-dimensional  shapes 
which  are  used  to  approximate  the  actual  hull.  The  boundary 
layer  thicknesses  predicted  by  the  various  approaches  are 
summarized.  The  effect  of  the  viscous  corrections  on  wave 
resistance  are  discussed  in  terms  of  overall  coefficients  as  well 
as  in  terms  of  the  amplitude  functions,  whose  integral  over 
wave  direction  leads  to  the  wave  resistance. 

2,  Potential  Flow  Wave  Resistance 
Calculation  Procedures 


The  problem  is  usually  formulated  in  a  coordinate  sys¬ 
tem  fixed  to  the  ship.  Figure  1  shows  the  coordinate  system 
used  in  the  present  study,  with  origin  at  the  forward  perpen¬ 
dicular,  X  positive  from  stem  to  bow,  y  positive  to  port,  and 
2  positive  upwards.  The  figure  also  shows  the  terminology 
used  throughout  the  paper.  In  such  a  coordinate  system,  the 
potential  for  the  modified  Hogner  or  zeroth  order  slender 
ship  theory  is  given  by  the  sum  of  the  following  two  integrals 

J6] 

0  -  arGds  +  Fi  <rn,  Ty  crGdl  (1) 

where  o-  is  the  source  strength , 

G  is  the  Green's  function  for  the  Kelvin  source  which 
satisfies  the  dynamic  and  kinematic  free  surface 
condition. 


is  an  elemental  area  on  the  hull  surface , 
*he  Froude  number  squared, 


U  is  the  ship  speed , 


s  is  the  gravity  constant , 


C  is  the  waterline  contour. 


Hy  is  the  longitudinal  component  of  the  normal  to  the  hull, 

Ty  is  the  y-component  of  the  tangent  to  the  waterline 
contour,  and 


is  an  element  length  along  the  waterline  contour . 

The  value  of  v  is  directly  obtained  from  ship  geometry,  as 
follows 


Figure  1.  Shi?  Configuration  and  Coordinate  System 


a(x,y,  2)  tty  (2) 

_ Bf/Bx _ 

Vl  -t-  (Bf/Bx)^  +  (Bf/Bz)^ 
where  /(x,  z)  is  the  local  half-width  of  the  ship. 

Thin  ship  theory  is  obtained  from  the  above  theory  if 
the  ship  beam  B  is  assumed  to  be  small  enough  such  that  the 
waterline  integral  is  negligibly  small,  the  integral  over  the  hull 
surface  Sh  may  be  replaced  by  the  centerplane  So,  and  the 
terms  (B/IBx)^  and  (6//dr)^  may  be  neglected.  Equations 


(1)  and  (2)  then  respectively  become 

(31 

4ir  8x 

(4) 

where  the  factor  of  2  in  Eq.  (4)  indicates  that  the  ship  has 
port  and  starboard  symmetry. 


Various  equivalent  forms  have  been  proposed  for  the 
Green’s  function  G.  A  form  which  is  particularly  useful  in 
the  present  study  is  that  given  by  Wehausen  and  Laitone  [27] 


G  “  G)  -I-  G}  G3 


'  'I 


(5) 

(6) 


cos  [k(x  -  x’)  cos  el  •  cos  [<:(>’-  y')  sin  e] ,  (7) 

6j  -  -  Akti  d9  sec^  9  exp  [ko  (r  +  *')  sec^  e] . 

sin  [ko(x  -  x')  sec  e]  cos  Iktjiy  -  y')  sine  sec’  e]  (8) 


where  x',  y',  2'  denote  respectively  the  x,  y,  z  values  of  the 
source  location, 

r  -  >/(x  -  x')’  -I-  (y  -  >')’  +  (z  -  r')^ , 

r,  -  VCx  -  x')^  -I-  O'  -  y')’  -1-  (z  f  z')’ , 

*0  “  si G’  is  the  fundamental  wave  number, 

k  is  the  wave  number  In  the  direction  e ,  and 

e  Is  the  direction  of  the  wave  component . 

The  terms  G|,  Gj,  and  G3  respectively  represent  infinite 
fluid,  near  field  wave,  and  far  field  wave  effects.  The  terms 
G|  and  G]  are  important  in  computing  the  near  field  flow, 

such  as  the  wave  profile  near  the  hull  or  the  mutual  Influence 

of  the  hull  sources  in  the  Neumann-Kelvin  problem,  in  the 
present  case,  the  source  strengths  are  directly  given  by  Eqs. 

(2)  and  (4),  and  it  is  only  the  far  field  wave  disturbance  G3 
which  gives  rise  to  the  wave  resistance.  Thus,  Eqs.  (1)  and 

(3)  are  integrated  with 

G  ~  G3  (9) 
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The  v/ave  resistance  is  evaluated  in  terms  of  the  dimen¬ 
sionless  wave  number  in  the  y  direction,  ky/ko,  following  a 
procedure  given  in  Eggers,  Sharma,  and  Ward  (28].  By 
applying  Lagally’s  theorem  to  the  source  distribution,  the 
wave  resistance  is  given  by 

Rw  “  -4irp  So<^<t>x  (10) 

where  p  is  the  fluid  density, 

J-  r  -I-  f  for  zeroth  order  slender  ship  (11a) 

D  Jc 

-  f.  for  thin  ship  (11b) 

fJSQ 

By  further  noting  that  for  the  free  waves  which  contribute  to 
wave  resistance,  the  following  relationships  between  wave 
numbers  k,  ky  and  k,,  and  direction  0  apply 

...  k _ 


k,  k 

tt  »  *7^  -  sin  0  -  sec  0  tan  0, 
ko  ka 


s  -  ---  -  -T-  cos  0  -  sec  0 ,  tlil 

the  following  expression  for  R„  in  terms  of  u  is  derived  (28) 

D  _  .  2  1  r"  1  +  Vl  + 

J-. 

y[u,  s(u)]  7[u,  s(u)l  (13) 

where  Jlu,  s(u)]  is  the  complex  Kochin  function  defined  by 
y(H,s(u)l-4ir  J*^o-(x,y,z)exp(A:o(i$x-t-i<0'  +  ‘w)l,  (14) 

s(«)  -  (1  +  y  Vl  -t-  (ISa) 

w(u)  -  Vu*  +  and  (15b) 

7  is  the  complex  conjugate  of  J 


An  alternate  expression  for  R„  which  is  commonly  used 
is  given  by 

-  y  irp(/^  J*  <4^(0)  cos^(0)  d9  (16) 

Written  in  this  form,  the  commonly  plotted  wave  resistance 
weighted  amplitude  function  ^^(0)  cos^0  is  explicitly  shown. 
Equating  Eqs.  (13)  and  (16)  and  noting  that 

du  <//...  I  +  sin’0  /,,4 

"  ~nr  (*««  0  tan  0)  - ^ —  (17) 

dt  d9  cos^0 

the  dimensionless  weighted  amplitude  function  A*/L^  in 
terms  of  the  integrand  of  Eq.  (13)  is  given  by 

A*  1  +  Vl  •)•  4u^ 

/.' ■  2irW  "Vl'+ 4u^  " 


J  (u,  s(u)]  7  (u,  s(u)] 


flow  theory  to  calculate  the  pressure  distribution  on  the  hull 
surface,  tracing  a  series  of  streamlines,  and  using  a  high  order 
boundary  layer  theory  to  calculate  the  boundary  layer  flow 
along  each  streamline.  This  would  lead  to  a  calculation  pro¬ 
cedure  which  is  considerably  more  complex  than  the  simple 
wave  resistance  theories  outlined  in  the  preceding  section  and 
thus  negate  the  computational  simplicity  of  these  methods. 

A  second  reason  is  that  there  are  indications  that  a  more 
accurate  boundary  layer  calculation  may  not  lead  to  better 
agreement  of  the  calculated  and  measured  wave  resistances. 
In  particular,  Himeno  (19)  states  that  for  the  Series  60,  Cy  — 
0.70  hull,  boundary  layer  calculations  including  both  cross 
flow  and  tangential  flow  effects  give  worse  accuracy  than  cal¬ 
culations  considering  only  tangential  flow.  Also,  Kinoshita 
121}  finds  for  the  case  of  a  .:trut  that  there  is  relatively  little 
difference  in  the  wave  resistance  values  for  the  case  of  a  dis¬ 
placement  thickness  S  *  which  is  constant  with  depth  and  the 
more  realistic  case  where  S  *  varies  with  depth. 

Finally,  there  is  the  assertion  first  stated  by  Guilloton 
[10]  and  restated  by  Gadd  (12)  that  the  displacement  thick¬ 
ness  makes  a  correction  in  the  right  direction  for  the  wrong 
reason.  Guilloton  states  that  neglect  of  the  nonlinear  free 
surface  condition  generally  leads  to  stern  waves  which  are  too 
large.  The  reduction  of  the  singularity  strengths  in  the  stern 
region  caused  by  adding  the  displacement  thickness  gives  the 
desired  reduction  in  the  stern  waves. 

3.1  Equivalent  Axisvmmetric  and  Two-Dimensional  Bodies 

Thus,  a  simple  momentum  integral  approach  is  used  to 
model  the  tangential  flow  on  three  approximations  of  the 
actual  hull.  Two  are  equivalent  axisymmetric  bodies  which 
are  respectively  equal  in  cross-sectional  area  and  perimeter,  at 
a  given  longitudinal  section  x,  to  that  of  a  double  model  of 
the  hull,  defined  as  the  underwater  portion  plus  its  reflection 
about  the  free  surface.  The  radii  and  Rn  of  the  equal 
cross-sectional  area  and  perimeter  bodies  are  rospectively 
given  by 


Ry[x)  - 


I  +  siu*0 


A*  i4^(0)  cos’0 
where - 13 - • 


Ruix)--^^—  (20) 

2ir 

where  ^  (x)  is  the  cross-sectional  area  of  the  underwater  hull, 
and 

P(.x)  is  the  perimeter  of  the  underwater  hull. 

It  is  easy  to  show  that  the  Ry  and  Rit  bodies  respectively 
reproduce  the  volume  and  surface  area  of  the  double  model 
of  the  hull. 

The  third  approximation  Is  a  two-dimensional  body 
which  has  half-width  T]  at  each  section  x  given  by  the  aver¬ 
age  of  the  half-width  /  over  the  draft  //  of  the  underwater 
hull  at  that  section 

J.N 

.  /(x,  r)  dt 

-  (21) 

It  is  easy  to  show  that  the  T]  body  preserves  the  volume  of 
the  underwater  hull. 


3.  Boundary  Layer  Calculation  Procedures 


Several  reaions  led  to  the  use  of  low  order  boundary 
layer  approaches  to  modify  the  potential  (low  theories.  One 
reason  U  that  an  accurate  boundtu'y  layer  calculation  pro¬ 
cedure  would  involve  using  a  thrM-dtoenaloital  potential 


For  these  bodies  the  tangential  flow  momentum  integral 
boundary  layer  equation  is  calculated  from  the  bow  to  the 
stern.  The  wake  is  then  left  open.  To  investigate  the  effect 
of  a  narrower  wake,  a  fourth  boundary  layer  approximation  is 
added  whereby  the  two-dimensional  flow  is  extended  into  the 
wake  until  the  wake  flow  variables  reach  asymptotic  values- 
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3.2  Momentum  Integral  Equation 


The  boundary  layer  formulation  is  first  given  for  the 
axisymmetric  bodies  and  modifications  for  the  two- 
dimensional  and  wake  flow  cases  will  be  indicated  later.  The 
momentum  integral  equation  for  boundary  layer  flow  along 
an  axisymmetric  body  may  be  conveniently  obtained  from  the 
tangential  flow  equation  for  a  representative  streamline  on  a 
hull,  assuming  all  cross  flow  terms  and  derivatives  normal  to 
the  streamline  to  be  negligible  [29] 


ds  2  Uf  ds  R  ds 


(22) 


where 


u 

U, 


dk  is  the  momentum  thickness. 


(23a) 


8  is  the  boundary  layer  thickness  where  ->  0.995 , 


u  is  the  velocity  in  the  boundary  layer , 

£/,  is  the  velocity  at  the  edge  of  the  boundary  layer , 

s  is  the  arc  length  measured  on  the  body,  starting 
from  the  bow , 

Cf  -  T»/yp  U}  is  the  skin-friction  coefficient ,  (23b) 


Tw  is  the  shear  stress  on  the  body  surface , 


H  -6*le  is  the  shape  parameter , 


(23c) 


ate  between  the  free  surface  and  keel,  where  the  streamline 
convergence  is  the  strongest.  The  boundary  layer  is  thinnest 
in  the  keel  area  where  there  is  streamline  divergence,  and  of 
intermediate  thickness  near  the  free  surface,  where  the 
streamlines  tend  to  be  straight.  Thus,  in  order  to  emphasize 
the  important  streamline  convergence  effect,  calculations 
were  made  using  the  as  well  as  the  R#  body. 


Taking  the  distribution  of  U,  to  be  known  (this  calcula¬ 
tion  will  be  described  below),  two  additional  equations  are 
required  to  solve  for  the  3  unknowns  9,  Cf,  and  H  in  Eq. 
(22).  The  two  additional  equations  were  taken  to  be  the 
well-known  Ludwieg-Tillmann  friction  relation  [32]  and  the 
entrainment  equation  of  Head  [33]  and  Standen  [34]; 

Cj  -  0.246  X  lO-"”*"  (25) 


and 


4-  (fiG)  +  ec 

ds 


1 

ds 

R 

ds 

F(.6),  (26a) 


C  -  1 .535  (W  -  0.7)-2  4-  3.3 ,  (26b) 

and 

F(G)  -  0.0306  (G  -  3.0)-'>«^  (26c) 


where  R,  -  U9/v  is  the  Reynolds  number  based  on  momen¬ 
tum  thickness  and  t>  is  the  fluid  kinematic  viscosity.  Equa¬ 
tions  (22)  and  (26)  may  be  viewed  as  two  equations  for  the 
two  unknowns  9  and  H,  with  Eq.  (25)  furnishing  an  expres¬ 
sion  for  C/  which  appears  in  Eq.  (22). 


8* 


dX  is  the  displacement  thickness,  and  (23d) 


R  is  the  radius  of  the  body . 


The  coordinate  system  used  in  the  boundary  layer  calculations 
has  the  longitudinal  axis  X  positive  from  bow  to  stem,  con¬ 
trary  to  the  sense  for  x  for  the  ship  hull  shown  in  Fig.  1. 


The  three  terms  on  the  right  hand  side  of  Eq.  (22)  show 
that  the  boundary  layer  grows  duo  to  skin  friction,  adverse 
pressure  gradient  (dVfIds  <  0),  and  streamline  convergence 
(dR/ds  <  0).  Granville  [30]  suggests  that  the  pressure  dis¬ 
tribution  be  calculated  by  using  the  R^  equivalent  body,  and 
that  the  boundary  layer  growth  be  calculated  by  using  the  R» 
equivalent  body.  This  would  tend  to  approximate  the  overall 
friction  drag  acting  on  the  actual  hull  surface.  However,  it  is 
not  clear  that  the  Rw  body  gives  a  belter  approximation  to 
the  streamline  convergence  term  than  the  Rt  body.  Equa¬ 
tions  (20)  and  (21)  show  that  in  the  cajie  of  a  ship  with  a 
vortical  stern  contour  of  zero  width,  the  case  for  most  of  the 
ships  considered  in  the  present  study,  Rt>  mi  Rw  take  on  the 
foilowing  values  at  the  stem  end 

/(k  -  0  (24a) 


and 


(24b) 


where  H  is  the  draft  of  the  actual  ship.  Consideration  of  the 
last  term  In  Eq.  (22),  and  Eq.  (24)  shows  that  the  Ry  body 
would  lend  to  have  a  significantly  larger  streamline  conver¬ 
gence  effect  than  the  A|»  body.  This  will  also  be  demon¬ 
strated  by  the  figures  showing  the  ft ^  and  Air  body  represen- 
utions  of  the  various  hulls.  The  impotunce  of  the  stream¬ 
line  convergence  temi  in  boundary  layer  growth  has  been 
emphasized  by  Patel  [31].  He  basically  shows  that  the  boun¬ 
dary  layer  is  thickest  for  certsin  streamilnes  tying  intemtedi- 


The  specialization  to  the  two-dimensional  case  is  partic¬ 
ularly  siro.pie.  In  this  case,  the  streamlines  are  straight  and 
the  terms  involving  dR/ds  in  Eqs.  (22)  and  (26a)  are  set 
equal  to  zero,  resulting  in  the  following  simpler  momentum 
and  entrainment  equations 


ds  4.  Vf 

(9G)  +  9G  jr  - 
ds  U,  ds 


dU, 

ds 

F(G) 


(27a) 

(27b) 


The  case  for  the  wake  requites  further  changes  to  the 
above  equations.  The  momentum  equation  takes  a  simpler 
form  in  that  the  friction  coefilclent  C/  ••  0,  resulting  in 


d9  ^ 
ds”  dX 


(«  +  2) 


1.^ 

U,  dX 


(28a) 


The  equation  for  the  shape  factor  H  is  taken  to  be  the  com¬ 
monly  used  Squire-Young  far  wake  relationship  [35] 

In  W/U„)  In  W/U„) 

“SPn - STT" 


where  the  subscripts  r  and  w  respectively  denote  values  at 
the  tail  of  the  body  and  in  the  wake.  It  is  of  interest  to  note 
thri  white  Eq.  (28b)  was  derived  for  the  two-dimensional 
wake  behind  an  airfoil,  Katano  and  Hotta  (36]  have  found 
that  it  also  approximates  well  the  mean  value  of  //  in  the 
three-dimensional  wake  flow  behind  a  tanker. 


Since  Eq.  (28b)  does  not  hold  In  the  near  wake,  Eqs. 
(28a)  and  (28b)  were  treated  in  the  following  manner,  to 
ensure  that  the  following  far  wake  relations  would  hold,  it  is 
well  known,  from  momentum  considerations,  that  the  two- 
dimensional  far  wake  momentum  thickness  9^  must  be 
related  to  the  drag  0  on  the  body,  u  fotlowa 


•i 


(29) 
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The  drag  on  the  body  was  approximated  by  the  following  for¬ 
mula  [37],  which  gives  the  increase  in  drag  over  the  fiat  plate 
friction  as  a  function  of  body  thickness  ratio  t!  L 

D-^pU^dfP,  i\  +  2tlL)  (30) 

where  Sfp,  is  the  flat  plate  momentum  thickness  at  the  tail  of 
the  body.  Substituting  Etj.  (30)  in  Eq.  (29),  and  noting  that 
ff  -  1  in  the  far  wake,  the  following  equation  results  for 
and  6e 

(1  +  2t/L)  (31) 

Thus,  Eq.  (28a)  was  essentially  integrated  backwards,  starting 
with  9  -  flg.  Typically,  the  continuous  wake  was  approxi¬ 
mated  by  3  to  5  inclined  segments,  for  each  of  which  the 
change  in  8*  was  the  same. 

3.3  Choice  of  Initial  Conditions 


A  number  of  procedures  are  available  for  choosing  the 
initial  point  s  and  starting  values  for  the  dependent  variables 
9  and  H.  These  include  the  use  of  available  experimental 
data  or  an  analytic  procedure,  such  as  that  outlined  by  Garcfa 
and  Zazutca  [38].  Here,  the  following,  approximately  uni¬ 
form  approach  was  used  to  make  the  parametric  runs  for  the 
various  ship  cases.  The  location  of  transition  is  fixed  at  a 
value  of  So  corresponding  to  X/L  -  O.OS,  a  typical  location 
for  turbulence  stimulators  used  in  model  tests.  The  initial 
value  of  the  momentum  thickness  9q  is  set  equal  to  0.7  of  the 
corresponding  value  for  a  flat  plate  with  the  same  length  Rey¬ 
nolds  number,  while  the  initial  value  of  the  shape  factor  tfo 
set  equal  to  the  flat  plate  value,  usually  in  the  1.4  to  l.S 
range.  This  was  largely  based  on  the  results  of  [29,  39,  40] 
which  show  that  the  boundary  layer  thicknesses  9  and  8*  in 
the  bow  region  are  usually  somewhat  smaller  than  flat  plate 
values,  due  to  the  favorable  pressure  gradient  and  streamline 
divergence  in  this  region,  while  H  is  typically  1.4.  Numerical 
experimentation  showed  that  in  the  case  of  the  displacement 
thickness  fi  *,  different  choices  of  flo  and  Ho  led  to  differences 
in  the  bow  region  which  tended  to  propagate  unchanged  to 
the  stern  region.  These  differences  were  quite  small  and 
essentially  negligible  compared  to  values  of  S*  in  the  stem 
region  where  most  of  the  boundary  layer  growth  takes  place 
due  to  the  adverse  pressure  gradient  and  streamline  conver¬ 
gence. 


based  on  consideration  of  the  pressure  accuracy  requirements 
at  both  ends  of  the  body  (where  slender-body  and  thin-airfoil 
theories  are  most  inaccurate).  The  approach  for  obtaining 
initial  conditions  for  the  boundary  layer  calculations  described 
above  essentially  makes  it  unnecessary  to  have  an  accurate 
description  of  the  pressure  at  the  bow  end.  At  the  stern  end, 
it  is  well-known  that  the  potential  flow  pressure  distribution  is 
substantially  modified  by  the  viscous  flow. 


In  conventional  slender-body  and  thin-airfoil  theories, 
the  longitudinal  axis  of  the  body  is  divided  into  a  series  of 
N  -  1  line  segments  of  length  ^X,^  over  each  of  which  is 
placed  a  source  of  uniform  density  ?/,  where  diX,  and  may 
vary  from  segment  to  segment.  The  potential  of  the  source 
for  the  axisymmetric  and  two-dimensional  cases,  and 
Gj£>,  are  respectively  given  by 


Gx  ■ 

Gid 


1  1 

_  _  _________  and 

'■  VfA'  -  XV  + 

Ics  R  -  logVof^rPTl^ 


(33a) 

(33b) 


where  {X,  R )  is  the  axisymmetric  coordinate  system,  and 
(JT,  T)  is  the  two-dimensional  coordinate  system.  The 
i  >urce  strengths  and  1/201  ore  respectively  given  by 


9x1 


9201 


u 

dA 

-  V2irRy, 

dRy 

4ir 

dX 

dX 

V 

dl  t2 

2n 

dX 

1 

(34a) 

(34b) 


The  resultant  velocity  at  an  arbitrary  spatial  point  may 
be  obtained  by  taking  derivatives  of  G  with  respect  to  X  and 
R  (or  X  and  T),  integrating  over  the  /th  source  segment, 
and  summing  over  the  H  -  1  segments.  For  the  axisym¬ 
metric  body,  the  consistent  approximation  for  l/,/U  is 
obtained  by  evaluating  the  velocities  on  the  body  surface 
(X,  R),  and  neglecting  higher  powers  of  the  velocity  in  the 
Af -direction,  but  not  in  the  R -direction.  For  the  two- 
dimensional  body,  the  consistent  approximation  is  obtained 
by  evaluating  the  velocities  on  the  longitudinai  axis  (Af,  0) 
and  neglecting  higher  powers  of  the  velocities  in  both  the  X 
and  y  directions.  In  the  case  of  the  wake  flow,  the  values  of 
U,/U  are  simply  obtained  by  evaluating  the  velocities  for 
X>  L. 


3.4  Calculation  of  Pressure  Distribution  on  Body  Surface 


In  the  present  thin-boundary  layer  approach,  where  the 
pressure  is  assumed  to  be  constant  throughout  its  thickness, 
the  edge  velocity  G,  appearing  in  Eqs.  (22),  (27a),  and  (28a) 
is  simply  related  (0  the  pressure  p  on  the  body  by  BemoulH's 
equation. 


(32) 


where  po)/  yp  t/’ 


is  the  pressure  coefficient,  and 
Po  U  the  ambient  pressure  far  from  the  body. 


There  are  sveil-known  numerical  procedures,  such  as  the 
Hess  and  Smith  method  (41),  for  calculating  the  potential  dis¬ 
tribution  on  arbitrary  three-dimensional  bodies  to  any  desired 
degree  of  accuracy.  While  the  method  In  (41)  is  itralghtfor- 
sratd,  a  number  of  numerical  step*  are  involved,  including 
mitiix  inversion.  In  the  present  study,  the  simple  tnd  direct 
slender-body  tnd  thlo-alrfoU  Iheotiei,  as  outlined  by  Karam- 
cheti  (42),  arc  used  lu  cakulau  the  pressure  distribution. 
The  accuracy  of  the  method  is  improved  by  using  two  modifi¬ 
cations  which  ire  described  tsier.  In  addition  to  iu  obvious 
simpUctty,  the  present  choke  of  alculation  methods  was  also 


To  correct  the  well-known  Inaccuracies  of  the  theory  at 
the  ends  of  the  body,  a  singularity  gap  correction  proposed  by 
Moran  |43]  is  applied  at  the  bow  and  stern  ends,  in  this 
apporach,  ti.e  singularity  disiributlon  does  not  extend  all  the 
way  to  the  end,  but  there  is  a  gap  equal  in  length  to  one  half 
of  the  nose  radius  of  the  body. 

A  second  modification  is  made  to  account  for  the  effect 
of  viscous  flow  on  the  stem  pressure  distribution,  it  is  well- 
known  that  U,  does  not  approach  zero  at  ihe  stern  end.  as 
predicted  by  potential  flow  theory.  The  modification  consists 
of  an  iterative  procedure.  For  the  initial  boundary  layer  cal- 
culiUon,  the  calculated  values  of  U,  over  the  last  3%  of  the 
body  are  dlxarded  and  are  replaced  by  a  linear  extrapolation 
of  the  calculated  values  for  XfL  •«  0.93.  The  calculated  dis¬ 
placement  thickness  ft*  Is  then  added  to  the  body,  resulting  In 
a  somewhat  larger  body  with  a  stern  region  which  is  rignifi- 
mtly  leu  blunt.  For  the  second  (and  later)  boundary  layer 
calculations,  the  calculated  (/,  over  the  entire  displacement 
body  (up  to  the  stem  end,  X/L  ^  l.O)  is  used.  This  Is  possi¬ 
ble  because  of  the  much  smoother  varistion  of  the  shape  of 
Ihe  Item  region  of  the  dlspiicemeni  body.  The  above  pro¬ 
cedure  is  repealed  for  a  total  of  four  iterations.  In  most  ; 
cuea,  thete  is  ttiile  difference  in  the  calcutaied  boundary 
layer  characieriatics  between  the  third  end  fourth  iicratiotu.  i 
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4.  HULL  CHARACTERISTICS 

4.1  Overall  Geometric  Characteristics 


The  ship  hulls  were  chosen  based  on  ihe  availability  of 
experimental  data  to  validate  the  theoretical  calculations,  the 
existence  of  other  thin  and  slender  ship  calculations  to  com¬ 
pare  with  the  present  approach,  and  the  need  to  cover  a  range 
of  geometrical  characteristics  to  illustrate  the  boundary  layer 
effect. 

For  three  of  the  chosen  hulls:  Wigley  (251,  Series  60 
(Cg  -  0.60)  [25],  and  Sharma  strut  [26]  abundant 

experimental  and  calculated  data  are  available  for  comparison 
purposes.  The  Series  60SC  hull,  which  is  the  Series  60  hull 
with  the  curved  stem  contour  replaced  by  a  straight  contour, 
was  chosen  largeiy  to  investigate  the  effect  of  stern  contour 
shape  on  the  differences  between  thin  and  slender  ship 
theories.  The  Wig20  hull,  which  is  the  Wigley  hull  with  twice 
the  width,  was  chosen  to  investigate  the  boundary  layer  effect 
on  a  thicker  hull. 


Table  1  summarizes  the  principal  geometric  characteris¬ 
tics  of  the  hulls:  length  L,  beam-to-length  ratio  BIL,  draft- 
to-length  ratio  ///L,  beam-to-twice  draft  ratio  BUH,  block 
coefficent  Cg,  and  wetted  area  coefficient  Cg,  where 


Cg  -  is  the  block  coefficient, 
LiSn 


(3Sa) 


Q 


Sw 

L(2H  +  B) 


is  the  wetted  area  coefficient, 


(35b) 


Fg  is  the  volume  of  the  underwater  hull,  and 


is  the  wetted  surface  area. 


The  table  shows  that  the  length  L  used  in  the  calculations  for 
all  the  hulls,  except  the  Sharma  strut,  is  6.1  m.  This  is 
representative  of  the  length  used  in  model  tests  of  the  Wigley 
and  Series  60  hulls.  The  length  used  for  the  Sharma  strut 
experiments  was  2  m,  as  shown  in  the  table. 


I 


Table  1  —  Summary  of  Geometric  Characteristics 
for  the  Five  Ship  Hulls 


Ship  Hull 

L(m) 

BtL 

mi 

BI2H 

Cs 

Q 

W'Siey 

TT 

O.'l'^ 

0,80 

0.44 

Of 

Series  60 

6,1 

0.133 

0,053 

1.25 

0.60 

0,71 

Sharma 

2,0 

0.05 

0,150 

0,17 

0,66 

0.95 

Wig20 

6.1 

0.2 

0.0625 

1.60 

0.44 

0.61 

Scries  60SC 

6.1 

0.133 

0.0'  1 

1.25 

0,60 

0.72 

Table  2  gives  the  analytical  formulas  for  the  half-width 
/  of  the  Wigley,  Sharma,  and  Wig20  hulls.  Figure  2  shows 
the  stem  and  stern  contours  as  well  u  the  half-width  section 
shapes  for  the  Series  60  and  Series  60SL'  hulls.  Figuie  2 
shows  that  the  Series  60  has  a  nonvertical  stem  contour  aitd  a 
slight  deviation  of  the  stem  contour  from  the  vertical,  while 
the  Scries  60SC  has  a  vertical  atcrn  contour.  The  other  three 
hulls  have  vertical  stem  and  >-*ero  contours. 

4.2  Equivalent  Body  Reprcsematioos 

Figures  3,  4,  S,  6,  and  7  respectively  show  the 
equivalent  Rf,  R»,  and  F)  body  lepresenutlons  of  the  Wlg- 
tey,  Serica  60,  Sharma,  Series  60SC,  and  Wi(20  bulls. 
$ov--ral  poiiru  should  be  noted. 


Table  2  —  Formulas  for  the  Half-Width  / 
of  Wigley,  Sharma,  and  Wig20  Hulls 

“  x'-(x-b  £/2)/(Z,/2) 

x'  -  -1  is  the  aft  perpendicular 
x'  -  -1-1  is  the  forward  perpendicular 

1.  Wigley  hull 

/,  -  |(i  -  x'2)[i  -  umn 

2.  Sharma  strut 

/r-  yd  - 

3.  Wig20huii 

/3  -  2/i 


First,  the  figures  show  that  the  body  for  all  five 
hulls  goes  to  zero  with  a  large  slope  at  both  ends  of  the  body. 
In  particular,  this  would  lead  to  Icrge  value  of  the  streamline 
convergence  term  (e/R)dR/ds  in  Eq.  (22)  and  thus  to  a 
large  value  of  6  at  the  stern.  On  the  ether  hand,  with  the 
exception  of  the  Series  60  hull,  which  has  a  nonvertical  stern 
contour,  the  body  has  only  a  small  slope  at  both  ends  of 
the  hull.  This  leads  to  a  resultant  small  streamline  conver¬ 
gence  eifect. 

Secondly,  the  figures  show  that,  with  the  exception  of 
the  Sharma  strut,  the  Ry  and  Hw  'odies  agree  fairly  well 
with  each  other,  except  for  the  above  mentioned  discrepan¬ 
cies  at  the  ends  of  the  hull.  This  tends  to  indicate  that  a  cir¬ 
cle  is  a  reasonable  approximation  for  these  hull  cross  sections. 
This  is  also  verified  by  the  fact  that  the  ratios  B/2H  for  these 
hulls  are  not  far  from  1,  the  value  for  a  double  hull  with  & 
circular  cross  section.  For  the  thin,  deeply  submerged 
Sharma  strut,  which  is  essentially  a  two-dimensional  body, 
the  value  of  B/2H  is  much  less  than  1  and  Fig.  4  shows  that 
;ho  Ry  and  Rw  bodies  differ  widely.  Figures  8,  9,  and  10 
show  the  equivalent  bodies  for  the  Sharma  strut  for  larger 
values  of  B/L:  0.1,  0.2,  and  0.3,  respectively.  The  figures 
do  show  a  belter  agreement  of  the  Ry  and  R<^-  bodies  as  B 
approaches  2H.  However,  even  at  fi/i  -  0,3,  where 
BUM  3  1,  the  agreement  between  the  Ry  and  bodies  is 
not  as  good  as  that  of  the  other  four  hulls.  This  is  largely 
due  to  Ihe  fact  that  the  Sharma  strut  is  wall-sided  (half-width 
/  docs  not  vary  with  depth),  while  the  othur  four  hulb  arc 
non-wall-sided. 

4.3  Computer  Modeling  of  the  Hulls 

Table  3  summariacs  the  input  geometrical  data  and 
Froudo  number  range  for  the  computer  runs.  The  table 
gives: 

NX,  the  number  of  longitudinal  3'-sialions  at  which 
me  half-width  /  is  input  into  the  program 

NZ,  the  nutttber  of  vertical  s-ttaiions  at  which  /  is 
input 

F«l,  the  lowest  Proude  number  Fn  for  which  wave 
reslslanccs  are  calculated 

Ds2.  tlie  highest  Froude  number  for  which  wave  rcsis- 
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VC  Ril/C  Vafl- 


0.0  2  .4  .6  .8  1.0 


X/L 

Figure  S.  Equivalent  Bodies  for  Sharma  Strut 


Figure  7.  Equivalent  Bodies  for  Wig20  Hull 


X/L 


Figure  9.  Equivalent  Bodies  for 
Sturma  Strut.  8/L  -  0.2 


ao  .2  .4  .6  .8  1.0 


X/l 

Figure  6.  Equivalent  Bodies  for 
Series  60SC  Hull 


20. - 


OlO  2  4  .8  .8  1.0 


X/L 

Figure  10.  Equivalent  Bodies  lor 
Sharma  Strut,  B/L  0.2 
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Table  3  —  Summary  of  Computer  Runs 
for  the  Five  Ship  Hulls 


Ship  Hull 

warn 

warn 

■ana 

Wigley 

25 

15 

issj 

Series  60 

25 

7 

mQ 

133 

Sharma 

25 

16 

1.00 

Wig20 

25 

15 

■nM 

0.48 

Series  60SC 

25 

7 

0.14 

0.36 

The  value  of  NX  for  all  the  hulls  is  2S.  For  the  three 
hulls  which  are  analytically  defined  (Wigiey.  Sharma,  and 
Wig20),  NZ  -  15  or  16.  It  is  reduced  to  7  for  the  Series  60 
and  Series  60SC  hulls,  which  corresponds  to  the  number  of 
vertical  stations  at  which  /  is  tabulated  in  (25).  The  Froude 
number  range  for  the  three  hulls  for  which  model  test  data 
are  available  (the  Wigley,  Series  60,  and  Sharma  hulls) 
correspond  to  the  experimental  range.  The  Froude  number 
ranges  for  the  Series  60SC  and  Wig20  hulls  respectively 
ca’iespond  to  those  for  the  parent  Series  60  and  Wigley  hulls. 


5.  Boundary  Layer  and  Wake  Results 

Before  discussing  the  effect  of  the  calculated  boundary 
layer  on  the  wave  resistance  and  weighted  amplitude  spectral 
functions,  it  is  of  interest  to  note  the  behavior  of  the  calcu¬ 
lated  boundary  layer  and  wake  flows.  Table  4  shows 
the  ratio  of  the  calculated  and  flat  plate  displacement  thick¬ 
ness  at  the  tail  for  the  three  equivalent  bodies  for  all  five 
hulls.  The  table  shows  that,  except  for  the  Series  60  hull 
which  has  a  curved  stern  contour,  the  Rh  body  gives  the 
smallest  value  of  S^  ranging  from  1.1  to  1.9  times  the  flat 
plate  value.  This  is  due  to  a  combination  of  the  weaker  pres¬ 
sure  gradient  on  an  axisymmetric  body  (compared  to  that  on 
a  two-dimensional  body)  and  the  previously  noted  small 
streamline  convergence  effect.  The  table  shows  that  the 
strong  streamline  convergence  for  the  R»  body  gives  the  larg¬ 
est  values  of  8*  ranging  from  S.2  to  S.4  rimes  the  flat  plate 
value.  The  Fj  body  gives  values  of  8?  which  lie  between 
thmie  for  the  and  bodies.  This  body  has  no  stream¬ 
line  convergence  but  a  stronger  pressure  gradient. 


Table  4  —  Ratio 8*/dJy»  at  Stern  End  for  Rt*.,  R|- 
and  Fj  Bodies  for  the  Five  Ship  Hulls 


Sharma 

Wig20 

'&ric?'^(: 

TC 

Rv 

h 

r.il-i.n 

5.22-5.29 

1.7S-1.7S 

8.33-6.44 

2.96-2.97 

nnir 

5.64-5,81 

1.49-I.Sa 

S.9S-S.98 

3.36-3,43 

I.go-IB 

8.33-8,44 

2.96-2.97 

Table  5  ahosrs  ranges  for  Jj/P,  and  81/8;,  which  arc 
respectively  the  ra'ioi  of  the  momentum  and  displacement 
thicknesses  at  the  beginning  and  end  of  the  two-dimensional 
wake,  for  the  five  hulls.  The  ratios  are  Inversely  related  to 
S/L  of  the  hull,  and  range  from  0.4  to  0.8  for  Pg/P,  and  0.3 
to  0.5  for  81/8;. 


Table  5  —  Ratio  of  Initial  sod  Final  Wake  Momentum 
and  DtsplKemeoi  Thicknesses,  Pg/P,  and  8|/8; 


Hull 

hl», 

81/8; 

Wigley 

Seriei60 

Sharma 

Series  60SC 
Wlg20 

h.tk4.h 

0.53-0.56 

0.79-0.82 

0.53-0.56 

0.43-0.45 

0,46 

0.31 

0.53-0.54 

0.31 

0.24-0.25 

Most  of  the  wake  calculations  were  performed  with  the 
wake  divided  into  3  segments,  each  representing  an  equal 
change  in  8*.  The  end  of  the  wake  was  chosen  to  be  the  A' 
value  at  which  the  change  in  8*  from  s;  had  reached  0.99  of 
the  required  change  (Bf-  8|).  That  is,  at  the  selected  -.ud 
of  the  wake  the  errors  in  the  actual  value  of  6*,  8  a,,  is  0.01, 
where  c  is  given  by 


8f-  8| 


(36) 


where  8J  is  given  in  Eq.  (31).  In  order  to  give  an  indication 
of  the  wake  lengths.  Table  6  gives  values  of  Xg/L  for 
s  -  0.01  to  0.10  for  the  Wigley  hull  at  Fit  -  0.2.  The  table 
shows  that  Xg/L  decreases  from  3.0  at  e  -  0.01  to  1.4  at  s 
—  0.1.  Several  computer  runs  for  the  Wigley  hull  show  that 
the  calculated  wave  resistance  values  show  little  change  for  s 
between  0.01  and  O.OS.  Also,  there  is  little  change  when  the 
number  of  wake  segments  is  increased  from  3  to  S. 


Table  6  —  Variation  of  Wake  End  Point 
X^/L  with  Error  c  in  End  Value  of  8*. 
Wigley  Hull.  Fit  -  0.2 


'  1 

t 

XsIL 

0,01 

2.98 

0.02 

2.35 

0.03 

2.01 

O.OS 

1.72 

0.10 

1.42 

6.  Wave  Resistance  Results 

The  wave  resistance  results  are  presented  in  terras  of 
the  wave  resistance  coeindoiit  Ca  given  by 

Ca  -  (37) 

~p(/% 

4 

Figures  II,  i2.  13.  14,  and  15  respectively  show  the  values  of 
C|»  for  the  Wigley,  Scries  60.  Sharma,  Series  6()SC.  and 
Wig20  hulls.  Figure  11  shows  the  thin  and  slender  ship 
values  of  Cj*  cateuiaied  by  tbe  present  approach  for  no 
viscous  eorreeilon,  for  the  R^  body,  for  the  Fj  body,  and  for 
the  Fj  body  +  wake,  the  iheoreilcal  results  for  Lackenby  as 
given  In  |2$1,  the  range  of  available  expcrimenul  data 
corrected  for  linkage  and  trim  (441,  and  the  recent  measured 
data  1451  cpectdcaHy  for  a  fixed  model.  Figure  12  again 
shows  the  thin  ind  slender  ship  calculated  values  of  C»  for 
no  viscous  eorrecdoo,  for  ihe  Ri,  body,  for  the  Fj  body,  and 
for  the  Fj  body  +  wake,  the  slender  ship  ctdculalions  of 
Serau  146].  and  the  range  of  expstirnenul  data  given  in  (251. 
which  are  for  a  model  free  to  sink  and  trim  except  for  the 
four  discrete  poinu  in  the  lower  right  hand  comer  of  the  fig¬ 
ure.  Figure  13  gives  the  thin  ship  calculated  value.s  for  no 
viKous  eorreeilon,  for  the  Rj-  body,  and  for  the  Fj  body,  the 
calculated  thin  ship  and  measured  values  given  in  |26).  Fig¬ 
ure  U  simply  gives  the  ratios  of  the  thin  and  slender  ship 
values  between  the  Scries  60  and  Series  60SC  hulls,  calcu¬ 
lated  with  no  vitoous  correction.  Figure  IS  shows  the  thin 
snd  slender  atrip  catcuUied  values  for  no  viscous  correction, 
and  only  the  slender  ship  values  for  the  Rj>  body,  Fj  body, 
and  F]  body  -f  amke. 

The  reasons  for  choosing  the  above  pariicultr  seu  of 
data  (for  example,  cooiiatenUy  omitting  Use  calctriaud  rcaulu 
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3.0 

2.S 

2.0 

1.B 

!.0 

0..S 


0.0 


•  X+  THIN-SHIP  AND  SLENDER-SHIP 
•  NO  VISCOUS  MODIPICATION 
X  i'  FOR  Yj  BODY 
+  6‘  FOR  Rv  body 

-  CALCULATED  VALUES  1261 

E  A  EXPERIMENTAL  DATA 


SHARMA  VALUES  OF 
,Cw  (CALCUUTED  THEORETICALLY) 


0.3  0.28  0.26  0.24 

FBOUOE  NUMBER  Fn 

Figure  13.  Wave  Resistance  CoefTicients  for  Sharma  Strut 


0.20 


■0 1 _ ..-1. _ • _ J - 1 _ L~ 

0.12  0.16  0.20  0.2<!  028  0.32  0.36 


FROUDE  NUMBER  Fn 

Figure  14.  Wave  Resistance  Catfficients  for 
Series  60SC  Hull 

fur  the  Rw  htKiy)  wHt  be  given  in  ihe  rollowing  discussion. 
Tiw  resuiis  are  discuwed  in  Utreo  ways: 

(a)  agreement  of  iJne  (HBential  flow  results  calculated  by 
the  pretieni  abroach  with  other  iheoreticot  values 
using  thin  tnri  slender  ship  theories. 

(b) the  dilTcreoces  b«  tween  thin  ami  slender  i^ip 
theories  for  the  different  hulls,  end 

(c)  the  effect  of  the  various  boundary  layer  modeb  on 
Ihe  calculated  wave  resbtancc. 

6.1  Comotrisoo  with  Other  Calcubilons 

In  til  cati^,  the  itgreetrent  of  the  present  calculated 
values  with  other  theoretical  valu»  It  hulie  good,  tn  panicU' 
tar,  the  agieemeot  of  the  preKot  thin  and  slender  thlp  catcu* 
lated  values  U  to  ‘-fthis  piottiag  accuracy  with  the 
cotresponding  tetulu  of  Lackenby  for  the  W%tey  hull,  u 
shown  in  Fig.  II.  SinilUiiy  good  tgreemeni  holds  for  the 
thin  ship  values  cakufaied  by  the  present  approtch  sod 
correspoAdiog  resalu  by  ShiiiOt,  as  thosm  in  Fig.  13.  lo  the 
case  of  the  Series  60  hull.  Fig.  12  ^owt  (hat  (here  are  aaull 
but  ooticcabie  (Hfferenccs  between  the  ■dander  ship  retulta  cf 
the  present  approach  and  those  of  Scragg  1*6!.  this  b  prob* 
ably  due  to  die  use  of  trianguldt  paneb  to  biodel  the  hull  sur¬ 
face  in  (46)  while  QUbdrilateral  panels  ate  used  la  the  pieseai 
approach. 


- THIN  SHIP,  NO  VISCONS  MODMCATION 

- SLENDER  SHIP.  NO  VISCOUS  MODIFICATION 


Figure  15,  Wave  .lesisiwtee  Coefficient?  for  Wig20  Hull 


6.2  Differences  Between  Thin  and  Slender  .Ship  Theories 

On  the  whole,  di-Terenccs  are  along  expected  lines.  In 
the  caw  of  the  thin  Sl.'arma  strut,  nearly  all  the  thin  and 
slender  ship  values,  with  or  without  viscovts  correction,  a|..ec 
to  within  plmting  seeutacy  For  thia  reason,  only  the  thin 
ship  values  ire  shown  In  Fig,  13,  Also,  in  Ihe  case  of  the 
Wlgiey  and  WigJO  hulls,  there  is  the  csperieti  trend  that 
there  ere  larger  difforcnces  between  the  two  theories  for  the 
thicker  WigJO  hull.  The  differences  between  the  theories  b 
typically  30  pjrccnl  for  the  Wigley  hull,  with  B/t,  ••  0.1,  and 
•be?  >0  typicUly  *,00  prreeiU  for  the  WlgJO  bull,  whieb  has 
BfL  «*  0.3. 

Figure  13  shows  that  in  the  case  of  the  Scries  60.  ihiro 
b  a  targe  dt(fer«&e  between  the  theories  at  low  Froude 
numbers  (the  slender  ship  value  Is  only  0.3  of  the  thin  ship 
value  II  Fi>  ••  0.14)  between  the  theories  at  low  Froude 
numbers.  Figure  14  ^ovrs  that  thb  difference  b  subsianiblly 
teduced  when  the  stm  contour  b  made  vertical.  Apperenriy 
the  curved  stem  contour  in  die  coe  of  the  Series  60  has  the 
effect  of  pbeing  most  of  the  stern  contour  (which  h»  :ero 

width)  very  ctoae  to  Station  I9‘|-  (which  hu  finite  width) 

with  rcsufunt  sevete  giadtcnb  of  ship  ihlckttcs.*.  The  rnodrfl- 
aiion  to  •  straight  stem  contour  has  the  effect  of  pushing 

back  the  stem  cootoui  from  Sutton  19^,  leading  to  a  mom 
geotln  giadieni  of  ship  thicktimt 
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6.3  Effect  of  Boundary  Laver  Corrections 

The  reason  for  omitting  all  the  results  for  the  body 
is  as  follows.  For  four  of  the  five  hulls,  with  the  exception  of 
the  Series  60,  the  correction  due  to  this  body  is  extremely 
small  and  plotting  these  points  would  simply  add  to  the 
clutter  in  the  figures.  This  may  have  been  inferred  from  the 
results  of  Table  4  which  shows  that  for  these  hulis  the  Rtt 
body  gives  the  smallest  boundary  layer  thickness.  In  the  case 
of  the  Series  60  hull,  the  correction  due  to  the  Rif  body  is 
large,  but  is  generally  similar  to  that  of  the  Rf  body.  Hence, 
the  results  are  again  omitted. 

In  the  case  of  the  Series  60SC  hull,  the  boundary  layer 
corrections  due  to  the  Ry,  Xj*  and  Xj  +  wake  bodies  are 
similar  to  those  of  the  Series  60  hull,  and  the  correction  due 
to  the  body  is  small.  Hence,  Fig.  14  omits  all  boundary 
layer  corrections  results  for  this  hull. 

The  results  for  the  Wigley  and  Series  60  hulls  show  that 
the  viscous  corrections  for  a  given  equivalent  body  are  similar 
for  both  thin  and  slender  ship  theories.  Thus,  viscous  correc¬ 
tions  are  shown  only  for  the  Wig20  hull,  tor  which  there  are 
no  experimental  data. 

As  in  the  C8.se  with  previous  studies  in  this  area,  the  fig¬ 
ures  show  that  the  addition  of  the  displacement  thickness 
usually,  but  not  alwayt ,  decrease  C». .  The  Ry  body  usually 
gives  larger  corrections  to  C|»  for  the  thinner  hulls,  the  Wig- 
ley  ant  Shanna,  while  ths  Xj  wake  body  generally  gives 
somewhat  larger  corrections  for  the  thicker  hulls,  the  Wig2Q 
and  Series  60.  .Apparently,  for  the  thinner  hulls,  the  stream¬ 
line  convergence  effect  (acting  on  the  Ry  body)  whiidi  is 
strong  but  extends  only  over  a  short  distance  near  the  tail, 
dominates  the  adverse  pressu.e  gradient  effect  (of  the  fi  + 
wake  body)  which  is  le.ss  explosive  but  acts  over  a  longer  dis¬ 
tance.  The  reverse  is  true  for  tho  thicker  hulls.  In  the  case 
of  the  Wigley  hulls,  the  larger  coneciions  due  to  the  Ry  body 
are  generally  somewhat  more  accurate  than  those  due  to  tho 
Xj  d-  wake  vody  in  bringing  the  C*  values,  into  betier  agree¬ 
ment  with  the  data  for  a  fixed  model  (45),  which  lie  near  the 
lower  limit  of  the  corrected  range  given  in  (44).  However,  In 
the  case  of  die  Sharma  hull,  the  corteciions  due  to  the  Ry 
body  substantially  worsens  the  agreement  with  the  experi¬ 
mental  results.  Thj  Is  not  surprising  in  view  of  the  fact  that 
the  flow  is  cssenUally  two-dimensional  on  this  hull,  with  little 
atreamline  amvorsenco.  tn  the  cuse  of  the  Series  60  hud,  the 


larger  corrections  due  to  the  X2  +  wake  body  bring  the  C*. 
values  appreciably  closer  to  the  experimental  points  for  a 
fixed  model,  although  they  still  lie  above  these  points. 

Overall,  the  Xj  -f  wake  body  makes  corrections  which 
are  generally  more  consistent  in  bringing  better  agreement 
with  experimental  results  than  those  due  to  the  Ry  body.  In 
the  case  of  hulls  with  vertical  stem  contours,  the  body 
makes  corrections  which  are  entirely  too  small.  The  X2  body 
makes  corrections  which  are  somewhat  smaller  than  those 
which  include  the  wake. 


7.  Weighted  Amplitude  Function  Results 

Figures  16,  17,  and  18  show  the  dimensionless  weighted 
amplitude  function  A’/L’,  defined  in  Eq.  (18),  for  the  fol¬ 
lowing  three  cases,  respectively,  for  which  the  wave  resistance 
values  exhibit  various  features  of  interest: 

(a)  Series  60,  Series  60SC,  Fn  -  0.14 

(b)  Series  60,  Fn  -  0.32 

(c)  Wigley,  Fn  -  0.24 

In  Case  (a),  there  is  a  large  difference  between  the  thin  ship 
and  slender  ship  values  for  CV  for  the  Series  60  hull,  and  a 
substantially  smaller  difference  tor  the  Series  60SC  hull.  In 
both  Cases  (b)  and  (c),  the  viscous  corrections  make  rather 
targe  changes  to  the  Ci^  value.s.  Also,  experimental  data 
from  Tsutsumi  (47)  are  available  for  Case  (b)  and  are 
included  in  Fig.  17,  Case  (u)  corresponds  to  a  Froude 
number  for  thu  Wigley  hull  at  which  the  C)*  vidues  for  both 
the  Ry  and  X2  +  wake  wake  bodies  lie  within  the  experimen¬ 
tal  range. 

7.1  Series  60,  Series  60SC  .Fn  »  0.14 

Figure  16  shows  that  the  high  value  of  C|*  for  the  Shin 
ship  case  lor  the  Series  60  hull  Is  confirmed  by  me  fact  that 
this  case,  taken  as  the  referecice  case,  has  the  highest  ampli¬ 
tudes,  The  thin  rbip  case  for  tiic  Series  60SC  has  subsun- 
ilally  lov  ir  amplitudes  man  ihe  reinence  case  with  essen¬ 
tially  no  change  in  shape.  The  slender  ship  case  for  the 
Soiies  60  huh  has  lower  amplitudes,  with  some  change  in 
shape  for  32'  <  0  <  42*.  and  0  >  75“  The  use  of  the  Xr 
bod)  iowers  the  amplitudes  of  the  reference  case  with  essen¬ 
tially  no  change  in  shape  or  shift  In  phase.  On  the  other 


Figure  16.  Weighted  AopUtude  FtinciJaui  f<v  Series  60.  Series  60SC  Hulls.  F,  -•  0.14 
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h«nd,  the  ujc  of  the  body  not  only  lowers  the  smplitudes 
but  results  In  n  stupe  which  ts  ISO*  out  of  phsss  with  the 
reference  esse. 

’.J  Series  60,  Fn »» 0,33 

Here,  the  slender  ship  ctkuUtlon  with  no  viscous 
correction  is  ttken  u  the  reference  cue.  The  thin  ship  csfcu- 
Utiofl  hss  hither  tmplUudes  In  the  dominsni  region  »  <  50*. 
which  iMds  to  the  hither  vslue  of  shown  in  Fig  12. 
However,  the  referertce  esse  hsi  higher  seconds!)-  pesks. 
The  iddiiion  of  the  correction  for  the  Kj  body  resulu  In  s 
notlMsbie  genersl  dosmsrsrd  shift  of  the  reference  sropUiudes 
for  «  <  70*,  snd  the  sddiilon  of  t'  .e  wske  resulu  In  s  fiirther, 
smsller  decresse  of  the  sinplitudes.  Unlike  the  previous  esse, 
where  the  Rf  body  csuied  s  phsse  shift  of  ltd*  retiUve  to 
the  potenlisl  flow  esse,  here  iu  trapTuude  shape  agrees  res* 
•otubiy  smU  sriih  the  amplitudes  for  the  Ti  sod  Yi*  wake 

For  a  free-tunning  model,  Tiuuumi  (47}  obisiiu  a  Cw 
vtlue  of  approximsuty  2.t  *  e^iich  igtees  ctoiely  with 
the  Cm  value  of  the  lefetence  case.  The  figure  shows  that 
the  equality  is  achieved  through  a  redisuibutioo  of  the  ampti- 
uide  function,  sHth  the  experimental  amplitudes  higher  for  # 
<  20*  ami  the  calculated  ampliftulet  higher  for*  >  60*.  liU 


encouriging  to  note  ihii  the  agreement  Is  good  in  the  inter- 
mediate  range  20*  <  S  <  60*. 

7,1  Wlilev,  Fn  -  0,24 

The  reference  case  will  again  taken  to  be  the  potential 
flow  slender  ship  calculation.  As  noted  in  previous  cases, 
the  hliiher  CV  value  of  the  thin  ship  results  from  s  riising  of 
the  wnplitude  values  with  no  phase  shift.  SintiUriy,  the 
reduciton  in  C»  due  to  the  Kj  ar«l  Tj  +  wske  bodies  results 
from  a  reduction  In  the  impiitudes  with  no  appreciable  phase 
shift.  The  use  of  the  R%-  body  reduces  ;he  smpiHudes  and 
resulu  In  •  phsse  shift  of  several  degrees,  which  ties  Inter- 
nroiisie  beisreen  the  ilO’  phase  shift  observed  for  Case  (a) 
and  the  tack  of  phase  shift  observed  for  Case  (b). 

7,4  Summary 

The  higher  values  of  C|*  for  the  thin  ship  theory  reta- 
live  to  the  slender  ship  theory  arise  from  higher  ttnpUtudes 
for  the  thin  ship  csie.  There  Is  no  ippreciable  phase  shift  In 
the  fuiKilons.  Similarly,  the  reduction  In  Cm  due  to  the  T| 
and  V}  -I-  wake  bodies  is  due  to  a  decrease  in  the  ampliiudes, 
with  no  perceptible  phase  shift.  The  use  of  the  body 
results  In  a  reduction  of  the  ampUiudes  and  phase  shifts  rang¬ 
ing  from  0  to  110*.  For  the  Series  60  hull  at  Fa  0.12.  it  is 
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shown  that  an  equality  in  calculated  and  measured  Cl^  results 
from  a  cancellation  of  differences  in  the  amplitude  function  at 
low  and  high  values  of  9,  with  excellent  agreement  over  an 
intermediate  range  of  9. 

8,  Conclusions 

The  effect  of  four  boundary  layer  approaches  on  the 
wave  resistances  predicted  by  thin  ship  and  zeroth  order 
slender  ship  theories  has  been  investigated.  The  four 
approaches  consist  of  using  axisymmetrlc  bodies  with 
equivalent  wetted  area  (Ri^  body)  and  equivalent  volume 
{Ry  body),  a  two-dimensional  body  with  equivalent  thickness 
( Yi  body)  and  this  body  with  wake  flow  ( Yj  -t-  wake  body). 
The  Ryy  body  usually  gives  the  smallest  boundary  layer  thick¬ 
ness  and,  consequently,  the  smallest  corrections  to  the  wave 
resistances.  This  is  due  to  a  combination  of  the  relatively 
weak  pressure  gradient  on  the  axisymmetric  body  and  a  small 
streamline  convergence  effect.  The  Ry  and  4-  wake 
bodies  give  corrections  which  are  comparable  in  magnitude, 
with  the  Ry  body  giving  the  larger  corrections  for  the  thinner 
hulls  and  the  reverse  being  true  for  the  thicker  hulls.  For  the 
thin  Sharma  strut,  the  Ry  body  gives  corrections  which  are 
entirely  too  large.  For  the  Wigley  bull,  the  corrected  predic¬ 
tions  tend  to  bracket  the  data  for  a  flxed  model.  For  the 
Series  60  hull,  the  agreement  Is  poor,  with  the  calculated 
results  tying  above  the  fixed-model  data. 

The  corrections  for  the  Fj  and  Fj  -t-  wake  bodies 
reduce  the  overall  levels  of  the  weighted  amplitude  function, 
without  any  appreciable  shifts  in  phase  On  the  other  hand, 
the  use  of  the  Ry  body  makes  changes  in  phase  as  well  as 
level  of  the  function.  In  the  case  of  the  Series  60  hull,  where 
the  measured  value  of  wave  resistance  coincides  with  a 
predicted  value,  the  amplitude  functions  agree  over  the  mid¬ 
dle  range  of  wave  direction,  with  compensating  differences  at 
the  lower  and  upper  ranges. 
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The  special  features  of  the  Influence  of 
waves  on  the  boundary  layer  of  a  surface¬ 
piercing  bo<ly  are  discussed  and  an  overview 
of  the  complete  boundary  value  problem  for¬ 
mulation  Is  provided.  Results  are  then  pre¬ 
sented  from  three-dimensional  boundary  layer 
calculations  for  the  Stokes-wave/flat-plate 
flow  geometry.  The  results  are  for  a  single 
value  of  wave  steepness  but  In  considerable 
detail.  Also,  some  preliminary  experimental 
data  are  provided  for  a  qualitative  assess¬ 
ment  of  the  calculations.  Lastly,  the  com¬ 
plications  and  necessary  extensions  that  are 
required  for  calculating  ship  boundary  layers 
for  nonzero  Froude  number  are  discussed  and 
some  preliminary  results  are  presented  for 
the  Higley  hull. 

I.  Introduction 

The  boundary-layer  development  upon  a 
body  that  Intersects  a  free-surface  can  be 
greatly  Influenced  by  the  presence  of  free- 
surface  gravity  waves.  In  particular,  waves 
of  sufficient  steepness  Induce  a  region  of 
flow  separation  near  the  free-surface,  which 
Is  otherwise  absent.  The  occurrence  of  sep¬ 
aration  significantly  modifies  both  the  vis¬ 
cous  and  the  wave-resistance  components, 
making  this  a  problem  of  considerable  en¬ 
gineering  Importance.  In  spite  of  this,  very 
little  detailed  experimental  or  rigorous 
theoretical  work  has  been  done  on  this  prob¬ 
lem. 

Most  of  the  experimental  data  concerning 
the  Influence  of  free-surface  waves  on  body 
boundaiy-layer  development  are  for  ship  and 
offshore-structure  resistance.  Vu  and  Land- 
weber  (1$63)  and  others  have  shown  that,  for 
ship  models,  the  viscous  resistance  depends 
on  the  Froude  number.  Present  methods  for 
predicting  forces  on  offshore  structures  (for 
example,  Salvesen  et  a1.  1982)  require  drag- 
coefficient  data  for  surface-piercing  cir¬ 
cular  cylinders  oscillating  In  ambient  wave 
fields.  A  compilation  of  such  data  (Sarpkaya 
and  Isaacson  1981)  shews  large  effects  due  to 


the  presence  of  a  wavy  free-surface  and  wave- 
induced  separation. 

Surface  shear-stress  and  pressure-dis¬ 
tribution  measurements  have  been  made  In 
towing  tanks  for  various  ship  forms  by 
Shearer  and  Cross  (1965),  Steele  (1967), 
Steele  and  Pearce  (1968),  Tzou  (1968),  Huang 
and  von  Kerezek  (1972)  and  Kajitani  et  al 
(1983).  The  results  from  these  experiments 
show  considerable  Influence  of  Froude  number 
on  the  shear  stress  and  pressure  distribu¬ 
tions  along  waterllnes  close  to  the  free- 
surface,  More  recent  towing- tank  experiments 
(again  for  various  ship  forms)  have  Included 
some  mean-veloclty-proflle  measurements  with¬ 
in  the  boundary  layer  (Ool  1980,  Nagamatsu 
1981,  Shahshahan  1985).  Host  of  the  data  are 
limited  to  the  stem  and  near-wake  regions. 
Also,  In  all  but  the  latter  reference,  the 
Froude-number  range  1$  limited.  Again,  the 
results  Indicate  effects  due  to  the  presence 
of  the  free  surface  and  a  dependence  on 
Froude  number.  Mean-velocity  and  turbulence 
measurements  were  made  In  the  stem  and  near¬ 
wake  region  of  a  double-tanker  model,  In  a 
circulating  water  channel,  by  Hotta  and  Hat- 
ano  (1983).  The  data  were  obtained  for  one 
value  of  Froude  number.  The  measurements 
Indicate  a  local  damping  of  the  normal  com¬ 
ponent  of  turbulence  near  the  free-surface. 
This  effect  has  al^o  been  observed  In  open- 
channel  flows  (Rodi  1980)  and  In  recent 
measurements  of  free  surface  effects  on  the 
wake  of  a  flat  plate  (Swean  and  Peltier 
1984). 

Only  one  InvestigaLfut)  has  been  con¬ 
cerned  specifically  with  wave-induced  separa¬ 
tion  (Chow  1967).  Chow  dMonstrated  wave- 
induced  separation  experimental ly  with  two- 
dimensional  struts  mounted  vertically  and 
piercing  the  free  surface  In  a  hydraulic 
flume.  The  strut*  were  designed  for  unsepar¬ 
ated  flow  when  no  waves  are  present,  that  1$, 
at  large  depths.  For  an  a1rfo11-11ke  strut, 
Chow  observed  regions  of  separated  flow  ori¬ 
ginating  Just  beyond  the  wave  trough  and 
extending  to  the  strut  trailing  edge  (see 
figure  1).  The  depth  of  the  separated-flew 
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region  was  on  the  order  of  the  wave  height. 
The  length  of  the  separated-flow  region  was 
shown  to  depend  on  Froude  number.  Chow  also 
observed  large  secondary  flow  within  the 
separated-flow  region  which  he  presumed  was 
due  to  the  curvature  of  the  free-surface 
waves.  He  speculated  that  the  flow  separa¬ 
tion  was  caused  by  the  secondary  flow. 

Very  few  theoretical  Investigations  of 
boundary-layer  development  on  surface¬ 
piercing  bodies  have  been  performed.  Fur¬ 
thermore,  all  of  these  Investigations  have 
been  of  an  approximate  nature  and  none  have 
properly  accounted  for  the  free-surface  kine¬ 
matic  and  (Jynamlc  boundary  conditions  or  the 
local  damping  of  turbulence  near  the  free 
surface.  Most  of  the  calculations  that  have 
been  made  utilize  Integral  methods  and  assume 
small -cross-flow  conditions  (Lin  and  Hall 
1966,  Webster  and  Huang  1968,  Gadd  1971,  Adee 
1972  and  1975,  Sachdeva  and  Preston  1975,  Dol 
1980,  Hinatsu  and  Takeshi  1985).  Patel  et 
al.  (1983)  calculated  the  boundary-layer 
along  the  bodly/wave  Intersection  for  Chow's 
model  (see  figure  1)  and  the  Wigley  hull 
using  the  small -cross-flow  differential  equa¬ 
tions.  These  methods  do  Indicate  significant 
free-surface  effects  on  boundary-layer  de¬ 
velopment,  Including  wave-induced  separation 
at  certain  Froude  numbers.  Separation  Is 
Judged  to  occur  when  the  streamwise  skin 
friction  is  zero  or  the  cross-flow  becomes 
large.  In  some  cases,  qualitative  agreement 
with  experimental  data  has  been  shown  (Ool 
1980  and  Patel  et  al.  1983). 

Very  recently,  Stern  (i985)  has  per¬ 
formed  an  analytical  and  numerical  stuciy 
concerning  the  effects  of  waves  on  the 
boundary  layer  of  a  surface-piercing  oodv. 
In  this  work,  a  more  rigorous  problem 
formulation  Is  pursued  In  an  effort  towards 
putting  the  subject  on  a  more  solid  founda¬ 
tion,  Also,  results  are  pi'esented  from 
three-dliaenslonal  laminar  and  turbulent 
boundary-layer  calculations  that  demonstrate 
the  Influence  of  waves  on  boundary  layer 
development,  Including  the  effects  of  the 
free-surface  boundary  conditions.  The  cal¬ 
culations  are  for  the  Idealized  geometry  of  a 
combination  Stokes-wave/flat-plate.  This 
geometry  Is  considered  optlwm  for  the  pre¬ 
sent  Investigation,  since  It  is  simple,  yet 
the  flow  near  the  free  surface  is  fully 
three-dimensional.  Far  from  the  free  surface 
and  for  laminar  flow,  the  solution  1$  the 
well  known  eiaslus  one.  Further  details 
concerning  this  work  will  be  discussed  sub¬ 
sequently. 

In  the  present  paper,  the  special  fea¬ 
tures  of  the  Influence  of  waves  on  the 
boundary  layer  of  a  surface-piercing  body 
will  be  discussed.  Wext,  the  present 
aiHproach  (within  the  context  of  the 


earlier  work)  and  the  computational  method 
used  In  making  the  calculations  to  be 
presented  will  be  reviewed.  Subsequently, 
results  are  presented  from  three-dimensional 
boundary  layer  calculations  for  the  Stokes- 
wave/flat-plate  geometry.  The  results  are 
for  a  single  value  of  wave  steepness  Ak  but 
In  considerable  detail.  Also,  some 
preliminary  experimental  data  are  provided 
for  the  purpose  of  a  qualitative  assessement 
of  the  calculations.  Lastly,  the 

complications  and  necessary  extensions  that 
are  required  for  calculating  ship  boundary 
layers  for  nonzero  Froude  number  are  dis¬ 
cussed  and  some  preliminary  results  are  pre¬ 
sented  for  the  Wigley  hull. 

II.  Physical  Problem 

Consider  the  development  of  the 
be undary- layer  upon  a  ship-like  body,  moving 
steadily  at  velocity  Up  and  Intersecting  the 
free-surface  of  an  Incompressible  viscous 
fluid.  This  situation  Is  depicted  In  figure 
2.  In  distinction  from  the  Infinite  fluid 
double-body  problem,  the  present  problem  has 
special  features  due  to  the  presence  of  the 
free  surface  and  gravity  waves  (Patel  et  al. 
1983): 

*  the  external-flow  pressure  field  Is 
Influenced  by  the  body  wave-making  such  that 
It  Is  Froude-nufflber  dependent; 

*  at  the  free  surface,  which  Is  itself 
unknown  and  to  be  determined  as  part  of  the 
solution,  there  are  two  nonlinear  boundary 
conditions,  a  kinematic  one  and  a  dynamic 
one,  that  the  solution  must  satisfy; 

*  the  characteristics  of  the  structure 
of  turbulence  are  modified  near  a  free  sur¬ 
face;  and 

*  waves  of  sufficient  steepness  induce  a 
region  of  flow  separation  near  the  free  sur¬ 
face.  which  1$  otherwise  absent. 

In  order  to  elucidate  the  effects  of 
these  special  features  on  the  boundary-layer 
development  It  is  necessary  to  examine  the 
flow  In  the  neighborhood  of  the  body- 
boundary-layer/free-surface  Juncture  in  de¬ 
tail.  As  shown  in  figure  3,  the  flow  field 
can  be  divided  Into  five  regions;  1,  po¬ 
tential-flow  region  In  which  viscous  effects 
are  negligible;  li,  free-surface  boundary- 
layer  region  at  a  sufficient  distance'  from 
the  body  that  It  1$  not  influenced  by  the 
body  boundary  layer;  III,  body-boundary-layer 
region  at  a  sufficient  depth  that  'it  is  not 
influenced  by  the  free-surface  boundary  con¬ 
ditions;  tv,  body/free-surface  boundary  layer 
In  the  region  very  close  to  the  free  surface 
In  which  the  free-surface  boundary  conditions 
have  a  significant  influence;  V,  meniscus 
boundary- layer  region.  The  nature  of  the 
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flow  tn  regions  I-III  Is  well  known  and  the 
flow  field  order-of-magnitude  estimates  are 
well  established;  however,  this  Is  not  the 
case  for  regions  IV  and  V. 

In  region  I  (potential  flow),  the  flow 
Is  characterized  by  the  nondimenslonal  wave 
steepness  parameter  Ak  (where  A  Is  the  wave 
amplitude  and  k  the  wave  number).  For  small- 
amplitude  wave  theory  to  be  valid,  Ak  «  1. 


Region  II  Is  the  part  of  the  free-sur- 
face  boundary  layer  above  region  1  and  Is  due 
to  the  condition  of  zero  stress  on  the  free- 
surface  In  a  viscous  fluid  (for  example. 
Kinsman  1965  or  Mel  1983).  For  laminar  flow, 
the  thickness  of  this  boundary  layer  Is 


’fs 


/7  „-l/2 


where  =  C/vk  Is  the  wave  Reynolds  number 
and  C  =  Uq  Is  the  wave  celerity.  6.  Is  of 
the  same  order  of  magnitude  as  the  body  boun¬ 
dary  layer 


i 
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where  R(,  =  UA/v  Is  the  body  Reynolds  number; 
since,  foremost  circumstances,  the  wave 
length  x~  0(L).  However,  the  free-surface 
boundary  layer  Is  verv  weak  and  has  a  negli¬ 
gible  Influence,  0(61.) •  on  the  potential 
flow  kinematics  and  dynamics.  Evidently,  the 
zero-stress  condition  places  a  much  less 
severe  restriction  on  the  flow  field  than  the 
wall -boundary-layer  no-sllp  condition,  re¬ 
sulting  In  only  minor  adjustments  to  the 
potential-flow  velocity  field.  The  order-of- 
magnitude  estimates  for  region  II  are  the 
same  as  for  region  1. 


Region  III,  Is  the  body-boundary- layer 
region  sufficiently  deep  below  the  free  sur¬ 
face  that  It  Is  not  Influenced  by  the  free- 
su-.'ftce  boundary  conditions.  3ased  on  region 
II  -si derations,  It  Is  expected  that  the 
'•  vi.pth  Is  of  0(4 j^).  At  this  depth  the 
tiivcw  of  tho  iree  sfirface  are  primarily 
transmitted  throitgh  the  external -flow  pres¬ 
sure  Field.  Over  a  large  part  of  a  ship-llke 
body  the  thin-boundary- layer  equations  are 
applicable,  and  It  Is  only  In  the  stern  re¬ 
gion  that  It  Is  necessary  to  solve  the  more 
coi^lete  partial ly-parabol  1c  Reynolds  equa¬ 
tions  (Patel  1982).  In  region  in.  the  most 
Important  nondimenslonal  parameter  Is 
e  •  4./L  and,  for  thin-boundary- layer  theory 
to  be  9alld.  c  «  1. 


Region  IV,  Is  the  body/free-surface 
overlap  region  where  the  effects  of  the  free 
surface  are  due  both  to  the  Influences  of  the 
external-flow  pressure  field  and  the  Mne- 
matlcal  and  (^namlcal  requirements  of  the 
free-surface  boundary  conditions.  The  kine¬ 
matic  boundary  condition  expresses  the  re¬ 
quirement  that  the  free  surface  Is  a  stream 


surface.  The  dynamic  boundary  condition 
expresses  the  requirement  of  continuity  of 
the  normal  and  tangential  stresses  across  the 
free  surface.  The  free-surface  boundary 
conditions  Influence  both  the  mean  and  the 
turbulent  velocity  components.  The  limited 
experimental  data  that  are  available  Indicate 
that,  near  a  free  surface,  the  normal  compo¬ 
nent  of  turbulence  Is  damped  and  the  longi¬ 
tudinal  and  transverse  components  are  In¬ 
creased.  The  turbulence  structure  near  a 
solid  wall  shows  similar  characteristics,  but 
there  the  situation  Is  complicated  by  the 
Influence  of  high  strain  rates  due  to  the  no- 
sllp  condition.  It  should  be  recognized  that 
the  complex  effects  just  described  cannot  be 
simulated  with  an  Isotropic  eddy-viscosity 
turbulence  model.  As  will  be  discussed  next. 
Stern  (1985)  has  derived  order-of-magnitude 
estimates  for  region  IV  for  laminar  flow  and 
shown  that  the  parameter  Ak/e  Is  important  In 
characterizing  the  flow.  Different  solution 
regimes  can  be  Identified  depending  on  the 
magnitude  of  Ak/e.  For  turbulent  flow,  due 
to  the  present  uncertainties  In  turbulence 
modeling  especially  when  a  free  surface  Is 
present.  It  Is  not  possible  to  reach  such 
definitive  conclusions  concerning  the  order- 
of-magnitude  estimates  and  solution  regimes 
for  region  IV.  Note  that  region  IV  Is  kine¬ 
matically  similar  to  the  flow  In  a  streamwlse 
corner  for  which  It  Is  known  that  two  length 
scales  are  Important  and  the  thin-boundary- 
layer  equations  are  not  applicable. 

The  precise  physics  in  Region  V  Is  a 
complex  matter  Involving  surface  tension.  It 
Is  known  that  the  shape  of  the  meniscus  de¬ 
pends  upon  the  nature  of  the  body  surface 
finish  and  that  It  can  have  a  very  sharp 
angle  of  contact.  According  to  Mel  (1983), 
this  subject  appears  to  be  a  poorly  under¬ 
stood  part  of  physical  chemistry. 

HI.  Approach 

In  the  present  Investigation,  which  1$ 
for  turbulent  flow  only,  no  attempt  1$  made 
to  resolve  the  details  of  the  flow  very  near 
the  free  surface  (regions  IV  I  V),  and  as 
such,  only  an  approximate  symmetry  boundary 
condition  Is  applied  on  the  mean  free  surface 
and  a  simple  modification  Is  made  to  a  one 
equation  turbulence  model  to  account  for  the 
Influence  of  the  free  surface.  However,  In 
order  to  appreciate  the  significance  of  such 
approximations,  an  overview  of  the  more 
complete  problem  Is  now  provided  (see  Stem 
(1985)  for  more  detells). 

The  boundary- value  problem  assocleted 
with  the  boundary  layer  development  on  e 
surface-piercing  body  differs  from  the  In¬ 
finite  fluid  double-body  problem  due  to  the 
presence  of  the  free  surface  and  gravity 
waves.  In  the  latter  problem,  the  free  sur¬ 
face  Is  flat  and  simply  a  plane  of  sym- 
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metry.  In  the  former  problem,  on  the  free 
surface  z  =n(x,y),  there  are  two  boundary 
conditions  the  solution  must  satisfy  (see 
figure  4): 


kinematic  boundary  condition:  V  .  n  =  0 

dynamic  boundary  condition:  f^^nj  =  "  ^ij”j 

whereby  =  (U,V,W)  is  the  fluid  velocity  vec¬ 
tor,  n  =  (-  n  ,-  n„,l)  is  the  outward  normal 
vector  to  th#  free  surface  and  t..  andt,, 
are  the  fluid  and  external  streVs  tensoH, 
respectively*.  Within  the  boundary  layer, 
the  free  surface  is  deformed  and  does  not 
coincide  with  the  potential-flow  free  sur¬ 
face;  consequently,  within  the  boundary 
layer,  just  as  is  the  case  in  the  outer  flow, 
the  free  surface  must  be  determined  as  part 
of  the  solution.  The  external  stress  is 
simply  given  by  the  difference  between  the 
ambient  pressure  Pq  and  the  surface  tension 
pressure 

"ij  =  *1j 

where  1s  the  Kronecker-delta  function. 
For  turbolent  flow,  the  fluid  stress  is  given 
by 

Tij  »  -  P«^j  *  2ue,^  -p  u^ 

where  u  is  the  fluid  viscosity,  p  is  the 
fluid  densityi  P  is  the  fluid  pressure, 

®ij  ‘^j.i^ 

is  the  rate-of-strain  tensor  and  ujuT  are 
the  Reynolds  stresses.  By  means  of  tlw  pre¬ 
vious  denfinitiorc,  the  free-surfsce  boundary 
conditions  (1)  can  be  expressed  by 

•  n„U  -  n '/  ♦  W  «>  0  (2) 

A  / 

pi,,-  ta<U  -ou^ln  -  [u(U  s  ¥  )  -  puvjn 
X  X  *  ^  ^  (3) 

♦  ii(Uj+  -  Plftf  »  ip^- 

pn  -  CwfU  ♦  V  )  -  ouvjn  -  [&¥  -  pv^ln 

y  y  *  ^  *  y  y  {4) 

♦  u(VjS  Wy)  -  ovw  -  (p^-  P^lOy 


these  conditions  are  linear  in  the  free-sur- 
face  slopes  (n  ,  n  ),  and  thus,  in  principle, 
two  of  the  conditions  can  be  used  to  elimi¬ 
nate  (n  ,n  }  by  expressing  them  in  terras  of 
the  pr«SBre  difference  (p  -  Pg  +  p  ),  the 
fluid  velocity  components,  the  ra^es-of- 
strain  and  the  Reynolds  stresses.  The  re¬ 
maining  two  conditions,  with  (n  ,n  )  known, 
can  then  be  used  to  provide  bouirdai^  condi¬ 
tions  in  the  solution  of  the  mean- flow  momen¬ 
tum  equations.  It  should  be  pointed  out, 
that  additional  free-surface  boundary  condi¬ 
tions  may  be  required  in  the  turbulence-nwdel 
equations.  No  approximations  have  been  made 
in  deriving  conditions  (2)-(5)  and,  as  such, 
the  formulated  boundary- value  problem  consti¬ 
tutes  a  fully  nonlinear  free-surface  prob¬ 
lem.  Presumably,  conditions  (2)-(5)  are 
sufficient,  in  conjunction  with  the  remainder 
of  the  boundary-value  problem,  to  render  a 
unique  solution,  including  the  free-surface 
Itself. 

Consideration  is  now  given  to  appro¬ 
priate  simplications  of  the  free-surface 
boundary  conditions  that  are  consistent  with 
small -amplitude  waves.  This  is  consistent 
with  the  usual  approximation  for  calculating 
the  outer  wave  potential  in  which  linearized 
small-amplitude  wave  theory  is  used.  To  this 
end,  it  is  necessary  to  know  the  order-of- 
magnitude  estimates  for  region  IV  (see  figure 
3),  In  previous  work,  order-of-magnitude 
estimates  have  been  derived  for  region  IV  for 
laminar  flow  by  considering  both  the  estab¬ 
lished  order-of-magnitude  estimates  fn  the 
surrounding  regions  I-III  and  the  require¬ 
ments  Imposed  by  the  free-surface  boundary 
conditions.  Referring  to  Table  1,  it  is  seen 
that  different  solution  regimes  can  be  i- 
denti fieri  depending  on  the,  -magnitude 
of  Ak/e,  Only  for  ssall  Afc  >-  0(e*“^)  or  less 
are  the  free-surface  boundary  conditiens  of 
higher  order.  This  is  the  small-cross- flow 
regime.  For  larger  values  of  Ak,  i.e., 
<  Ak  <  OIcl.  the  role  of  the  free- 
surface  boundary  conditions  is  significant; 
furthermore,  a  consistent  forawlatiofl  re¬ 
quires  the  solution  of  higher  order  boundary- 
layer  equations,  in  fact,  for  Ak  ~  n(s)  tise 
order  of  magnitude  estimates  in  region  IV 
become, 

0  -  0(1);  -  0(1); 


-  p  -  fu(U ,♦  WJ  -  ouwjn  -  Cu(V  1  M^) 

_  -y  *  ^  (S) 

-  -  ow*'  «  -  (p^-  p^) 

Conditions  (2)-(S)  are  to  be  applied  on 
the  unknown  surface  z  ■  nixty).  Note  that 


(V.Wl  -Oie);  {|^  ,  ||)  -  0(c‘') 

which  are  identical  to  those  used  by  Pate* 
(1982)  in  deriving  the  partislly-parabolic 
Reynolds  equations.  Thus,  it  is  seen  thet 
region  IV  is  analogous  to  the  flow  in  a 


*  In  the  disc'jssions  to  follow,  the  x  coordinate  is  in  the  streaawfise  direction,  the  y 
coordinate  is  across  the  boundary  layer  and  the  z  coordinate  is  tn  the  vertical  direcUon. 
Also,  for  ease  of  presehtatton,  all  equations  are  in  Cartesian  form. 
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so'saiMwise  corner  es  was  Indicated  In  Section 
n.  For  turb'ilsnt  flow,  It  Is  not  possible 
to  reach  such  definitive  conclusions  con¬ 
cerning  the  order-of-cagnitude  estimates  and 
solution  regimes  for  region  IV.  This  Is  due 
to  the  uncertainty  of  assigning  orders  of 
magriHude  to  the  Reynolds  stresses  near  a 
free  surface.  Tentatively,  based  on  physical 
reasoning,  the  above  conclusions  are  extended 
to  turbulent  flow  also. 


Table  1.  Body /Free-Surf ace  Boundary  Layer 
0r<ter-of-Magn1tude  Estimates 

order  of  order  of 

magnitude  magnitude 


U 

y 

H 


a/9x 

3/9y 

3/32 


1 


Ak 

i-S 


n  Ak 

n  Ak 

n*  Ak/  s 


The  free-surface  boundary  conditions 
(2)-{5>  are  to  be  applied  on  the  unknown 
surface  2  “nlx.y).  However,  using  the  same 
technique  as  that  used  In  the  outer  flow, 
conditions  {J)-(S)  can  be  expanded  In  a  Tay¬ 
lor  series  about  the  known  surface  2  "  0  and 
evaluated  up  to  the  desired  order  of  approxi¬ 
mation.  To  the  lowest  order  of  approximation 
conditions  (2)-t5)  are  retained  and  simply 
evaluated  on  2  *  &.  Such  a  technqlue  1$ 
restricted  In  thd  present  application  to 
0{Ak/«)  >  1  based  on  the  previous  order-of- 
aegnltudc  analysis,  since  for  Q(Ax/s}  <  I  the 
Taylor  series  expansions  are  not  conver¬ 
gent.  Conseouently,  for  OfAk/c)  <  I  a  small- 
a!^lltude-w5«e  solution  Is  not  valid  and  the 
free-surface  boundary  conditions  aust  be 
applied  on  the  exact  free  surface  2  •  n.  For 
small-ai»11ttftiie  waves,  and  for  laminar  flow 
•  0),  the  free-surfaca  boundary  condl- 
tlaAs’'{2)-{5)  can  be  aj^foalastod  by 


•  HjjU  *  OyS  W  ^  0 

(6) 

■  Vj  •  “s  ■  “ 

(7) 

on  «  «  0 

-  Vj  ■  ”yV  ^  •  V  “ 

(9) 

“<P  “  (9) 

The  g*?at  advantegt  5?  this  solution  Is  that 
the  boundary  conditions  con  be  applied  on  the 
surface  l2«OJ. 


sMlI-cross-flow  solution  along  the  mean  free 
surface  and  o  fully  three-dimensional  solu¬ 
tion  below.  Calculations  were  performed  for 
both  laminar  and  turbulent  flow;  however,  the 
effects  of  the  free-surface  boundary  condi¬ 
tions  were  Investigated  for  laminar  flow 
only.  In  this  case  the  pressure  difference 
(p  -  Pft  Py)  In  (9)  was  neglected.  Condi¬ 
tions  (6)  and  (8)  were  used  to  eliminate 
(Cj.,  n  )  In  (7)  and  (9)  which  were  solved 
for*  u/  and  W,  respectively  and  used  as 
boundary  conditions  for  the  solution  of  the 
momentum  equations.  The  results  are  for 
small  values  of  Ak  only  and  are  consistent 
with  the  order-of-magnltude  analysis  In 
showing  that  the  Influence  of  the  free- 
surface  boundary  conditions  Is  significant 
only  In  a  region  very  close  to  the  free-sur¬ 
face  2  <  Ak  *  fi.  The  results  show  Interesting 
trends  that  are  explained  by  reference  to  the 
free-surface  boundary  conditions.  It  Is 
stusvn  that,  within  the  boundary  layer,  the 
potential-flow  free  surface  Is  deformed  In  a 
manner  that  correlates  closely  with  the 
cross-flow  velocity  (see  figure  5).  In  fact, 
all  the  small-amplltude-wave  free-surface 
properties  are  shown  to  correlate  with  t  W. 
The  results  presented  show  trends  that  are 
very  consistent  with  the  behavior  that  would 
be  expected  based  on  physical  reasoning. 
However,  these  results  must  be  viewed  with 
some  caution  due  to  the  limitations  of  both 
the  small-amplltude-wave  solution  and  the  use 
of  thln-boundary-layer  equations  and 
numerics.  The  Influence  of  large  values  of 
Ak  was  studied  through  the  use  of  the  sym¬ 
metry  boundary  condition.  In  particular,  It 
was  shown  how  the  boundary  layer  responds  to 
the  pressure-gradient  changes  along  the  plate 
length  between  favorable  and  adverse.  Also, 
waves  of  sufficient  steepness  Induce  flow 
separation  near  the  free  surface  in  regions 
of  lerge  adverse  pressure  gredlert  p^. 

lY.  ComputatloMl  Wethod 

The  boundary-layer  equations  be 

Integrated  numerically  to  obtain  the  velocity 
field  for  specified  external  flow  pressure 
gradients  and  edge  velocities.  The  fully 
ImplIeU  method  of  Hash  and  Scruggs  (1976), 
originally  developed  for  aircraft  applica¬ 
tion,  has  been  used.  This  method  was 
proved  by  Patel  et  el.  (1979,  l9iM  and  1965) 
and  applied  to  bodies  of  revolution  at  Inel- 
dence  and  to  ship  forms  for  tero  Froude  num¬ 
ber.  Below  a  brief  rrvlew  of  the  overall 
procedures  Is  provided. 


Ifl  previous  work  (Stem  1985),  the 
three-dlm^rslonal  thlo-ltoun4hry-1*yer  e<iue- 
tlens  mti  sulvad  for  the  Stokes-wtvu/flat- 
plate  flow  geometry,  using  both  er.  approxi¬ 
mate  and  smatl -amplitude-wave  boundary 
t(»d1t1o»s.  The  approximate  huundaiy  condi¬ 
tion  used  was  a  symmetry  (l.e.,  xero 
gradient)  condition  udiich  correspnacte  to  a 


The  three-dimensional  thln-boundary- 
layer  equations  can  be  written  in  matrix 
vector  form  as 
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where  F  -  (U,W)  and  Ai  -  are  coefficient 
matrices.  Consistent  with  thin-boundary- 
layer  theory,  the  (x.y.z)  curvilinear  co¬ 
ordinate  system  Is  constructed  such  that  the 
parametric  curves  x  »  constant  and  2  »  con¬ 
stant  form  an  orthogonal  grid  upon  the  body 
surface  and  the  y-coordinate  Is  normal  to  the 
bo(1y  surface.  Such  a  coordinate  system  Is 
only  truly  orthogonal  on  the  body  surface 
Itself;  however,  the  deviation  from  ortho¬ 
gonality  off  the  body  surface  Is  presumed  of 
higher  order.  By  approximating  each  of  the 
derivatives  In  (10)  by  finite  differences, 
equation  (10)  can  be  expressed  as 


’  '/..n-l-  “s'*.:!-  *6 


(11) 


where  (t,m,n)  are  node-point  Indices  In  the 
(x.y.z)  directions,  respectively,  and  8*  -  Bg 
are  coefficient  matrices  composed  of  linear 
combinations  of  the  A's  divided  by  the  ap¬ 
propriate  spatial  difference,  in  obtaining 
equation  (11),  the  x-derivative  In  (10)  1? 
expressed  as  a  backward  difference,  the 
first-order  z~  and  y-derivatives  are  expres¬ 
sed  using  upwind  differencing  so  as  to  pre¬ 
serve  convective  stability  and  lastly  the 
second-order  y-derivative  is  expressed  using 
a  central  difference.  Thus,  the  overall 
procedure  Is  only  first-order  accurate.  The 
finite-difference  mclecale  associated  with 
(11)  is  shown  In  floure  8.  Ifote  that  both 
equations  (10)  and  (U)  are  nonlinear  since 
the  coefficient  matrices  are  functions  of 
F.  Equation  (ll)  Is  solved  by  means  of  a# 
attemt1ft8“d1r««tion-1»p}iclt  (AOt)  scheme. 


rne  forward  marching  procedure  advances 
In  positive  x*dfrection  from  a  cross- 
plane  i-1,  where  Ujo  solution  is  assoswd  to 
be  known,  to  a  cross-pUne  t,  at  which  a  new 
solution  Is  obtained  frm  the  solotlon  of 
equation  (11),  The  A6I  sciseae  eoasists  of 
seinning  the  cross-plane  alternately  i«  the 
(i-  and  ns-dlrectinos,  converting  equation  (U) 
moectlvely  the  successive  forms 


’  •  •s^.M 


(12) 

1131 


in  which  C|  and  C5  cdotain  the  passive  terms 
orlqinatlnj  the  left-hand  side  of 

(Ul.  I^e  coefficients  or  equations  (12)  and 
(131  form  a  bioek-trldlagonai  matrl*  which  1$ 
solved  by  an  extended  Thcekis  algos^tftm. 
After  each  n-  er  m-scM;,  the  continuity  equa* 
tioft  is  (fttegrated  ta  obtain  the  v  velocity 
component,  m  8  and  C  matrices  are  updated 
in  successive  Iterations  until  cwrverjence  is 
obteffted  with  mpect  to  tJie  velocity  eoirp«- 
nents  at  each  srid  point  arftbtn  e  specified 
tslerance. 


The  thickness  of  the  Integration  domain 
Is  1.26  «(x,z),  where  6  1s  the  boundary-layer 
thickness.  Mote  that  S  Is  determined  as  part 
of  the  solution.  The  number  of  grid  points 
Is  kept  constant  In  both  the  y-  and  z-dlrec- 
tlons.  For  laminar  flow,  a  uniform  distribu¬ 
tion  of  grid  points  Is  used  across  the 
boundary  layer.  An  expanding  grid  was  used 
In  the  z-directlon  so  as  to  allow  for  a 
higher  concentration  of  grid  points  near  the 
free-surface.  A  diverging  geowtrlc  series 
was  used  for  this  purpose.  The  step  size  ax 
Is  arbitrarily  specified.  The  number  of 
cross-plane  grid  points  and  the  step  size  A x 
are  determined  from  accuracy  and  computer- 
cost  considerations. 

The  boundary  conditions  Imposed  when 
solving  equation  (11)  at  each  cross-plane 
are; 


F  «  0 

on  y  »  0 

(14) 

.  ft 

5y  “ 

on  y  =  1  .28a 

(15) 

Sz 

on  2  -  ZjBjj 

(16) 

a  r 

n  ^^3 

on  z  »  0 

(17) 

CMdltlOn  (14)  is  the  noH-$51p  condition: 

F*  *  0.  Condition  (IS)  Imposes  the  condi¬ 
tion"  that  the  viscous-flow  solution  mjrge 
smoothly  with  the  outer  potential  flow  and  is 
laplesented  ty 

where  Mi  Is  the  maximum  number  of  grid  points 
across  the  boundary  layer.  The  jero-gradlent 
matchtag  conation  doe*  not  Insui'e  that  the 
edge  values  ^  are  identically  (Dg,  W*) 
and  small  dlfrefences  cast  occur;  thus,  aftef 
a  converged  solution  Is  obtained  at  each 
cross-plafte  the  velocity  profiles  ere  scaled 
with  the  known  values  of  (U*,  IL).  Condition 
(16)  1$  «  sywietry'  eondltroh  and  Is  iatole- 
mentad  by 


F* 

S.MK-l 


where  HH  1$  the  aiasiwum  number  ef  grid  points 
In  the  t-Siractloft.  if  M  zhd  p,  are  zero  on 
z-4,  then  (16)  b«co<^s  similar  tS  a  p1*i?e-of- 
syssmetry  condition,  lastly,  tendltlfia  (17) 
Is  the  fr'ee-surfacd  boundary  condition.  For 
the  present  tiftmsUnat,  U  which  a  sym- 
at?try  bcimdary  condition  Is  used,  C3  •  0. 
thus,  coolftloA  (17)  Is  Simply  tipleMdiuBd  by 


wheht  0 
iurfecf. 


•  I  oorrasponds  to  1^  mean 


fr«e 


3b8 


If  the  turbulent  motion  is  characterized 
by  a  single  length  scale,  then  It  Is  expected 
that  this  scale  oust  decrease  towards  a  free 
surface  due  to  geometrical  restrictions.  In 
the  present  1n«est1gat1on,  a  simple  modifica¬ 
tion  Is  made  to  a  one-eguatlon  turbulence 
model  to  account  for  the  Influence  of  the 
free  surface.  This  Is  consistent  with  the 
use  of  the  symmetry-condition  boundary  condi¬ 
tion.  Specifically,  the  Bradshaw/Kash  one- 
equation  turbulence  model,  which  was  built 
Into  the  original  program,  was  used  here 
also.  In  this  proceAire,  an  approximate  form 
of  the  turbulent  kinetic  energy  equation  Is 
solved  In  conjunction  with  the  boundary-layer 
equctlons.  '*^he  turbulent»k1netlc-energy 
equation  Is  put  In  the  form 


^  ^  (q  /2)  +  (d  /2)  ♦  lij  ay 


.  UV  1  3L'  ww  1  3W  .  n  =  n  /ml 

where 

®  ^  ly 


c  «  v[i?^  +  (20) 

The  diffusion  term  (19)  Is  represented  ty  a 
bulk  diffusion  iuodel 

7 


»  fisaximom  value  of  In  tise  outer  3/4 
of  4 

eg  -  l.i3S 

The  dissipation  tern  (20)  ts  lamented  by 

e  •  (22) 

where  l{)  is  the  dissipation  length 

Lg  r  J.m  n/d  ♦  5*^  (23) 

and  n  1$  the  mSfllmum  distance  of 
either  yTny^eTT: — TasttyriSeniiynom 
tlwsits  are  waled  to  the  tu/^leni  ki^atic 
ewgy  by  the  Mpilrical  fMnctfwis 

p  iv  •  -  .0225  /?  L. 

»2  *)'  (24J 

p  W  •  -  .0255  *'?  ^  ^ 


T 

as  Just  described,  with  F  *  {U,W,  q  ).  For 
turbulent  flow,  a  nonunlform  distribution  of 
grid  points  Is  used  across  the  bounda'y  layer 
In  which  a  higher  concentration  of  grid 
points  Is  placed  near  the  wall. 


Stokes-Mavc/Fl  at-Pl ateSgundar 


Consider  the  flow  field  In  the  vicinity 
of  a  surface-piercing  vertical  flat  plate 
moving  In  and  at  the  same  speed  as  a  simple 
harmonic  wave  train.  It  Is  assumed  that  the 
plate  Is  sufficiently  thin  that  It  generates 
no  wave  of  Its  own.  Such  a  flow  can  be  simu¬ 
lated  In  a  towing  tank  either  by  towing  the 
plate  at  the  same  speed  as  a  wave-maker  gen¬ 
erated  harmonic  wave  train  or  by  towing  the 
plate  and  generating  the  wave  train  with  a 
submerged  horizontal  foil  afixed  ahead  of  the 
plate  leading  edge.  An  experiment  using  the 
Utter  arrangement  Is  presently  under  way  at 
The  Unlversl^  of  Iowa's  Institute  of  Hydrau¬ 
lic  Research.  Some  preliminary  results  from 
this  experiment  are  presented  below  for  com¬ 
parison  with  tho  computational  results. 
Outside  of  the  plate  boundary  layer,  the  flow 
Is  essentially  Inviscid  (see  figure  3)  and 
can  be  represented  mathematically  as  a  se¬ 
cond-order  Stakes  ivave;  that  is,  the  fluid 
velocity  field  V  for  coordinates  moving  with 
the  plate/wave  system  Is  simply  given  by: 


va 

(25) 

where  a  Is  the  velocity  potential 

a  »  -  A0^e’*‘*$1n  kx 

(26) 

with  the  dispersion  relationship 

uj  -  I  11  ♦  (Ak)^) 


and  (x,s)  are  Cartesian  coordinates  with  x 
positive  downstream  and  t  positive  downwards 
(see  figure  ?).  The  third  ccodinate  y  Is 
ftonaal  to  the  plate  and  across  the  boundary 
layer.  The  origin  1$  located  at  the  plate- 
teadlng-edge/waterplitte  intersection.  ihe 
potential'  flow  free-surface  elevation  nix) 
and  piezoMtrIc  pressure  coatficicnt  c.  are 
given  by  ^ 

n(»)  »  A  cos  kx  ■»  'I  A‘k  cos  2kx  (2?) 

Cp(*,z)  •  2  Alt  e**'*  cos  kx  -  (Ak)^e**’'*  (28) 

Vlth  regard  to  calculating  the  boundary  layer 
on  the  plate,  the  most  Important  quantities 
are  the  edge  velocities 


Hj/Up  -  Ak  e*^*  sin  kx  (30) 


The  turbulcnt-klnetlc-energy  equation  (18)  and  the  pressure  gradients 
was  solved  In  coiUonction  with  the  mean-flow  . 

acMiataiii  equations  using  the  A01  procedure.  i.  (jLj  *  .  sin  kx  (31) 
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The  second  order  terms  have  been  Included 
since  they  have  a  significant  Influence  for 
steep  waves. 


The  wave  elevation,  edge  velocities  and 
pressu»*e  gradients  are  shown  to  first  order 
In  figure  7.  Referring  to  figure  7,  it  Is 
seen  that  four  potential -flow  regions  can  be 
distinguished.  In  region  I,  both  p.  and  p„ 
are  favorable,  >  0  and  accelerating,  and 
Ug  <  Ug  and  accelerating.  In  region  II,  Pw 
Is  favorable  and  p,  is  adverse,  Wg  >  0  and 
decelerating,  and  Ug  >  U.  and  accelerating. 
In  region  III,  both  p^  ana  p-  are  adverse,  W. 
<  0  and  decelerating,  and  Ug  <  Ug  ana 
decelerating.  In  region  IV,  Is  favorable 
and  Pjj  Is  adverse,  Wg  <  0  and  accelerating, 
and  Ug  <  Ug  and  decelerating.  Each  of  these 
regions  has  a  distinct  Influence  on  the 
boundary-layer  development. 


Co«<iutat1onat  Results 

Results  are  shown  below  for  Reynolds 
number  R  =  U  L/v  1.65  x  10°  and  wave 
steepness  Ak  -  0.24.  This  corresponds  to  the 
experimental  condition.  In  the  discussions 
to  follow,  the  (x,y,2)  coordinates  are  non- 
dimensional  Ized  based  on  the  plate  length 
L.  Both  L  and  the  wave  length  X  =  2ir/k  are 
given  the  value  of  one.  Typically,  170  x- 
steps  and  21  grid  points  across  the  boundary 
layer  were  used.  An  expanding  grid  was  used 
In  the  z-dl recti  on  with  grid  points  z  = 
(0... 025, .062, .12, .2, .32, .5, .75).  The  re¬ 
sults  presented  below  were  obtained  by  Inter¬ 
polation  and  are  for  z  =  (0.,. 042,. 084,. 127, 
.253,. 38,. 75)  which  corresponds  to  the  loca¬ 
tion  of  the  exerlmental  data.  Numerous 

checks  were  made  to  insure  thac  the  results 
were  grid  Independent.  Also,  a  strict  con¬ 
vergence  criteria  was  used,  namely  AF/Q  < 
,00005,  and  a  minimum  of  three  ADI  sweeps 
were  required  at  each  cross-plane.  The 
calculations  were  made  on  a  Prime-750 
colnputer  and  took  about  1/2  hour  of  computing 
time.  The  calculations  vsre  begun  as  laminar 
flow  at  x  =  0.001,  with  transition  specified 
at  x  =  .05  which  corresponds  to  the  location 
of  the  trip  studs  In  the  experiment.  The 
Blaslus  solution  based  on  local  Rf,  was  used 
for  the  Initial  conditions. 


In  thd  previous  work,  the  edge  condl- 
tloiis  lUfliMjx^tpy.p,)  were  specified  by  equa¬ 
tions  {29)-f32r  respectively.  Alternatively, 
c-  (2P)  alone  can  be  specified  and  the  edge 
conditions  obtalneo  numerically;  that  is, 
(p^.Pj)  are  obtained  by  numerical  differen¬ 
tiation  and  (Ug.Wg)  ..re  obtained  through  the 
solution  of  the  cwo-dln»ns1onal  form  of 
Euler's  equations  {the  momentum  equations 
without  the  viscous  and  Reynolds  stress 
terms)  at  the  boundary  layer  edge.  These 


equations  are  solved  Implicitly  using  the 
same  difference  approximations  as  are  em¬ 
ployed  for  the  full  boundary  layer  equa¬ 
tions.  The  present  boundary  layer  calcula¬ 
tions  were  made  using  the  latter  approach. 
Figure  8  shows  both  the  exact  and  the  edge 
velocity  solution  potential  flow.  Note  that 
there  are  Inaccuracies  In  the  edge  velocities 
which  are  an  indication  of  the  accuracy  of 
the  overall  numerics.  Also  seen  from  figure 
8,  Is  the  significant  Influence  of  the  second 
order  terms  for  this  steep  wave  Ak  =  .24. 


Figure  9  shqjvs  the  streamwlse  displace¬ 
ment  thickness  «  .  At  large  depths 
the  solution  asymptotically  approaches  the 
simple-two-dimensional  turbulent  flat  plate 
boundary  layer  solution.  At  the  greatest 
=  .75,  this  solution  Is  recovered 
an  error  of  only  a  few  percent. 
Referring  to  figure  9,  It  is  seen  that,  for  x 
<  .1,  the  displacement  thickness  Is  somewhat 
larger  near  the  free  surface  than  It  Is  at 
greater  depths.  This  Is  no  doubt  due  to  the 
Initial  conditions  and  the  decrease  In  local 


to  within 


Rg  towards  the  free  surface  In  this  poten¬ 
tial-flow  region  (see  figure  7).  Subsequent¬ 
ly,  for  X  >  .1,  the  displacement  thickness  Is 
reduced  near  the  free  surface  as  compared 
with  greater  depths.  This  reduction  Is  due 
both  to  the  favorable  p-  In  potential -flow 
regions  I  and  II  and  to  the  favorable  Pj  In 
region  I.  A  favorable  Pj^  tends  to  accelerate 
the  flow  and  thin  the  boundary  layer  in  that 
region.  A  favorable  p,  tends  to  drive  the 
cross-flow  away  from  tne  free  surface  and 
thin  the  boundary  leyer  In  that  region.  The 
minimum  displacement  thickness  shows  about  44 
percent  reduction  and  occurs  near  x  »  .45. 
For  X  >  .45,  the  displacement  thickness  near 
the  free  surface  Increases  such  that  for  x  > 
.76  It  Is  greater  near  the  free  surface  than 
It  Is  at  larger  depths.  This  Increase  Is 
Initially  due  to  adverse  pj.  In  potential-flow 
region  II  which  tends  to  drive  the  cross-flow 
towards  the  free  surface  and  thickens  the 
boundary  layer  In  that  region.  This  Is  com¬ 
pounded  by  continued  adverse  Pj  In  potential - 
rlow  region  III  and  adverse  p„  In  regions  III 
and  IV.  An  adverse  p-  tends  to  decelerate 
the  flow  and  thicken  the  boundary  layer  In 
that  region.  The  maximum  displacement  thick¬ 
ness  shows  about  75  percent  Increase  and 
occurs  near  x  ■  ,99.  Lastly,  for  it  >  .99, 
the  dispalcement  thickness  near  the  free 
surface  decreases  until  the  end  of  the  plate 
Is  reached  at  x  •  1,  This  reduction  Is  due 
to  the  favorable  p.  In  potential  flow  region 
IV.  The  other  Integral  parameters  (boundary- 
layer  thickness,  momentum  thickness,  shape 
parameter)  all  show  similar  and  consistent 
trends  to  those  described  above  for  the  dis¬ 
placement  thickness. 


The  results  for  the  wall-shear-stress 
magnitude  t  and  the  angle  B  are  shown  In 
figures  10  "and  11,  respectively.  Referring 
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I  to  ffgure  10,  It  Is  seen  that  the  wall-shear- 

I  stress  behavior  Is  consistent  with  the  prev- 

i  iously  described  displacement  thickness,  but 

I  in  reverse  trend.  Note  that  the  shear  stress 

I  responds  more  quickly,  and  with  greater  in- 

I  tensity  to  changes  in  the  potential  flow  than 

i  the  displacement  thickness.  The  maximum  and 

I  minimiin  values  show  about  a  85  percent  and  a 

j  76  percent  change  from  the  deep  solution 

respectively.  Referring  to  figure  11,  it  is 
<'  seen  that  the  shear-stress  angle 

'  -1  ‘'v 

e  »  tan  lim  -rf- 

y^o  ‘'y 

can  be  directly  correlated  with  pj.  In  po¬ 
tential-flow  region  I,  where  Pj  is  favor¬ 
able,  6  is  positive.  In  regions  II  and  III, 
where  Pj  is  adverse,  6  is  negative.  Finally, 
in  region  IV,  where  p,  is  again  favorable,  B 
is  positive.  Note  ^at  there  is  a  lag  in 
the  B  response  to  p,  such  that  B  becomes 
;  negative  at  x  ■  .4  ana  positive  again  at  - 
{  .9.  It  should  be  recognized  that  B  indicates 

<  the  direction  of  the  cross-fiow  near  y  ■  0 

j  and  it  is  in  this  low-inertia  region  that  W 

I  first  responds  to  changes  in  p^.  Thus,  sub- 

[  sequent  to  a  sign  change  ins,  so-called  S- 

type  cross-flow  profiles  occur  as  will  be 
shown  next.  The  maximum  and  miniaum  values 
of  B  are  34*  and  -30*  respectively. 

The  streamwise  U  and  crr^flow  W  velo¬ 
city  p»»files  and  the  tu’  !•  ‘  kinetic 
energy  q  profile  at  various  •  -ss'^lsnes  are 
shown  in  figures  12  to  15  for  z  »  {.042, 
.084,  .127,  .253)  respectively.  Referring  to 
figures  12a  to  ISa,  it  can  be  seen  that  the  U 
profiles  show  the  influence  of  acceleration 
and  deceleration  phases  of  the  potential 
flow.  This  becomes  even  clearer  if  the  U 

profiles  are  normal ized  by  U«  and  are  plotted 
vs.  y/«.  Such  a  plot  shows  that  for  x  ■  .125 
I  the  U  profile  is  similar  to  the  two-dimen¬ 
sional  turbulent  flat  plate  solution.  Sub¬ 
sequently,  during  the  acceleration  phase,  the 
U  profile  is  fuller  than  the  x  •  .125  pro- 
!  file,  and  finally,  during  the  deceleration 

phase,  as  separation  is  approached,  it  be¬ 
comes,  less  full.  Referring  to  fibres  12b 
to  ISb,  it  can  be  seen  that  the  U  profiles 
clearly  show  the  Influence  of  the  potential 
1  flow  W.  and  p>.  It  is  seen  that  initially, 
!  for  X  ■  ,12B  and  .25,  the  crossflow  is 

positive.  Subsequently,  beginning  wirit  the 
inner  part  of  the  profile  first,  the  cross- 
flow  becomes  negative  h  ■  .375,  .5,  .62$, 
.75).  Lastly,  for  x  «  .875  and  1.,  again 

beginning  with  the  inner  part  of  the  profile 
first,  the  cross-flow  becomes  positive, 

i  Referring  to  figures  i2c  to  iSc,  it  is  seen 
that  initially,  during  the  acceleration 
phase,  Idle  maximum  value  of  the  turtrilent 
kinetic  energy  occurs  very  close  to  the 

wall.  Subsequently,  during  the  deceleration 
phase,  the  maximum  value  moves  outward 

towards  the  middle  of  the  bounCLiry  layer. 

Finally,  hy  comparing  figures  12  to  IS  the 


depthwise  exponential  decay  the  wave 
influence  is  clearly  seen. 

Calculations  were  also  mjJe  using  the 
exact  potential  flow  edge  conditions  (see 
figure  8).  The  results  are  very  similar  to 
these  shown  above.  However,  there  are  some 
differences;  the  maximum  percent  increase  and 
minimum  percent  reduction  for  i  and  t  as 
compared  to  the  deep  solution  are  (110,  "34) 
and  (89,  78)  respectively;  the  maximum  and 
minimum  values  of  B  are  42'’  and  -Jl*  respec¬ 
tively;  and  the  minimum  value  of  «  is  not  at 
the  free-surface  itself  but  at  the  next  z- 
grid  level. 

Cowirison  with  Preliminanr  Experimental  Data 

As  previously  mentioned,  an  experiment 
is  presently  underway  using  a  model  geometry 
designed  specifically  to  simulate  the  Stokes- 
wave/flat-plate  flow  field.  The  objective  of 
the  experimental  program  is  to  obtain  de¬ 
tailed  measurements  documenting  the  effects 
of  waves  on  the  boundary  Iqyer  of  a  surface- 
OTercipg  body,  including  the  conditions 
leading  up  to  wave- induced  separation  and  the 
nature  and  extent  of  the  separated  flow. 
Presentl', ,  wave  profile  and  mean-velocity 
profile  measurements  are  being  made.  Also  of 
interest  are  turbulence  measurements. 

•■'igare  16  show^  a  sketch  of  tifie  experi¬ 
mental  model  installed  in  the  towing  tank. 
The  horizontal  foil  fully  spans  the  towing 
tank  and  is  mounted  to  sidewall  end  plates 
which  allow  for  the  adjustment  of  the  foils' 
submergence.  Downstream  of  the  foil  is  the 
vertically  suspended  flat  plate.  The  pla^ 
is  suspended  such  that  both  its  lateral  and 
longitudinal  position  can  be  adjusted.  The 
model  configuration  was  designed  to  generate 
waves  that  are  as  two-dimensional  as  possible 
and  with  as  little  disturbance  by  the  plate 
as  possible.  Both  the  foil  and  plate  are 
mounted  to  a  trailer  which  is  towed  b/  tlw 
main  carriage.  This  allows  for  easy  access 
and  optimum  viewing.  The  foil  geometry  was 
designed  based  on  the  experiments  of  Salvesen 
(1966).  Salvesen  performed  similar  towing- 
tank  experiments  with  a  submerged  hoHzonUl 
foil  (without  the  downstream  plate)  for  ^ 
purpose  of  validating  his  higher-order  wave 
thoery  for  submerged  two-dimentional  bodies 
(Salvesen  1969).  Of  present  interest  is  the 
ability  to  control  both  the  wave  steepness  Afc 
and  the  wave  length  x  by  adjustment  of  the 
foil  submergence  d  and  carriage  speed  0^. 
respectively.  Salvesen's  results  Indicated 
that  this  would  be  possible  with  the  present 
arrangement;  hoiwcver,  the  Influence  of  the 
doMist«'eam  plate  wet  not  known. 

Some  preliminary  experiments  have  been 
performed  to  determine  this  influence  end 
demonstrate  the  feasibility  of  the  proposed 
model  geometry.  Figure  17  shows  results  from 
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these  experiments.  Shown  In  figure  17  are 
plots  of  Ak  vs.  Froude  number  based  on  the 
carriage  speed  and  the  foil  chord 
length  c  (F  *=  U  //gc)  for  various  depths  of 
foil  submergence,  d.  The  Ak  values  were 
determined  from  photographic  records  of  the 
wave  profiles  on  the  plate.  Also  shown  on 
figure  17  for  comparlso;^  are  results  from 
Salvesen's  experiments.  Salvesen  determined 
his  wave  profiles  using  a  capacitance  wire. 
The  present  experimental  results  Indicate 
that  the  wave  length  x  can  be  predicted  very 
accurately  from  the  results  of  linear  wave 
theory  , 


This  finding  Is  consistent  with  Salvesen's 
results.  Referring  to  figure  17,  It  Is  seen 
that  for  fixed  the  wave  steepness  Ak  In¬ 
creases  with  decreasing  foil  submergence,  as 
expected.  Note  that  there  are  differences 
between  the  present  results  and  Salvesen's; 
that  Is,  for  fixed  Ug  and  d  the  Ak  values 
obtained  with  the  present  model  are  somewhat 
lower  than  Salvesen's.  This  Is  no  doubt  due 
to  the  damping  Influence  of  the  downstream 
plate  which  wes  absent  In  Salvesen's  experi¬ 
ments.  The  plate  used  In  the  preliminary 
experiments  was  constructed  from  an  available 
aluRiinuin  sheet  which  required  reinforcing  L 
beams.  In  the  future  a  new  plexlglsss  plate 
will  be  used  and  It  Is  expected  that  this 
will  reduce  the  damping  effect. 

Some  prellBlna»7  mean-velocity  profile 
measurements  have  also  been  made  using  a 
three  hole  pitot  tube  and  for  Uq  ■  4.5  fps 
and  d  »  1,21  ft.  Figure  18  shows  a  photo¬ 
graph  of  the  wave  profile  for  this  condi¬ 
tion,  Based  on  this  photograph,  It  was  de¬ 
termined  that  Ak  -  .24.  Note  the  occurrence 
of  wave-induced  separation  for  this  steep 
wave.  The  measurements  are  for  four  depths  i 
«  (.042,. 084,  .127, .253)  and  for  up  to  seven 
iytlal  locations  x  •  (.25, ,375, ,6, .625,. 75, 
.875,  1.)  depending  on  the  depth.  Here,  x 
and  z  have  been  normalized  using  the  linear 
wave  theory  value  for  i  (33),  The  axial 
alignment  of  the  plate  for  the  velocity 
profile  measurements  was  such  that  the 
leading  edge  of  the  plate  was  near  the  first 
w«ve  crest. 

Figure  19  shows  a  comparison  of  the 
measured  edge  velocities  (U.,  H.)  with  the 
Stokes'  wave  theoretical  values.  The  agree¬ 
ment  fs  good;  however,  the  experlmentel  date 
show  a  phase  shift  Indicating  that  the  wave 
trough  was  actually  somewhat  downstream  of  x 
■  ,5.  This  aukv  he  due  to  a  misalignment  of 
the  axial  position  of  the  plate. 

Figures  20  -  23  show  the  measured  velo¬ 
city  profiles  iU,a),  Figure  24  the 
etrsamwlse  dlsplacument  thickness  6  and  the 
heupdaty  layer  thtekhess  4 .  COMparlng 


figures  9  qnd  24  It  Is  seen  that  similar 
trends  In  «  are  exhibited  In  both  the  cal¬ 
culations  and  the  experimental  results.  This 
Is  true  for  both  the  depthwise  and  streamwise 
variation.  Hoyever,  the  magnitude  of  the 
experimental  S  Is  significantly  larger  than 
the  calculations  and  ^e  depthwise  variation 
of  the  experimental  «  Is  not  as  large  as 
that  calculated.  These  differences  are  con¬ 
sistent  with  the  fact  that  the  surface  of  the 
aluminum  plate  used  In  the  prellmlnaiy  ex¬ 
periments  Is  rough.  Also,  the  Influence  and 
depthwise  extent  of  the  separation  region 
exhibited  In  the  experiment  and  not  the  cal¬ 
culation  Is  unknown.  Referring  to  figure  18, 
It  Is  seen  that  experimentally  for  Ak  -  .24 
the  streamwise  extent  of  separation  Is 
.71  <  X  <  1.  In  previous  turbulent  flow 
calculatKons  for  Rn  =  5  x  10°  and  Ak  “  (.01, 
.2,. 3,. 35),  separation  only  occurred  for  Ak  = 
.35  and  at  x  =•  .9. 

Ihe  differences  between  the  calculated 
and  measured  velocity  profiles,  as  can  be 
seen  by  comparing  figures  12-15  and  20-23, 
are  consistent  with  the  previous  discussion 
concerning  the  edge  velocities  and  displace¬ 
ment  thickness.  Also,  the  measured  H  pro¬ 
files  show  larger  values  then  the  calculated 
ones  and  the  measured  dacay  rate  Is  such  that 
Initially  (i  =  .042  and  .084)  the  rate  Is 
small  and  subsequently  (z  «  .127  and  .253) 
the  rate  Is  large.  The  calculation?  show  a 
more  uniform  exponential  decay  rate. 

The  agreement  between  the  measurements 
and  calculations  Is  considered  very  satisfac¬ 
tory,  especially  considering  the  preliminary 
nature  of  the  experiments  and  the  approxima¬ 
tions  made  In  the  calculations  concerning  the 
free-surface  boundary  conditions  and  turbu¬ 
lence  modelling  near  a  free  surface.  Note 
that  the  first  measurement  depth  Is  greater 
than  one  boundary  layer  thickness  below  the 
free  surface  and  thus  such  effects  may  not  be 
discerneble  at  this  depth  as  Indicated  In  the 
previous  work.  Tlw  analogy  between  the  pre¬ 
sent  flow  and  the  flow  In  a  streamwise  corner 
has  alreajly  been  pointed  out.  It  should  also 
be  mentioned  that  for  curved  corner  flow  It 
Is  well  known  that  the  effects  of  lateral 
curvature  are  likely  to  be  an  order  of  magni¬ 
tude  larger  then  those  due  to  Reynolds  stress 
gradients  (Johnston  1978).  Thus  for  the  pre¬ 
sent  circumstances,  especially  for  steep 
waves,  pressure  gradient  effects  may  bo  pre¬ 
dominant. 

VI.  Extmlows  for  g>1p  Bowndary  layers 

TWO  ccmpllcations  arise  In  extending  the 
previous  work  to  practical  ship  forms. 
First,  the  body  geometry  Is  no  longer  flat; 
consequently,  toe  equations  of  motion  and 
eomputatloiia)  grid  are  mare  cow^lex.  Second, 
and  more  Importantly,  deterelnatton  of  the 
external  nonzero  Froude  number  potential  flow 
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for  an  arbitrary  three-dimensional  botly  Is 
both  a  formidable  task  and  a  topic  of  current 
research.  The  present  boundary-layer  work  In 
this  ai'ea  be^an  oniy  very  recently  and  the 
progress  to  date  's  not  complete  or  fully 
satisfactory.  However,  It  Is  felt  that  the 
difficulties  encounterad  are  of  Interest  and 
for  this  reason  some  preliminary  results  are 
presented  below.  The  Wigley  hull  was  se¬ 
lectee'  fo.-  the  Initial  calculations  since  the 
geometry  Is  relatively  simple  and  can  be 
described  analytically  and  some  nonzero 
Froude  number  experimental  data  (pressure 
distr1bu<’1o'»s  s.id  velocity  profiles)  Is  a- 
vallable  (Kajatani  et  al.  1983  and  Shahshahan 
1985). 

Preliminary  Results  for  the  Mlgley  Hull 

The  calculations  were  performed  using  a 
surface-related  curvilinear  coordinate  system 
(..,t,>.)  whe.  e:  i  Is  the  distance  along  water- 
lines;  t  Is  the  distance  around  the  girth; 
and  n  Is  the  distance  along  the  outward  nor¬ 
mal.  The  metric  and  curvature  coefficients 
are  expressed  In  terms  of  the  surface  equa¬ 
tion 

R  x1<-f(x,z)3-»  --  (34) 

where 

f  •  .05[1-(2x-1)2]C1.(-^^)2] 
by 

^  “  l«xl 

•’3  •  r«zi 

„  .  1  *^3 

''31  TT 

Hie  (x,y,z)  coordinates  are  nondimenslonal 
Ized  based  on  the  boily  length  L  and  the 
origin  Is  located  at  the  baw/waterpl ane  In¬ 
tersection.  Note  that  the  (s,t,n)  system  Is 
not  orthogonal;  since,  the  angle  between  the 
s  and  t  curves 


Is  90*  only  at  ends  and  the  midhodly.  Tne 
maximum  deviation  frtta  orthogonalty  occurs 
near  x  •  .2  and  .0  where  j(i(  •  3*.  The  terms 
In  the  boundary  layer  equations  associated 
with  the  nonortltogonallto  of  the  (s,t,n) 
coordinates  have  been  neglected  and  aim  pre¬ 
sumed  small.  !n  general,  the  coordinates 
have  a  significant  Influence.  In  particular, 
Kji  attains  large  values  |R3i|  •  Z  near  x  ■ 
.125  and  *675. 


The  present  state-of-the-art  of  calcula¬ 
tion  methods  for  nonzero  Froude  number  poten¬ 
tial  flow  for  an  arbitrary  three-dimensional 
body  Is  such  that  no  exact  method  Is  yet 
available  (Workshop  on  Ship  Wave-Resistance 
Computations  1979,  1980,  and  1983).  One  of 
the  more  promising  methods  to  emerge  from  the 
Workshop  Is  that  of  Dawson  (1977).  The 
method  uses  a  simple  Rankine  source  distribu¬ 
tion  over  both  the  body  surface  and  a  local 
portion  of  the  undisturbed  free  surface.  The 
free  surface  boundary  conditions  are  linear¬ 
ized  In  terms  of  the  double-model  velocity. 
Upstream  waves  are  prevented  by  use  of  a  one¬ 
sided,  upstream,  finite-difference  operator 
for  the  free-surface  condition.  The  above 
approximations  are  more  accurate  for  low 
speeds.  Results  from  an  Improved  version  of 
the  XYZFS  method  of  Dawson  (Cheng  et  al  1983) 
have  been  used  In  performing  the  boundary 
layer  calculations  to  be  presented  next.  The 
hull  was  discretized  using  192  panels  (24 
axial  and  8  glrthwlse).  The  velocity  and 
pressure  field  on  the  hull  surface  obtained 
from  XYZFS  was  Interpolated  onto  the  boundary 
layer  computational  grid  using  piecewise 
ttermlte  splines. 

,  The  results  shown  are  for  Hn  «  6.33  x 
10°  which  corresponds  to  the  experimental 
condition  of  Shahshahan  (1985).  86  x-steps 

and  21  grid  points  across  the  boundary  layer 
were  used.  A  uniform  grid  was  used  In  the  z- 
dlrectlon.  The  results  were  found  to  be 
sensitive  t^  the  number  of  grid  points  used 
In  the  z-directlon  with  8  grid  points  giving 
the  best  results.  The  calculations  were 
begun  as  laminar  flow  at  x  ■  .0125,  with 
transition  specified  at  x».05  which  cor¬ 
responds  to  the  location  of  the  trip  studs  In 
the  experiment.  The  Blaslus  solution  based 
on  local  Rn  was  used  for  the  Initial  condi¬ 
tions.  Calculations  were  made  for  Froude 
nu..(ber  F„  ■  (0., .267, .316, .4);  however,  re¬ 
sults  are  .rresenteC  only  for  Fn  ■  (0.,.267). 

Figure  25  shows  both  the  complete  XYZFS 
ard  the  edge  velocity  solution  potential  flew 
for  Fn^O.  It  Is  seen  that  the  Inaccuracy  In 
the  edge  velocity  solution  Is  ’ncreased  as 
compared  to  •'revlous  resnlls  for  the  simple 
Stokes -wavt.  pressure  distribution.  Doundaiy- 
layer  caV ’’aticns  were  made  using  both 
potential- flow  solutions.  /Igure  26  shows 
the  displacement  thickess  8  and  figures  27 
and  28  snow  the  wall -shear-stress 
magnitude  t  and  angle  8  obtained  using  the 
edge  vfc'ocfty  solution  potential  flow.  The 
results  are  completely  consistent  with  the 
Imposed  edge  conditions;  nemely.  Initially  on 
the  forebo^  the  flow  downward  towards  the 
keel  and  subsequently  on  the  afterbody  ^he 
flow  Is  upwiird  towards  the  waterplanr.  Tnis 
results  In  the  dlsplaceimsnt  th1ck.:ass  trends 
snown  In  figure  26.  Note  thiit^the  behavior 
of  T  can  be  correlated  with  8  ,  p,.  and  U. 
tihill  that  of  8  with  pj  and  Tm  results 
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obtained  using  the  complete  XYZFS  potental 
flow  are  similar  to  those  shown  above.  The 
main  differences  are  in  the  crossflow  velo¬ 
city  component  resulting  in  less  exaggerated 
trends  in  the  depthwise  direction. 

Figure  29  shows  both  the  complete  XYZFS 
and  the  edge  velocity  solution  potential  flow 
for  Fn=.267.  It  is  seen  that  the  inaccuracy 
in  the  edge  velocity  solution  is  substantial, 
especially  for  Wg.  In  particular,  the  edge 
condition  solution  Wg  indicates  a  convergence 
of  the  external  flow  streamlines  towards  z  = 
.013  for  X  >  .7  (see  figure  29g)  while  this 
is  not  indicated  by  the  XYZFS  (see  figure 
29e).  It  should  be  recognizeo  that  the  c- 
curve  along  z=0  is  the  nondimensional  wave 
elevation  within  the  context  of  linear  wave 
theory  and,  as  seen  from  figure  29,  the  wave 
steepness  is  large  over  much  of  the  wave 
profile  {x<.4  and  x>.9).  This  is  also  indi¬ 
cated  by  the  large  pressure  gradients  p^  and 
p,.  Note  that,  for  a  Stokes  wave  of  similar 
steepness,  the  second-order  terms  are  impor¬ 
tant  and  have  the  influence  of  reducing  p^. 
Boundary  layer  calculations  were  made  using 
both  potential-flow  solutions.  Figurg  30 
shows  the  displacement  thickness  6  and 
figures  31  and  32  show  the  wall -shear-stress 
magnitude  t  and  angle  S  obtained  using  the 
edge  velocity  solution  potential  flow.  It  is 
seen  that  the  solution  is  consistent  with 
what  might  be  expected  based  on  the  imposed 
edge  conditions;  however,  for  x>.7  the  solu¬ 
tion  has  become  unstable  and  diverges. 
Actually,  for  x<.7,  the  solution  for  Fn=.267 
is  basically  similar  to  the  Fg^O  solution, 
with  the  differences  consistent  with  the 
differences  in  the  edge  conditions;  that  is, 
the  thickening  of  the  boundary  layer  on  the 
forebody  near  the  keel  is  Increased;  on  the 
midbody,  for  all  depths,  the  boundary-layer 
thickness  is  increased  and  the  shear 
stress  (t  and  6)  shows  oscillations.  For 
x>.7,  the  rapid  boundary-layer  growth  near 
the  waterplane  and  its  subsequent  divergence 
are  no  doubt  due  to  the  combined  effects  of 
prolonged  convergence  of  the  external  flow 
streamlines  towards  z«.013  end  the  large 
adverse  p.  and  pj  for  x>.9.  The  results 
obtained  (ising  the  complete  XYZFS  potential 
flow  exhibit  a  similar  solution  divergence  as 
that  shown  above  for  x>.7  only  initiating 
necr  the  start  of  the  calculation.  The 
results  at  the  higher  F.«(.316,.4}  are  quite 
similar  to  those  Just  described;  however,  as 
the  Fg  increases,  the  calculation  difficul¬ 
ties  begin  for  smaller  values  of  x.  This  is 
contrary  to  expectation  since  the  wave  steep¬ 
ness  appears  to  decrease  with  increasing 
Fg.  H(^ver,  it  is  consistent  with  the  fact 
that  the  ^approxiBMtions  used  in  the  Dawson 
method  are  more  accurate  for  lower  F..  To 
help  put  the  results  in  perspective,  the 
measured  displacement  thickness  for  this  F. 
by  Shahshahan  (198S)  Is  shown  in  figura  33. 
The  measurements  are  for  the  afterbody  re¬ 


gion  .5<x<l  and  show  that  initially  (x=.5) 
the  boundary  layer  is  thickest  near  the  keel 
and  subsequently  the  trend  is  reversed  such 
that,  for  x>.75,  the  boundary  layer  is 
thickest  near  the  waterplane.  By  comparing 
figures  26,30,  and  33,  it  is  seen  that  the 
calculations  for  Fg=0  and  for  Fg=.267  and 
x<.7  are  in  qualatative  agreement  with  the 
measurements. 

Wherein  lies  the  problem?  In  order  to 
determine  this,  calculations  were  also  made 
using  measured  and  synthesized  pressure  dis¬ 
tributions.  The  measured  pressure  distribu¬ 
tion  (see  figure  34)  was  obtained  from  the 
wave  profile  and  surface  pressure  measure¬ 
ments  of  Kajatani  et  a1  (1983).  By  comparing 
figure  34  and  29  it  is  seen  that  qualitative¬ 
ly  the  XYZFS  and  measured  pressure  distribu¬ 
tions  are  in  agreement.  This  was  also  found 
to  be  true  for  Fn  =  .316.  The  results  ob¬ 
tained  from  the  boundary  layer  calculations 
made  using  the  measured  pressure  distribution 
showed  similar  tendencies  as  described  a- 
bove.  However,  in  this  case,  there  is  also  a 
large  overgrowth  of  the  boundary  layer  on  the 
midbody  near  the  keel.  Finally,  a  pressure 
distribution  was  synthesized  using  the  Stokes 
wave  pressure  distribution  in  order  to  simu¬ 
late  the  Fn  =  .267  pressure  distribution  (see 
figure  35).  As  might  be  expected,  the 
boundary  layer  calculation  results  obtained 
using  the  synthesized  pressure  distribution 
are  well  behaved  and  consistent  with  expecta¬ 
tions. 

Based  on  the  above  investigation  it  is 
believed  that  the  primary  source  of  the  dif¬ 
ficulty  is  in  the  specification  of  the  exter¬ 
nal  flow.  Ihe  XYZFS  and  measured  pressure 
distributions  appear  to  provide  too  coarse  a 
description  for  accurate  boundary-layer 
calculations.  Also  higher-order  effects  may 
be  Important  in  the  potential -flow  solu¬ 
tion.  No  doubt,  a  part  of  the  difficulty  is 
due  to  the  limitations  of  the  present 
boundary-layer  computational  method  for  large 
crossflows  and  crossflow  pressure 
gradients.  Future  work  will  concentrate  on 
clarification  of  these  Issues. 
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DISCUSSION 
of  the  paper 
by  F.  Stern 


"Influence  of  Waves  on  the  Boundary  Layer  of  a  Surface-Piercing  Bof\" 


DISCUSSION 
by  H.  Wang 

I  wish  to  commend  you  on  your  calcula¬ 
tions,  which  bring  out  the  differences  in  boun¬ 
dary  layer  characteristics  between 
double-model  and  forward  speed  cases.  I  an 
specially  interested  in  your  displacement 
thickness  results  for  the  Wigley  hull,  shown 
in  Figures  26  and  30.  These  basically  show 
that  for  x/L  <0.7,  the  displacement  thickness 
for  Fn  =  0.267  are  somewhat  larger  than  those 
for  the  double-model  case,  Fn  =  0,  with  a  larger 
difference  at  x/L  =  0.8.  It  is,  of  course, 
unfortunate  that  you  were  not  able  to  extend 
your  calculations  for  Fn  =  0.267  beyond 
x/L  0.6,  where  the  largest  boundary  layer 
growth  takes  place.  Do  you  expect  the  differ¬ 
ences  between  the  Fn^O  and  Fn=0.267  cases  to 
nonotonically  increase  with  x/L?  Do  you 
expect  these  differences  to  increase  or 
decrease  for  thicker  ship  hulls? 


In  response  to  Dr.  Wang  I  do  not 
necessarily  expect  the  largest  differences  bet¬ 
ween  zero  and  nonzero  Froude  number  boundary 
layer  development  to  occur  near  the  stern.  It 
depends  on  the  differences  in  the  pressure 
distributions  between  zero  and  nonzero  Froude 
numbers.  Of  course,  the  flow  near  the  stern 
is  dependent  on  the  sntire  history  of  the 
upstream  bouno'rrv  layer  development.  For  the 
particular  case  investigated  (based  on  Figures 
26  and  29)  the  largest  differences  may  actually 
occur  on  the  forebody.  Since  in  general  wave- 
making  increases  with  hull  thickness  I  wuuld 
expect  larger  differences  between  zero  and 
nonzero  Froude  number  boundary  layer  develop¬ 
ment  to  occur  for  thicker  hull  forms. 


Author's  Rwlv 


In  response  to  Dr.  Lee,  the  modification 
of  the  turbulence  model  to  account  for  the 
influenC'.'-  of  the  free  surface  is  in  the  calcu¬ 
lation  of  the  dissipation  length  equation  (23) 
where  n  is  defined  as  the  minimum  of  either 
y/6  or  z/6.  As  discussed  in  the  paper,  in 
the  present  investigation,  which  is  for  turbu¬ 
lent  flow  only,  no  attempt  was  made  to  resolve 
the  details  of  the  flow  in  the  region  very 
close  to  the  free  surface  (region  IV  of  figure 
3),  and  as  such,  only  an  approximate  symmetry 
boundary  condition  is  applied  on  the  mean  free 
surface  and  the  usual  thin  boundary  layer 
equations  have  been  used.  The  symmetry  bound¬ 
ary  condition  corresponds  to  a  small-cross¬ 
flow  solution  along  the  mean  free  surface  and 
a  fully  three-dimensional  solution  below. 

Note  that  this  is  not  equivalent  to  a  plane- 
of-symmetry  boundary  condition.  The  laminar 
flow  order-of  magnitude  estimates  for  region 
IV  (see  Table  1)  indicate  that  the  symmetry 
condition  solution  is  valid  only  for  extremely 
small  wave  steepness  Ak.  For  larger  values  of 
Ak,  the  role  of  the  free-surface  boundary  con¬ 
ditions  is  significant  and  a  consistent  formu¬ 
lation  for  region  IV  requires  the  solution  of 
the  partial ly-parabolic  Navier-Stokes 
equations.  For  turbulent  flow  it  is  not  pos¬ 
sible  to  reach  such  definitive  conclusions  due 
to  the  uncertainty  of  assigning  the  orders  of 
magnitude  to  the  Reynolds  stresses  near  a  free 
surface.  The  good  .agreement  between  the  pre¬ 
sent  calculations  and  measurements  both  of 
which  do  not  resolve  the  flow  in  region  IV 
indicate  that  the  Table  1  order-of-magnitude 
estimates  may  also  be  valid  for  turbulent 
flow.  That  is,  the  influence  of  the  tree- 
surface  boundary  conditions  is  confined  to  a 
region  very  close  to  the  free  surface. 


DISCUSSION 
by  V.  L'H 


The  author  ought  to  be  congratulated  for 
the  success  in  solving  this  difficult  problem. 
However,  I  have  two  unclear  points  about  the 
paper.  First,  froai  Equations  (lai  to  (24)  the 
one-equation  turbulence  modal  is  useo.  I  am 
interested  to  know  what  is  the  specific  mod¬ 
ification  made  for  the  free  surface.  Second, 
the  flucttMtion  of  atreaatiise  6*  in  the  s- 
dircotion  shown  in  Figures  26  and  30  along 
the  water  V  indicates  the  instability  of 
the  thin  bouivlary-layer  solution  in  this 
region,  as  the  Region  II  defined  in  Figure  3 
of  the  paper.  T  validity  of  the  thin 
boundary-leyer  used  by  the  euthor, 

in  the  region  of  the  water  line  is  qucstionsble. 
The  sdopted  p1ane-of-sym«etry  boundary  con¬ 
dition.  i.e.  C3  "  0  in  Equation  (IT),  at  the 
water  line  is  also  nonraaliatio.  Would  the 
author  comment  on  this? 
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Abstract 

A  rational  flow  model  to  predict 
the  nonlinear  hydrodynamic  forces  and 
moments  on  a  general  submersible  vehi¬ 
cle  undergoing  steady  and  unsteady 
maneuvers  is  described.  The  major 
physical  flow  phenomena  over  the  sub¬ 
mersible  vehicle  at  high  incidence 
angles  are  simulated,  including  the 
lee-side  separation  vorticity  and  the 
trailing  vorticity  from  the  lifting 
surfaces.  The  mutual  Interaction  be¬ 
tween  the  vehicle  and  the  time- 
dependent  flow  field  is  considered  in 
the  prediction  of  the  unsteady  hydro- 
dynamic  characteristics  at  any  speci¬ 
fied  instant  in  time.  The  hydrodynamic 
prediction  method  is  coupled  with  a 
six-degree-of-freedom  eguation-of- 
motion  solver  to  predict  vehicle  tra¬ 
jectories.  Comparisons  of  measured  and 
predicted  results  for  static  and  steady 
flow  conditions  are  presented  to  show 
verification  of  the  method,  and  pre¬ 
dicted  results  for  an  unsteady  maneuver 
are  presented  to  illustrate  the  use  of 
the  method. 

Nomenclature 


normal-force  coefficient  per 
unit  length 

axial-force  coefficient 
akin-friction  coefficient 
pitching-moment  coefficient 
yawing-moment  coefficient 
normal-force  coefficient 
pressure  coefficient 
side-force  coefficient 
hull  diameter 

unit  vectors  in  x,y,x-8ystem 
moment  of  Inertia 
hull  length 

mass 

pitching  moment  coefficient 
yawing-moment  coefficient 
roiling  rate,  and  local  sta¬ 
tic  pressure 
pitching  rste 

fj^ee  jjtresa  dynsaio  pressure, 

5 


R 

Re 

V 

V* 

X' 

Y* 

u,v,w, 

x,y,2 


nondimensional  pitching 
rate,  qt/V^ 
yawing  rate 

nondimensional  yawing  rata, 

hull  radius 
radial  distance 
Reynolds  number 
base  area 
reference  area 
time 

free  stream  velocity 
hull  volume 

axial-force  coefficient 
side-force  coefficient 
perturbation  velocities 
coordinate  system,  origin  at 
CG 

inertial  coordinate  system 
coordinate  system,  origin  at 
nose 

normal-force  coefficient 
angle  of  attack 
angle  between  free  stream 
velocity  vector  and  body  axis 
angle  of  yaw 
vortex  strength 
time  increment 
axial  length  increment 
polar  angle 
free  stream  density 
roll  angle  and  velocity  poten* 
tlal 

velocity  ix)tential 
stream  function 
rotation  rate 


Subscripts 


(  ) 
(•) 

! 

<  >P 


average 

derivative  with  tine 
apparent  mass 
body 

point  P  on  hull 

steady 

unsteady 

Introduction 


Operational  reguirsaanta  of  modarn 
submaraibls  vshlolsa,  whether  free- 
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running  or  towed/  can  involve  dynamic 
maneuvers  which  result  in  very  high 
angles  of  incidence  and  large  angular 
rates.  Under  those  extreme  flow  condi¬ 
tions/  the  vehicle  experiences  non¬ 
linear  hydrodynamic  forces  and  moments 
caused  by  flow  separation  and  roll  up 
of  the  hull  lee-side  vorticity  (Fig.  1) 
and  induced  effects  of  trailing  vorti- 
city  from  lifting  surfaces.  In  un¬ 
steady  flow/  the  strength  and  position 
of  these  vortices  and  their  induced 
effects  are  dependent  on  the  history  of 
the  motion  of  the  vehicle/  and  con¬ 
versely/  the  motion  of  the  vehicle  in  a 
maneuver  is  dependent  on  the  vortex- 
induced  hydrodynamic  effects.  Predic¬ 
tion  of  vehicle  motion  under  such  con¬ 
ditions  requires  a  different  approach 
from  the  traditional  linear  hydro- 
dynamic  prediction  methods  applicable 
to  low  angles  of  incidence  and  unsepa¬ 
rated  flow.  Unsteady  nonlinear  tech¬ 
niques  are  required  for  predicting  and 
understanding  the  complex  flow  phe¬ 
nomena  associated  with  submersible 
vehicles  in  arbitrary  maneuvers. 

A  rational  flow  model  to  simulate 
the  major  physical  features  of  the 
complex  flow  near  a  submersible  con¬ 
figuration  undergoing  steady  or  un¬ 
steady  motions  in  incompressible  flow 
is  described  in  this  paper.  The  pre¬ 
diction  method/  based  on  the  rational 
flow  modeling  technique/  is  directed  at 
the  calculation  of  nonlinear  hydro- 
dynamic  forces  and  moments  without 
resort  to  empirical  information*  there¬ 
fore/  the  method  is  applicable  to  gen¬ 
eral  submersible  configurations  for 
which  experimental  data  are  not  avail¬ 
able.  The  genesis  of  the  hydrodynamic 
method  described  herein  is  the  discrete 
vortex  cloud  model  of  the  lee-side 
vorticity  shed  from  bodies  alone  at 
high  angles  of  incidence  (Ref.  1).  The 
approach  was  extended  to  arbitrary 
configurations  with  control  surfaces 
under  steady  turning  conditions  in 
Reference  2,  and  it  was  further  ex¬ 
tended  to  unsteady  flow  conditions  in 
Reference  3.  The  latter  effort  also 
Includes  the  capability  to  predict 
vehicle  trajectories  for  specified 
initial  conditions  and  control  inputs. 

The  unsteady  trajectory  calcula¬ 
tion  uses  a  direct  simulation  approach 
in  which  the  vehicle  stability  deriva¬ 
tives  are  not  required  a  priori.  Be¬ 
ginning  with  a  steady  flow  condition/ 
the  equations  of  notion  of  the  vehicle 
are  Integrated  over  a  specified  time 
interval.  This  results  in  a  new  vehi¬ 
cle  position  and  attitude  and  modified 
flow  conditions.  Forces  and  Rx>menta  on 
the  vahicl#/  required  in  the  equations 
of  notion/  are  obtained  at  each  instant 
in  tins  by  Integration  of  the  instan¬ 


taneous  pressure  distribution  on  the 
vehicle.  The  shed  vorticity  In  the 
wake  of  the  vehicle  is  permitted  to 
move  in  this  interval  under  the  influ¬ 
ence  of  the  external  flow  conditions, 
the  vehicle,  and  the  wake  itself.  The 
vortex  wake  represents  the  historical 
lag  in  the  flow  field  which  relates  to 
the  aft  portion  of  the  vehicle  what 
happened  at  an  earlier  time  on  the 
nose.  The  early  portions  of  the  wake 
are  eventually  swept  downstream  past 
the  base  of  the  vehicle  and  their  ef¬ 
fect  on  the  induced  loads  is  lost  for¬ 
ever. 

In  the  remainder  of  this  paper,  a 
rational  flow  model  developed  to  pre¬ 
dict  the  nonlinear,  unsteady  hydro- 
dynamic  forces  and  moments  acting  on 
submersible  vehicles  undergoing  large 
unsteady  maneuvers  is  described.  The 
motion  of  the  vehicle  is  predicted  as 
are  the  detailed  loads  acting  on  the 
vehicle  components.  The  state  of  mo¬ 
tion  is  described  by  the  translational 
velocity  components  u,  v,  w  and  the 
angular  velocity  components  p,  q,  r  as 
a  function  of  time.  The  following 
sections  include  a  discussion  of  the 
approach  to  the  problem  and  a  descrip¬ 
tion  of  the  flow  models  and  analysis 
required.  The  prediction  method  is 
evaluated  through  comparison  of  mea¬ 
sured  and  predicted  results  for  a  vari¬ 
ety  of  configurations  under  a  range  of 
flow  conditions.  Where  data  are  not 
available,  results  are  presented  for 
general  configurations  and  flow  condi¬ 
tions  to  demonstrate  the  method. 

General  Approach 

The  objective  of  this  paper  is  to 
describe  a  prediction  method  for  sub¬ 
mersible  vehicles  at  high  .unglos  of 
incidence  in  a  flow  regime  in  which  the 
hydrodynamic  characteristics  are  domi¬ 
nated  by  nonlinear  effects.  The  method 
represents  the  complex  physical  phe¬ 
nomena  in  the  flow  field  adjacent  to 
the  vehicle#  Including  Loth  steady  and 
unsteady  hull  separation  vorticity  and 
lifting  surface  trailing  vorticity. 
Submersible  vehicles  can  have  a  wide 
range  of  configurations  and  component 
arrangements,  but  for  purposes  of  this 
discussion,  the  rational  flow  model  is 
dlrectsd  at  axlsynuaetric  hulls  with 
Core  and  aft  lifting  surfaces  (Fig. 
2).  Vehicle  motion  and  trajectory  are 
predicted  with  a  direct  calculation  of 
the  nonlinear  hydrodynamic  characteris¬ 
tics  of  the  vehicle  without  resort  to 
empirical  information  or  prior  know¬ 
ledge  of  the  vehicle  stability  dariva- 
tivee. 

The  major  nonlinear  effect  on  a 
submersible  vehicle  at  high  incidenca 
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angles  in  both  steady  and  unsteady  flow 
conditions  is  induced  by  the  vortex 
wake  which  includes  hull  separation 
vorticity  and  lifting  surface  trailing 
vorticity.  The  hull  separation  vorti¬ 
city  is  formed  by  boundary  layer  fluid 
leaving  the  body  from  separation 
points.  This  vorticity  rolls  up  into  a 
symmetric  pair  (Fig.  1)  on  hulls  alone, 
but  in  the  presence  of  lifting  surfaces 
and  its  shed  vorticity,  the  roll  up  is 
generally  asymmetric.  The  associated 
Induced  effects  become  asymmetric  in 
this  case.  The  vortex-induced  effects 
can  dominate  the  nonlinear  hydrodynamic 
forces  and  moments  and  thus  have  a 

major  influence  on  the  vehicle  motion. 

A  successful  approach  to  modeling 
the  hull  lee-side  vorticity  under 
steady  flow  conditions  is  the  represen¬ 
tation  of  the  vortex  wake  by  a  cloud  of 
discrete  vortices.  As  described  by 
this  author  (Refs.  1,  4  and  5)  and 

other  investigators  (Refs.  6,  7,  and 

8),  the  vortex  cloud  model  provides  a 
reasonable  means  to  predict  effects  of 
a  complex  flow  phenomenon.  The  se¬ 
lected  approach  to  the  problem  of  man¬ 
euvering  vehicles  will  start  with  the 
basic  vortex  cloud  model  and  extend 

this  model  to  the  more  complicated 
unsteady  flows. 

Calculation  of  the  hydrodynamic 
characteristics  of  a  submersible  con¬ 
figuration  under  steady  translation  and 
'‘otation  is  carried  out  using  an  axial 
nurching  procedure  in  the  same  manner 
as  the  static  approach  (Ref.  1).  This 
particular  flow  situation  arises  when  a 
model  is  tested  on  a  rotating  arm  ex¬ 
perimental  apparatus  (Fig.  3)  such  that 
the  rotation  rate  and  onset  angle  of 
incidence  are  constant  with  time.  The 
basic  discrete  vortex  shedding  and 
tracking  model  are  unchanged;  however, 
the  surface  pressure  coefficient  calcu¬ 
lation  and  the  vortex  tracking  proce¬ 
dures  reflect  the  fact  that  the  vehicle 
is  in  steady  flow  which  is  constant  in 
time  but  changing  along  the  body.  The 
strength  and  position  of  the  vortex 
wake  on  the  body  are  a  function  of  the 
motion  of  the  b(^y. 

tn  unsteady  flow  conditions,  the 
situation  is  more  complex.  The  initial 
conditions,  which  must  ba  steady,  are 
computed  as  described  above  for  speci¬ 
fied  velocities,  angles,  snd  rates. 
The  predicted  forces  and  moments  on  the 
vehicle  are  used  to  compute  ll.s  notion 
over  a  email  time  interval,  aeeuming 
the  forces  and  moments  and  flow  condi¬ 
tions  are  constant  in  the  interval. 
The  trajectory  calculation  produces  new 
flow  conditions  and  time  rates  of 
chsngs  of  flow  variablss  at  ths  end  of 
the  tisw  Interval.  The  vortex  wake 


moves  downstream  under  the  Influence  of 
the  changing  local  flow  during  the 
interval  At  where  it  influences  the 
pressure  distribution  jn  the  body  and 
subsequent  separation.  Kew  vortices 
are  added  to  the  flow  field,  new  forces 
and  moments  are  computed,  and  the  cal¬ 
culation  procedure  is  repeated. 

Analysis 

Geometry  Models 

The  rational  flow  model  contained 
in  the  prediction  method  is  comprised 
of  three  basic  geometry  models  repre¬ 
senting  a  hull,  lifting  surfaces,  and  a 
propulsion  system.  A  sketch  indicating 
the  major  components  of  a  generic  sub¬ 
mersible  configuration  is  shown  in 
Figure  4.  The  flow  models  required  to 
represent  the  configuration  shown  in 
this  sketch  are  described  in  this  sec¬ 
tion. 

Hull.  The  hull  is  defined  as  a 
body  of  revolution  without  appen¬ 
dages.  The  hull  volume  effects  are 
represented  by  a  series  of  point 
sources  and  sinks  distributed  on  the 
hull  axis.  A  three-dimensional  singu¬ 
larity  distribution  provides  a  poten¬ 
tial  flow  model  for  calculating  veloci¬ 
ties  at  any  point  in  the  flow  field 
outaide  the  body  surface  and  for  cal¬ 
culating  the  surface  pressure  distribu¬ 
tion  on  the  hull  surface.  This  type  of 
three-dimensional  representation  is 
similar  to  that  described  in  Reference 
9  for  missile  shapes,  but  with  modifi¬ 
cations  for  modeling  typical  closed- 
body  submersible  shapes.  These  modifi¬ 
cations  Include  the  source/sink  spac¬ 
ing,  a  condition  imposed  on  the  solu¬ 
tion  that  the  sum  of  all  source 
strengths  be  sero  (to  ensure  that  the 
surface  described  by  the  stream  func¬ 
tion  is  a  closed  surface),  and  condi- 
tlone  which  enforce  the  existence  of 
stagnation  points  at  the  body  nose  and 
the  body  tall. 

The  displacement  thickness  of  the 
axial  boundary  layer  can  cause  the 
effoottve  volume  of  the  hull  to  in- 
creaee  and  affect  the  loadings.  A 
correlation  for  determining  a  boundary 
layer  displacement  thickness  as  a  func¬ 
tion  of  axial  position  along  the  hull 
has  bean  developed  for  use  with  the 
rational  flow  model.  The  correlations 
are  based  on  the  assuwptlon  of  a  I/7th- 
power  velocity  profile  relation  and  the 
Inverse  relationship  between  the  dla- 
plaoament  thlcknaaa  and  the  hull  radius 
(Ref.  10).  The  displacement  thickness 
relation  used  to  laodify  tha  actual  hull 
shape  to  account  for  boundary  layer  ef¬ 
fects  aft  of  the  Bkaxlmua  radius  is 
given  by 
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«*=  .04625  (X-X.)  (X-X  )) 

^  \  ^  ^  /  (1) 

Base  separation  effects  are  ac¬ 
counted  for  using  the  empirical 
'equivalent  base*  approach  described  in 
Reference  11  in  which  the  hull  is  as¬ 
sumed  to  be  at  constant  pressure  down¬ 
stream  of  the  axial  position  of  separa¬ 
tion.  The  equivalent  base  of  the  hull, 
for  purposes  of  determining  loading 
distributions,  is  the  point  at  which 
the  base  area  is 

S.  =  0.117  v2/3  (2) 

D 

Lifting  Surfaces.  The  prediction 
method  described  herein  permits  two  re¬ 
gions  containing  lifting  surfaces,  with 
each  region  containing  up  to  16  sepa¬ 
rate  lifting  surfaces  or  fins.  Each 
fin  is  described  with  four  points?  that 
is,  the  method  does  not  permit  breaks 
in  the  leading  edge  and  trailing 
edge.  A  fin  may  be  attached  to  the 
body  or  to  another  fin  as  in  an  end- 
plate. 

Each  surface  is  nvodeled  using  the 
vortex-lattice  lifting  surface  method 
described  in  References  12  and  13. 
Horseshoe  vortices  are  distributed  on 
the  lifting  surface  and  are  imaged 
inside  the  constant-radius  hull  section 
(Ref.  14).  The  strengths  of  the  horse¬ 
shoe  vortices  are  obtained  by  satis¬ 
fying  the  flow  tangency  condition  at 
control  points  distributed  over  the 
lifting  surface.  This  boundary  condi¬ 
tion  includes  induced  effects  from  shed 
vorticity  in  the  field,  the  presence  of 
the  hull,  the  Impressed  flow  conditions 
(including  angular  rotation),  and  the 
image  vortex  system  inside  the  hull. 
In  addition,  the  boundary  condition 
includes  mutual  interference  from  all 
lifting  surfaces  in  the  region  under 
consideration. 

The  method  has  the  option  of  rep¬ 
resenting  each  lifting  surface  as  a 
fixed  surface  with  dihedral  and  inci¬ 
dence  or  as  a  control  surface  with 
arbitrary  deflection  angle.  In  addi¬ 
tion,  the  control  surfaces  may  have  the 
following  three  types  of  trailinq-edge 
flap  configurational  partial-span  full- 
chord  flap,  partial-span  partial-chord 
flap,  and  full-span  partial-chord 
flap.  The  control  surface  deflection 
can  be  varied  with  time  for  unsteady 
flow  conditions. 

Propeller,  The  propulsion  model 
included  in  the  rational  flow  method  is 
a  single,  stern  mounted,  unshrouded 
propeller  for  which  open  water  perfor¬ 
mance  data  Cl:}  available.  The  loads 
induced  on  a  submersible  configuration 
by  the  propeller  consist  of  two  partst 


the  direct  loads  on  the  propeller  which 
are  transmitted  to  the  hull  through  the 
shaft  and  the  loads  Induced  by  the 
propeller  on  the  hull  and  stern  appen¬ 
dages.  Calculation  of  shaft  loads  is 
based  on  a  combination  of  the  McCarthy 
method  for  nonuniform  axial  flow  (Ref, 
15)  and  the  Gutsche  method  for  uniform 
inclined  flow  (Ref.  16).  To  calculate 
propeller-induced  effects,  the  pro¬ 
peller  is  modeled  as  an  actuator  disk. 
The  analytical  representation  is  a 
semi-infinite  vortex  cylinder  of  con¬ 
stant  diameter  equal  to  the  propeller 
diameter  and  of  constant  strength, 
y r  having  the  center  of  its  upstream 
face  located  on  the  hull  axis  at  the 
propeller  axial  station  (Ref.  17). 
From  the  shaft  loads  analysis,  the 
advance  ratio,  shaft  forces,  and  the 
angle  of  the  inflow  relative  to  the 
shaft  are  known.  They  are  used  to 
determine  the  strength  and  the  inclina¬ 
tion  of  the  axis  of  the  vortex  cylin¬ 
der.  The  shaft  loads  analysis  Involves 
calculation  of  the  velocity  field  at 
the  propeller  plane,  which  includes 
velocities  due  to  vorticity  in  the 
field,  the  hull,  impressed  flow  condi¬ 
tions  (including  angular  rotation),  and 
the  hull  wake.  For  any  instant  in 
time,  the  resulting  actuator  disk  model 
is  used  to  calculate  propeller-induced 
velocities  at  any  field  point  of  inter¬ 
est. 

Flow  Phenomena 

The  nonlinear,  hydrodynamic  forces 
and  moments  acting  on  a  submersible 
configuration  undergoing  maneuvers  are 
associated  with  many  different  types  of 
flow  phenomena.  These  phenomena  are 
both  the  result  of  and  responsible  for 
the  nonlinear  behavior  of  the  vehi¬ 
cle.  The  individual  components  of  the 
flow  phenomena  of  importance  are  the 
hull  nose  and  afterbody  vorticity,  the 
lifting  surface  trailing  vorticity,  and 
the  propeller  wake.  A  brief  discussion 
of  these  phenomena  is  presented  below. 

First,  consider  the  flow  field  of 
the  hull  alone  in  steady  flow.  At  very 
low  angles  of  attack,  the  flow  is 
almost  entirely  attached  to  the  hull 
with  the  possible  exception  of  a  small 
separated  region  near  the  stern.  This 
particular  separation  region  does  not 
form  a  large  wake  near  the  hull,  thus 
it  does  not  have  a  large  effect  on  the 
induced  flow  field  near  the  aubmersihle 
components  with  the  exception  of  the 
propeller  and  possibly  the  aftmounted 
lifting  surfaces.  As  the  angle  of 
attack  Increases,  the  axial-type  sepa¬ 
ration  region  at  the  stem  becomes  a 
cross flow- type  separation  and  moves 
forward  on  the  hull.  At  angles  of 
attack  between  10  and  15  degreea,  the 
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separation  will  reach  the  bow.  Under 
these  circumstances,  a  strong  symmetric 
vortex  field  occurs  on  the  iee-side  of 
the  hull  as  illustrated  in  Figure  1. 
This  vortex  field  causes  interference 
on  the  foremounted  and  aftmounted  lift¬ 
ing  surfaces,  propeller,  and  the  hull. 

When  the  hull  motion  is  unsteady, 
the  vortex  shedding  described  above 
will  become  unsteady  and  the  vortex 
wake  will  change  with  time.  It  is 
necessary  to  maintain  the  history  of 
the  vortex  wake  by  tracking  the  loca¬ 
tion  of  the  vorticity  as  a  function  of 
time.  The  vorticity  shed  from  the  hull 
at  any  specified  time  is  determined 
from  the  motion  of  the  submersible  and 
the  influence  of  the  wake. 

Appendages  on  the  submersible 
contribute  to  the  flow  phenomena  in  the 
vicinity  of  the  vehicle.  The  lifting 
surfaces,  when  loaded  through  interfer¬ 
ence  effects  or  direct  motion  of  the 
vehicle,  have  a  trailing  vortex  wake 
associated  with  their  loading.  This 
wake  is  made  up  of  trailing  vorticity 
representing  the  span  load  distribu¬ 
tion,  a  trailing  vortex  associated  with 
side-edge  separation  at  the  tip,  a 
trailing  vortex  due  to  a  leading-edge 
separation,  and  shed  vorticity  associ¬ 
ated  with  the  change  in  loading  with 
time.  These  vortices  must  be  included 
with  the  hull  vortex  field  to  properly 
model  the  complete  wake.  Interaction 
between  the  hull  vortices  and  the  vor¬ 
tices  from  the  foremounted  fins  will 
change  the  entire  wake  configuration, 
and  this  will,  in  turn,  have  an  effect 
on  the  wake-induced  Interference  on  the 
hull  aftef'body  and  modify  its  loading 
and  subseguent  shed  vorticity. 

The  vortex  field  from  the  hull 
nose,  foremounted  fins,  and  hull  after¬ 
body  movea  aft  with  the  flow  to  ap¬ 
proach  the  aft  fins.  The  relative 
position  of  the  vortex  field  and  these 
Hna  depends  on  the  motion  of  the  con¬ 
figuration  during  the  time  required  for 
the  vortices  to  reach  these  lifting 
surfaces.  The  unsteady  loading  on  the 
aftmounted  fins  produces  an  associated 
trailing  vortex  wake  similar  to  that 
described  for  the  forward  fins.  Includ¬ 
ing  the  shed  vorticity  due  to  the 
changing  loading.  This  additional 
vorticity  ie  included  with  the  existing 
vortex  field  and  tracked  downstream  to 
the  propeller  region  and  beyond. 

The  induced  flow  field  of  the  pro¬ 
peller  has  an  effect  on  the  aft  fins 
and  on  ths  aft  portion  of  the  hull. 
The  propeller  wake  is  slso  s  function 
of  ths  subffsrlns  motion  and  ths  wsks- 
induesd  inflow  into  ths  propsllsr 
plans.  Ths  actuator  disk  aK>del  rspre- 


senting  the  propeller  disk  loading 
provides  the  required  induced  flow 
field. 

Discrete  Vortex  Model.  A  major 
feature  of  the  rational  fTow  model  is 
the  discrete  vortex  wake  on  the  lee- 
side  of  the  hull.  Using  a  procedure 
successful  in  similar  flow  model  inves¬ 
tigations  (Refs.  1  and  18),  the  dis¬ 
crete  vortex  wake  is  developed  at  an 
instant  in  time  in  the  following  man¬ 
ner.  The  three-dimensional  steady  flow 
problem  is  reduced  to  a  two- 
dimensional,  unsteady,  separated  flow 
problem  fer  solution.  The  two- 
dimensional  solution  is  carried  out  in 
the  crossflow  plane  where  the  flow 
about  a  hull  in  the  presence  of  dis¬ 
crete  vortices  is  obtained.  At  suc¬ 
ceeding  intervals  of  length  on  the 
body,  the  body  cross  section  is  chang¬ 
ing,  and  a  new  vortex  pair  is  shed  into 
the  flow  field  from  the  separation 
points.  The  discrete  vortices  forming 
the  wake  are  allowed  to  move  in  the 
flow  field  under  the  influences  of  the 
free  stream  flow,  the  hull,  and  other 
vortices. 

The  calculation  procedure  starts 
at  a  crossflow  plane  near  the  hull  nose 
where  the  potential  pressure  distribu¬ 
tion  on  the  hull  la  computed  using  the 
full  Bernoulli  equation.  The  boundary 
layer  in  the  crossflow  plane  is  exam¬ 
ined  for  separation  using  the  modified 
version  of  Stratford's  laminar  or  tur¬ 
bulent  separation  criteria.  At  the 
predicted  separation  points,  the 
strength  of  the  separation  vortex  is 
determined  by  the  vorticity  flux  con¬ 
tained  in  the  boundary  layer.  The 
vorticity  flux  is  summed  into  a  single 
point  vortex  whose  strength  is  a  func¬ 
tion  of  the  vorticity,  the  axial  inte¬ 
gration  interval,  and  the  free-stream 
flow  conditions.  The  shed  vortices  are 
placed  in  the  outer  field  at  such  a 
position  that  the  vortex  and  its  image 
inside  the  hull  exactly  cancel  the 
crossflow  plane  surface  velocity  at  the 
separation  point. 

In  unsteady  flow,  the  discrete 
vortex  method  is  virtually  identical  to 
that  developed  for  steady  flow  condi¬ 
tions.  The  discrete  vortex  cloud  at 
each  axial  station  on  the  body  is  al¬ 
lowed  to  move  with  local  flow  condi¬ 
tions.  Vortex  tracking  between  time 
steps  le  carried  out  using  average 
free-stroam  flow  conditions,  and  sub¬ 
sequent  vortex  separation  at  a  given 
axial  station  includes  the  effects  of 
free-atream  flow,  the  motion  of  ths 
configuration,  and  the  change  in  msI- 
tion  and  strangth  of  tha  individual 
vortices  in  the  field.  Details  of  the 
calculation  procadure  for  the  unsteady 
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vortex  model  are  given  in  a  following 
section. 

Trailing  Vorticity.  The  lifting 
surfaces  have  a  trailing  vortex  wake 
associated  with  their  potential,  at¬ 
tached-flow  loading.  This  vortex  sys¬ 
tem  is  obtained  from  the  vortex-lattice 
method,  which  produces  a  trailing- 
vortex  filament  from  each  edge  of  the 
lattice  network.  Provisions  are  made 
in  the  rational  flow  method  for  the 
system  of  trailing  vortices  from  each 
lifting  surface  to  be  distributed 
across  the  span  or  combined  into  a 
single  nailing  vortex  located  at  the 
center  of  vorticity.  Additional  lift 
associated  with  flow  separation  along 
side  edges  and  swept  leading  edges  is 
accompanied  by  a  separation  vortex  shed 
continually  from  these  edges.  The 
calculation  procedure  for  obtaining  the 
lateral  position  and  strengths  of  sepa¬ 
ration  vortices  is  described  in  Refer¬ 
ences  19  and  20.  All  vortices  (poten¬ 
tial  and  separation)  are  modeled  as 
free  vortices  aft  of  tire  associated 
lifting  surfaces  trailing  edge,  and 
they  are  allowed  to  Interact  with  other 
vortices  in  the  field. 

In  unsteady  flow,  changing  loading 
on  a  lifting  surface  requires  that  a 
spanwise  or  longitudinal  vortex  be  shed 
to  represent  the  change  in  bound  vortex 
strength  between  time  steps.  In  the 
rational  flow  model,  spanwise  vortex 
filaments  are  included  as  part  of  the 
total  trailing  vortex  field  from  each 
lifting  surface.  The  axial  filaments 
are  free  to  move  in  crossflow  planes 
under  the  interaction  of  the  flow 
field,  and  the  spanwise  filaments 
always  remain  connected  to  the  axial 
fi laments. 


where  C-  is  the  instantaneous  steady 
pressure  ^coefficient.  This  result  is 
obtained  by  a  transformation  of  the 
Bernoulli  equation  from  an  inertial 
system  to  the  body-fixed  coordinate 
system  (Fig.  5),  where  the  last  term  in 
Equation  (3)  is  the  unsteady  terra  in 
the  inertial  system  caused  by  the  mo¬ 
tion  of  the  vehicle  and  the  associated 
changes  in  the  flow  field. 


The  instantaneous  steady  pressure 
coefficient  is 


2  cos  j. 

_ c  a_£ 

V  dX 

OP 


(4) 


where  V  is  the  speed  in  the  inertial 
coordinate  system  of  a  point  P  fixed  in 
the  moving  b<5dy  system  and  q_  is  the 
fluid  velocity  of  the  same  point  rela¬ 
tive  to  the  body-fixed  system. 


The  components  of  the  fluid  velo¬ 
city  at  P  in  tile  x,y,z  system  are: 


due  to  body  motion, 

^  =  -  V  cosa^f  -  V_.sinsl  -  V^sinoit 

OP  •  C  •  ^  • 

(5a) 


due  to  body  rotation, 

M  X  ■  (ry  -  qz)  f  +  (pz 
*  (qx  -  py)lt 


rx)5 

(5b) 


and  due  to  perturbation  velocities, 

»  ut  +  vj  +  wic  (Sc) 

The  angles  of  attack  and  yaw  are 


Hydrodynamic  Characteristics 

The  singularity  models  described 
in  the  previous  sections  provide  a 
means  to  calculate  induced  velocities 
due  to  the  flow  field  components  at 
field  points  on  and  near  the  submer¬ 
sible  conf igurstlon.  These  velocities, 
in  conjunction  with  contributions  from 
the  free-stream  and  angular  rotations 
of  the  body,  are  used  to  calculate 
pressure  distributions  on  the  hull 
surface  and  loads  on  the  lifting  sur¬ 
faces.  Determination  of  the  component 
and  overall  loads  on  the  submersible 
configuration  is  discussed  in  this 
section. 


sine  ■  sine_  cos^  (6) 

c 

sine  •  sina^  sln^ 

where  a  and  i  are  vehicle  incidence 
and  roll  angles,  respectively. 

The  perturbation  velocities  in 
Equation  (5c)  consist  of  Induced  velo¬ 
city  components  due  to  body  volume 
effects,  shed  vortices,  and  fins  on  the 
body  if  present.  From  Equation  (S>, 
the  fluid  velocity  at  P  is 

♦  (i  X  Sp)  (7) 

and  the  velocity  of  P  with  respect  to 
the  Inertial  reference  frasKt  ts 


Pressure  Ola tri but ion.  The  pres¬ 
sure  “coe  f  if  il  c  len t  ‘  "at  a  po  Tnt  on  a  body 
undergoing  unsteady  motion  is 


2  u 

;pr  at 


(3) 


^  ♦  (6^  X  ftp)  (8) 

The  last  term  in  Equation  (4) 
represents  the  pressure  due  to  a  change 
in  two-dimensional  velocity  potential 
from  one  crossflow  plane  to  the  next. 
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This  teriHf  In  which  is  the  two- 
dimensional  velocity  potential  in 
crossflow  planes /  is  required  because 
of  the  use  of  two-dimensional  singular¬ 
ities  in  the  crossflow  planes  asso¬ 
ciated  with  the  vortex  wake  shedding 
model.  This  term  is  'unsteady*  in  the 
axial  coordinate.  X,  but  steady  in 
time.  This  concept  is  discussed  in 
greater  detail  in  Reference  1. 


Reformulating  Equation  (3)  using 
the  components  defined  in  Equations  (7) 
and  (8),  the  unsteady  pressure  coeffi¬ 
cient  on  a  body  undergoing  unsteady 
motion  is 


V 


2u 

COSOc-  ^ 


+ 


sine  -  (^  -  ri 


^2  2w  .  2w 
j  ~  V  sina  -  y 


where  ♦  is  the  full 
velocity  potential. 


2  3« 


<9) 


three-dimensional 


The  singularities  making  up  the 
rational  flow  model  consist  of  both 
two-dimensional  and  three-dimensional 
distributions.  Each  singularity  is 
changing  with  time  and  contributes  to 
the  unsteady  pressure  term  so  long  as 
the  velocity  potential  satisfies  the 
condition  at  infinity  that  it  is  equal 
to  zero  or  a  constant  in  the  intertial 
reference  frame. 


The  unsteady  terms  due  to  the 
three-dimensional  source/sink  distribu¬ 
tion  and  due  to  the  two-dimensional 
doublet  term  are  obtained  analytically; 
however*  becauee  of  the  discrete  vortex 
formulation  of  the  wake  and  the  numeri¬ 
cal  integration  procedure  used  in  wake 
trajectory  caiculatlon,  a  simple  dif¬ 
ferencing  technique  is  applied  to  eval¬ 
uate  the  unsteady  terms  representing 
the  vortex  wake. 


Separation  Line.  The  sepsrat ion 
lines  on  the’ ‘hull  are  required  to  epe- 
cify  the  strength  and  position  of  the 
discrete  wake  vortices  forming  the 
feeding  sheets.  .*  turbulent  boundary- 
layer  separation  criteria  proposed  by 
Stratford  (Ref-  21}  has  been  modified 
for  three-dimensional  effects  in  Refer¬ 
ence  1.  The  Modified  turbulent  cri¬ 
teria  locates  separation  at  the  point 
where  the  relationship 

(dC  \  *  ^ 

i  3^)  (10‘^»e^)“®-^-  0.35  elrto^ 

(10} 


is  satisfied.  Note  that  C-  is  the 
pressure  coefficient  referenced  to 
ambient  conditions  at  the  minimum  pres¬ 
sure  point*  and  5  is  the  boundary  layer 
run  length  measured  from  a  virtual 
origin. 

A  laminar  separation  criterion 
proposed  by  Stratford  (Ref.  22)  and 
modified  for  three-dimensional  effects 
locates  separation  at  the  point  where 

Cp/2  (k  »  0.087  sina^  (11) 

is  satisfied.  The  constants  on  the 
right-hand  aides  of  Equations  (10)  and 
(11)  are  nominal  values  selected  from  a 
range  of  values  recommended  in  Refer¬ 
ences  21  and  22. 


Forces  and  Moments.  At  a  given 
InstaTit  In  time*  the  total  forces  and 
moments  on  a.  submersible  are  given  by 
the  sum  of  the  forces  and  moments  on 
its  various  components.  These  compo¬ 
nents  include  tha  hujl,  the  lifting 
surfaces,  and  the  propeller. 


The  instantaneous  forces  and  mo¬ 
ments  on  the  hull  are  computed  by  inte¬ 
gration  of  the  pressure  distribution 
around  and  along  the  body.  At  a  speci¬ 
fied  station  on  the  hull*  the  normal- 
force  coefficient  on  .n  increment  of 
length  of  the  hull  is 


C  r^coa^de 
P„  o 


(12) 


gorraal  force  pet  unit  length 


and  the  total  normal-force  coefficient 
on  the  hull  la 


C 


N 


normal 
q  S 


force 

r 


(13) 


The  normal-force  coefficient  from  Equa¬ 
tion  (13)  le  positive  when  the  force  on 
the  hull  is  such  that  the  hull  would 
»ov«  vertically  upward.  In  the  stan¬ 
dard  nomenclature  of  Figure  6* 


(14) 


The  pltohlng-flxjment  coefficient*  posi¬ 
tive  when  the  bow  is  moved  vertically 
upward*  is 


In  the  standard 

6. 


nomenclature  of 


(IS) 

Figure 
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M-  =  (16) 

The  remaining  force  and  moment 
coefficients  in  the  X,  Y,  Z-coordinate 
system  are: 

side-force  coefficient, 

4  =  "  1“  /  (  ^  %  r  sinede]  dX 

r  o  \o  / 


yawing-moment  coefficient, 

C  =  -  J^(  j^^'c  r  sinedeV  dX 

®r  i  \o  °  A  ‘r  /(18) 

axial-force  coefficient,  excluding  skin 
friction, 

,  4/  2ir  dr^  \ 


r  o  \c 


In  the  nomenclature  of  Figure  6, 
Sf 

“  S  "I 
£ 


The  circular  cross  section  hull  does 
not  contribute  to  the  rolling  moment. 

The  local  skin  friction  on  the 
hull  in  axial  flow  is  based  on  the 
assumption  of  a  l/7th  power  law  velo¬ 
city  profile  in  the  boundary  layer. 
The  resulting  skin-friction  coefficient 
is 


Cj  -  -.592  X  j  (23) 

where  v  is  the  kinematic  viscosity  of 
the  medium.  The  drag  coefficient  due 
to  friction 

'“f  ■  ^ 

As  the  angle  of  incidence  increases, 
the  streamlines  of  the  How  around  the 
hull  tend  to  be  Inclined  to  the  body 
axis  St  the  angle 

o,  ••  tan“^  (2tana^)  (25) 

s  o 

The  axial  component  of  the  friction 
drag  is 


and  in  the  nomenclature  of  Figure 


Xf  =  -C^  -|  (27) 

As  described  in  a  previous  sec¬ 
tion,  horseshoe  vortices  are  distri¬ 
buted  on  all  lifting  surfaces  and 
imaged  inside  the  hull.  The  loading 
acting  on  each  lifting  surface  is  cal¬ 
culated  using  the  Kutta-Joukowski  law 
for  a  force  acting  on  a  vortex  fila¬ 
ment.  As  described  in  R^erence  23, 
the  force  per  unit  length,  P,  acting  on 
vortex  vector,  r,  is  given  by  the  vec¬ 
tor  product 


where  6  is  the  total  flow  velocity 
vector  and  p  is  the  mass  density  of  the 
fluid.  The  total  velocity  acting  on  a 
bound  or  trailing  leg  of  a  horseshoe 
vortex  is  made  up  of  induced  velocities 
due  to  the  free  stream,  the  hull,  the 
vorticity  in  the  field,  and  all  of  the 
other  horseshoe  vortices  and  their 
images. 

Use  of  Equation  (28)  results  in 
forces  both  normal  to  and  within  the 
plane  of  e^ch  lifting  surface.  The 
normal  force  on  a  given  lifting  surface 
represents  the  potential  force  for  that 
surface.  The  inplane  force  coeffi¬ 
cients  are  used  in  conjunction  with  a 
method  to  determine  the  additional 
nonlinear  lift  associated  with  flow 
separation  along  swept  loading  and  side 
edges.  This  method,  which  is  an  exten¬ 
sion  of  the  Polhamua  leading-edge  suc¬ 
tion  analogy  (Ref.  24),  was  developed 
from  experimental  data  and  is  used  to 
determine  the  fraction  of  leading-edge 
or  side-odge  suction  converted  to  nor¬ 
mal  force.  This  correlation  method  is 
described  in  detail  in  Reference  19. 

The  vortex  lattice  lifting  surface 
method  described  above  is  an  attached 
flow  model.  Under  certain  flow  condi¬ 
tions,  individual  surfaces  can  become 
very  highly  loaded  due  to  large  onset 
flows  or  large  vortex-induced  veloci¬ 
ties  and  the  predicted  loading  cd:}tained 
using  the  attached  flow  model  may  ex¬ 
ceed  the  loading  that  could  physically 
be  expected  to  occur  on  the  surface.  A 
means  to  include  stall  or  separation 
effects  on  the  lifting  surface  load¬ 
ings,  based  in  part  on  the  method  of 
Reference  25,  is  included  in  the  pre¬ 
diction  method. 

A  Mthod  for  calculating  axial 
force  due  to  skin  friction  on  the  lift¬ 
ing  surfaces  is  taken  from  Reference 
26.  the  basis  for  this  method  is  an 
empirloal  relationship  for  skin  fric¬ 
tion  cosfflclsnt  dsrivsd  from  data  on 
flat  platss  (Ref.  27).  The  following 
expression,  which  includes  adjustments 
for  thickness  and  transition,  is  In- 
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eluded  in  the  rational  flow  code  to 
estimate  the  skin  friction  on  the  lift¬ 
ing  surfaces. 


2.656 

T75 


(Re^) 


[1  +  2  J] 


(29) 


In  this  expression,  A^g  is  the  lifting 
surface  planform  area  and  t/c  is  the 
maximum  thickness-to-chord  ratio. 


Loads  on  the  propeller  are  trans¬ 
mitted  to  the  hull  through  the  shaft 
and  contribute  to  the  overall  configu¬ 
ration  loads.  Calculation  of  these 
loads  in  the  rational  flow  model  is 
carried  out  using  a  combination  of  two 
methods.  The  first,  developed  by 
McCarthy  (Ref.  15),  predicts  the  thrust 
and  torque  of  an  arbitrary  propeller 
operating  in  a  nonuniform  but  nonin- 
clined  flow.  The  second,  developed  by 
Gutsche  (Ref.  16)  predicts  the  thrust, 
torque,  inplane  force,  and  thrust  off¬ 
set  of  a  propeller  in  a  uniform,  in¬ 
clined  flow. 

The  propeller  is  assumed  to  exist 
in  a  quasi-steady-state  condition  by 
the  instantaneous  values  of  all  flow 
velocities  and  the  state  of  motion  of 
the  vehicle.  The  propeller  Inflow  is 
assumed  to  consist  of  an  ax (symmetric 
contribution  due  to  the  hull  and  hull 
wake,  an  axisymmetrlc  self- induced  flow 
caused  by  the  flow  acceleration  into 
the  disk,  and  axial  and  tangential 
contributions  duo  to  the  wakes  of  all 
upstream  lifting  surfaces  and  hull  flow 
separation.  The  McCarthy  analysis  is 
first  used  to  calculate  thrust  and 
torque  for  the  noninclined  part  of  the 
inflow,  with  the  axisymmetrlc  behavior 
known,  the  Gutsche  method  is  used  to 
calculate  flow  inclination  effects. 
The  final  step  consists  of  combining 
these  results  with  open-water  perfor¬ 
mance  data  for  the  particular  propeller 
attached  to  the  vehicle  to  obtain  the 
components  of  shaft  loads. 

Maneuver  Analysis.  A  common  ap- 
proach  to  the  prediction  of  submersible 
trajeotorlee  involves  the  integration 
of  the  six-degree-of-freedom  equations 
of  motl  '  of  the  submersible  configura¬ 
tion  over  the  time  frame  of  intereet. 
The  standard  equations  of  motion,  such 
as  those  presented  In  References  26  and 
29,  are  written  in  a  form  which  re¬ 
quires  the  stability  derivatives  for 
the  configuration  for  the  fai.ge  of  flow 
conditions  to  be  considered.  Such  a 
formulation  creates  difficulties  when 
'^he  stability  dsrlvativea  are  un¬ 
known.  Such  may  be  the  ce^se  for  a  pre¬ 
liminary  design  configuration  prior  to 
tasting,  or  when  the  flight  regime  in¬ 
volves  nonllnaac  aspaota  which  suika  it 


impossible  or  difficult  to  determine 
the  derivatives  experimentally. 

The  approach  to  the  development  of 
a  trajectory  prediction  method  baaed  on 
the  rational  flow  model  involves  a 
simplification  of  the  standard  sta¬ 
bility  derivative  coefficient  formula¬ 
tion  using  a  direct  force  and  moment 
coefficient  formulation.  In  this  ap¬ 
proach,  terras  in  the  equations  of  mo¬ 
tion  associated  with  stability  deriva¬ 
tives  are  replaced  by  the  forces  and 
moments  obtained  from  the  rational  flow 
code  at  an  instant  in  time.  The  modi¬ 
fied  equations  of  motion  are  shown 
below.  These  equations  are  for  a  con¬ 
figuration  with  its  origin  at  the 
center  of  gravity,  and  the  positive 
senses  of  forces,  moments,  velocities, 
and  rotation  rates  are  indicated  in 
Figure  6.  The  angles  >1,  8,  and  are 
the  Euler  angles  which  relate  to  orien¬ 
tation  of  the  body-fixed-coordinate 
system  to  the  inertial  system.  The 
coefficients  and  'the  subscript  AM  are 
added-mass  terms.  The  added-mass 
forces  and  moments  have  been  removed 
from  the  right-hand  side  of  the  equa¬ 
tions  of  motion  and  the  appropriate 
terms  included  on  the  left-hand  side  to 
remove  numerical  instability  in  the 
solution  as  discussed  in  Reference  30. 

Axial  Force: 


(ra-Cj)i  •  m(uv-wq)  +  (X-X^^)-(W-B)aine 

(30) 

Lateral  Force: 
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Normal  Forces 

(a-Cj)*  -  •  n  (uq-vp) 
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Yawing  Moment: 
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A  trajectory  calculation  is  car¬ 
ried  out  in  the  following  manner. 
Starting  with  initial  flow  conditions# 
rotation  rates,  time  rates  of  change  of 
these  quantities,  and  the  initial  posi¬ 
tion  and  orientation  of  the  submersible 
configuration  in  the  inertial  coordi¬ 
nate  system,  a  steady  flow  solution  is 
obtained  to  provide  a  vortex  wake  and 
hydrodynamic  forces  and  moments  with 
which  to  begin  the  unsteady  calcula¬ 
tion.  The  unsteady  calculation  begins 
with  the  prediction  of  the  missile 
motion  from  t=0  to  t=at,  where  the  time 
interval  At  must  satisfy  the  relation 


At  < 


AX 

“c>t*0 


(36) 


This  interval  was  chosen  to  provide 
sufficient  time  for  the  changing  vortex 
effects  to  influence  the  calculation 
before  being  swept  past  the  base  of  the 
vehicle.  For  purposes  of  the  trajec¬ 
tory  calculation,  it  is  assumed  that 
the  flow  conditions  and  hydrodynamic 
forces  and  moments  are  constant  over 
the  At  interval.  Solution  of  the  6- 
OOF  equations  of  motion  results  in  new 
velocity  components  and  coordinates  of 
the  configuration  CG,  angular  rates, 
and  orientation  of  the  configuration  at 
tl- 

The  vortex  wake  is  permitted  to 
wove  in  the  time  interval  to  its  new 
position  as  summarized  in  a  previous 
section  (amt  further  described  in  the 
following  section).  With  the  new  wake 
position  and  the  new  flow  conditions  at 
t|,  tho  forces  and  moments  on  the  sub¬ 
mersible  configuration  are  computed. 
This  interactive  process  continues  to 
the  end  of  the  specified  tralectory 
calculation.  The  moving  vortex  wake 
forms  the  historical  lag  in  the  flow 
field  which  relates  to  the  stern  what 
happened  at  an  earlier  time  at  the 
bow.  As  the  calculation  ptogressee, 
the  wake  shed  at  an  earlier  tine  is 
swept  downstream  past  the  stem,  and 
the  efface  on  the  vehicle  is  lost  for¬ 
ever. 


Calculation  Procedure 


The  general  steady  and  unsteady 
flew  calculation)  procedure  used  in  the 
rational  flow  ateehod  for  a  typical 
suboereible  configuration  is  outlined 


in  this  section.  The  calculation  pro¬ 
cedures  for  both  steady  and  unsteady 
flow  conditions  are  applicable  to  gen¬ 
eral  configurations  with  arbitrary 
arrangements  of  lifting  surfaces  in  an 
axisymmetric  hull. 

Steady  Flow  Conditions 

The  calculation  of  the  hydro- 
dynamic  characteristics  of  a  sub¬ 
mersible  configuration  undergoing 
steady  translational  and  rotational 
motions  is  carried  out  with  a  marching 
procedure  starting  at  the  nose  of  the 
vehicle.  The  basic  method  is  the 
crossflow  plane  discrete  vortex  shed¬ 
ding  analysis  described  in  Reference 
1.  The  calculation  begins  with  the 
prediction  of  the  shed  vortex  field  and 
the  loads  between  the  nose  and  the 
leading  edge  of  the  first  set  of  lift¬ 
ing  surface,  the  foremounted  fins  in 
most  cases.  The  separation  vortex 
field  at  this  axial  station  influences 
the  loads  on  these  fins,  and  the  lift¬ 
ing  surfaces  in  turn  influence  the 
loading  on  each  other  and  on  the  hull 
adjacent  to  the  surfaces.  A  trailing 
vortex  system  originating  on  the  lift¬ 
ing  surfaces  is  released  into  the  flow 
field  at  the  trailing  edge,  and  these 
free  vortices  are  included  as  part  of 
the  total  shed  vo^'tex  system  for  the 
remainder  of  the  calculation. 

The  path  of  the  entire  vortex 
system  is  tracked  along  the  length  of 
the  hull  from  the  trailing  edge  of  the 
forward  fins  to  the  loading  edge  of  the 
aft  fins.  The  vortices  influence  the 
pressure  distribution  on  the  hull, 
which  has  an  effect  on  the  separation 
points,  the  shed  vorticlty  from  the 
afterbody,  and  the  hull  loads.  Separa¬ 
tion  vortices  from  the  afterbody  are 
added  to  the  vortex  field  over  the  hull 
length  between  the  forward  and  aft 
fins.  In  addition  to  the  vortices,  the 
propeller  model  influences  the  pressure 
distribution  on  the  hull  aft  of  the 
nastnum  radius  position. 

The  vortex  field  from  the  nos<  , 
foremounted  fine,  and  afterbody  influ¬ 
ences  the  loads  on  the  aftmounted 
fins.  There  is  also  an  upstream  influ¬ 
ence  from  the  propeller.  The  loading 
on  the  individual  fins  produces  a 
trailing  vortex  system  analogous  to 
that  from  the  forward  fins,  and  these 
vortices  are  included  as  part  of  the 
shed  vortex  system  which  is  tracked 
from  the  trailing  edge  to  the  propel¬ 
ler.  The  flow  field  in  the  vicinity  of 
the  propeller  (inflow)  is  calculated 
and  the  propeller  loading  is  predicted. 

The  total  forces  and  moments  on 
the  complete  vehicle  are  the  sum  of  the 
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forces  and  momepts  on  the  individual 
components.  For  a  steady  flow  condi¬ 
tion/  the  calculation  is  complete  at 
this  point. 

Unsteady  Flow  Conditions 

The  calculation  procedure  for  the 
prescribed  initial  flow  conditions  for 
an  unsteady  flow  case  is  essentially 
the  same  as  that  for  the  steady  flow 
case.  Starting  at  t  =  0  with  pre¬ 
scribed  initial  flow  conditions/  angu¬ 
lar  rotation  rates,  accelerations, 
position  of  CG  and  orientation  of  the 
vehicle  in  the  inertial  coordinate 
system,  propeller  rotation  rate,  and 
control  surface  deflections,  the  loads 
and  the  shed  vortex  field  on  the  con¬ 
figuration  are  calculated  as  described 
in  the  previous  section.  This  is  the 
starting  condition  for  the  unsteady 
calculation. 

Separation  vortex  fields  corres¬ 
ponding  to  the  initial  conditions  at  t 
=  0  are  shown  schematically  in  Figure 
7(a)  where  only  a  hull  is  considered 
for  this  discussion.  The  discrete  hull 
separation  vortex  positions  are  shown 
as  dots  at  each  X-statlon,  and  their 
paths  are  denoted  by  dashed  lines.  The 
individual  vortices  are  identified 

as  r_  .  wliere  the  first  subscript 

m,  t- 

represents  the  X-stat'.on  at  which  they 
are  shed  and  the  second  subscript 
represents  the  appropriate  time  step. 

An  unsteady  calculation  Isgins 
with  the  calculation  of  the  submarine 
motion  from  t  =  t^  =  0  to  t^  = 

+  at,  where  at  is  a  specified  value 
that  must  satisfy  Equation  (36).  The 
vehicle  trajectory  is  calculated  by 
making  the  approximation  that  the  flow 
conditions  and  loads  at  t  =  0  are  con¬ 
stant  over  the  time  interval  At.  The 
trajectory  calc^ilation  produces  new 
flow  conditions  and  time  rates  of 
change  of  flow  variables  for  t^  =  t- 
+  At.  The  existing  vortex  wake  is 
allowed  to  move  downstream  a  dis¬ 
tance  AX'  under  the  influence  of  new 
local  flow  conditions  during  the  inter¬ 
val  At.  Ttie  value  of  AX'  is  determined 
from  the  average  conditions 
at  At/2,  such  that 

AX'  -  At  (V^  cos  (37) 

where  and  o  are  average  values 
between  time  seeps.  For  the  wake  tra¬ 
jectory  calculation,  the  average  flow 
conditions  at  At/2  are  considered  ap¬ 
propriate  for  the  total  Interval.  A 
new  vortex  field  resulting  from  a  cal¬ 
culation  for  which  AX'  ■  AX  is  shown  in 
Figure  7(b).  Comparison  of  parts  (a) 
and  (b)  of  this  figure  illustrate  how 
individual  vortices  are  moved.  In 


essence,  the  entire  vortex  field  exist¬ 
ing  at  tg  has  been  transported  down¬ 
stream  a  distance  AX.  Under  the  in¬ 
fluence  of  the  actual  flow  conditions 
at  tj  and  the  modified  vortex  field, 
the  hull  pressure  distribution  is  pre¬ 
dicted  and  a  new  separation  calculation 
is  carried  out.  The  current  situation 
at  t^  is  shown  in  Figure  7(c)  where  the 
new  vortices  are  shown  as  an  addition 
to  the  previous  field.  This  process 
continues  to  the  end  of  the  specified 
trajectory  calculation  or  to  the  end  of 
the  prescribed  maneuver. 

Results 

The  ultimate  evaluation  of  the  ra¬ 
tional  flow  model  described  in  this 
paper  must  be  made  by  comparisons  of 
measured  and  predicted  hydrodynamic 
characteristics  on  a  variety  of  con¬ 
figurations  under  a  wide  range  of  flow 
conditions.  In  the  absence  of  hydro- 
dynamic  data,  comparisons  with  aero¬ 
dynamic  data  on  similar  configurations 
will  suffice.  Comparisons  of  both 
steady  and  unsteady  results  are  desir¬ 
able  to  verify  the  methodology;  how¬ 
ever,  other  than  static  character¬ 
istics,  only  a  small  quantity  of  steady 
data  exists  and  almost  no  unsteady  data 
are  available  for  these  comparisons. 
In  this  section,  static  results  at  high 
angles  of  incidence  are  presented  to 
further  verify  the  discrete  vortex 
cloud  approach,  steady  turning  results 
are  used  to  examine  effects  of  turn 
rate,  and  an  arbitrary  unsteady  man¬ 
euver  is  described  to  illustrate  the 
use  of  the  method. 

Static  Characteristics 

The  prediction  method  was  applied 
to  a  body  of  revolution.  Model  4621,  a 
configuration  (Ref.  31)  for  which 
normal-force  and  pitching-moment  coef¬ 
ficients  are  available  for  a  range  of 
angles  of  attack.  Measured  and  pre¬ 
dicted  results  are  compared  in  Figure 
8.  The  predicted  results.  Including 
significant  lee-side  separation  vortex 
effects,  are  in  good  agreement  over  the 
linear  and  nonlinear  range  of  incidence 
angles. 

In  an  effort  to  further  evaluate 
the  vortex-induced  characteristics  on  a 
body  of  revolution  at  high  angles  of 
attack,  it  was  necessary  to  consider 
aerodynamic  data  cn  a  sharp  nose 
body.  A  missile  configuration  consist¬ 
ing  of  a  three-diameter  ogive  nose  and 
a  7.7-diaraeter  cylindrical  afterbody  is 
available  in  Reference  32  where  pres¬ 
sure  distributions,  normal-force  dis¬ 
tributions,  and  total  normal-force 
coefficients  are  presented  for  angles 
up  to  24  degrees.  The  predicted  cir- 
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cumferential  pressure  distribution  7.5 
diameters  from  the  nose  at  a  =  15  de¬ 
grees  is  compared  with  experiment  in 
Figure  9.  The  vortex  cloud  has  a  sig¬ 
nificant  effect  on  the  pressure  distri¬ 
bution  on  the  lee  side,  and  the  ratio¬ 
nal  flew  model  successfully  represents 
these  effects.  To  illustrate  the  mag¬ 
nitude  of  the  vortex-induced  effects, 
the  predicted  potential  results  are 
shown  as  a  dashed  curve  in  this  figure. 

Measured  and  predicted  axial  dis¬ 
tributions  of  normal  force  are  compared 
in  Figure  10.  The  predicted  results 
for  potential  flow,  which  agree  with 
slender  body  theory,  are  shown  as  a 
dashed  curve.  The  agreement  between 
experiment  and  theory  is  very  good  over 
most  of  the  body  length,*  however,  near 
the  base,  some  lack  of  agreement  is 
apparent.  This  may  be  a  base  effect 
which  is  not  adequately  represented  in 
the  present  predictions. 

The  total  normal-force  coefficient 
is  shown  in  Figure  11.  At  lower  angles 
of  attack,  the  predicted  results  are  in 
good  agreement  with  the  low  Reynolds 
number  experimental  measurements,  but 
at  higher  angles,  the  theory  is  in 
better  agreement  with  the  high  Reynolds 
number  results.  This  phenomenon  is 
associated  with  the  changing  character 
of  the  separation  on  the  body  in  a 
transition  region?  however,  this  effect 
is  not  considered  in  these  predictions. 

Results  of  further  investigation 
of  the  effects  of  the  shed  vortex  wake 
on  the  distribution  of  forces  on  an 
axisymmetric  hull  at  angle  of  attack 
are  shown  in  Figures  12  and  13.  The 
measured  normal-force  distribution  on 
the  Akron  airship  hull  (Ref.  33)  is 
compared  in  Figure  12  with  a  potential 
distribution  and  a  rational  flow  model 
result  including  vortex-induced  ef¬ 
fects.  The  presence  of  the  vortex 
cloud  improves  agreement  between  ex¬ 
periment  and  theory;  however,  there  is 
some  disagreement  on  the  aft  portion  of 
the  hull.  This  may  be  caused  by  addi¬ 
tional  separation  not  included  in  the 
flow  model,  or  it  may  be  an  indication 
of  an  effect  of  the  hull  boundary  layer 
which  is  not  considered  in  these  cal¬ 
culations.  The  total  normal-force  and 
pitching-moment  coefficients  on  the 
Akron  hull  alone  are  shown  in  Figure 
13.  A  potential  result  and  a  retionel 
flow  model  result  are  compared  with 
experiment  over  the  range  of  angles  of 
attack.  As  seen  previously,  the  vortex 
cloud  has  a  significant  influence  on 
the  predicted  forces  and  moments,  and 
it  is  essential  in  the  prediction  cf 
nonlinear  effects  at  high  angles  of 
attack. 


An  example  of  the  predicted  vortex 
cloud  wake  near  the  stern  of  the  Akron 
airship  hull  is  shown  in  Figure  14. 
Each  symbol  represents  a  discrete  vor¬ 
tex  forming  a  part  of  tha  wake,  and  the 
feeding  sheet  of  vorticity  from  the 
separation  point  on  either  side  of  the 
hull  is  well  defined  as  is  the  major 
rolled  up  portion  of  the  wake. 

Steady  Turning  Maneuver 

A  steady  turning  maneuver  involves 
the  vehicle  at  constant  angles  and  con¬ 
stant  angular  rates.  Such  a  maneuver 
is  represented  experimentally  on  a 
rotating-arm  apparatus  as  illustrated 
in  Figure  3.  Measured  pressure  distri¬ 
butions  on  a  4:1  ellipsoid  body  of 
revolution  in  a  steady  pitching  man¬ 
euver  turn  are  available  in  Reference 
34.  Axial  pressure  distributions  on 
the  windward  and  leeward  meridians  are 
shown  in  Figure  15  for  q'  “-.0717  and 
angles  of  attack  of  10  and  20  de¬ 
grees.  The  flow  is  such  that  the  body 
is  at  positive  angle  of  attack  and  it 
is  pitching  nose  downward  so  that  the 
local  angle  of  attack  at  the  nose  is 
greater  than  a  and  that  at  the  stern  is 
less.  The  effect  of  the  separation 
vortex  is  illustrated  in  Figure  15  (b) 
where  the  potential  result  without 
separation  is  presented  for  comparison 
with  the  rational  flow  model  result. 
The  hull  separation  vorticity  has  a 
significant  effect  on  the  lee-side 
pressure  distribution. 

Similar  steady  turning  data  on  a 
fully  appended  configuration  are  not 
available  for  comparison  purposes  in 
this  paper;  therefore,  an  arbitrary 
submersible  vehicle  was  assembled  to 
provide  sample  results  to  illustrate 
the  capability  of  the  rational  flow 
model.  As  shown  in  Figure  4,  a  body  of 
revolution  Is  appended  with  two  sets  of 
four  fins  in  a  fore  and  aft  configura¬ 
tion.  Bach  lifting  surface  can  be 
deflected  as  a  control  surface.-  This 
configuration  is  similar  to  that  used 
i.n  Reference  35  for  illustration  pur¬ 
poses  for  the  rational  flow  model  with 
the  exception  that  an  additional  for¬ 
ward  fin  Is  considered  herein. 

Both  static  and  steady-turning 
predicted  results  are  shown  in  Figure 
16  for  the  fully  appended  configura¬ 
tion.  The  predictions  were  made  assum¬ 
ing  a  large-scale  vehicle  in  a  high- 
Reynolds  number  flow;  therefore,  the 
hull  vortex  separation  characteristics 
are  turbulent  and  have  less  effect  on 
the  hydrodynamic  forces  and  moments. 
The  solid  curves  in  Figure  16  illus¬ 
trate  the  static  forces  and  moaBt;ts  on 
the  vehicle  at  a  range  of  yaw  angles. 
The  nonlinear  effects  at  higher  angles 
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are  induced  by  the  trailing  vorticity 
from  the  forward  fins  and  the  small 
amount  of  hull  shed  vorticity. 

Predicted  results  for  the  vehicle 
in  a  steady  turning  motion  (r*=-.40) 
are  also  shown  in  Figure  16.  The  side 
force  is  similar  in  appearance  to  the 
static  results,  but  the  nonlinear  ef¬ 
fects  are  slightly  more  pronounced. 
The  yawing  moment  is  significantly 
different  from  the  static  results 
because  of  the  shift  in  loading  between 
the  forward  and  aft  fins  as  the  side¬ 
slip  angle  changes.  For  example,  the 
yawing  moments  at  6  ^  20  and  -20  de¬ 
grees  are  nearly  identical  even  though 
the  side  forces  are  guite  different. 
Detailed  examination  of  the  loading  on 
the  individual  components  of  the  vehi¬ 
cle  can  identify  the  reasons  for  this 
unusual  behavior.  In  Figure  17,  the 
side  force  and  yawing  moment  contribu¬ 
tion  of  each  major  component  of  the 
vehicle  are  compared  for  6  =  20  and  -20 
degrees.  At  6  *  20  degrees,  the  side 
force  Is  due  to  the  nose  and  forward 
fin  loadings.  The  aft  fins  are  nearly 
unloaded  because  of  the  reduced  local 
angle  of  incidence  due  to  the  turning 
effect  and  the  induced  flow  field  from 
the  vorticity  in  the  wake  from  the  hull 
and  the  forward  fins.  The  net  effect 
is  that  the  yawing  moment  is  determined 
by  the  loading  near  the  nose  of  the 
vehicle. 

At  B  "-SO  degrees#  the  loading  on 
the  nose  is  reversed  because  of  che 
change  in  flow  direction,  as  are  the 
loadings  on  the  fins.  However,  both 
forward  and  aft  fins  have  nearly  the 
same  loading,  and  their  contribution  to 
the  yawing  moment  have  opposite  sign. 
The  cause  for  the  similarity  in  loading 
of  forward  and  tft  fins  in  this  flow 
condition  la  that  the  local  flow  angle 
at  the  aft  fine  is  higher  tiiah  before 
and  the  trailing  ifortieity  from  the 
forward  fins  is  not  In  position  to 
reduce  the  loading.  The  net  effect.  Is 
that  the  yawing  moment  at  &  "-20 
degress  is  dominated  hy  the  aft  fins, 
hut  the  sign  and  isagnitude  of  the  total 
moment  Sa  nearly  the  same 

for  B  w  20  degrees. 

The  previous  case  considers  a  high 
Reynolds  number  flow  condition  such 

that  the  separation  from  the  hull  Is 
turlHJlent  and  the  hull  vortex  effects 

nrs  alninsl.  To  Illustrate  the  effect 
of  strong  hull  vorticity#  a  1<34# 

Reynolds  number  flow  condition  is  con¬ 
sidered  such  that  the  hull .  separst Ion 
Is  laminar  and  the  vortex  wake  ie  a«ich 
stronger.  Predictsd  results  for  static 
and  steady  turning  conditions  are  shown 
in  Figure  18.  At  low  sideslip  angles#. 
the>  results  are  the  same  aa  those  In 


Figure  16  as  is  expected  because  vor¬ 
tex-induced  effects  are  small  at  low 
incidence  angles.  At  higher  angles, 
the  shed  vorticity  from  the  hull  is 
stronger  than  before,  and  the  nonlinear 
effects  are  larger.  The  nonlinearities 
are  much  larger  in  the  turning  case 
because  the  local  angles  become  large 
as  do  the  vortex- induced  forces.  The 
yawing  moment  shown  in  Figure  lB(b) 
also  reflects  the  larger  induced  ef¬ 
fects.  The  character  of  the  moments 
changes  because  of  the  stronger  vortex 
wake  and  the  larger  forces  on  indi¬ 
vidual  components. 

TInsteadv  Maneuver 

Since  experimental  data  are  not 
available  for  comparison  purposes,  an 
example  unsteady  calculation  is  pre¬ 
sented  for  the  fully  appended  config¬ 
uration  used  in  the  previous  discus¬ 
sion.  The  Initial  condition  of  the 
vehicle  is  a  straight  ahead  notion  with 
all  forces  and  moments  balanced.  A 
schedule  of  control  surface  deflections 
is  shown  in  Figure  19(a).  Note  that 
the  upper  and  lower  aft  rudders  are 
offset  slightly  to  counter  the  torgue 
from  the  propulsion  model.  Over  a 
short  period  of  time,  the  aft  rudders 
are  deflected  20  degrees  to  initiate  a 
port  turn,  and  the  rudders  are  held  at 
a  constant  deflection  angle  for  ap¬ 
proximately  9  seconds.  Ae  the  rudders 
are  returned  to  a  neutral  position,  the 
left  and  right  forward  fine  are  de¬ 
flected  to  produce  a  counterclockwise 
rolling  motion  (looking  forward).  This 
condition  la  maintained  to  the  end  of 
the  trajectory  calculation.  The  objec¬ 
tive  of  this  maneuver  is  not  to  model  a 
specific  motion  but  to  demonstrate  the 
capability  of  the  rational  flow  model 
and  trajectory  prediction. 

The  three  coordinates  of  the  posi¬ 
tion  of  the  vehicle  center  of  gravity 
are  shown  in  Figure  19(b).  Because  of 
symmetry  of  the  vehicle  and  the  deflec¬ 
tion  schedule,  the  only  apparent  motion 
is  in  the  y^-dlrection  as  dictated  by 
the  turning  maneuver.  The  vehicle  is 
assumed  neutrally  bouyanti  therefore# 
the  depth  does  not  change.  The  orien¬ 
tation  of  the  vehicle  Is  described  by 
the  three  Suler  angles  k<  9# 
k  shown  in  figure  19(c).  Details  of 
the  forces  and  moments  on  the  vehicle 
are  available  from  the  method  at  all 
points  in  the  trajectory. 

Concluslona 

An  engineering  rational  flow  model 
to  predict  the  hydrodynamic  charac- 
terlatlca  and  motion  of  a  generic  sub¬ 
mersible  configuration  in  unsteady 
■aneuvera  has  bean  deecrlbed  in  this 
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paper.  Comparisons  of  measured  and 
predicted  aerodynamic  and  hydrodynamic 
characteristics  of  a  range  of  bodies  of 
revolution  for  static  flow  conditions 
and  steady  turning  maneuvers  verify 
that  the  principal  features  of  the  flow 
phenomena  are  well  represented  for  flow 
conditions  beyond  the  linear  range.  A 
parametric  series  of  calculations  for 
generic  large-scale  and  model-scale 
submersible  configurations  in  static 
and  steady  flow  conditions  illustrate 
the  capability  of  the  method  to  predict 
the  detailed  hydrodynamic  and  flow 
field  characteristics.  Calculations 
for  a  powered  generic  submersible  vehi¬ 
cle  in  which  control  surface  deflec¬ 
tions  are  varied  as  a  function  of  time 
demonstrate  the  use  of  the  method  for 
predicting  unsteady  maneuvers. 

The  unsteady  prediction  method  de¬ 
scribed  in  this  paper  has  demonstrated 
the  feasibility  of  an  approach  in  which 
the  nonlinear  forces  and  momenta  are 
predicted  for  use  in  a  direct  calcula¬ 
tion  of  the  motion  of  a  submersible 
vehicle.  The  method  has  application 
for  the  calculation  of  trajectories  of 
submersible  configurations  under  flow 
conditions  for  which  stability  deriva¬ 
tives  are  unknown. 
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Fig.  1  Vortex  formation  on  an 
inclined  hull 
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Fig.  2  Sketch  of  the  flow  field 

adjacent  to  a  submersible  vehicle 
in  steady  motion 


Fig.  3  Rotating  arm  apparatus  tor 
experimental  modeling  of  steady 
flow  conditions 


Fig.  4  Generic  submersible  configure-' 
tion 


Z/k 

Fig.  5  Coordinate  systems  and  nomen¬ 
clature  associated  with  pressure 
coefficient  calculation 


Fig.  6  Sketch  showing  positive  direc¬ 
tions  of  axes,  angles,  velocities, 
forces  and  moments  for  body-fixed 
x,y,2  coordinate  system 


Fig.  7  Unsteady  flow  calculation 
procedure 
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SIMULATION  OF  A  BODY  UNDER  WAVES 
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Abstract 

A  numerical  model  to  calculate  the  motion 
history  of  a  submerged  body  beneath  waves  is 
described.  The  model  employs  simple  Ratikine 
sources,  distributed  within  the  body,  to 
generate  the  disturbance  potential.  A  pre¬ 
liminary  validation  of  the  model  is  presented 
usi.ng  both  analytic  and  experiment  data.  The 
method  has  been  used  to  investigate  the 
effects  of  run  times  and  the  method  of  sea 
spectrum  discretisation  on  the  motion 
statistics  in  head  seas. 

The  results  support  the  hypothesis  that 
once  the  wave  system  has  sufficient  components 
to  ensure  that  its  lowest  beat  frequency  is 
smaller  than  the  natural  frequency  (in  pitch) 
of  the  body,  the  standard  deviation  of  the 
depth  signal  will  vary  only  slightly  with  an 
increase  in  the  nunisor  of  wave  frequencies. 

1 .  Introduction 

This  paper  describes  a  numerical  model  to 
simulate  the  trajectory  and  sntion  of  a  sub¬ 
merged  body  beneat))  surface  waves.  The  waves 
are  assumed  to  bo  long-crested  and  irregular. 
Because  the  model  operates  in  the  time  domain 
and  is  not  strictly  linearised,  the  possi¬ 
bility  exists  to  simulate  large  changes  in 
depth  and  speed  in  a  detensinistic  sense. 

The  model  employs  Rankine-type  singu¬ 
larities,  distributed  within  ths  hull,  whose 
strengths  at  any  instant  in  tieo  are  assigned 
by  the  body  kinematic  condition  that  no  fluid 
can  pass  through  the  hull's  surface.  11)is 
condition  is  treated  'exactly*  in  the  sense 
that  both  the  instantaneous  translational  and 
rotational  velocity  vectors  of  the  hull  are 
taken  into  act^junt  in  order  to  calculate  the 
nonsal  velocity  components  at  a  large  number 
of  control  points.  The  resulting  disturbance 
potential  is  then  combined  with  the  incident 
wave  potential  to  detemine  the  flow  field. 
This,  tiogether  with  the  time  derivative  of 
the  total  velocity  potential,  le  sufficient 
to  compute  the  pressure  around  the  body  and 
hence  the  wave  force  and  tsoeenc  vectors.  The 
dietucbence  on  the  eurface  caused  by  the 


presence  of  the  body  Is  considered  to  be 
negligibly  small  and  is  not  included  in  the 
model.  The  actual  trajectory  and  motion  of 
the  body  are  computed  using  the  rigid  body 
equations,  together  with  certain  hydrodynamic 
coefficients  and  derivatives  (to  model 
viscous  effects)  and  computed  wave  force  and 
moment  terms  appearing  on  the  right  hand  sides. 
These  coefficients  are  first  measured 
experimentally  using  a  planar  motion  mechanism 
(PMM)  which  imparts  known  motions  to  the  body 
(or  model)  at  deep  submergence.  These  same 
motions  are  then  simulated  (as  a  separate 
exercise) ,  using  the  above  mentipnod  potential 
flow  program,  to  predict  the  inviscid  com- 
jxjnonts  for  each  of  these  coefficients.  By 
regarding  each  measured  coefficient  as  a 
linear  superposition  of  a  viscous  and  an 
inviscid  term,  the  viscous  affects  can  be 
readily  estimated  by  a  simple  process  of  sub¬ 
traction.  In  prsctica,  this  is  performed  by  a 
s'opayate  computer  pnv.jram  which  is  designed  to 
create  a  raaator  input  file  for  a  particular 
body  geometry.  This  same  program  also  Inverts 
t))o  matrix  of  influ*nc«  coefficients  (arising 
from  the  potential  flow  analysis)  ready  for 
use  in  the  main  program. 

Numerical  and  towing-tcnk  data  are  cr-'a- 
l>4rod  for  the  case  of  a  body  (with  non-clrcitlar 
cross-soction)  which  can  bn  eit.Mr  comjjietely 
restrained  or  llg)itly  veftrslncd  using  low¬ 
stiffness  springs  csounted  on  a  carriage.  The 
exporlaental  arrangement  is  briefly  deecribed. 

Ttie  numerical  nodal  has  been  csect  to  assess 
the  effect  of  run  times  on  the  ensuing  motlott 
statistics.  hecauBo  the  second  order  exci¬ 
tation  manifests  Itself  in  the  form  of  very 
low  frequency  cosqtonentd,  long  rui«  times  may 
b«  necessary  in  ord«v  to  achieve  statistically 
reliable  results.  This  problem  is  coe^^unded 
by  the  fact  that  these  low  frequencies  con  lie 
near  the  natural  pitch  period  of  the  body  so 
that  the  low  frequency  ax^tlon  can  be  consider¬ 
able.  The  effect  of  changing  the  nuaber  of 
discrete  frequencies  uved  to  define  the  wave 
spectrum  has  alto  been  atudivd  in  this  context. 
The  results  ate  presented  Ln  a  later  sectioii. 
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2 .  Methodology 
2.1  Potential  Flow  Equations 

Two  sets  of  orthogonal  3-axis  co-ordinate 
systems  are  used  in  the  analysis  (Figure  1) . 
Earth- fixed  axes,  O’x'y'z',  are  chosen  so 
that  the  O'x'y'  jlans  lies  on  the  mean  free 
surface  with  O'x'  in  the  direction  of  in¬ 
cident  wave  propagation  (if  there  are  no 
incident  waves  O'x'  is  arbitrary).  The  con¬ 
vention  adopted  for  the  O'z'  axis  is  positive 
in  the  downward  direction. 


FIGURE  1.  SYSTEM  OF  AXES. 

Body  axes,  Oxys,  are  used  in  the  con- 
vantlonal  sense.  These  may  be  r^-garded  as 
having  been  rotated  to  assume  an  arbitrary 
orientation  with  respect  to  O'x'y's*  by  the 
thruis  Sulec  angles  If,  d  and  ^  applied  conse¬ 
cutively  about  the  O's*.  O'y'  and  O'x'  axes 
reepectively. 

The  origin  of  the  body  axes  is  chcsen  in 
accordance  with  the  requlr««sents  of  the 
cingularity  distribution  used  to  model  the 
flowi  this  will  be  dealt  with  in  a  later 
section.  In  the  meantltM,  It  should  be 
atreased  tliat  although  the  origin  may  lie  at 
the  centre  of  maea  for  a  restricted  dess  of 
bodies  this  Is  by  no  cM«ns  always  tlui  case. 

The  fluid  is  asBvimisd  to  be  Invlscid, 
irrotetlonsl,  Incompressible  end  Infinitely 
deep.  A  sceler  velocity  potential,  4  la 
daf'lned  mudi  that 
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where  u^  and  v^  are  fluid  velocity  components 
in  Barth  axes. 

The  mass  continuity  equation  is 

!!i  „ 

3»’  3y‘  *  3t'  “  (2/ 

or,  in  terms  of  the  velocity  potential, 


(3) 


Body  kinematics  dictate  that  at  any  point 
cn  the  body-fluid  boundary  there  can  be  no 
flow  of  fluid  across  the  normal  to  the 
boundary.  Hence  the  fluid  velocity  component 
in  the  direction  of  uhe  local  normal  vector, 

n,  must  equal  the  corresponding  velocity 
-► 

component,  V  associated  with  the  point  on  the 
body  defined  by  the  intersection  of  the  local 
normal  vector  and  the  body  surface.  Hence 


-  Ut«d  .  i 

The  convention  adopted  for  fi  is  that  it 
should  be  in  a  direction  pointing  into  the 
fluid  and  away  from  the  body  interior. 

It  is  convenient  at  this  jjoint  to  define 
the  velocity  potential  in  terms  of  a  known 
Incident  wave  potential,  and  a.n  unltnown 

body  disturbance  potential,  Hence 

O 


For  a  almpls  regular  wave  takes  the 
well-known  fonot 

*»  "  ?  •*•{*?■  •  (6) 


which  la  correct  to  first  order  In  (a/X)  whare 
a  is  the  wave  amplitude,  u  is  ths  wave 
frequency  in  radiatis  per  second  and  X  it  the 
wavelength . 

For  irregular  waves,  betXMSi 


•  i 


Im-.. 


(n 


where  is  tbs  ith  wave-nusber  (•>  and 

is  the  ith  phase  angle,  ths  Bretschiteider 

spectrum  function  (1)  may  be  conveniently 
utilised  to  prescribe  the  wave  amp.Xitudaa  to 
be  eesodiated  with  the  choeen  frequsociee. 
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As  discussed  in  the  previous  section,  the 
effect  of  the  body  on  the  free  surface  is 
ignored.  Hence,  for  the  purpose  of  caicu- 
lating  the  body  disturbance  potential,  ^  , 

a 

we  consider  only  the  perturbation  required  to 
ensure  tangential  flow  at  all  the  chosen 
control  points  on  the  body.  This  constraint 
on  the  solution  implies  that  wave  diffraction 
and  radiation  effects  are  negligible  cind  so 
the  proposed  model  is  likely  to  be  in  error 
if  the  body  is  very  close  to  the  free  surface. 
This  is  not  a  series  drawback,  however,  for 
practical  calculations. 


selected  as  being  suitable  for  most  bodies  of 
interest.  Two  singularities  are  positioned  to 
correspond  t^'  the  body  points  at  x  =  ±  (L/2)  , 
whilst  the  remaining  singularities  are 
distributed  at  the  rate  of  8  per  station  among 
the  other  41  stations  such  that  at  any  one 
station  the  body  points  are  separated  by 
45  degree  intervals  in  9.  It  should  be 
pointed  out  that  any  effects  due  to  appendages 
are  beyond  the  scope  of  the  present  work 
except  ii.  jo  far  as  they  are  already  modelled 
in  terms  of  the  PMM  derivatives  for  the  case 
of  deep  submergence.  The  potential  flow  model 
relates  only  to  the  naked  body. 


2 . 2  Representation  of  Bel-*  Using  Singularities 


2.3  Body  Kinematics 


Before  discussing  the  singularity 
distribution  to  be  used  to  generate  the  body 
potential,  the  location  cuid  orientation  of 
the  body  axes  must  first  be  decided.  A 
degree  of  judgement  is  required  here  although 
for  most  practical  cases  the  precise  location 
used  is  by  no  means  critical  as  long  as 
certain  guidelines  are  followed. 

The  Ox  axis  for  the  body  should  be  chosen 
such  that  it  passes  near  the  centres  of  area 
of  the  body  sections  lying  perpendicular  to 
the  axis.  Ideally  the  points  of  intersection 
of  the  axis  and  the  body  should  be  near  to 
the  estimated  forward  and  rear  stagnation 
points,  although  this  is  of  secondary 
importance.  The  stagnation  points  are  here 
understood  to  correspond  to  pure  longitudinal 
translation  at  deep  submorgonco.  Whilst  it  i.s 
unlikely  that  the  longitudinal  axis  will  pass 
through  the  centre  of  mass  of  the  body,  the 
resulting  intonvonience  is  easily  overcome. 

origin  of  the  body  axes,  o,  Is  defined  to 
i>o  the  mid-point  of  the  body  length,  b, 
measured  along  the  Ox  axis. 

The  gaotset.ty  of  the  b<Hiy  is  best  described 

initially  using  a  cyllk  Jrical  co~ordin.ite 

system  (x,  r  ..  0)  which  can  then  be  co.nverted 

into  the  ovtKogonal  SxHly  axes  already 

Biontioned.  The  origin,  O,  is  ctjssen  to  both 

these  co-ordinate  systetis.  The  Os  axis  is 

divided  into  40  equal  Intervals  for  the 

purpose  of  defining  the  section  geometry, 

t  •  r  tx,  0).  Two  extra  stations  at 
c  c 

X  «  4  (79L/S601  are  included  in  the  neighbour¬ 
hood  of  the  above-mentioned  stagnation  points 
to  ie^rove  the  quality  of  the  prediction. 

A  total  of  singularities  is  used  to 
represent  the  body,  each  of  which  is  associated 
with  its  own  unique  'body  point*.  A  body 
i>olnt  is  a  point  on  tlw  body  surface  through 
which  is  constructed  a  line  which  is  noresal  to 
the  local  tangitnt  plane.  The  singularity 
associated  with  a  particular  body  jwint  is 
positioned  inside  the  body  along  the  local 
norcsal.  The  precise  distance  froti  the  body 
point  was  chosen  after  scoe  exporiaentatioiii 

a  value  of  0.&  r  ,  were  r  is  Uie  radial 

c  c 

co-ordinate  of  the  body  point,  was  fitially 


The  strengths  of  the  singularities  must  be 
determined  such  that  the  total  potential 
satisfies  the  kinematic  condition  expressed  by 
equation  (4).  This  applies  to  all  body  points, 
resulting  in  a  set  of  equations  equal  in 
number  to  the  number  of  unknown  singularities. 
This  leaves  only  equation  (3)  to  be  satisfied: 
it  will  be  seen  in  the  next  section  that  this 
is  done  so  automatically  owing  to  the  nature 
of  the  singularity  employed. 

Attention  is  focussed,  therefore,  on 
equation  (4)  which  may  be  recast  in  scalar 
form,  for  the  jth  body  point,  as  follows: 


J  j 


i  )  )  ) 


(8) 


where  l^,  ,  n*,  are  the  direction  cosines 

of  the  outward  normal  and  are  the 

velocity  co.'xpcnents  of  the  bo<ly  point-  All 
the  j^aramoters  In  equation  (9)  refer  to 
6.irtji  axes  .and  therefore  asavime  values  which 
are  dependent,  on  tlte  known  instantaneous 
orientation  and  notion  of  the  Lody  axes  and 
the  fixed  position  of  the  body  point  with 
respect  to  the  body  axes. 


TransfortsatSon  to  Karth  axes  involves  a 
simple  vector  operation) 


r 

I 

y 

•  t 

i 

h' 

tdtere  (i‘,  j',  k'l  and  (I,  j,  k)  are  unit 
vectors  associated  with  the  Earth  and  body 
axes  res}tcctively  and  T  is  the  transformation 
matrix. 


Iksv  the  direction  cosinee  (1,  n,  nl , 
refsrro.'i  to  body  axes,  are  of  course  coiuitant 
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for  a  particular  body  point.  Referred  to 
Earth  axes,  for  use  in  eqxation  (8),  the 
direction  cosines  of  the  local  outwaird  normal 
are 


1’ 
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Similarly,  the  co-ordinates  of  a  body  point  in 
Earth  axes  are 


Equation  (8)  can  now  be  applied  to  any  body 
point .  in  terms  of  parameters  referred  to  boay 
axes,  by  invoking  equations  (10),  (12)  and 
;i3)  . 

2.4  Calculation  of  Disturbance  Potential 

The  velocity  potential  at  a  point  associated 
with  ar.  isolated  source  of  strength  a  is 
simply  a/R^,  where  is  the  distance  from  the 

source  (if  a  is  negative  the  singularity 
becomes  a  sink) .  For  the  body  in  question, 

therefore,  the  disturbance  potential,  , 

B 

at  the  jt)  body  point  is 


(11) 


n  a 


where  (x^,  y^,  z^)  are  the  co-ordinates  of  the 
origin  of  the  body  axes. 

Differentiation  of  equation  (11)  provides 
the  required  body  point  velocity  components 
in  Earth  axes; 


Hence,  using  equation  (9) : 


where  jX'  ,  y'  ,  z'  are  the  co-ordinates,  in 
I  s^j 

Earth-fixed  axes,  of  the  singularity,  a^, 

associated  with  the  ith  body  point  and  n  is 
the  number  of  Ixsdy  points  -  Hence  equation 
(8)  becomes: 


X  . 

j 

0 

J 

«  T 

V 

o 

'j 

W 

g 

4 

o 

4 

L  J 

>  . 

(12) 


where  U^,  and  are  the  velocity 
components  of  the  origin,  0,  in  body  axes. 


The  derivative  term  in  the  above  equation 
gives  rise  to  rates  of  change  of  $,  0  and 
f  which  must  be  related  to  the  known  angular 
rate.s  p^^,  q^^  and  referred  to  body  axes: 


1  lin^tAnO 
0  oot^ 

0  sin^iMO 


ooc^ttnO  I  I 
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(13) 
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(15) 


This  represents  a  system  of  n  simultaneous 

linear  equations  in  the  n  unknowns,  a  . 

1 

For  a  particular  body  geometry,  the  matrix  of 
influence  coefficients  remains  constant  and 
hence  a  single  matrix  inversion  is  required. 
The  solution  vector  is  then  found  by  matrix 
multiplication  at  each  time  step  in  the 
simulation.  Differentiation  of  equation  (15) 
provides  the  time  derivative  of  the  strength 
of  the  ith  singularity: 
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n  i  *1 
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In  this  equation  0|,  and  represent 

the  instantaneous  velocity  components  in 
Earth  axes  of  the  ith  singularity.  The 
pressure  at  the  jth  body  point  then  follows 
from  the  unsteady  form  of  Bernoulli's  theorem: 
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dl'a 

where  — found  by 
dt  dt  ■' 

differentiating  equation  (10) .  This 

represents  a  further  n  simultaneous  equations 

which  are  solved  in  the  same  manner  as  a^. 


The  partial  time  derivative  of  the 
disturbance  potential,  associated  with  the 
movement  of  the  singularities  through  the 
fluid,  can  now  be  calculated i 


H. 


da 

dt 
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(18) 


2.5  Calculation  of  Force  and  Moment  Vectors 


In  order  to  quantify  the  force  and  moment 
vectors,  the  body  is  represented  by  a  large 
number  of  su. face  panels  defined  by  the  body 
points  (336  panels  are  defined  by  the  330  body 
points  used  in  the  present  analysis) .  Each 
panel  is  divided  into  six  triangular  sub¬ 
panels  such  that  their  vertices  are  formed  at 
intervals  in  0  of  15  degrees  at  all  the 
longitudinal  stations  (Sea  Figure  2) .  The 
panel  geometry  is  so  arranged  as  to  be 
symmetrical  about  the  x-z  plane  since  this  is 
a  plane  of  symmetry  for  typical  body  shapes. 


©INDICATES  A  BODY  POINT. 


FIGURE  2.  PANEL  LAYOUT. 
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The  pressure  at  the  centroid  of  each  sub 
panel  is  Interpolated  from  the  knovm  pressures 
at  the  neighbouring  body  points  and  the 
contributory  force  and  moment  vectors  are 
calculated.  The  total  force  and  moment 
vectors  are  then  found  by  summation  ever  the 
whole  body.  A  sextic  surface  interpolation 
procedure  based  on  Kverett's  formula  (2)  is 
used  to  find  the  pressure  at  the  six  centroids 
contained  within  each  panel.  The  procedure 
relies  on  a  knowledge  of  the  pressures  at  24 
surrounding  body  points.  The  interpolated 
pressures  have  been  found  to  be  in  excellent 
agreement  with  values  computed  directly  from 
the  velocity  potential  at  the  centroids. 

This  latter  method  is  impractical  to  use 
routinely  since  it  is  very  expensive  in 
computer  time. 

The  instantaneous  force  vector,  B,  can  now 
be  expressed  in  terms  of  the  unit  vectors, 

i,  j  and  k  as  follows: 


where,  for  the  j.th  panel,  P,  refers  to  the 

I 

interpolated  pressure  at  the  centroid  of  the 
i.th  sub-panel,  A.  refers  to  the  area  of  the 

i.th  sub-panel  and  (1.  ,  m.  ,  n,  )  are  the 
1  ^1  1 

direction  cosines  of  the  Inward  normal  at  the 
Ijth  centroid.  Similarly,  the  instantaneous 

moment  vector,  H,  about  the  centre  of  mass  is: 


where  (x^,  y^,  z^)  are  the  body  co-ordinates 
of  the  centre  of  maes. 

It  should  be  pointed  out  that  the  above 
exprenlone  relate  only  to  invlscld  effects 
associated  with  the  incident  waves  and  the 
motion  of  the  body.  Viscous  effects  are 
modelled  by  incorporating  empirical  data 
from  planar  motion  mechanism  (PHM)  testa  on  a 


deeply  sxibmerged  model.  These  data  take  the 
form  of  various  hydrodynamic  dervatives  and 
coefficients  (see,  for  example,  Abkowitz [3] ) . 
Such  data,  of  course,  have  both  inviscid  and 
viscous  effects  embedded  in  them.  Since  the 
strategy  thus  far  has  been  to  include  all 
inviscid  effects  (within  the  context  of  the 
physical  assumptions  made), such  contributions 
to  the  measured  derivative  data  may  be 
quantified  by  running  the  computer  program 
for  a  series  of  fixed  manoeuvres  chosen  to 
simulate  the  PMM  tests.  In  this  way,  the 
calculated  contributions  can  be  subtracted 
from  the  measured  data  to  provide  estimates 
of  the  non-dimensional  forces  and  moments 
which  are  of  purely  viscous  origin.  These 
additional  forces  and  moments  are  then  added 
to  the  expressions  given  in  equations  (19) 
and  (20)  before  being  applied  to  the  dynamic 
model  for  the  rigid  jaody. 

2.6  Motion  Calculation 


To  compute  the  motion  of  the  body,  a  new 
set  of  body  axes  is  chosen  such  that  the 
origin  is  at  the  centre  of  mass.  The  usual 
equations  of  motion  for  a  rigid  body  are  then 
invoked,  with  appropriate  terms  on  the  right 
hand  sides  to  model  the  hydrodynamic  and 
external  forces  and  moments. 
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whore  P  and  M  are  given  by  equations  (19)  and 
(20) .  This  pair  of  vector  equations  represents 
a  set  of  six  first  order,  ordinary 
differential  equations  in  U  ,  V  ,  W  ,  P.  ,  q.  , 

O  O  O  o  O 

and  r.  .  it  has  been  found  that  the  following 

difference  procedure  (in  this  case  for  U  ) 

o 

provides  a  sufficiently  accurate  Integration 
of  the  equations: 


(23) 


494 


where  At  is  the  chosen  step  length.  The  latter 
is  not  critical  provided  it  is  not  signifi¬ 
cantly  larger  than  10%  of  the  shortest  time 
period  used  to  represent  the  seaway. 

2.7  Computer  Simulation 

The  computer  program  has  been  implemented 
on  a  PRIME  750  machine  acting  as  a  host  to  a 
Floating  Point  Systems  AP120B  vector  processor 
equipped  with  a  dedicated  disk  sub-system. 

The  AP120B  machine  is  a  high  speed  peripheral 
floating-point  arithmetic  vector  processor. 

The  pipe-lined  architecture  enables  array 
indexing,  loop  counting,  data  fetching  from 
memory  and  arithmetic  operations  in  the 
separate  adder  and  multiplier  to  be  performed 
simultaneously  and  at  high  speed  (clock 
cycle  167  ns) . 

Data  which  are  constant  for  a  whole 
simulation  run  (such  as  the  inverse  of  the 
matrix  of  influence  coefficients)  are  stored 
on  the  disk  sub  system  for  rapid  retrieval  by 
the  AP120B  at  each  time  step  in  the  calcu¬ 
lation  and  post-processing  operations.  The 
program  is  coded  using  a  combination  of 
FORTRAN  IV,  APFORTRAN  and  APAL  (Array 
Processor  Assembly  Language)  to  achieve 
maximum  speed  consistent  with  ease  of  use. 

The  execution  time  is  currently  approximately 
three  times  slower  than  real  time,  although 
real  time  could  easily  be  achieved  with  the 
addition  of  a  solid  state  bulk  memory  in  place 
of  the  disk  sub-system. 

3.  Validation 


3 . 1  Overview 


The  numerical  model  described  in  this 
paper  has  been  used  to  predict  a  large  number 
of  flows  for  which  analytical  or  experimental 
results  are  availjble.  For  the  purpose  of 
the  present  paper,  attention  is  focussed  on 
three  typical  validation  exercises,  the 
results  of  which  are  broadly  representative  of 
the  overall  performance  of  the  model. 

3.2  Comparions  with  Analytical  Solutions 

Predictions  for  a  2:1  prolate  spheroid  for 
both  pure  translation  (along  its  major  axis) 
and  rotation  (about  its  minor  axis)  are 
compared  with  analytical  solutions  due  to 
Lamb  [4]  in  Figures  3  and  4.  They  appear  to 
be  in  excellent  agreement. 


Fig  3.  Fluid  velocity  dittribution  for  2  ;  1  prolate  spheroid  in 
axial  flow. 
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Fig  4.  Pnsjute  distribution  for  spinning  2  :  1  prolate  spheroid. 


The  case  of  a  restrained,  infinite 
circular  cylinder  has  recently  been  investi¬ 
gated  analytically  by  Wilmott  (5)  using  the 
method  of  matched  asymptotic  expansions.  His 
results  are  nearly  identical  to  those  of 
Ogilvie  |6) .  Figures  5  and  6  show  the 
results  for  the  first  and  second  order  heave 
force  amplitude  compared  with  the  present 
numerical  model.  It  should  be  pointed  out 
that  for  the  purpose  of  this  validation 
exercise  the  first  and  second  order  components 
for  the  numerical  model  were  computed  using  a 
simple  statistical  analysis  of  the  time  history 
for  the  total  hydrodynamic  force.  In  an 
actual  simulation  application  there  would  of 
course  be  no  requirement  to  distinguish 
between  first  and  second  order  components. 
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3.3  Restrained  Body  Beneath  Regular  Waves 

Towing  tank  experiments  were  conducted  with 
the  aim  of  measuring  both  heave  force  eind 
pitch  moment  for  a  restrained,  non- 
axisjmmetric  body  undergoing  self-propulsion 
beneath  regular  waves. 

Routine  procedures  were  adopted  to 
conduct  these  tests,  the  results  of  which 
were  analysed  digitally  using  standard  time 
aeries  analysis  software.  The  body  had  a 
length  to  beam  ratio  of  8.7  and  was  submerged 
at  a  depth  (to  axis)  to  length  ratio  of 
0.16,  Results  for  a  typical  run  in  head  seas, 
with  forward  speed,  are  shown  in  Figures  7  to 
10.  These  figures  also  show  the  numerical 
predictions  (depicted  by  the  solid  curve)  for 
tlie  purpose  of  comparison. 


The  considerable  scatter  in  the  data  for 
the  second  order  pitch  moment  is 
attributable  to  the  extreme  difficulty  in 
reli^lbly  extracting  a  small  non-zero  mean  from 
a  finite-length  record.  Nevertheless,  the 
overall  agreement  appears  to  be  good. 

3.4  Lightly  Restrained  Body  Beneath  Regular 
Waves 

Modifications  to  the  above  experiment  were 
made  to  allow  the  body  to  respond  to  the 
regular  wave  excitation.  This  was  done  using 
linear  bearings  on  the  towing  struts.  The 
mean  vertical  force  due  to  the  waves  was 
checked  by  two  low-stiffness  (1000  N.m  ^) 
springs  and  the  associated  heave  displacement 
was  measured  using  sliding  potentiometers 
(See  Figure  11).  A  standard  wave  probe  was 
positioned  level  with  the  forward  end  of  the 
model  and  midway  between  the  model  and  the 
temk  wall.  A  simple  elasticity  analysis  was 
included  in  the  equations  of  motion  to  allow 
for  flexure  of  the  swords  -  this  was 
considered  significant  in  some  cases. 
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Figure  12  shows  the  preliminary  results 
from  this  experiment  for  the  amplitude  of  the 
oscillatory  heave  displacement  (non- 
dimensionalised  by  the  wave  amplitude) . 


j  =  0-18 


The  accuracy  of  the  predicted  results  will 
be  questionable  if  the  run  time  with 
irregular  waves  is  too  short,  even  if  the 
body  motion  has  reached  a  quasi  steady  state 
and  initial  transients  have  decayed,  since 
the  number  of  low  frequency  depth  excursions 
observed  in  the  trajectory  depends  on  the 
lengt'’  of  run.  It  was  thought  that  the 
statistics  for  a  short  run  might  therefore 
bear  little  resemblance  to  the  corresponding 
statistics  for  a  long  run. 
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FIGURE  12  HEAVE  RESPONSE  FOR 
LIGHTLY  RESTRAINED  BODY 

It  should  be  pointed  out  that  the  dimen¬ 
sionless  mean  depth  quoted  in  the  Figure  is  a 
nominal  one  in  so  far  as  the  wave  amplitudes 
used  were  different  for  each  wave-length. 

This  was  necessary  to  ensure  a  sufficiently 
large  heave  response  consistent  with  waves  of 
acceptable  quality.  However,  because  the 
wave  amplitudes  were  different,  the  suction 
forces  gave  rise  to  different  mean  spring 
deflections  and  hence  mean  depths.  Neverthe¬ 
less,  the  data  have  been  presented  on  the 
one  graph  for  convenience.  Despite  some 
disparity  at  X/L  =  1.25,  the  agreement  appears 
to  be  satisfactory,  bearing  in  mind  the 
difficulty  in  performing  such  an  experiment 
and  the  associated  paucity  of  the  data.  It 
is  planned  to  perform  a  similar  but  more 
comprehensive  experiment  in  the  near  future. 


Preliminary  Evaluation  Using 
Irregular  Waves 


4.1  Introduction 

The  numerical  model  has  been  evaluated  for 
use  with  a  Bretschnelder  sea  spectrum  [ 1 ] ; 
two  parameters  are  of  importance  in  this 
context  since  their  values  may  significantly 
affect  the  ensuing  predictions.  The  para¬ 
meters  are  the  run  time,  or  length  of 
simulation,  and  the  number  of  discrete 
frc<}uency  components  used  to  represent  the 
spectrum  (n  in  Equotion  (7) ) . 


Similarly,  the  motion  statistics  will  be 
sensitive  to  the  number  of  wave  frequencies 
used  to  represent  the  spectrum.  In  the 
program,  these  frequencies  are  equally 
spaced  between  zero  and  a  user-selectable 
maximum.  The  program  also  employs  a  user- 
selectcible  seed  for  a  remdom  number  generator 
to  set  the  phases  of  the  individual  wave 
components.  The  use  of  too  few  frequencies 
may  be  insufficient  to  resolve  the  motions 
actually  incurred  by  a  submerged  body  in  the 
ocean  environment.  This  is  because  the 
lowest  beat  frequency  of  the  wave  system  may 
be  higher  than  the  natural  frequency  (in 
pitch)  of  the  body,  whilst  the  converse 
applies  if  n  is  large.  This  difference  may 
have  a  severe  effect  on  the  low  frequency 
motion  of  the  body  and  in  consequence  the 
results  for  small  n^  may  be  unrelated  to  those 

for  large  n^. 

For  the  purpose  of  the  present  paper, 
attention  is  focussed  on  the  standard 
deviation  of  the  depth  signal  referred  to  the 
centre  of  mass  of  the  body.  A  body  geometry 
broadly  representative  of  the  one  used  in  the 
previous  experiment  was  cljosen  for  this 
investigation,  except  that  in  this  case  a 
form  of  depth  control,  which  was  identical 
for  all  the  runs,  was  incorporated  within  the 
program.  The  following  parameters  were  used: 


=  0.12)  —  =  2)  sea-state  =  5 

Id 


where  X  is  the  modal  wavelength.  Two 
n 

different  run  lengths  were  used  for  the 
investigation.  The  long  runs  comprised  280 
modal  periods  whilst  the  short  runs 
comprised  42  modal  periods. 

4.2  Effect  of  run-length 

Pour  short  runs  wore  conducted,  each  with 
a  different  seed  but  all  with  n^  ■  150. 

These  were  then  repeated  using  the  larger  run 
length.  The  results  are  summarised  in 
Table  1. 
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Seed 

Depth  Standard  Deviation 
Mean  Depth 

Short  Run 

Long  Run 

0.5 

0.0269 

0.0296 

0.6 

0,0402 

0.0350 

0.7 

0.0307 

0.0389 

0.8 

0.0400 

0.0312 

Meem  Value 

0.0345 

0.0338 

It  can  be  seen  that  for  this  particular  series 
of  runs  the  mean  values  of  the  normalised 
standard  deviation  are  nearly  identical. 

4.3  Effect  of  n 
_  a 


Four  long  runs  were  conducted  for  various 
numbers  of  wave  frequencies.  The  results  are 
shown  in  Figure  13.  The  mean  values  measured 
for  25  or  fewer  wave  frequencies  increase 
rapidly  with  em  Increase  in  the  number  of 
wave  frequencies.  For  32  or  more  waves, 
however,  the  mean  value  changes  only  slightly 
with  an  increase  in  the  number  of  wave 
frequencies.  It  is  speculated  that  once  the 
wave  system  has  sufficient  components  to 
ensure  that  its  lowest  beat  frequency  is 
smaller  than  the  natural  frequency  (in  pitch) 
of  the  body,  the  mean  depth  stemdard  deviation 
will  vary  only  slightly  with  an  increase  in 
the  number  of  wave  frequencies. 
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This  is  supported  in  Figures  14  and  IS  where 
the  depth  auto  spectral  densities  are  shown 
for  l6  and  150  rsspeotively.  In  the  case 

of  ISO  wave  frequencies  thers  is  a  substantial 
amount  of  low  frequency  motion  which  is  absent 
when  n  »  16. 


FIGURE  14  DEPTH  ASD  FOR  LONG  RUN 
WITH  16  WAVES. 


FIGURE  IS  DEPTH  ASD  FOR  LONG  RUN 
WITH  ISO  WAVES 


S.  Conclueions 


A  simple  method  of  computing  the  trajectory 
end  motion  of  a  aubmerged  body  under  waves  haa 
been  presented,  the  method  has  basn  tssted 
against  both  analytic  and  axperimant  data  and 
the  agreemant  has  bean  found  to  be  satisfactory 
for  regular  wavaa.  Furthar  validation  is 
required  for  the  case  of  irregular  waves.  A 
numerical  study  has  shown  that  the  oMthod  of 
synthasla  of  tht  sas  apsetrua  In  terms  of  ite 
discrete  frequencies  is  apparently  store 
critical  than  the  length  of  each  computer 
simulation. 
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DISCUSSION 
of  the  paptr 
by  A.J.  Musker 

“TRAJECTORY  AND  NOTION  OF  A  BODY  UNDER  MAVES" 


DISCUSSION 
by  H.  Wang 

You  use  an  interesting  approach  whereby  the 
viscous  terms  s»re  obtained  from  experimental 
results  for  a  deeply  submerged  model  and  wave 
diffraction  and  radiation  effects  are  neglected 
in  the  potential  flew  problem.  1  would  appre¬ 
ciate  your  clarification  of  the  following 
points.  1.  Does  the  approach  contain  a  check, 
such  as  a  calculation  of  the  vertical  veloci¬ 
ties  at  the  free  surface,  z'^  0,  to  estimate 
the  error  in  neglecting  the  effect  of  the 
body  on  the  free  surface?  2.  Why  did  you 
choose  to  place  the  singularities  inside  the 
body,  and  what  were  the  considerations  leading 
to  your  final  choice  of  0.6  r^.?  Do  you  find 
that  this  approach  breaks  down  and/or  becomes 
less  accurate  (than,  for  example  a  method  which 
places  the  sources  on  the  body  surface)  as  the 
body  becomes  blunter?  3.  Figure  13  shows  the 
expected  trend  that  the  scatter  of  the  results 
increases  with  number  of  wave  freduencies  n,^. 

As  a  result,  the  average  of  all  runs  stays  rela¬ 
tively  constant  at  around  0.028  for  30  <  < 

95,  and  then  increases  monotonically  to  0.035 
at  n^i  ■  200.  Did  you  consider  averaging  over 
more  than  4  runs  at  the  higher  values  of  n^  in 
order  to  get  more  accurate  average  values? 

Author's  Reply 

In  an  earlier  version  of  the  numerical 
model  an  image  system  was  included  to  generate 
a  rigid  plane  at  z'a  0>  this  added  sophistica¬ 
tion  led  to  changes  in  the  pertinent  forces 
and  moments  of  less  than  three  percent  typi¬ 
cally.  Accordingly,  the  image  system  was 
excluded  in  the  version  described  in  the  pre¬ 
sent  paper. 

The  desire  to  reditce  computing  times  to  a 
minimum  was  the  motivation  in  utilizing  point 
sources  rather  than  panels  with  constant  source 
density.  Physicelly  the  point  sources  must  be 
positioned  inside  the  body  in  order  for  them  to 
generate  the  boundary  surface  at  all  correctly. 
The  choice  of  O.Srg  for  the  location  along  the 
inward  normal  was  arrived  at  on  a  trial  and 
error  basis  and  represents  a  compromise  between 
accuracy  and  numerical  stability  for  those 
geometries  of  moat  interest.  Surprisingly,  the 
9tat,Sod  becoMs  slightly  more  accurate  as  the 
body  becomes  blunter  and  in  all  oases  behaves 
better  near  the  stagnation  pointa  than  the 
source  density  method. 

Unfortunately,  the  computational  effort 
associated  with  generating  Fig.  13  was  such  as 
to  preclude  using  more  than  four  points  per 
value  of 
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Abstract 

An  algebraic  procedure  is  presented  for 
the  generation  of  a  smooth  computational  grid 
about  an  afterbody-fin  configuration.  The 
method  makes  use  of  a  sequence  of  conformal 
transformations  to  upwrap  the  geometry  and 
remove  the  corner  singularities  at  the  fin 
trailing  edge  and  tall  of  the  afterbody.  A 
3-D  grid  is  generated  by  stacking  a  sequence 
of  2-D  grids  of  the  0-type  on  predetermined, 
smooth  tubular  surfaces.  Clustering  is 
accomplished  by  a  sequence  of  one-dimensional 
stretching  functions  in  physical  space. 
Examples  are  presented  to  show  the  character 
of  the  resulting  grid. 

I.  Introduction 

The  problem  treated  in  this  paper  is  the 
generation  of  a  surface  fitted  grid  in  Che 
stem  region  of  an  undersea  vehicle, 
specifically  an  axisymmetric  pointed 
afterbody  with  four  Identical,  symmetric, 
constant  chord  fins.  In  many  respects  this 
problem  is  similar  to  the  airplane  wing- 
fuselage  problem.  The  desired  grid  is  to  be 
used  for  either  inviscld  or  viscid 
incompressible  flow  calculations  and  hence 
must  have  proper  clustering  ability  to 
resolve  regions  of  high  flow  gradients.  An 
algebraic  approach  is  used  which  is  an  out¬ 
growth  of  earlier  3-D  grid  generation  work 
on  a  fin-cylinder  configuration  (ll< 

Algebraic  grid  generatloti  methods  for 
three-dimensional  (3-D)  flow  problems  have 
the  advantege  over  their  differential 
equation  counterparts  in  speed  and  abllltv 
to  handle  high  aspect  ratio  cells  without 
difficulty.  Where  the  algebraic  methoda 
are  sometlmee  at  a  disadvantage  la  in 
treating  a  vide  variety  of  boundary  ahapea 
with  a  aingle  code. 

Since  1979  grlda  about  wing-body 
configuratlona  have  been  euccesafully 
generated  by  aeveral  algebraic  approacbea. 

reiaearcli'  waa  sponaoted  Jointly  by  the 
Office  of  Naval  Keaearch  and  Naval  Sea 
Syateaa  Command. 


Eriksson  [2]  has  generated  a  single-block 
nonorthogonal  3-D  grid  using  transflnlte 
interpolation  where  geometric  data  is 
specified  only  on  the  boundaries.  Since 
no  internal  surfaces  are  specified, 
grid  quality  is  controlled,  especially 
near  a  surface,  by  incorporating  out-of¬ 
surface  parametric  derivatives.  Smith  [3] 
uses  the  patched  grid  approach  where  the 
domain  is  divided  into  regions  with 
boundaries  of  a  slmplier  character  than 
the  overall  region.  On  the  interior  of 
each  Blx-sldeil  sub-region  transflnlte 
Interpolation  ia  used  to  generate  the 
grid.  His  treatment  extends  only  to  the 
wing  tips  which  limits  its  usefulness. 

A  third  and  quite  different  approach  has 
been  taken  by  Caughey  and  Jameson  [4]. 

Their  technique  generates  a  boundary- 
conforming  coordinate  system  by  a  sequence 
of  conformal  and  shearing  transformations 
to  yield  a  nearly  orthogonal  computational 
domain.  Tho  grid  is  then  generated  by 
simple  linear  interpolation.  Shmilovich 
and  Caughey  [5]  have  recently  extended 
this  technique  to  Include  a  tall  surface. 

The  Caughey-Jameson  procedure  was  developed 
for  use  with  the  3-D  transonic  FLO  codes. 

One  of  the  major  difficulties  in 
algebraic  grid  generation  la  preventing 
corner  eingularltiee  on  the  boundaries 
from  propagating  into  the  grid.  Any 
interpolation  method  will  propagate  such 
aingularitlea  into  tha  interior. 

Differential  equation  grid  generation 
achemea  suffer  no  auch  problem  because 
of  the  diffusive  action  of  the  elliptic 
operator.  Comer  singularities  are 
always  present  in  3-D  configuratlona  at 
wing/fln  trailing  edges  and  tail  points 
on  pointed  bodies.  A  method  for  removing 
these  aingularitlea  in  algebraic  grid 
generation  has  been  developed  by 
Vinokur  and  Lombard  [6]  for  2-0  geomatrlaa. 
their  method  consieta  of  patching  a  conformal 
hinge  point  transforaallon  in  a  asall  region 
near  the  corner  to  a  grid  in  the  remainder 
of  the  domain  genarated  by  tranofinlte 
intarpolation.  lhay  tucceaafully  applied 
this  mathod  in  geiMrating  a  patched  grid 
ia  e  domain  conaiating  of  a  backward  facing 


step  at  the  end  of  a  nozzle  exhausting  Into 
a  cylindrical  diffuser. 


The  algebraic  method  adopted  here  was 
originally  inspired  by  the  work  of  Caughey 
and  Jameson  in  unwrapping  a  geometry  as 
much  as  possible  to  produce  a  parallelpiped 
with  nearly  straight  boundaries.  This 
procedure  is  of  the  stacking  type  where  a 
3-D  grid  is  produced  by  a  sequence  of  2-D 
grid  generation  operations.  In  the  present 
method  stacked  tubular  surfaces  of  circular 
cross-section  are  first  determined  and  Chen 
a  C-type  grid  generated  on  each  surface.  In 
the  process  of  generating  these  surfaces  as 
well  as  in  unwrapping  the  airfoil,  corner 
singularities  are  removed  by  application 
of  a  hinge  point  transformation  to  the 
entire  boundary.  The  present  approach  thus 
differs  from  that  of  Vinokur  and  Lombard  in 
being  global  rather  than  local  in  the  use 
of  the  hinge  point  transformation.  The 
result  is  a  smooth  boundary  with  a  slowly 
varying  tangent.  A  grid  which  is  orthogonal 
at  all  boundaries  is  then  generated  on  Che 
Interior  by  crane finite  interpolation.  By 
using  a  sequence  of  one-dimensional 
stretching  functions  in  physical  space, 
precise  control  is  maintained  over  the 
clustering  at  all  boundaries. 

II.  Analysis 

Geometry  of  Computational  Domain 

We  start  by  defining  the  geometry  for 
which  a  surfaco-fltced  grid  is  to  be 
generated. 

(1)  The  afterbody  is  of  circular  croaa- 
section  and  has  a  smooth  but 
otherwise  arbitrary  meridian  profile 
chat  closes  at  the  tail  point. 

'2}  Pour  identical  fins  of  constant  unit 
chord  and  infinite  span,  consisting 
of  syraetrlc  airfoil  sections ,  are 
mounted  90  degrees  apart  with  their 
chord  planes  passing  through  the 
afterbody  centerline.  The  trailing 
edges  of  the  fins  are  located 
upstream  of  the  tail  point  a 
distance  d^. 

<3)  The  computational  domain  conaiets  of 
the  region  Interior  to  an  outer 
cylinder  of  radlua  r^ip  and  exterior 
Co  the  afterbody,  hounded  upstream 
and  downatrcam  by  planaa  normal  to 
Che  afterbody  cantarline  <tha 
initittl  value  and  wttflov  planaa). 

A  sehemitlc  of  the  gaomatcy  and 
compueatloRsl  domain  is  shown  in  Pig.  I  and 
a  haad-en  view  showing  tha  coordinate  eyetem 
in  the  croeaflow  plane  appeare  in  Fig.  2. 
Since  the  fins  are  idantiual  and  equally 
•paead  there  are  four  planee  of  symmetry 
et  B  •  0,  »/4,  »/2  and  3*/*.  Thus,  only 
the  eeetion  -  «/A  <  6  <  0  ie  considered  in 
generating  a  grid  and  in  tha  tlowfimld 
calculation. 


Figure  1.  Schematic  of  Geometry  and 
Computational  Domain. 


Grid  Stacking  Procedure 

The  simplest  grid  stacking  scheme,  such 
as  that  in  Ref.  {4] .  makes  use  of  a  ahoaring 
transformation  to  distribute  e  sequence  of 
two-dimenelonally  produced  grids  in  the 
third  spatial  direction.  Unfortunately  the 
shearing  trsnsfonutlon  ceusec  eurfece 
corner  dtscontlnuitiee  to  propagate  int' 
the  grid.  In  the  present  ceae  of  a  pointed 
cell  body,  Fig.  3  llluatratee  the  ■ItueClon 
that  would  exist  in  the  meridian  plane  if  a 
shearing  transformation  were  ueed.  Along 
the  vertical  line  through  the  tall  point, 

X  ■  Xx,  linee  of  constant  n  have 
diacontinuoua  elopee. 

What  la  naedad  la  a  trana formation  to 
produce  n  ■  cone tent  linae  that  dost  not 
propagate  comer  discontinuities.  The 
hinge  point  (power  lav)  conformal 
transformation  has  this  desired  property. 

At  the  tail  point  (comer  dieconCinuity) 
we  write 


_ 

^  ^.(Ocsiuir 

Figure  3.  Grid  in  Herldlan  Plane  ualog 
Sbaating  TrauafonHtloa. 
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w-z"  , 

(1) 

where  the  real  axis  is  aligned  with 
of  symmetry,  and 

Che  axis 

z  -  X  +  iy  , 

(2) 

w  u  +  iv  , 

(3) 

IT 

n  •  ■ '  • 

A 

If  “  9m 

T 

(4) 

The  tall  angle  6x  is  defined  In  the  meridian 
plane  schematic  given  in  Fig.  4.  Equation 

the  transformed  boundary  segments  will  be 
denoted  by  polnt-of-compass  notation. 

Thus  A-B-C  is  vs(u)  and  E-b  is  vjj(u). 


To  accommodate  the  Inflow  and  outflow 
boundaries  (lines  A-E  and  C-D  in  Fig.  5) 
as  well  as  the  leading  and  trailing  edges 
of  the  fin,  vertical  lines  must  remain 
vertical  in  the  physical  plane.  This 
requirement  acts  as  a  constraint  on  the 
transformation  from  the  hinge  to  the 
physical  plane. 

The  simplest  scheme  for  producing  a  grid 
in  the  hinge  plane  is  a  shearing  trans¬ 
formation  on  the  image  of  x  ■  constant  lines. 

Thus  the  normalized  variable  r  is  defined  as 


r 


) 

x"con8t. 


(5) 


At  this  point  the  distribution  of  rj  is 
assumed  known.  Thus  in  the  interior  v  is 
given  by 


'ij 


+  r 


■jK' 


(6) 


Figure  4.  Meridian  Plane  View  of  Geometry 
and  Computational  Domain. 

(1)  maps  the  sector  0  <  6  <  ir  -  above 
the  real  axis  onto  the  upper  half  plane. 

If  Bq.  (1)  la  applied  to  the  entire  bounding 
curve  in  the  meridian  plane,  A-B-C-D-E-A, 
the  comer  at  the  tail  point  B  la  eliminated 
in  the  w  (hinge)  plane.  Then  interpolating 
a  grid  in  the  hinge  plane,  upon  trana- 
formstion,  will  produce  a  smooth  grid 
(except  at  B)  in  the  physical  plane  which 
can  be  used  for  stacking. 

The  only  difficulty  in  determining  w 
(given  t),  or  vice-versa,  arises  from  the 
exponent  n  not  being  an  Integer  so  that 
onn  must  be  careful  to  select  the  proper 
Rlemann  sheet.  In  Ref.  (7]  a  simple  test 
is  given  on  the  real  part  of  s  (or  w)  to 
deteralne  the  correct  Rlemann  sheet. 


where  the  index  i  is  constant  on  x  ~  constant 
lines.  Thus  at  point  (i,j)  the  values  of 
and  vj^  j  ere  known.  Then  (y,u)j^^j  are 
determned  by  iteratively  solving  Eq.  (1). 

Using  the  above  procedure,  a  smooth 
curve  ygCx)  is  determined  in  the  meridian 

plane  for  each  value  of  r  »  constant.  By 
revolving  ygCx)  about  the  x-axls  a  tubular 
coordinate  surface  is  obtained  which  is 
smooth  and  non-developable  (except  when  it 
is  a  cylinder).  On  each  of  these  surfaces 
a  surface  fitted  grid  is  determined  as 
though  the  surface  were  developable,  then 
projected  back  onto  the  surface.  This 
means  that  given  (x,8),  r  is  determined  b/ 
interpolation  of  the  tubular  meridian-plane 
curve  rg(x)  ■  ygCx).  For  the  projection 
method  to  work  properly,  the  foil  subtended 
angle  Bp(x)  must  be  computed  to  account 
for  Che  variable  rs(x) 


The  image  of  boundary  A-B-C-D-S-A  in 
the  hinge  plane  Is  shown  schematically  in 
Fig.  S  and  has  the  appearance  of  a  water 
spout.  Segment  BC  remains  straight 
because  Che  real  axis  in  Che  a  plane  la 
coincident  with  BC.  For  convenience, 


» 


riguca  S.  Meridian  Boundary  Image  in 
Hinge  Flmna. 


8  -  sln"‘(^)  ,  <7) 

where  yp(x)  is  the  airfoil  semi-thickneaa 
dlatrlbutlon.  Lagrange  cubic  interpolation 
ia  uaed  to  dctcruitiii:  r,  given  x,  from  Che 
previously  determined  val“ea  of  rg. 

Clustering  of  r  <•  constant  lines  n*ar 
the  body  surface  la  needed  to  reaolve  Che 
vlacoua  layer  whereas  further  away,  where 
flow  gradlenta  diminish,  these  lines  can 
be  further  apart.  A  ona-alded  stretching 
function  is  therefore  appropriate  to 
determine  the  grid  line  epaciog  in  the 
meridian  plane. 

Vinokur  (B]  has  detenlned  approximate 
criteria  for  the  davelopment  of  ooa-  and 
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two-sided  stretching  functions  of  one 
variable  which  give  a  uniform  truncation 
error  Independent  of  the  governing 
differential  equation  or  difference 
algorithm*  He  Investigates  several  analytic 
functions  but  finds  that  only  tan  z,  where 
z  Is  real  or  pure  Imaginary,  satisfies  all  of 
his  criteria*  These  stretching  functions 
were  used  in  the  predecessor  grid  generation 
scheme  [1]  and  are  also  used  here* 

Since  r  is  already  a  normalized 
variable.  Its  distribution  Is  given  by 


1  + 


tanh[|  A4,(5  -  l)] 


tanh 


(8) 


where  C  Is  the  normalized  generating  variable 
given  by 


r 


and  la  the  solution  of 
sinh  A* 

®0“-A*  • 


and 


(9) 


-  number  of  Intervals  In  r  «  KMAX  -  1  * 

r 

Grid  Generation  on  a  Tubular  Surface 


Grid  generation  In  the  x  -  6  plans  la 
accomplished  In  three  stages*  The  first 
stage  Involves  a  sequence  of  conformal 
transformations  to  unwrap  the  airfoil, 
aymmatrv  llnee  and  Initial  and  outflow  llnee 
Into  a  quadrllatetal  with  a  slowly  varying 
height*  The  unwrapping  tranoforaatlens  are 
Che  basla  for  producing  a  C-grld  about  the 
airfoil*  The  aecond  stage  Involvea 
Cranalatlon  ami  rotation  of  coordinacea  about 
the  imaga  of  the  airfoil  trailing  edge, 
followed  by  a  hinge  point  tiana formation  to 
alisdnate  the  corner  at  the  trailing  edge* 

The  third  stage  nakoa  use  of  tranaflnlte 
Interpolation  to  detarmlne  the  grid  tn  Che 
hinge  piano  that  la  orthogonal  at  all 
boundariea*  Since  thn  boundarl''?  in  the 
hinge  plane  ace  amooth  and  have  a  alowly 
varying  tangent,  tranaflnlte  loterpolatlon 
will  produce  a  smooth  grid  In  idtlch  nen- 
orthogonattty  In  the  Intartor  Is  held  to 
«  minimum*  The  grid  In  the  physical  plsne 
is  obcainsd  ttr  taking  the  Inverse  of  the 
sequence  of  trsnsformstlons.  Since  the 
Inte'rMdlate  trsosfocmatl  sns  are  confonral, 
the  orchococ«Itty  st  boundaries  and  grid 
smoothnsss  will  be  prate-rved  In  the 
phyaleal  plena.  Speclng  of  grid  lines  la 
dateralRCd  on  appropriate  bounderlea  In 
Che  physical  plane  by  uaa  of  etretchlog 
foactlona. 


Once  the  coordinates  of  the  fin  airfoil 


(xp,6p)  are  specified  on  an  r  •  constant 
tubular  surface,  the  first  step.  In 
preparation  for  the  unwrapping  transformation. 
Is  to  scale  the  (x,8)  coordinates  according  to 


x-4(x-dg)+ln2 

8-46 


(10) 


where  dg  is  the  location  of  the  singular 
point  In  the  unwrapping  transformation  and 
is  just  Inside  the  leading  edge  of  the 
airfoil*  The  stretching  factor  4  Is 
required  by  the  unwrapping  transformation 


so  that  the  upper  Unit  o>»  6  will  be  ±  x 
(the  upper  and  lower  symmetry  planes  are  at 
6  ±  x/4). 


In  Refs.  1  and  4,  x  is  translated  but 

not  magnified  whereas  8  Is  magnified  as 
above*  Unequal  scaling  Is  of  course  not 
conformal  so  that  orthogonality  of  the 
grid  cannot  be  maintained  at  the  boundaries* 
The  resulting  grid  in  the  x  -  8  plane  will 
be  highly  flattened  and  thus  highly  non- 
orthogonal* 

On  an  r  »  constant  surface  the 
boundaries  and  coordinate  system  In  the 

X  -  8  plane  are  sketched  in  Fig*  6* 

Because  of  symmetry,  only  the  region 

-  »  <  6  <  0  needs  to  be  considered*  The 
airfoil  can  be  unwrapped  by  applying  the 
conformal  transformation, 

X  +  18  -  ln[l  -  co8h(C  +  ih)]  .  (U) 

Equation  (11)  maps  the  region  below  the 

x-axls  to  positive  f  In  the  band  0  <  n  <  «* 
Figure  7  presents  a  achematlc  of  the 
boundaries  In  the  t  <*  n  plane*  The  Initial 
value  line  (IVL)  A-S-C  la  seen  to  map  Into 
a  naar  eeml-clrcle* 
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Figure  bx  Computational  Domain, 
£  -  Constant  Surface* 
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Following  Ref.  i,  the  comers  at  points 
A  and  C  can  be  eliminated  by  applying  the 
conformal  transformation, 

5  +  i^  -  «  +  it!  +  .  (12) 

where  Iq  defined  in  Fig.  7,  Equation  (12) 
has  the  effect  of  nearly  straightening  out 
the  IVL.  The  geometry  of  the  boundaries  in 

the  S  “  h  plane  is  shown  in  Pig.  8. 


Figure  8.  Boundaries  in  Positive  £  -  ii 
Plane. 

In  Ref.  1  a  shearing  transformation  is 

used  to  generate  a  grid  in  the  £  -  n  plane. 
For  airfoils  with  non-sero  trailing  edge 
angles  this  procedure  produces  discontinuous 

metric  coefficients  across  the  line  £  £p. 

To  eliminate  the  affect  of  the  comer  at 
the  trailing  edge  (point  F)  a  procedure 
similar  to  the  generation  of  the  smooth 
curves  in  the  meridian  plane  is  used.  The 

£  -  n  coordinates  are  first  translated  and 
rotated  about  point  F  according  to 

*  ■  (^  "  5)c08  ^  ^ 

» 

)  •  *  (Cp  “  Ijaln  ^  "  hjcos  Xp 


(13) 

whore  the  positive  x  axis  points  toward 
point  E,  the  airfoil  leading  edge,  and  Xp 

is  the  trailing  edge  angle  in  the  £  -  n 

plane.  The  tranelated  and  rotated  £  -  n 
boundarlea  are  aketched  in  Fig.  9. 

The  final  ttep  in  producing  a  amooth 
boundary  ia  to  apply  a  hinge  point 

traoafoMation  to  (x,y)  to  eliminate  the 


Figure  9.  TcanaUted  end  KotmCed  Bousdartee 
In  i  -  y  Plane. 


comer  at  point  F.  Equation  (1)  applies 
provided  a  “  x  +  ly  and 

n  - rr  , 

V  -  AX  ’ 


(lA) 


AX  -  Xj,  -  Xp  .  (15) 

The  resulting  boundary  In  the  hinge  plane 
is  sketched  in  Fig.  10.  Once  a  grid  In 
the  hinge  plane  is  produced  by  transflnlte 
interpolation,  the  transformation  sequence 
is  reversed  to  obtain  the  grid  in  the  x  -  6 
plane . 


Figure  10.  Boundaries  in  Hinge  Plane. 


Part  of  the  present  grid  generation 
strategy  is  to  force  one  of  the  coordinate 
lines  normal  to  the  airfoil  to  pass  through 
point  C,  the  comer  point.  This  point  on 
the  airfoil  is  denoted  by  Isttor  K  —  see 
Fig.  10.  Such  a  line  provides  a  natural 
division  between  those  lines  Intersecting 
the  airfoil  from  the  IVt,  B~C,  and  the 
lower  symmetry  line,  C-J. 

An  effective  method  of  locstlng  point  K 
that  prevents  reflexes  on  the  connecting 
segment  C-K  is  to  construct  a  circular  arc 
between  C  and  K  which  is  normal  to  both 
boundaries.  Under  this  assumption  the 
relation  between  the  coordinates  at  C  and  K 
ia  found  to  be 

~-r“- *  <‘6) 

where 

tan«-^  .  (17) 


Supplementing  oq.  (16)  by  the  equation  for 
the  airfoil  image,  v^(u),  gives  two  equacioiui 
for  cho  two  unkttowns  ug  and  vg. 


Equation  (16),  together  with  the  airfoil 
imago  equation,  can  be  lolved  iteratively  by 
the  following  formula,  derivable  from 
Newtoo'e  method: 


♦  Aui»'>  <18) 


«48 


where 


(19) 


The  right-hand-aide  of  Eq.  (19)  is  evaluated 
from  values  at  point  K  at  the  Iteration 

level.  In  the  determination  of  v^"^  and 

tan  I-agrsnge  cubic  Interpolation  is 

used.  Convergence  of  ujj  is  quite  rapid, 
requiring  usually  about  four  or  five 
iterations  to  reach  |duj'|  <  10"^.  Once 

(■•j,v)j[  are  known,  (x,0)k  found  by  the 
inverse  transformation  of  the  mapping 
sequence. 

In  the  X  -  6  plane,  the  two-sided 
stretching  function  of  Vinokur  is  used  to 
generate  the  grid  point  distributions  on 
the  stagnation  streamline  B-E  and  the 
airfoil-wake  centerline  E-K-F-I.  For 
segment  B-E  a  single  stretching  function 
is  used  whereas  for  segment  E-K-F-1,  a 
sequence  of  three  stretching  functions  is 
required. 

The  two-sided  stretching  function  for 
the  normalized  variable  t  is  given  by 

tanh(£A») 

A  sinh  +  (I  -  A  cosh  d4i)tanh(5A4i)  ’ 

(20) 


where  $  is  the  normalized  generating 
variable  of  constant  step  size,  A^  is  the 
solution  of  the  transcendental  equation 


B  ■ 

sinh  AA 

AA 

(21) 

and 

A  “ 

(22) 

B  - 

(23) 

and 

So  and 

are  dimensionless  slopes 

defined  as 

®o- 

0 

grid  distribution  on  the  inflow  line  and 
at  points  F  and  I  to  resolve  the  flow  at 
the  airfoil  trailing  edge  and  tcil  of  the 
body  respectively.  Since  the  arc  length 
step  size  at  points  K  and  F  should  be 
continuous,  not  all  of  the  parameters 
(SOfSi)  are  independent.  If  (85,^;)  are 
specified  on  E-K  and  Sj  is  specified  on 
K-F  and  F-I,  then  Sq  on  these  latter 
segments  must  be  calculated  to  satisfy 
continuity  of  step  size  at  the  segment 
Junctions.  The  relation  is 


°KF  ^ 
®EK  “kf 


(24) 


where  s  denoten  arc  length  of  the  segment  and 
N  the  number  of  Intervals  on  the  segment. 

A  similar  expression  holds  on  segment  F-I. 

Normalized  pseudo-computational 

variables  I  and  n  are  defined  such  that  the 
interior  of  the  quadrilateral  in  Fig.  10  in 
the  u  -  V  plane  transforms  to  the  interior 

A  A 

of  the  unit  square  in  the  5  -  n  plane.  The 
transformation  from  the  computational  domain 
to  the  hinge-plane  domain  is  given  in  terms 

of  the  position  vector  r: 
r(£,n)  • 


where  0<^<l,0<n<l, 


u(5.^) 


(25) 


Specifying  the  distribution  of  the 
position  vector  r  and  its  normal  derivatives 

A  A 

CTi  the  four  boundaries  in  the  C  -  n  plane 
is  equivalent  to  defining  the  grid  on  the 
boundaries  in  the  hinge  plane  and  ultimately, 
the  X  -  6  plane. 

The  transflnlte  interpolation  method 
used  here  is  the  extension  of  Eriksoon  [2] 
as  specialized  by  Vinokur  and  Lombard  [6]. 

The  relation  for  r,  using  polnt-of-compass 
notation  for  the  boundarlee,  is 

N 


which  control  Che  clustering  at  t  «  0  end 

t  -  1. 


The  reason  for  using  two-sided 
stretching  functions  on  segments  E-K,  K-F 
and  F-I  is  to  provide  clustering  at  all 
segment  end  points.  Xt  Is  needed  at  point 
E  because  of  the  rapid  drop  in  pressure 
downstream  of  the  stagnation  point,  at 
point  K  to  provide  a  more  nearly  uniform 


^SW  % 


+  G(€)[?,  (n)-?,  E[n]-?  F(n) 

Si  'sw  'nw 
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sw 


requiring  continuity  of  Ax  on  either  side  of 
I-J. 


+  H(«)[?  (^)  -  L  E(^)  -  ?  F(^) 

^  ^SE  ^ 

-  rp  G(n)  -  ?r_  H(^)]  (26) 

’^SE  ^\e 


where  E,  F,  G  and  H  are  cubic  blending 
functions  given  by 

F(u)  »  u^{3  -  2u) ' 

G(u)  “  u(l  -  u)^ 

H(u)  “  u^(u  -  1) 

E(u)  «  1  -  F(u)  ■> 


(27) 


Computational  Grid 


If  indices  1,  j  and  k  denote  the 


coordinates  5»  h  and  r,  then  the  computa¬ 
tional  coordinates  x,  y  and  z  may  be 
conveniently  defined  as 

X  =  i-1  ,  1<1<1  I 

max 


V“j-1  ,  l<j<j 
•'  *  -^max 

Z=k-1  ,  l<k<k 

max 


(£8) 


The  advantage  of  this  system  is  that  the 
computational  step  size  in  the  three 
directions  is  unity  which  simplifies  the 
metric  coefficient  calculations. 


Equation  (26)  thus  provides  a  smooth  blending 
on  the  interior  of  the  given  distribution  of 
grid  points  and  normal  derivatives  on  the 
boundaries.  A  typical  grid  in  the  hinge 
plane  obtained  transflnite  interpolation 
is  shown  in  Fig.  11. 


Figure  11.  Typical  Grid  in  Hinge 
Plane  using  Transflnite 
Interpolation. 

The  evaluation  of  the  various 
derivatives  on  the  boundaries  in  Eq.  (26) 
follows  the  prescription  given  by  Vinokur 
and  Lombard  and  is  presented  in  detail  in 
Appendix  II  of  Ref.  7. 

The  procedure  described  above  produces 
a  C-grid  in  the  x  -  0  plane  in  the  region 
upstreaui  of  the  tall  line  W.  Because 

£  •  constant  lines  in  the  upstream  grid  are 
normal  to  I-J  (and  I-J  is  straight  as  well  as 
normal  to  the  wake  centerline),  a  downstream 
grid  can  easily  be  created  which  has 
continuity  through  first  derivatives  across 
I-J.  The  addon  grid  which  has  these 
characteristics  is  a  Cartesian  grid  wi.th  the 
same  8  distribution  at  I-J  as  the  upstream 
grid.  Dii tributlng  grid  points  on  tha 
x-dlrectlon  downstream  of  I-J  is  accomplished 
by  a  one-sided  Vinokur  stretching  function 
with  tho  ?8i.ameter  Sq  determined  by 


III.  Results  and  Discussion 

The  afterbody-fin  grid  generation  code 
s  called  TAILGRID  and  consists  of  about 
.600  FORTRAN  statements.  It  is  written  in 
double  precision  arithmetrlc  and  computes 
in  terms  of  real  variables  only.  To  date 
all  grid  generation  has  been  done  on  a 
VAX  11/782  computer  with  CPU  per  grid  point 
found  to  be  about  7  x  10"3  sec.  Thus 
computing  a  surface  containing  1500  points 
requires  approximately  10  sec. 

The  airfoil  family  chosen  for  testing 
the  grid  generation  procedure  was  the  NACA 
symmetric  four  digit  series.  The  equation 
for  this  profile  is 

yp  -  -  5t(0.2969  -  0.1281x  -  0.3516x^ 

+  0.2843x^  -  O.lOlSx^)  ,  (29) 

where  t  is  the  maximum  thickness  expressed 
as  a  fraction  of  the  chord.  In  the  original 
equation  for  yp,  see  Eq.  (6.2)  of  Ref.  9, 
the  coefficient  of  x  is  given  as  0.12600 
which  causes  the  airfoil  to  have  a  finite 
trailing  edge  thickness  (yxg  “  0.0021). 

Since  the  grid  generation  procedure  requires 
zero  trailing  edge  thickness,  the  coefficient 
of  X  was  modified  as  shown  in  Eq,  (29). 
Interpolation  is  used  liberally  on  the 
airfoil  in  the  grid  generation  process;  thus 
an  accurate  definition  of  yy  versus  x  is  a 
necessity.  Usually  100  points  on  the  airfoil 
are  computed  for  this  purpose  with  clustering 
at  the  leading  edge. 

Figure  12  Illustrates  a  typical  2-D  grid 
produced  by  this  method  before  projection 
onto  a  tubular  surface.  In  this  example, 
clustering  is  used  at  the  foil  leading  and 
trailing  edges  as  well  as  at  point  K.  The 
foil  section  is  an  NACA  0012.  Further  2-D 
examples  which  illustrate  the  effects  of 
various  input  parameters  may  be  found  in 
Ref.  7. 
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Figure  12.  Typical  2-D  Grid  Produced  by 
Present  Method. 


For  a  3-D  test  problem  the  afterbody 
meridian  profile  was  represented  by  the 
following  analytic  function: 

rj^(p)  «  F(u)  -  djj^^tan  e^G(y)  ,  (30) 

where 


dj^j  -  afterbody  length  , 

r.  “  initial  afterbody  radius  , 

“l 

and  F  and  G  are  the  cubic  blending  functions 
defined  by  Eq.  (2/).  The  particular  values 
chosen  for  the  afterbody  parameters  are 

"  0.75  ,  dj^  ••  2.5  ,  tan  6^  -  0.50  , 

which  produce  a  fairly  full  profile  with  a 
tall  half  angle  of  26.6  degrees. 

The  taerldian  plane  view  of  the  test 
problem  geometry,  computational  domain  and 
intermediate  surface  is  shown  in  Fig.  13. 

Two  views  of  each  r  ■■  constant  surface  are 
presented,  the  first  from  below  and  in  front 
and  the  second  from  the  side.  These  views 
are  shown  in  Figs.  14  through  19.  A 
composite  side  view  showing  the  position 
of  each  surface  relative  to  the  other  is 
presented  in  Fig.  20,  In  this  example,  the 
same  type  of  clustering  is  used  as  in 
Fig.  12. 

In  a  grid  stacking  procedure  each  grid 
on  a  surface  is  generated  somewhat 
Independently  of  the  other.  The  dependence 
is  indirect  through  the  geometry  and  not 
direct  as  in  the  case  of  partial 
differential  equation  grid  generation  schemes 
or  fully  3-D  algebraic  schemes.  Thus  for 
3-D  grids  generated  by  stacking  one  of  the 
primary  concerns  is  with  smoothness  in  the 
stacking  direction.  In  the  present  method, 
the  only  reason  that  the  grid  changes  in  the 


Figure  13.  Meridian  Plane  View  of  Test 
Problem  Geometry. 


Figure  14.  Front  View  of  Afterbody  Grid. 


Figure  15.  Side  View  of  Afterbody  Grid. 


Figure  lo.  Front  View  of  Intermediate 
Surface  Grid. 


Figure  17.  Side  View  of  Intermediate  Surface 
Grid. 


Figure  18.  Front  View  of  Outer  Surface  Grid. 
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Figure  19.  Side  View  of  Outer  Surface  Grid. 


Figure  20.  Composite  View  of  Afterbody, 
Intermediate  and  Outer 
I  Surface  Grids . 

i  X  -  0  plane  from  surface  to  surface  is  that 

^  the  airfoil  image  is  changing.  As  r 
!  increases,  the  airfoil  image,  according  to 
['  Eq.  (7),  is  shrinking  in  terms  of  maximum 
[  thickness  approximately  as  l/rg*  Although 
I  the  total  arc  length  of  the  airfoil  image 

I  is  als  shrinking  slightly  as  r  Increases, 

•T  the  clustering  parameters  are  fixed  and 
j  hence  the  airfoil  point  distribution  on  each 
surface  is  always  in  the  same  proportion, 
i  As  the  airfoil  image  grows  thinner,  point  K 
i  slowly  moves  toward  the  leading  edge.  The 
trace  of  point  K  in  the  meridian  plane  is 
shown  in  Fig.  13.  On  the  other  hand,  the 
distribution  of  points  on  the  stagnation  line 

remains  the  same  independent  of  r.  Of 
course  close  to  the  surface  of  the  afterbody 
,  in  the  vicinity  of  the  tall  the  grid  shrinks 

i  rapidly  to  reflect  the  pointed  nature  of  the 

i  tail  and  the  axis  singularity.  This  feature 

j  would  exist  wliether  or  not  stacking  were 

;  used.  Thus  because  the  airfoil  image  is 

■  varying  slowing  as  r  increases  and  the 

-  points  on  the  image  remain  in  the  same 

1  proportion  of  arc  length,  the  present  method 

;  can  be  expected  to  produce  a  grid  of  high 

■  quality  in  the  stacking  direction. 

i  One  aspect  of  the  current  strategy  of 

1  point  placement  on  boundaries  is  not  entirely 
j  satisfactory.  Although  the  circular  arc 
!  method  of  point  placement  in  the  hinge  plane 
works  well  on  the  lover  symmetry  line,  it 
leaves  something  to  be  desired  on  the  IVL. 
Coupled  with  the  singularity  at  the  comer 
(point  C)  and  the  orthogonality  requirement 
at  boundaries,  clustering  at  point  K  was 
found  to  be  necessary  to  achieve  a  reasonable 
point  spacing  near  point  C  on  the  IVL,  This 
clustering  would  probably  not  be  necessary 
if  a  different  strategy  were  used  to  locate 
the  points  on  the  IVL.  One  possibility 
would  be  to  space  them  in  the  x  -  6  plane  in 
I  the  same  proportion  of  arc  length  as  along 

i  the  airfoil  between  the  leading  edge  and 

i  point  K.  Downstream  of  point  K  the  strategy 
{  would  remain  as  before. 
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Abstract 

Boundary  fitted  coordinates  or 
adaptive  mesh  schemes  have  obvious 
advantages  for  the  numerical  solution 
of  ship  hydrodynamics  problems.  They 
also  introduce  a  variety  of  numerical 
difficulties.  For  example,  special 
generators  must  be  devised  to 
construct  suitable  meshes  that  fit  the 
desired  boundaries  while  maintaining 
convex  cells  with  reasonable  aspect 
ratios.  Sometimes  numerical  stability 
requirements  impose  unacceptable  time- 
step  limits  because  of  a  few  mesh 
cells  with  exceptionally  small  sizes. 
Numerical  algorithms  based  on  these 
methods  also  tend  to  be  more 
complicated  because  of  the  added 
complexity  associated  with  the 
changing  shapes  sind  orientations  of 
the  mesh  cells. 

In  this  paper  we  describe  an 
alternative  technique  for  computing 
flows  bounded  by  complicated  geometric 
shapes.  Grid  distortion  problems 
are  eliminated  by  using  a  grid 
composed  of  rectangular  cells. 
Geometric  boundaries  are  defined 
within  this  grid  using  a  porosity 
technique  in  which  the  porosity  has  a 
zero  value  within  obstacles  and  a  unit 
value  elsewhere. 

Certain  consistency  requirements 
are  presented  that  guide  the  porosity 
formulation  into  a  numerical  solution 
algorithm  that  has  good  stability 
properties.  The  resulting  formulation 


can  be  used  with  the  full  Navier- 
Stokes  equations  or  for  potential  flow 
applications.  In  either  case,  free 
surfaces  of  arbitrary  deformation  may 
be  included  using  the  Volume-of-Pluid 
(VOP)  technique. 

I.  Introduction 

A  problem  frequently  confronting 
numerical  analysts  is  how  to  represent 
complex  geometric  boundaries.  For 
instance,  in  many  fluid  flow  problems 
the  flow  region  is  bounded  by  curved 
walls,  or  variously-shaped  obstacles 
may  be  embedded  within  the  flow.  In 
such  cases  the  modeler  is  often  driven 
to  oomplioated  finite-element  methods 
or  to  simplified  approximations,  such 
as  replacing  curves  by  stair-step 
surfaces. 

Although  finite-element  methods 
have  achieved  considerable  success  in 
many  applications,  their  geometric 
flexibility  is  achieved  at  the  expense 
of  more  oomplioated  numerical 
algorithms.  Furthermore,  these 
methods  may  be  subject  to  numerical 
accuracy  and  stability  problems  when 
the  shapes  and  sizes  of  the  elements 
vary  rapidly  from  one  element  to  the 
next. 

Low  order  finite-element  and 
finite-difference  methods  based  on 
meshes  of  rectangular  cells  are 
logically  simpler,  easier  to  program, 
and  easier  to  analyze  for  their 
stability  and  accuracy  properties. 
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It  is  natural,  therefore,  to  seek  ways 
to  model  curved  boundaries  in  these 
schemes . 

A  number  of  noteworthy  attempts 
have  been  made  to  model  curved 
boundaries  in  codes  designed  for 
incompressible  fluid  flow  analysis. 
Viecelli  [1  ]  used  a  marker  particle 
technique  to  represent  arbitrary 
boundaries  in  a  Marker-and-Gell  type 
code.  His  scheme,  which  involved  a 
pressure  adjustment  tc  prevent  flow 
crossing  a  boundary,  was  quite 
successful  for  a  variety  of  free 
surface  flow  calculations  [2].  Hirt, 
et  al  [3]  and  McMaster  and  Gong  [4] 
have  used  a  somewhat  simpler  scheme  in 
which  selected  velocities  are  adjusted 
in  cells  to  satisfy  a  zero  normal 
velocity  boundary  condition.  When 
free  surfaces  are  present,  however, 
this  method  can  lead  to  an  over 
specification  of  the  boundary 
conditions.  This  method  also 
introduces  some  difficulties  with 
regard  to  fictitious  fluxes  of  mass 
and  momentum  across  boundaries  unless 
precautions  are  taken  to  specify 
values  for  flow  variables  outside  the 
boundary. 

Another  possibility  for  modeling 
curved  boundaries  in  rectangular  grids 
is  through  the  use  of  a  variable 
porosity  formulation.  This  concept  is 
the  subject  of  the  present  paper. 

True  porous  media  flow  models  have 
existed  for  a  long  time.  Usually  a 
porous  flow  is  dominated  by  viscous 
stresses  arising  from  numerous  tiny 
flow  paths  with  a  large  surfaoe-to- 
volume  ratio.  More  recently  the 
concept  of  a  variable  porosity  has 
been  used  as  a  means  of  representing 
flow  regions  containing  distributed 
obstructions  that  are  too  small  to  be 
resolved  by  the  cells  in  a  discrete 
grid.  For  example,  codes  used  to 
model  coolant  flow  in  nuclear  reactor 
cores  [5,6,7]  have  employed  this 
concept  as  a  means  of  representing  the 
fractional  flow  volumes  and  areas 
surrounding  bundles  of  fuel  rods  and 
other  structures. 


The  idea  we  wish  to  explore  here 
is  the  use  of  a  porosity  that  changes 
abruptly  from  univy  to  zero  across  a 
rigid  boundary.  The  usual  fluid 
dynamic  equations  are  to  hold  in  the 
region  where  the  porosity  is  unity. 
Regions  with  zero  porosity,  that  is, 
with  zero  flow  volume  are  obstacle 
regions.  Although  this  is  a  simple 
idea,  it  does  not  appear  to  have  been 
previously  explored  as  a  general 
procedure. 

In  the  next  section  we  describe 
the  porosity  concept  in  more  detail 
and  derive  the  modifications  needed  in 
the  fluid  dynamic  equations  to  include 
variable  porosity  effects.  For 
simplicity,  this  discussion  will  be 
limited  to  two-dimensional,  inviscid 
and  incompressible  flow,  but  the  basic 
ideas  can  easily  be  extended  to 
compressible,  viscous  and  three- 
dimensional  situations.  In  fact,  some 
three-dimensional  examples  will  be 
used  as  illustrations.  The  primary 
contribution  of  this  paper  is 
contained  in  Section  III,  which 
describes  the  special  considerations 
needed  to  numerically  approximate 
equations  containing  a  discontinuous 
porosity.  The  numerical 
representation  of  a  variable  porosity 
is  most  conveniently  defined  in  terms 
of  fractional  areas  and  volumes  open 
to  flow.  Thus,  the  method  described 
in  this  paper  is  referred  to  as  the 
Fractional  Area/Volume  Obstacle 
Representation  (FAVOR)  Method. 

Section  IV  contains  a  discussion  of 
suoh  matters  as  numerical  stability, 
acouraoy  and  the  relationship  of  the 
FAVOR  method  with  other  methods  for 
representing  obstacle  boundaries.  The 
question  of  aoouraoy  will  require  a 
digression  into  the  aoouraoy  of 
nonunifora  rectangular  grids  in 
general.  This  is  done  in  Section 
IV. A,  where  it  will  be  shown  that 
approximations  of  conservation  laws 
must  lose  some  formal  aoouraoy  in 
variable  grids.  Examples  illustrating 
the  use  of  this  new  technique  are 
presented  in  Section  V. 
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II.  Formulation  of  Equations 

Equations  describing  fluid  flow 
in  a  region  containing  multiple 
obstacles  can  be  conveniently  derived 
using  the  mathematical  concept  of 
generalized  functions.  This  will  be 
outlined  in  the  next  section.  Then  a 
brief  discussion  will  be  given  of  the 
methods  used  to  reduce  these  equations 
to  approximations  on  discrete  grids. 

As  might  be  expected,  there  are 
several  steps  in  this  reduction  where, 
depending  on  the  assumptions  made, 
different  approximating  equations  may 
be  produced.  Some  attention  will  be 
given  to  the  most  important  of  these 
steps  and  justifications  will  be 
presented  for  the  selections  made. 

A.  Porous-Media  Equations 

To  derive  the  equations  for 
porous  media  we  make  use  of  the  theory 
of  generalized  functions  [8],  With 
this  approach,  boundary  conditions  at 
fluid-obstacle  interfaces  are 
automatically  isolated  in  a  convenient 
way.  Let  us  consider  by  way  of 
Illustration  the  density  aquation, 

3p/  3t  +  V*pu  o  0  (1 ) 

where  P  is  the  density  and  u  is  the 
fluid  velocity.  The  density  equation 
holds  at  all  points  occupied  by  fluid. 
A  generalized  (Heaviside)  function  of 
the  spatial  coordinate  vector  x  and 
denoted  by  U(x)  is  defined  such  that 


/  1.0,  if  X  is  in  the  fluid 
H(x)  B  j  “  (2) 

^  0.0,  if  X  is  in  an  obstacle. 


If  we  now  multiply  the  density 
equation  by  the  step  function  H,  the 
resulting  equation  can  be  ooneidered 
as  defined  at  all  points  in  space.  It 
agrees  with  the  original  equation, 

Bq.  (1),  in  the  fluid  and  is 
identically  zero  at  points  located  in 
obetaoles.  the  denaity  function  can 


be  analytically  continued  into  the 
obstacles  in  any  manner  for,  as  we 
shall  see,  its  value  in  these  regions 
will  not  be  important. 

The  next  step  is  to  move  the  H 
function  inside  the  time  and  spatial 
derivatives.  To  carry  out  the 
transposition,  we  shall  need  to 
evaluate  derivatives  of  the  step 
function  H.  Fortunately,  it  is  known 
that  the  gradient  of  a  step  function 
is  another  generalized  function  -  the 
delta  function, 


VH(x)  =  -2Hn6{x-Xg)  (3) 

where  Xg  is  any  point  on  ihe  interface 
(surface)  between  the  fluid  and  an 
obstacle.  The  vector  n  is  a  unit 
normal  to  the  Interface  at  location  Xg 
and  is  directed  out  of  the  fluid.  A 
formal  derivation  of  Eq.  (3)  can  be 
made  using  the  techniques  in  Ref.  [8], 
but  we  can  see  that  it  is  intuitively 
correct  from  the  following  argument. 
Derivatives  of  H  away  from  an 
interface  are  zero  because  H  is  then  a 
constant  function.  For  the  same 
reason,  a  derivative  of  H  parallel  to 
an  interface  must  also  be  zero. 
Gradients  normal  to  an  interface  are 
infinite  when  evaluated  at  the 
interface  because  thr,re  H  undergoes  a 
step  change.  On  the  other  hand, 
integration  of  a  normal  derivative  of 
H  across  an  Interface  gives  a  result 
of  unity  according  to  its  definition. 
These  properties  are  Just  those  of  a 
delta  function,  and  this  suggests  the 
form  of  Bq.  (3).  The  factor  of  on 
the  right  side  of  the  equation  is 
introduced  for  convenience,  but  since 
H  is  discontinuous  where  the  delta 
function  is  nonzero,  a  prescription  is 
needed  for  evaluating  the  integral  of 
such  a  product.  The  rule  is 

■►1 

j Q(B)d(c)de  •>  (Q^.  ♦  Q^)/2  (4) 

-1 


I 

I  where  subscripts  refer  to  values  of  Q 
I  on  either  side  of  z=0.  Using  this 
j.  rule  it  is  easy  to  see  that  the  factor 
I  of  2H  in  Eq,.  (5)  is  consistent  because 
i  an  integration  of  that  equation  across 
i  is  produce  an  identity. 

;  If  the  fluid-obstacle  interfaces 

are  time  dependent,  then  we  will  also 
need  the  time  derivative  of  H.  This 
time  dependency  can  only  arise  from  a 
^  shifting  of  the  boundary  points  with 
time.  The  time  rate  of  change  of 
;  boundary  point  Xg  is  just  the  velocity 
of  the  boundary  Vg,  i.e., 

i  =  la  (5) 

i  Therefore,  using  the  chain  rule  for 
I  differentiation  the  necessary  time 
derivative  is, 

3H/3t  =  -(d^/dt)v.H 

”  2HvQ‘n6(x-Xa)  (6) 

,  Now,  using  Bq.  (2)  and  £q.  (6)  the 
density  equation  multiplied  by  H  can 
be  rewritten  as 


(3pH/3t)  +  7*(pEu} 

+  2aH(u-VQ)  n5(x-XQ)  s  0  (7) 


form 

(3pH/3t)  +  V*(pHu)  =  0  (8a) 

(SpHu/st)  +  V« (qHuu)  =  -Hyp  + 

(8b) 

where  p  is  the  fluid  pressure  and  ^  is 
a  body  acceleration  (e.g.,  gravity). 

This  is  a  special  form  of  the 
porous-media  equations  in  which  the 
porosity  is  a  discontinuous  function. 
That  is,  the  porosity  is  either  0.0  or 
1.0.  To  apply  this  result  to  a 
material  like  sand  where  the  positions 
of  individual  sand  grains  are  unknown, 
it  is  first  necessary  to  perform  an 
ensemble  average  on  Eqs.  (8).  Only  H 
varies  ir.  the  ensemble  average  because 
it  depends  implicitly  on  the 
arrangement  of  the  obstacles  (i.e., 
the  sand  grains).  Therefore,  after 
averaging  we  replace  H  in  Eqs.  (8) 
with  its  ensemble  average,  say  f.  The 
quantity  f(x)  is  the  average  porosity 
(or  it  may  be  equivalently  interpreted 
as  the  probability  that  an  obstacle 
does  not  exist  at  location  x).  For 
our  purposes  we  wish  to  keep  Eqs.  (8) 
as  they  are  so  that  we  may  use  H  to 
describe  well-defined  arrays  of 
obstacles. 

B.  Coarae-Soale  Approximations 


! 
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The  last  term  involving  the  delta 
function  is  identioally  zero.  To  see 
this,  first  note  that  it  is  sero 
everywhere  except  at  a  fluid-obstacle 
boundary.  At  such  a  boundary  it  only 
has  meaning  when  it  is  integrated 
across  the  boundary,  but  the  integral 
la  proportional  to  (s-j^)*n  which  is 
sero  because  the  fluid  velocity  normal 
to  an  obstacle  boundary  must  equal  the 
normal  velocity  of  the  boundary. 

A  similar  derivation  oan  be  ueed 
to  derive  the  corresponding  Invlsoid 
fflOmentuR  equations  in  a  porous  medium, 
so  that  the  final  equations  have  the 


Let  us  integrate  the  density 
equation  over  a  small  volume  in  space, 
R,  with  boundary  surfaoe  3.  Within  R 
there  will,  in  general,  be  subregions 
containing  fluid  and  subregions 
containing  obstaoles.  The  interfaces 
between  these  regions  within  R  will  be 
denoted  by  I.  The  average  of  the 
density  equation  over  region  R  is 

i  /  ♦  '<^’PMu)dR  =  0  (9) 

Jr 

where  R  Is  here  used  for  both  the 
volume  of  the  region  and  as  an 
indicator  for  the  limits  of 
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integration.  Since  R  is  independent 
of  time,  the  leading  term  in  Eq.  (9) 
is 


|^(pH)dR 


pHdR) 


(10) 


In  making  finite-volume 
approximations  for  numerical  solution 
algorithms,  the  region  R  would  be  one 
element  or  cell  of  a  grid  that  divides 
the  flow  region  into  a  set  of  control 
volumes.  For  a  useful  approximation, 
the  grid  cells  must  be  chosen  small 
enough  so  that  within  a  cell  the 
dependant  variables  describing  the 
flow  can  be  treated  as  constants  (or 
possibly  as  having  some  simple  spatial 
variation).  Neglecting  flow 
variations  over  scales  covered  by 
region  R  compared  to  variations  over 
the  entire  region  of  interest  la 
called  the  ooarse-scale  approximation. 
When  this  assumption  is  satisfied,  the 
density  in  the  volume  integration  in 
Eq.  (10)  can  be  replaced  by  its  mean 
value  so  that 


(11) 


(12) 


The  quantity  V  is  defined,  for 
arbitrary  R,  as  the  fractional  volume 
open  to  flow. 


boundary  is  subdivided  into  a  set  of 
segments  S  such  that  the  coarse-scale 
approximation  can  be  applied  to  each 
segment.  For  example,  for  segment  i. 


pu*nHdS^  =  pu*n 
i 


(U) 


where 


A  .  I  f  MS;  (15) 

y  Sf 

The  quantity  A  is  defined,  for 
arbitrary  Sj,,  as  the  fractional  area 
open  for  flow  across  surface  Sj. 

If  the  functions  V  and  A  are 
continuous  and  differentiable,  it  can 
be  shown  that  they  must  be  equal  to 
the  same  function.  However,  our  goal 
is  the  derivation  of  finite-volume 
equations  in  which  these  quantities 
may  be  discontinuous  functions.  Thus, 
wo  see  that  several  fractional  volumes 
and  areas  must  be  associated  with  each 
control  volume. 

C.  Pressure  Gradient  Averages 

Consider  the  volume  averaging 
process  applied  to  the  pressure 
gradient  term  appearing  in  Eq.  (8b), 


HVpdR  . 


An  alternative  form  is 


(16) 


A  similar  result  can  be  obtained 
for  the  divergenoe  term  in  Eq.  (9). 
First,  Qauss'  divergenoe  theorem  is 
used  to  reduce  the  volume  integration 
to  a  surface  integral. 


\?»paudR 


pu*nH(lS 


(13) 


{V(pR)  -  pVH>dR 


a 


(VipH)  ♦  2Hpnfl(x-Xg)>dR 


(17) 


pndl 


The  integral  le  the  flux  of  fluid  out 
of  region  R  through  the  open  portion 
of  its  boundary  &  Usually  the 
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where  the  last  integral  has  been 
reduced  using  Sq.  (4)  and  X  indioates 


integration  over  all  fluid-obstacle 
interfaces  located  within  R.  This 
alternative  form  is  easy  to  interpret; 
the  first  integral  is  the  pressure 
force  acting  on  the  fluid  along  the 
open  portion  of  the  surface  S  that 
surrounds  R,  the  second  integral  is 
the  pressure  force  acting  on  the  fluid 
at  all  interior  fluid- obstacle 
interfaces. 

The  question  is,  which  of  these 
forms,  Eq.  (16)  or  Eq.  (17),  is  best 
suited  for  finite-volume 
approximations?  When  the  pressure  is 
nearly  constant  within  R,  both 
expressions  are  approximately  zero  eind 
neither  one  is  preferable  over  the 
other.  However,  when  there  is  a 
hydrostatic  equilibrium,  the  pressure 
gradient  is  constant  and  the 
expression  in  Eq.  (16)  reduces 
immediately  to  VVp. 

When  there  is  a  hydrostatic 
equilibrium,  the  second  term  on  the 
right  side  of  Eq.  (17)  is  equal  to  the 
net  buoyant  force  experienced  by  the 
obstacles  within  R  and  cannot  be 
ignored.  In  any  case,  neither  term  on 
the  right  side  of  Eq.  (17)  can  be 
easily  approximated  in  this  limit. 

Some  authors  have  used  the  coarse- 
scalo  approximation  V(pV)  for  the 
first  term,  but  sinoe  the  second  term 
cannot  be  ignored,  this  is  not  a 
useful  or  convenient  approximation. 
Thus,  for  a  ooarse-soale  approximation 
it  is  best  to  assume  the  pressure 
gradient  rather  than  the  pressure  is 
nearly  constant. 

In  dynamic  situations,  when  the 
pressure  differs  from  hydrostatic,  the 
approximation,  Vvp,  is  not  exact  for 
it  neglects  non-viscous  drag  effects 
imposed  on  the  fluid  by  the  obstacles. 
If  these  drag  forces  are  significant, 
it  is  necessary  to  add  them  separately 
to  the  approximation.  When  doing 
this,  however,  it  must  bo  remembered 
that  buoyant  forces  on  obstacles  are 
not  to  be  Iccludsd  In  the  aiddition. 


III.  Finite-Volume  Equations 

A  mesh  of  nonuniform  rectangular 
cells  will  be  used  as  the  basis  for 
our  finite- volume  equations.  Using  a 
nonuniform  mesh  helps  us  identify  some 
points  regarding  accuracy  and  also 
allows  a  comparison  of  the  FAVOR 
method  with  more  standard  techniques. 
Some  simplifications  are  in  order, 
however,  to  keep  the  presentation 
manageable.  Thus,  the  following 
development  will  be  limited  to  the 
case  of  two-dimensional, 
incompressible  fluid  flow  with 
constant  density.  The  density 
equation,  Eq.  (8a),  with  the  density 
divided  out  is  referred  to  as  the 
continuity  equation.  After  dividing 
the  momentum  equations  by  p  the  ratio 
of  pressure  to  constant  density  will 
again  be  denoted  by  p.  Extensions  to 
three-dimensional  flows  or  to  flows 
with  variable  density  is 
straightforward . 

Dependent  variables  are  to  be 
placed  at  staggered  grid  locations  as 
illustrated  in  Pig.  1A.  The  staggered 
grid  dates  back  to  the  Harker-and-Cell 
(hag)  method  [9]  and  is  particularly 
well  suited  for  approximations  based 
on  tho  primitive  variables,  pressure 
and  velocity. 

A  simplified  subscript  notation. 
Pig.  ID,  will  be  used  to  indicate  mesh 
locations  relative  to  a  generic  cell 
center  at  (i,J).  Location  (i,j)  will 
be  denoted  by  the  subscript  C.  In 
general,  upper  case  letters  H,  S,  B, 
ai\d  W  denote  shifts  in  the  principal 
compass  directions  by  one  integer. 

Por  instance,  B  refers  to  location 
(i+1,j),  while  N  refers  to  location 
(l.J+l).  Similarly,  the  lever  case 
letters  n,  a,  e,  and  v  will  denote 
corresponding  shifts  of  half  integer 
values.  Multiple  integer  shifts  are 
represented  by  repeated  letters.  The 
order  of  the  letters  is  unimportant. 
Some  examples  should  make  it  clear  how 
this  convenient  notation  works. 
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^i+\/2,i  =  '^e 
'^i+1  /2,  j+1  /2  =  '^ne 
H-3/2,i+2  =  '^KKWw 

6Xj^  =  6xq 


Using  finite-volume  and  time 
averages,  the  density  and  momentum 
ecjuations  can  be  reduced  to  discrete 
(difference)  equations.  This  formal 
reduction,  however,  involves  a  variety 
of  integrated  quantities  at  different 
mesh  locations.  These  quantities  must 
be  treated  as  independent  unless  limit 
properties  or  consistency  arguments 
can  be  found  to  eliminate  them  as 
unknowns.  For  instance,  we  will  find 
that  consistency  requires  certain 
quantities  at  one  mesh  location  to  be 
simple  combinations  of  similar 
quantities  at  neighboring  looations. 

We  begin  by  averaging  the 
continuity  equation  over  a  generic 
mesh  cell  (i,J)  and  over  the  time 
interval  from  t  to  t+6t. 


(vO+1_vn)/dt  +  («:Uu>Q-<Hu>„)/d*c 

(10) 

+  (<Hv>^-<Hv>Q)/dy(}  «  0 


where  V  is  the  volume  Integral  defined 
in  Bq.  (12)  and  angled  braokets 
indicate  the  time  and  surface  averages 
deflQSd  as 


(19) 


confusion  since  we  are  considering 
each  quantity  with  a  different 
argument  or  at  a  different  location  as 
an  independent  quantity. 

The  momentum  equation  for  the  u- 
velocity  located  at  mesh  position  e  is 
to  be  averaged  in  space  over  a 
rectangle  that  extends  from  location  C 
to  location  E,  see  Fig.  2. 

Integrating  over  this  region  and  over 
time  interval  6t  we  have 


(Hu*'"^^  -  Hu”)/6t 
+  (<Huu>ji  -  <Huu>Q)/6Xg 

+  (<Hvu>ne  -  <Hvu>Qg)/6yQ 

=  -Ve(PE-Pc)/«*e  +  ^e^x 


(20) 


where  Ouass*  theorem  has  been  used  to 
reduce  the  divergence  term  to  surface 
integrals,  and  where 
SXg  s  (6X(j  +  6xj[)/2.  The  overbar 
Indioates  a  volume  average  similar  to 
that  in  Eq.  (12).  For  the  pressure 
terms,  ve  have  used  the  ooarae-scalo 
approximation  dosorlbed  earlier,  in 
which  the  pressure  gradients  are 
roughly  constant  in  time. 

The  averaged  equations,  Eqs.  (18) 
and  (20),  involve  many  undefined 
quantities.  To  proceed  further  we 
must  either  introduce  ad  hoo 
approximations  or  seek  some  additional 
equations  that  will  r-^duce  the  number 
of  unknowns.  One  possibility  is  to 
look  for  consistency  relationships. 

For  Instance,  in  the  original 
differential  equatione.  Bqs.  (8),  the 
density  equation  can  be  subtracted 
from  the  momentum  equation  to  give  an 
equation  for  just  the  velocity,  l.e.* 


Strictly  speaking!  there  are  two 
different  angled-braeket  averages 
appearing  in  Eq.  (18);  those 
oontalntng  a  u«.velooity  are  integrated 
with  respect  to  the  y-direotlon,  while 
those  containing  v-velocitiea  are 
Integrated  with  respeot  to  the  x- 
direction.  Shia  will  not  cause 


(3u/3t)  4-  u*t?u  •  -Ifp  +  £  {2'«) 


This  type  of  equation  manipulation  is 
essential  for  deriving  shook  wave  jttap 
conditions  is  compressible  flow. 
Bernoulli's  equation  and  many  other 
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useful  relationships.  It  is 
reasonable,  therefore,  to  require  our 
discretized  equations  to  have  the  same 
property.  The  goal  is  to  separate  the 
discretized  continuity  equation, 

Eq.  (18),  from  Eq.  (20)  so  that  the 
resulting  equation  will  be  a  discrete 
approximation  to  Eq.  (21).  It  is 
immediately  obvious  that  this  cannot 
be  done  unless  the  bar-average  of  the 
product  Hu  appearing  in  the  time- 
derivative  term  in  Eq.  (20)  is 
separable  into  a  product  of  bar- 
averages.  Similarly,  the  angled- 
bracket  averages,  which  involve  a 
product  of  two  velocities,  must  be 
separable  into  a  product  of  averages 
in  which  one  factor  is  of  the  form 
appearing  in  Eq.  (18).  Thus,  for 
consistency  with  the  equation 
separation  process,  we  must  first 
require  relations  of  the  form 


<Uuu>Q  =  <Hu>qUq  (22) 

<Hvu>j,q  =  <Hv>neUne 

The  Ug  in  the  first  relation  is 
centered  at  the  oell  edge  where  we 
started  the  averaging  process  so  no 
special  notation  is  used  to  mark  this 
quantity.  The  u*  velocities  appearing 
in  the  second  two  relations  are 
located  at  oell  positions  other  than 
the  primary,  staggered  mesh  positions 
so  these  quantities  have  the 
superscript  *.  We  shall  interpret 
these  relations  as  definitions  for 
these  new  quantities.  That  is, 
relations  (22)  are  needed  for  their 
form,  but  no  approximations  have  been 
made  if  we  oonsider  them  as 
definitions. 

Using  those  definitions,  the  time 
derivative  term  In  Eq.  (20)  can  be 
rewritten  in  the  form 

av”*^-V«)u«+V«*Uu«^'-u;)]/6t  (23) 

Again  using  the  definitions,  Eq.  (22), 


and  adding  and  subtracting  inside  the 
parentheses,  terms  equal  to  the  Ug 
times  each  of  the  angled  bracket 
terms,  we  can  rearrange  Eq.  (20)  to 

Vf1(uf1  -u«)/6t 

+  [<HU>j;(Uj.-UQ)  +  <HU>(.(Ug-U0)]/6Xg 

+  [<Hv>jjg(ujQ-Ug)+  ^Hv>(^Q(uQ-UgQ)  ]/ dy^ 

=  -Ve(PE-Pc)/'SXe+Vegx  -  DgUg 

(24) 

where  Dg  is  given  by  the  expression, 

Dg  =  (V“^1-V")/6t+(<Hu>j;-<Hu>c)/dXe 
+  (<Hv>ng-<Hv>3g)/6yc 

(25) 

Equation  (24)  is  almost  the 
discretized  version  of  Eq.  (21), 
except  that  it  has  the  extra  term 
containing  Dg.  However,  Dg  looks  like 
the  left  side  of  the  discrete 
continuity  equation,  Bq.  (18), 
evaluated  at  the  oell  edge  location  e 
and  not  at  a  cell  center  as  is  Eq. 
(18).  To  complete  the  equation 
separation  we  note  that  Dg  oould  be 
rewritten  as 


Dg  »  ( dxgDg+dXQD^ )/ ( dkg+dx^)  ,  (26) 

where  the  D's  on  the  right  aide  are 
now  cell-cer.terod  expressions,  if  we 
make  the  following  correspondences 

<Hu>c  *  (<Ku>g+<Uu>„)/2 

<«v>ng  -  (6xc<av>n 

+6xg<Hv>gg)/(6xc+6Xg) 

Ve  “  (5xcVc+«XgVB)/(6Xc+«Xg)  (27) 
These  relations  express  the  way 
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Rw  =  2<Hu>„^(v;;-v;;^)/6xc  , 


quantities  at  intermediate  mesh 
locations  are  related  to  similar 
quantities  at  their  primary  locations. 
Using  them,  the  term  appearing  in 
Eq.  (24)  is  identically  zero  when 
Eq.  (18)  is  satisfied  and  we  have 
completed  the  desired  equation 
separation. 

If  we  do  a  similar  reduction  on 
the  v-momentum  equation,  then  combine 
all  assumptions  and  consistency 
requirements,  the  momentum  equations 
can  now  be  written  as, 

(u^+’-u^)/ 6t 

+(fxEQE‘^fxc‘5c'^^xn'^n 

=  -(PE-Pc^/'5*e+8x  ^28a) 

(vn+1-v«)/6t 

+  ( fyQRQ+fyvRw''‘^yNRN'*‘ ^yC^C ) 

^  -(PN-Pc)/^yn'^«y 

where 

Qjj  a  2<Hu>g(u^-u")/«Xg  , 

^xE  “ 

Qq  s  2<Ku>q(u^~U*)/ 4X(;  < 

^SC  “ 

=>  2<av>jje(u*e-u4’)/<iyc  ' 

fxa  «=  1/2 

%  =  2<Hv>ao('4'-Uea)/Syc  •  (29) 

Rg  “  2'-itU>jjg(Vug-Vjj)/4x^  , 

f ye  »  1  /2 


%  ■  2<Hv>jj(vj{-Vjj)/'Syjj  , 

fyN  =  'SyN/('Syc+'5yN) 

RC  =  2<Hv>c(v"-vJ)/6yc  , 

fyc  =  '5yc/(^'yc+'^yN) 

On  the  right  side  of  Eq.  (28a)  we  have 
dropped  the  factor  Vg/V”'*'’  because  we 
could  just  as  well  have  used  Vg'*'^  on 
the  right  side  of  Eq.  (24).  A  similar 
factor  has  been  dropped  from 
Eq.  (2ab).  Equation  (28a)  has  the 
desired  form  of  Eq.  (21)  because  the 
Qg  and  Qq  terms  defined  in  Eq.  (29) 
are  approximations  for  Hu(au/3x)  while 
and  Qg  are  approximations  of 
Mv(3u/3y).  The  f  factors  are 
weighting  factors  dependent  on  the 
cell  sisea.  In  a  uniform  grid  the  f's 
are  all  equal  to  one  half. 

To  suisaarlse,  relations  (27), 
which  were  used  to  give  the 
diaoretAsed  aquations  the  same 
separation  property  aa  the 
differential  equations,  have  reduced 
tna  number  of  unknowns  In  the 
diaor-rJsised  equationa.  Unfortunately, 
there  are  still  more  unknowns  than 
equations.  The  remaining  unknowns 
aro, 

“e  •  ''n  •  Pc 

vj  ,  vjg  ,  <Uv>n 

Quantities  Ug,  v^,  and  p^;  are  the 
primary  variables  at  the  staggered 
mesh  locations  we  designated  at  the 
outset.  All  romainlng  quantities  are 
secondary  unknowns  that  must  still  be 
specified. 
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A  coarse-scale  approximation 
could  be  used  to  separate  out  the  H- 
function  from  the  two  unknowns  in 
which  it  appears. 

<HU>g  =  AgUg 


where  Ag  and  A„  are  the  fractional 
areas  open  to  flow  at  the  sides  of  a 
mesh  cell  and  two  new  velocity 
averages  have  been  introduced.  Now 
all  the  secondary  unknowns  (indicated 
by  a  superscript  ♦)  have  a  similar 
form:  i.e.,  they  are  all  related  to 
surface-time  averages  of  velocities. 

Up  to  this  point  the  equations 
derived  are  essentially  "exact"  in 
that  we  have  only  made  substitutions 
in  terms  of  new  unknowns,  but  to 
proceed  further  we  must  now  introduce 
approximations  that  relate  those 
unknowns  to  the  primary  dependent 
variables.  First,  it  should  be  noted 
that  no  time  levels  have  been  assigned 
to  the  various  fluxing  velocities.  If 
time  level  n+1  values  are  used,  the 
resulting  equations  are  implicit  and 
would  require  a  complicated  procedure 
for  their  simultaneous  solution. 

Using  only  time  level  n  values  results 
in  explicit  equations  that  are  easy  to 
solve,  but  it  is  well  known  that  these 
equations  may  be  numerically  unstable 
unless  the  approximations  are 
carefully  chosen  t'O).  ilefore 
deciding  on  suitable  approximations, 
it  will  be  worthwhile  to  first  look 
into  questions  of  accuracy  and 
stability. 


cell  are  reduced  to  infinitesimal 
values.  If  the  difference  between  the 
finite-volume  and  limiting  forms  is 
proportional  to  the  N-th  power  of  6t 
and  M-th  power  of  the  cell  size,  the 
accuracy  is  said  to  be  N-th  order  in 
time  and  M-th  order  in  space. 

A  typical  approximation  is  to 
identify  the  u*  velocity  in  Eq.  (31 ) 
with  the  u  velocity  defined  in 
Eq.  (22).  In  other  words,  equate 
surface  and  volume  averaged  quantities 
at  the  same  location.  If  in  Q^.  we 
then  set  u|  equal  to  an  average  of  the 
neighboring  boundary  centered 
velocities, 

u|  =  (u'e+u"E)/2  (52) 

this  corresponds  to  a  centered 
difference  approximation.  Qj.  is  then 
a  second  order  (in  space) 
approximation  to  Hu(3u  /ax)  at 
location  E.  A  similar  centered 
approximation  in  Qq  makes  it  a  second 
order  approximation  at  location  C. 
Unfortunately,  the  combination  of  the 
two  Q's  is  only  first  order  accurate 
at  location  o  because  in  a  nonuniform 
mesh  the  f-weighting  factors  do  not 
have  the  correct  values.  A  correct 
second  order  approximation  at  e 
requires  the  Interpolated  expression 
^xC*^K  *  *xS^C’  '•*1®  expression 

^xC*'C  second  order  only  at 

the  midpoint  between  locations  C  and 
E.  rince  this  point  does  not 
correspond  to  location  e  (unless  the 
mesh  is  uniform),  Bq.  (28a)  cannot  be 
more  than  first  order  accurate  at 
position  e. 


IV.  Other  Hatters  If  a  donor  call  or  upstream 

approximation  is  used  for  the  Uj,, 

A.  Accuracy  in  a  gionuniform  Mesh  velocity,  then  the  situation  is  worse. 

For  instance,  if  the  velocity  is 

The  horlaontai  adveotion  of  positive,  then  Qjj  la  sero  and  fjjc^e 

soaentua  In  Eq.  (2Sa)  is  contained  in  becomes  a  second  order  approximation 

the  3ua  fjjK^g  ♦  ^xC^C*  Accuracy  at  location  C,  but  at  e  the 

refers  to  how  rapidly  thla  finite-  approximation  is  seroth  order  accurate 

volume  expression  approaches  the  i-pcause  the  first  leva  in  a  Taylor 

limiting  differential  fc-'  K‘at$u/3x)  at  if-arles  expansion  about  e  will  have  the 
location  e  as  dt  and  volume  of  the  extra  coefficient  2f In  a  mesh 


witn  slowly  varying  cell  sizes 
can  be  significantly  different  from 
unity.  For  example,  a  20^  change  in 
neighboring  cell  sizes  produces  a  105^ 
error  in  the  coefficient. 


18  particularly  necessary  if  the 
fractional  volume  of  a  cell  is  allowed 
to  approach  zero,  which  may 
occasionally  happen  when  a  curved 
boundary  is  embedded  in  a  mesh. 


Now  consider  the  vertical 
advection  terms  in  Eq.  (2ii)a). 
Regardless  of  whether  a  centered  or 
donor  cell  assumption  is  used  for  the 
a*  velocities,  the  Qj^  and  Qg  terms  are 
zeroth  order  accurate  approximations 
for  Hv(  u/  y) ,  because  only  Yq 
appears  in  these  expressions.  That 
is,  first  or  higher  order  derivative 
approximations  require  the  appearance 
of  yjj  and  yg  values  if  the  mesh  is 
nonuniform.  A  special  choice  for  the 
Q's  does  exist,  however,  that  will 
produce  a  first  order  approximation 
for  these  terms. 

We  conclude,  therefore,  that 
consistent  finite-volume  equations 
based  on  a  staggered  mesh  are  formally 
first-order  accurate  in  a  nonuniform 
mesh.  A  first-order  approximation  can 
be  achieved  using  the  donor  cell 
approximation  only  if  we  give  up  the 
rigorous  conservation  form  of  the 
equations,  for  example,  by  modifying 
the  f-weighting  factors.  A  simple 
choice  for  these  factors  that  produces 
a  first  order  approximation  is. 


^xE“^xC”^ 


fxn= '5yc/  ( 'Syc+'S^N )  »^xs= 'Syc+'Sys ) 

fye='^Xc/(6xg+6xj;)  , f 6 Xq / ( 6 Xq+  6 ) 

fyN=^yC=' 

(55) 


If  we  do  not  permit  approximations 
that  use  values  separated  by  more  than 
one  6x  or  one  6y,  the  approximations 
can  never  be  more  than  first  order 
accurate. 


B.  Stability  Considerations 

It  is  important  to  consider  what 
nuraerioal  stability  requirements  must 
be  imposed  on  the  FAVOR  method.  This 


A  rigorous  analytical  treatment 
of  stability  is  not  possible  because 
the  coefficients  of  the  advection 
terms  are  not  constant.  However,  we 
can  make  a  heuristic  assessment  based 
on  effective  advection  speeds.  In  the 
case  of  a  uniform  mesh  with  unit 
area/volume  fractions  the  usual 
stability  conditions  for  an  explicit 
approximation  are  that  fluid  must  not 
move  across  more  than  one  cell  in  one 
time  step.  In  two  dimensions  this 
condition  is  usually  replaced  by  the 
restriction  that  fluid  not  move  more 
than  one  fourth  of  the  cell  width  so 
that  the  maximum  possible  volume 
fluxed  out  of  the  four  sides  of  the 
cell  will  not  exceed  the  volume  of  the 
cell. 


Referring  to  Eqs.  (28),  (29),  and 
(51 )  we  note  that  in  the  FAVOR  method 
the  advection  velocities  are 
multiplied  by  the  ratio  of  a 
fractional  side  area  to  a  fractional 
volume.  These  modified  velocities 
must  still  conform  with  the 
require.ient  tha^.  the  maximum  volume 
fluxed  out  of  a  cell  not  exceed  the 
cell  volum  Therefore,  to  see  how 
stability  is  influenced  by  FAVOR  we 
must  investigate  the  values  of  area  to 
volume  ratios  appearing  in  the  finite- 
volume  equations.  Only  two  limiting 
cases  need  to  be  considered.  For  a 
typical  u  velocity,  say  Ug,  suppose 
cell  C  to  its  left  is  almost  closed 
off  (i.e.,  Vq  is  almost  zero).  This 
closure  may  be  due  to  an  obstacle 
surface  oriented  either  vertically  or 
horizontally,  see  Fig.  3A.  In  the 
vertical  case  Ag  and  Vj>  will  be  unity, 
and  A^  and  Vjj  will  be  equal  to  Vg. 
Because  the  fractional  volume  Vg 
appearing  in  the  u-velocity  equation 
is  a  weighted  average  of  Vg  and  Vj,, 

Eq.  (27),  it  can  be  shown  that  the 
maximum  area  to  volume  ratio  appearing 
Eq.  (28a)  is  Ag/Vg  =  (dxg 
+  (Sxjj)/6xjj,  which  is  equal  to  2.0  in  a 
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unitorm  mesh.  A  factor  of  two 
increase  in  the  effective  advection 
velocities  causes  no  serious  prohlema 
for  stability. 

The  second  case  to  consider  is  a 
horizontal  surface  that  is  tending  to 
close  off  cell  C  and  cell  E,  see  Pig. 
3B.  In  this  instance  is  tending  to 
zero  (with  both  Vq  and  Vj.)  and  the 
worst  case  is  associated  with  vertical 
advection  through  the  fully  open  top 
cell  faces.  It  appears  that  the 
vertical  flux  Aj^Vj^/Vg  is  tending  to 
infinity  as  Vg  tends  to  zero. 

However,  v^j  is  simultaneously  tending 
to  zero  in  this  case  because  the 
continuity  equation  requires  Aj^v^^dx^ 
to  be  proportional  to  AgUgdyQ,  and  the 
vertical  flux  is  then  proportional  to 
Ug5y(j/6xc.  Therefore,  the  vertical 
advective  flux  is  actually  bounded  and 
stability  of  the  momentum  equations  is 
again  easily  maintained. 

These  simple  considerations  show 
that  the  FAVOR  method,  as  formulated 
in  this  paper,  should  have  no  serious 
stability  problems,  even  when  mesh 
cells  are  closed  off  to  a  tiny 
fraction  of  their  original  size.  This 
expectation  has  been  verified  in 
numerous  calculations  and  will  be 
demonstrated  in  Section  V. 

C.  Relationship  between  FAVOR  and 
Other  Obstacle  Methods 

When  the  area  and  volume 
fractions  are  all  set  to  unity,  The 
FAVOR  scheme  reduces  to  a  standard 
type  of  nonuniform  mesh  approximation. 
Using  this  observation,  we  can  see  how 
FAVOR  is  related  to  other  obstacle 
representations.  Suppose  we  wish  to 
model  the  presence  of  a  rigid, 
vertical  wall  in  a  grid  of  equal-sized 
cells,  but  the  wall  does  not  coincide 
with  a  grid  line.  The  standard 
procedure  would  be  to  introduce  one 
cell  of  smaller  size  at  the  wall 
(i.e.,  a  nonuniform  mesh)  so  that  the 
wall  would  then  lie  at  a  grid  line,  as 
shown  in  the  vop  sketch  of  Pig.  4. 

Here  the  small  cell  has  width  h  and 
the  wall  lies  at  its  left  boundary. 


In  the  FAVOR  scheme  we  keep  a  uniform 
mesh,  but  define  the  wall's  presence 
by  assigning  fractional  areas  and 
volumes  to  the  cell  containing  the 
wall.  This  is  indicated  in  the  hottom 
sketch  of  Pig.  4,  where  the  shaded 
area  represents  the  region  of  zero 
porosity.  How,  to  evaluate  the  two 
approaches  let  us  compare  the 
difference  equations  that  would  be 
used  in  each  case  for  the  Ug  velocity. 
In  making  this  comparison  it  must  be 
noted  that  Vq6x  is  equal  to  h.  The 
reader  can  easily  carry  out  the 
details  so  we  simply  state  that  the 
two  equations  are  identical  except  for 
the  pressure  gradient  terms.  In  the 
FAVOR  method  the  gradient  is  evaluated 
as  a  pressure  difference  over  a 
distance  dx,  while  in  the  iionuniform 
mesh  it  is  evaluated  as  a  difference 
over  a  distance  (6x+h)/2.  Also,  the 
spatial  locations  of  Pq  and  Vj^  are 
different  in  the  two  cases. 

A  similar  comparison  can  be  made 
for  the  Vj^  velocity.  In  this  instance 
the  two  evaluations  result  in 
identical  difference  equations, 
including  the  pressure  gradients. 
Furthermore,  the  continuity  equation 
is  the  same  in  both  cases. 

Now  we  note  that  the  difference 
in  variable  locations  in  the  two 
approaches  is  less  than  one  cell 
width,  so  these  approximations  differ 
by  a  term  that  is  first  order  in 
space.  The  pressure  gradient 
difference  noted  above  is  also  of 
first  order.  Thus,  FAVOR  agrees  to 
first  order  with  a  nonuniform  mesh 
approximation,  but  since  the  latter 
can  only  be  first  order  accurate  we 
conclude  that  the  FAVOR  method  does 
not  reduce  the  accuracy  of  the 
approximations. 

Other  techniques  for  embedding 
curved  or  diagonal  boundaries  in  a 
rectangular  mesh  [1,2,3, 4]  rely  on 
first  order  spatial  interpolation  or 
extrapolation  approximations. 
Therefore,  FAVOR  is  also  comparable  in 
accuracy  to  these  methods. 
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D.  Boundary  Coaditlona 

The  formulation  of  the  FAVOR 
method  would  make  it  appear  that  no 
special  considerations  are  needed  at 
obstacle  boundaries.  Unfortunately, 
this  is  true  only  in  the  differential 
formulation,  but  not  in  the  finite- 
volume  approximations.  A  simple 
example  will  illustrate  the  problem. 
Figure  5A  shows  a  two-dimensional  duct 
with  parallel  walls  oriented  at  an 
angle  to  the  grid  lines  of  a  uniform 
mesh.  Fractional  cell  areas  and 
volumes  are  used  to  define  the  duct 
wails.  Since  the  walls  are  not 
aligned  with  the  cell  diagonals,  there 
is  a  wide  range  of  fractional  cell 
sizes.  A  uniform  flow  of 
incompressible  fluid,  directed  from 
left  to  right,  was  initially  defined 
in  the  duct  as  shown  in  Pig.  5B.  This 
velocity  was  held  constant  at  the  left 
side  of  the  mesh,  while  at  the  right 
side  a  constant  pressure  condition  was 
maintained.  Under  thase  conditions 
the  flow  should  remain  constant  and 
uniform.  In  Pig.  5C  we  see  this  is 
not  the  case.  A  parabolic-like 
profile  has  developed  after  the  flow 
has  moved  approximately  one  duct 
length.  The  dashed  and  vertical  lines 
were  added  to  emphasize  this  velocity 
profile . 

These  poor  results  are  caused  by 
advective  flux  approximations  that 
require  a  velocity  component  located 
Inside  an  obstacle.  In  Pig.  5C  we 
used  zero  values  for  these  velocities 
and  as  a  consequence  an 
unrealistically  low  flux  was  computed 
that  eventually  produced  the 
artificial  boundary  layer.  To  correct 
this  defect  a  simple  device  is 
required;  the  difference  expressions 
for  all  fluxes  are  formulated  in  terms 
of  velocity  derivatives.  Then,  all 
the  derivatives  at  interfaces  are  set 
to  zero.  In  this  way  ail  boundaries 
become  free-slip  boundaries.  (When 
viscous  shear  suresses  are  wanted  they 
can  be  addsd  as  separate  foroe 
contributions.)  A  repeat  calculation 
cf  the  duot  problem  using  this 
boundary  treatment  is  shown  in 


Pig.  5D.  Here  we  see  the  flow  now 
remains  nicely  uniform,  even  though 
the  calculation  was  further 
complicated  with  a  non-uniform  mesh 
spacing  in  the  horizontal  direction. 

The  maximum  velocity  component 
computed  in  Pig.  5D  is  actually  1.5JJ 
larger  than  the  initial  horizontal 
velocity.  This  smai?  discrepancy 
arises  beo-ause  there  are  a  few  cells 
where  the  fractional  volume  open  for 
fluid  is  less  than  1^.  In  the  code  we 
somewhat  arbitrarily  set  any  cell  face 
area  or  cell  volume  that  is  less  than 
open  to  be  a  zero  area  or  zero 
volume.  Consequently,  at  these 
locations  small  perturbations  modify 
the  otherwise  uniform  flow.  The  1^ 
cutoff  on  fractional  areas  and  volumes 
has  been  found  to  be  a  useful 
practical  limit.  This  example  is  a 
good  illustration  of  the  stability  of 
the  FAVOR  scheme  when  used  with  a  wide 
range  of  fractional  volumes. 

V.  Examples 

All  the  examples  described  in 
this  section  were  obtained  using  the 
HYDR-3D  program  [11].  This  program  is 
a  general  purpose  analysis  tool  for 
compressible  or  incompressible  flow 
that  uses  the  FAVOR  method  to  provide 
a  general  geometric,  modeling 
capability.  For  incompressible  flows, 
the  program  uses  the  Volume  of  Fluid 
(VOP)  technique  to  track  free  surfaces 
and  two-fluid  interfaces. 

A.  Potential  Flow  around  a  Cylinder 

As  a  first  demonstration  of  the 
usefulness  of  the  Fractional 
Area/Volume  Obstacle  Representation 
method,  we  have  computed  the  potential 
flow  about  an  Impulsively  accelerated 
cylinder.  More  specifically,  the 
Euler  equations  were  solved  for  the 
impulsive  acceleration  of  flow  from 
rest  to  a  uniform  speed  about  a  fixed 
cylinder.  Since  the  velocity  field 
generated  in  one  time  step  is 
proportional  to  the  gradient  of  a 
scalar  (the  pressure)  and  satisfies 
the  continuity  equation,  the  resulting 
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flow  is  potential  flow.  If  the  fluid 
starts  from  rest,  the  theoretical 
(inertial)  drag  coefficient  [12] 
should  oe  2.0  which  arises  from  the 
combined  effect  of  an  acceleration 
needed  to  set  the  fluid  into  motion 
and  an  acceleration  needed  to 
establish  flow  about  the  cylinder, 

Por  this  calculation  the  mesh 
used  is  illustrated  in  Pig.  6.  The 
large  mesh  region  minimiaes  influences 
from  the  boundaries,  but  the  cylinder 
is  only  resolved  by  about  4  to  5  ceils 
across  its  radius.  A  generator 
program,  which  was  used  to 
automatically  set  the  fractional  areas 
and  volumes,  produced  a  volume  for  the 
cylinder  that  was  0-5^  smaller  than 
the  exact  volume. 

Figure  6B  shows  a  portion  of  the 
computed  potential  velocity  field  in 
the  immediate  vicinity  of  the 
cylinder.  The  computed  inertial  drag 
coefficient  based  on  the  acceleration 
that  set  the  flow  into  motion  in  one 
time  step  was  2.05,  or  Z.5i>  larger 
than  the  theoretical  value.  This  is 
remarkably  good  considering  that 
pressure  forces  on  the  coarsely 
defined  cylinder  were  simply  computed 
using  cell-centered  pressures  times 
the  adjacent  cell  face  areas  occupied 
by  the  obstacle. 

B.  Cylindrical  Tank  Slosh 

To  show  the  effectiveness  of  the 
FAVOR  method  for  problems  having  free 
surfaces  we  have  investigated  the 
problem  of  fluid  slosh  in  a  right 
circular  cylinder.  For  low  amplitude 
sloshing  there  is  an  analytic  theory 
with  which  to  make  comparisons.  This 
is  an  ideal  test  case  because  the 
geometry  can  be  modeled  exactly  using 
cylindrical  coordinates  or 
approximated  with  the  fractional 
areas/volumes  of  the  FAVOR  technique 
in  a  Cartesian  coordinate  system.  A 
third  possibility  is  to  use  a 
Cartesian  mesh  with  cells  either  fully 
open  or  fully  blocked  to  produce  a 
^tepped-boundary  that  approximately 
defines  the  cylinder.  These  three 


cases  are  illustrated  in  Pig.  7.  In 
the  middle  plot,  the  curved  boundary 
actually  used  in  the  FAVOR  calculation 
is  not  shown  by  the  method  used  to  plot 
the  surface  perspective. 

The  slosh  problem  consists  of 
shaking  the  tank  sinusoidally  in  a 
horizontal  direction  and  measuring  the 
fluid  height  at  the  side  wall. 

Because  of  symmetry  on.uy  one  half  of 
the  tank  needs  to  be  modeled.  Figure 
6  shows  a  comparison  of  the  first  two 
methods  in  terms  of  the  time  histories 
of  the  computed  fluid  heights.  There 
Is  no  significant  difference  in  the 
results  obtained  with  the  cylindrical 
mesh  and  with  the  Cartesian  mesh  using 
the  FAVOR  scheme.  However,  the 
cylindrical  mesh  calculation  required 
about  10  times  more  computational  time 
because  the  small  cells  near  the 
central  axis  required  a  smaller  time 
step  to  maintain  stability.  Thus,  the 
FAVOR  method  is  seen  to  work  extremely 
well  and,  for  this  example,  required 
an  order  of  magnitude  less  CPU  time. 

The  relatively  poor  performance 
of  the  third  method,  which  used  a 
stepped  boundary  approximation,  is 
shown  in  Fig.  9.  Finally,  Pig.  10 
shows  that  either  of  the  first  two 
results  are  in  close  agreement  with 
linear  theory  [15].  (The  time  shift 
between  the  two  curves  in  this  plot  is 
only  about  one  computational  time 
step. ) 

Total  computational  time  on  a  CDC 
7600  computer  for  588  mesh  cells  and 
172  time  cycles  was  2.87  min  using  the 
Cartesian  mesh,  (in  the  cylindrical 
mesh  798  cells  were  used  and  the  time 
required  for  677  time  cycles  was  31 
min.). 

C.  Spherical  Tank  Slosh 

A  problem  closely  related  to  the 
above  is  slosh  in  a  spherical  tank 
when  it  is  shaken  horizontally.  For 
the  50^  filled  case  there  is  also  a 
linear  theory  with  which  to  make 
comparison  [U].  Using  FAVOR  to 
define  the  spherical  tank  in  a 


463 


rectangular,  Cartesian  grid,  we 
produced  the  results  shown  in  Pig^  1 1 . 
Here  the  computed  and  theoretical 
fluid  heights  at  the  side  wall  are 
almost  indistinguishable,  which  again 
confirms  the  effectiveness  of  the 
FAVOR  method. 

D.  Wigley  Model  1805A 

To  illustrate  the  use  of  the 
FAVOR  method  for  ship-wave  resistance 
problems,  we  calculated  the  flow  about 
an  impulsively  started  Wigley  Model 
1805A  ship.  This  problem  has 
previously  been  solved  numerically  by 
various  researchers.  Dawson  [15]  used 
this  model  as  a  test  of  his  panel 
method,  while  Ohring  and  Telste  [16] 
solved  the  transient  problem  using  a 
finite-difference  solution  of  the 
linearized  potential  flow  equations. 

Following  Dawson,  we  define  the 
body  surface  by 

y  =  0.75 (1 -z^) (1 -x^/64)(1 -0.6x^/64) , 

(54) 

and  have  used  his  recommended  flow 
region  (5/8L  wide,  1 /4L  upstream  and 
downstream  of  the  body,  and  5/1 6L 
deep,  where  I  is  the  body  length). 
Figure  12  shows  a  cross  section  of  the 
mesh  with  the  midship  section  drawn  in 
(only  one  half  of  the  problem  is 
modeled  because  of  symmetry).  The 
mesh  was  chosen  to  roughly  correspond 
to  Dawson's  resolution  of  64  panels  on 
the  body  and  224  panels  on  the  free 
surface.  In  our  case  the  mesh 
consisted  of  24x12x10  =  2880  cells  in 
the  flow  region.  At  time  zero  the 
flow  was  impulsively  aocelerated  to  a 
value  corresponding  to  a  Froude  number 

of  u//^  =  0.505. 

Figure  15  shows  the  computed  flow 
resistance,  Cjj  =  R/(pu^Ld),  in 
comparison  with  the  results  of  Ohring 
and  Telste,  where  R  is  the  computed 
force  and  d  the  draft.  Except  for  a 
peculiar  fluctuation  observed  around 
0.75  body  traversal  times,  the 


computed  wave  resistance  goes  almost 
monotonically  to  a  steady  value  that 
is  slightly  below  the  experimentally 
observed  value  of  0.0044  (lower  dashed 
line  in  Fig.  13).  The  fluctuation  is 
probably  a  numerical  artifact,  but 
its  exact  origin  has  not  been 
determined.  A  second  calculation  at  a 
Froude  number  of  0.45,  Fig.  13,  did 
not  exhibit  this  problem.  In  this 
case  the  computed  wave  resistance  lies 
between  the  thin  ship  prediction  and 
the  experimentally  observed  value. 

It  is  interesting  that  we  do  not 
see  the  oscillatory  transients 
observed  by  Ohring  and  Telste.  This 
may  be  due  to  the  non-linear  treatment 
and  more  exact  body  boundary 
conditions  that  we  have  used.  It  is 
known,  for  example,  that  nonlinear 
advection  effects  can  have  a  smoothing 
influence  on  wave  interactions.  The 
wave  profile  computed  along  the  body 
in  the  O.503  Froude  number  case  is 
shown  in  Fig.  I4.  Here  the  agreement 
along  the  stern  half  of  the  body  is 
good,  but  along  the  bow  half  the  wave 
heights  are  not  as  good  as  one  would 
desire.  In  particular,  the  height  of 
the  bow  wave  is  under  predicted.  This 
could  have  been  a  consequence  of  using 
the  Wigley  hull  shape  above  the  still 
water  level  (SWL).  If  the  model  tests 
used  a  straight-sided  model  above  the 
SWL,  one  would  expect  to  see  a  larger 
bow  wave.  Unfortunately,  no 
information  was  available  to  us 
regarding  the  actual  model  geometry  in 
this  region. 
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Fig.  1.  Location  of  primary  variables 
in  mesh  cell  (A).  Simplified  notation 
used  in  text  (B). 


Fig.  2.  Control  volume  (dashed  line} 
for  horiaontal  momentum  equation. 


Fig.  5*  Small  cell  volumes  considered 
for  worst-case  stability  estimates. 
Vertical  interface  (top)  and  horizon¬ 
tal  interface  (bottom). 
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Pig.  A.  Non-uniform  mesh  (top)  com¬ 
pared  with  FAVOR  method  in  uniform 
mesh  (bottom). 


Fig.  5.  Diagonal  duct  problem,  (a) 
Duct  orientation  in  mesh.  (B)  Initial 
uniform  flow.  (C)  Calculated  flow 
showing  wall  effect.  (D)  Calculated 
flow  with  wall  boundary  condition 
corrections. 


Fig.  7.  Three  models  for  cylindrical 
tank  slosh.  (A)  Cylindrical  coordin¬ 
ates.  (B)  favor  method  in  Cartesian 
coordinates.  (C)  Stepped  boundary  in 
Cartesian  coordinates. 
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Fig.  8.  Comparison  of  FAVOR  method 
with  cylindrical  coordinate  results 
for  surface  height  versus  time. 


Fig.  6.  Mesh  used  for  flow  about 
cylinder  (A).  Calculated  potential 
flow  in  region  near  cylinder  (B). 


Pig.  9.  Comparison  of  FAVOR  method 
with  stepped  boundary  results 
(dashed) . 


Fig.  10.  Comparison  of  FAVOR  method 
(dashed)  with  theory. 
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Pig.  11.  Comparison  of  FAVOR  calcula¬ 
tions  with  theory  for  spherical  tank 
slosh. 


Pig.  12.  Transverse  mesh  used  for 
Wigley  model  oaloulation  shoving 
midship  ssctlon. 
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Fig,  13.  Wave  resistance  versus  time 
(in  body  lengths  traversed)  from  Ref. 
16.  Froude  number  0.503  top,  0,A5 
bottom. 
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Fig.  1A.  Comparisons  of  computed 
wave  profile  with  data  from  Ref.  15. 
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Abstract 

A  numerical  method  for  the  calculation 
of  the  viscous  flow  past  a  ship's  stern 
under  neglection  of  free  surface  effects 
is  presented.  The  method  is  based  on  a 
solution  of  the  Parabolised  Navier- 
Stckes  -equations  in  a  boundary- fitted 
coordinate  system.  The  two  main  aspects 
of  the  solution  procedure  are 

a)  the  global  iteration  process,  needed 
to  allow  for  upstream  pressure  in¬ 
fluences.  The  convergence  properties 
of  this  process  are  improved  by  ad¬ 
ding  to  the  equations  a  non-physical 
source  term,  vanishing  upon  conver¬ 
gence,  as  well  as  by  applying  suc¬ 
cessive  step  size  reduction. 

b)  the  local  solution  of  the  discre- 
tised  equations  at  each  step  of  a 
downstream  marching  process  by  a 
“strongly  implicit"  or  "approximate 
factorisation"  technique,  maintain¬ 
ing  a  strong  coupling  between  the 
equations . 

The  improvements  as  compared  with  an 
earlier  version  of  the  method  are  dis¬ 
cussed.  Results  of  application  to  the 
Wigley  parabolic  hull  show  that  10  glo¬ 
bal  iteration  cycles  suffice  to  obtain  a 
converged  solution. 


Nomenclature 

Cp  pressure  coefficient? 

Cp  =>  (p-p„)/55puf 

i, j,k  grid  node  counters,  associated 

with  the  C,  11/  C  coordinate 
directions  respectively 
L  reference  length  (=  ship 

length) 

m  local  iteration  number 

n  sweep  number 

p  pressure 

Rn  Reynolds  number  baaed  on  U^  and 

L 

u  contravariant  velocity 

component  in  ^-direction 
U  reference  velocity  (“  ship 

speed) 

V,  w  physical  velocity  components 

in  T)/  C  direction  respectively 

X,  y,  t  Cartesian  coordinates 
(cf.  Fig.  1) 

a  relaxation  factor  of  local 

iteration 

a  oartial  canceling  parameter 

0 

j,  i>,  C  boundary-fitted  coordinates 

(cf.  Fig.  1) 
vector  of 

dependant  variables  i  } 

\pjk/ 

Derivatives  are  written  in  suffix 

notation?  e.g.  p.  s 

%  0^ 
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I.  Introduction 


Since  the  time  of  William  Froude,  naval 
architects  have  been  accustomed  to  se¬ 
parate  the  still-water  resistance  of  a 
ship  into  two  main  components,  the  vis¬ 
cous  resistance  and  the  wave  resistance. 
Over  the  years  this  decomposition  has 
proved  to  be  very  useful,  because  the 
interdependency  of  the  two  parts  is  weak 
under  the  conditions  of  high  Reynolds 
number  and  low  Froude  number.  Indeed, 
the  analysis  of  model  tests  is  usually 
based  on  a  complete  independency. 

l^umerical  ship  hydrodynamics  has  the 
prospect  of  once  being  able  to  deal  with 
the  integral  problem  where  waves  and 
viscous  flow  interact.  However,  at  pre¬ 
sent,  the  decomposition  is  common  prac¬ 
tice  here  too.  On  the  one  hand  there  is 
a  class  of  computational  methods  for  the 
wave  pattern  generated  by  the  ship;  they 
are  based  on  inviscid  flow  theory.  On 
the  other  hand  efforts  are  made  to  com¬ 
pute  the  viscous  flow  under  neglection 
of  (or  with  prescribed)  free  surface 
disturbances. 

In  this  paper  we  shell  be  concerned  with 
a  method  belonging  to  the  latter  catego¬ 
ry.  We  consider  a  double  model  of  the 
submerged  part  of  a  ship's  hull  in  an 
unbounded  uniform  flow  -  directed  from 
bow  to  stern  -  and  try  to  compute  the 
steady  part  of  the  flow  disturbance.  At 
the  high  Reynolds  numbers  of  practical 
interest,  viscous  effects  in  the  flow 
are  confined  to  a  fairly  narrow  region 
surrounding  the  hull  and  extending  into 
the  wake  (BLW  region).  This  suggests  a 
domain-decompoaition  approach  in  which 
each  subdomain  has  its  own  mathematical 
description  of  the  flow.  In  the  effecti¬ 
vely  inviscid  and  irrotational  flow  out¬ 


side  the  BLW  region  the  velocity  field 
can  be  derived  from  a  velocity  potential 
satisfying  a  Laplace  equation.  For  the 
flow  in  the  forebody  part  of  the  BLW 
region  thin-boundary-layer  theory  is  a 
satisfactory  description.  But  further 
aft  a  more  sophisticated  viscous  flow 
theory,  something  between  boundary- layer 
theory  and  the  full  Navier-Stokes  equa¬ 
tions,  must  be  used. 

For  the  computation  of  the  flow  in 
this  rear  part  of  the  BLW  region,  a 
PARabolised  NAvier-Stokes  solution 
System  (PARNASSOS)  has  been  developed 
at  the  Maritime  Research  Institute 
Netherlands.  It  is  a  special  purpose 
program  in  that  its  application  has 
deliberately  been  restricted  to  incom¬ 
pressible  external  flows.  It  is  there¬ 
fore  markedly  different  from  methods 
based  on  general  purpose  flow  solvers. 

The  main  features  and  first  applications 
of  PARNASSOS  were  reported  in  /!/,  early 
1985.  Since  then,  several  improvements 
have  been  realised.  This  paper  gives 
again  an  outline  of  the  system  with 
emphasis  on  the  numerics.  Section  II 
explains  the  grid  generation  process. 

The  mathen^tical  formulation  is 
presented  in  Section  Ill,  followed  by 
a  detailed  discussion  of  the  numerical 
solution  procedure  in  Section  IV. 

Results  of  the  recalculation  of  the  flow 
past  the  Wigley  parabolic  ship  form  are 
presented  and  discussed  in  Section  V. 

The  paper  concludes  with  a  summary  of 
the  main  achievements. 

II.  Grid  generation 

In  accordance  with  the  problem  speci¬ 
fication  given  in  the  introduction,  the 
computation  domain  encloses  the  rsar 
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part  of  the  BLW  region.  Somewhere  along 
the  hull  we  choose  an  inlet  plane;  an 
outlet  plane  will  be  located  at  some 
distance  behind  the  hull  where  the 
pressure  can  be  supposed  to  have  resumed 
a  practically  undisturbed  level . 

Taking  advantage  of  the  symmetry  of  the 
flow  with  respect  to  the  longitudinal 
centreplane  of  the  hull  and  the  plane 
corresponding  with  the  undisturbed  free 
surface,  we  arrive  at  a  domain  as 
sketched  in  Fig .  1 . 

PHYSICAL  DOMWH  TRAHSFOBMED  OOHAIH 


Pig.  1  Computation  domain 

of  course,  the  lateral  extension  of  the 
BLW  region  (thickness  of  the  boundary 
layer)  is  not  known  a  priori.  By  taking 
the  width  of  the  domain  about  twice  an 
estimated  boundary  layer  thickness  we 
are  sure  to  include  BLW. 

A  suitable  coordinate  system  has  now  to 
be  chosen  for  the  purpose  of  discretisa¬ 
tion  of  ths  flow  equatiwis.  For  a  proper 
resolution  of  the  steep  velocity  gra¬ 
dients  near  the  hull  surface  a  body- 
fitted  grid  is  indispensable.  Besides  a 
Cartesian  x,y,t  system,  vs  therefore 
introduce  ths  coordinates  (Pig.  D 

To  keep  the  relation  between  the  two 
eyeteas  eiaple,  we  postulate  (  ■  x, 
i.e.  all  transverse  aectione  of  the 


physical  domain  are  coordinate  surfaces 
5  =  constant.  The  problem  of  generating 
a  3D  mesh  is  then  reduced  to  establish¬ 
ing  a  suitable  grid  in  all  transverse 
planes;  by  connecting  points  with  egu;.! 
Ti.C  values  in  successive  planes  we  ob¬ 
tain  the  5-lines  (which  will  be  smooth 
provided  the  boundaries  of  the  domain 
are  smooth ) . 

Non-orthogonality  of  the  5,ti,c  system  is 
implied  by  the  choice  5  =  x.  But  the 
and  c  lines  in  transverse  sections  are 
defined  by  an  orthogonal  mapping  of  a 
rectangle  onto  the  section  shape.  The 
resulting  partial  orthogonality  of  the 
grid  allows  several  simplifications  in 
the  general  formulation  of  the  governing 
equations  and  reduces  the  number  of  geo¬ 
metric  data  to  be  stored.  At  the  same 
time  we  roust  accept  the  appearance  of 
isolated  boundary  singularities  in  the 
transformation,  for  it  is  possible  that 
a  section  of  the  physical  domain  does 
not  have  four  90*  corners.  This  can 
happen  in  sections  along  the  hull,  but 
it  certainly  will  be  the  case  xn  wake 
sections,  which  are  topologically 
triangular  so  that  a  virtual  fourth 
corner  has  to  bo  introduced  (Fig.  2).  We 
position  that  fourth  corner  on  the 
straight  extension  of  the  keel  line  or  - 
if  the  ship  has  a  Hogner  type  stent  -  of 
the  propeller  axis.  But  wherever  posi¬ 
tioned,  an  awkward  singularity  is 
unavoidable . 

The  orthogonal  mapping  is  sccomplished 
by  the  combination  of  a  conformal 
mappiitg  according  to  a  generalised 
Schwarc-Christoffel  method  /2/  and  a 
linear  transformation  on  the  ti-coor- 
dinate  normal  to  the  hull  (to  give  all 
transformed  sections  the  same  height). 
We  shall  not  go  Into  the  details  of  the 
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Fig.  2  Example  of  grid  in  a  transverse 
plane  in  the  wake  (without  stretching) 

procedure  hero.  More  information  can  be 
found  in  /!/  and  /2/.  Grid  stretching 
(in  n-direction)  is  not  included  in  the 
transformation,  but  is  applied  in  U»e 
transformed  plane. 

The  analytical  transformation  formula 
gives  us  directly  the  values  of  the 
transformation  coefficients  y  ,  y  , 
and  for  any  {>oint  r,,  c .  The 

choice  C  -  X  further  implies  x^  >•  1, 

■  0.  To  complete  the  matrix  of 
transformation  coefficients  wo  determine 
y^  and  numerically  (2nd  order  central 
differencing).  Derivatives  of  the  trans- 
formatiojj  coefficients,  needed  for  the 
evaluation  of  Christoffel  symbols,  are 
also  calculated  by  numerical  differen'- 
tiation. 

The  trane format ion  coefficients,  their 


derivatives  and  the  physical  coordinates 
y»  z  (y  and  z  being  determined  by 
numerical  integration  of  the  transforma¬ 
tion  formula)  for  all  grid  points  are 
stored  on  a  disk  file.  The  geometrical 
coefficients  appearing  in  the  flow  equa¬ 
tions  are  determined  each  time  they  are 
needed.  The  question  whether  it  is  more 
efficient  to  determine  these  data  once 
and  for  all  (a  matter  of  CP  versus  10 
time)  is  still  under  investigation. 


III.  Mathematical  formulation 

Parabolised  Navier-Stokes  equations 
As  a  mathematical  model  for  the  flow  we 
need  something  between  the  full  Navier- 
Stokes  equations  and  the  boundary-layer 
equations,  for  the  latter  are  inadequate 
while  the  solution  of  the  first  is  not 
feasible  in  an  application  like  ours. 

First  of  all  time-averaging  of  the 
turbulent  velocity  fluctuations  and 
tuortientum  fluxes  is  needed,  which  leads 
us  to  the  Reynolds  equations,  to  be 
supplemented  with  a  turbulence  model. 

But  even  their  solution  is  troublesome, 
mainly  because  of  the  elliptic  nature. 
This  means  that  a  disturbance  at  soma 
point  in  the  flow  may  influence  the 
solution  in  any  other  point  (and  not 
just  downstream  points)  via  convection, 
diffusion  and/or  pressure  propagation. 
Therefore,  the  Reynolds  equations  are 
not  suited  for  a  solution  as  an 
initial/boundary  value  problem; 
normally,  a  simultaneous  solution  of 
the  sot  of  four  equations  in  -  for  our 
applications  -  typically  SO. 000  nodes  is 
required. 

For  flows  with  a  predominant  flow 


direction  (as  here  the  ^-direction)  it 
is  generally  accepted  that  propagation 
of  disturbances  in  the  direction 
opposite  to  the  main  flow  via  convection 
or  diffusion  must  be  insignificant  if 
present  at  all.  Thus  we  further  simplify 
our  mathematical  model  by  neglecting 
diffusion  along  5-lines.  Moreover,  the 
terms  associated  with  convective 
momentum  transport  in  ^-direction  are 
omitted  wherever  such  transport  is 
directed  upstream.  (N.B.t  flow  separa¬ 
tion  leading  to  relatively  weak  recircu¬ 
lation  is  not  excluded!).  Tlii.s  brings  us 
to  what  we  call  the  parabolised  Navier- 
Stokes  (PNS)  equations. 

Because  the  term  “parabolised’'  can 
easily  be  misunderstood  ooms  furtner 
explanations  are  added.  In  contrast  to 
what  its  name  suggests,  the  set  of  PNS- 
equations  is  elliptic  (at  least  in  sub¬ 
sonic  flow?  /3/).  Although  the  transfer 
of  influences  upstream  via  convection 
and  diffusion  has  been  removed,  the  pos¬ 
sibility  of  propagation  of  prasaure 
influences  in  negative  ^-direction  io 
still  there.  Ir.  order  to  reproduce  this 
effect  in  the  numerical  solution,  a 
downstream  grid  node  must  fce  involved  in 
the  discretisation  of  the  p,  term.  Now, 

Si 

by  supposing  the  pressure  at  this  down¬ 
stream  node  to  be  "Known",  an  effective 
parabolisation  is  achieved.  I'he  t~co- 
ordinata  becomes  time-like  and  we  are 
allowed  to  obtain  the  solution  in  a 
downstream  marching  process,  exactly  as 
when  solving  the  parabolic  boundary- 
layer  equations  /4/.  However,  this  down¬ 
stream  marching  process  has  to  be 
repeated  several  time#  (global  itera¬ 
tion)  to  actually  allow  the  pressure  to 
convey  its  influence  upstream.  Thus  in 
each  marching  sweep  we  solve  a  parabolic 
set  of  equations  but  the  final  solution 


is  that  of  an  elliptic  system. 

Like  the  boundary- layer  equations,  the 
PNS-equations  are  a  reduced  form  of  the 
Navier-stokes  equations.  But  as  a  mathe¬ 
matical  model,  they  go  far  beyond  the 
reach  of  boundary- layer  theory.  There  is 
no  singular  behaviour  near  separation 
and  an  important  feature  like  the  vis¬ 
cous  pressure  resistance  becomes  calcul¬ 
able.  This  is  because  the  pressure  is 
retained  as  an  extra  dependent  variable . 
The  set  of  equations  consists  therefore 
of  three  (instead  of  two)  momentum 
equations  plus  the  continuity  equation. 

Others  have  used  the  momentum  equations 
ir-  combination  with  a  Poisson  equation 
for  the  pressure,  solving  the  continuity 
equation  only  indirectly  /5,  6/.  The 
introduction  of  the  Poisson  equation  may 
be  justifiable  in  3D  internal  flow 
applications,  but  there  io  no  need  to 
use  it  in  velocity/precsure  formulations 
for  external  flows,  on  the  contrary, 
when  the  PNS-oquatiens  are  legarded  as 
an  oxtonsion  of  boundary- layer  theory, 
it  ie  natural  to  consider  the  extra 
equation  (n-momentum  equation)  as  the 
primary  equation  for  the  extra  variable 
(the  pressure).  The  usual  houndary-layer 
solution  procedure  is  then  so  to  speak  a 
particular  case  of  the  PNS-solvor. 

Equations  in  curvilinear  coordinates 
Tensor  formalisms  are  helpful  in  writing 
the  equations  in  terms  of  the  5,n.C 
coordinates,  but  not  without  some 
important  decisions  on  our  part.  Which 
three  coii\ponent8  of  the  moinentum 
equation  (a  vector  equation)  are 
selected  and  what  are  the  dependent 
variablee? 

The  equations  in  PARNASSOS  express 
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momentum  conservation  along  the  5<t)»C 
lines  (contra variant  formulation)  but 
other  plausible  choices  are  the  direc¬ 
tions  of  the  reciprocal  base  {covariant 
formulation)  or  the  Cartesian  x,y,z 
directions.  In  the  contravariant  form, 
however,  it  is  easiest  to  exploit  the 
fairly-thin-shear-layer  character  of  the 
flow  by  different  treatment  of  the 
normal,  girthwise  and  longitudinal 
momentum  aquations.  A  price  to  be  paid 
is  that  the  attractive  strong-conserva¬ 
tion  form  of  the  Cartesian  formulation 
is  not  applicable. 

As  to  the  dependent  variables  there  is 
a  similar  freedom  of  choice.  Using  the 
primitive  variables  velocity  and 
pressure  one  has  still  to  decide  on  tho 
decomposition  of  the  velocity  vector.  In 
/!/  the  contravariant  velocity  compo¬ 
nents  were  used  but,  being  non-physical, 
they  exhibit  excessive  gradients  near  a 
grid  singularity.  Therefore,  we  now  us® 
the  contravariant  component  u  in  in¬ 
direction  (which  in  our  coordinate 
system  happens  tr.  be  equal  to  the 
Cartesian  velocity  in  x-direction)  but 
the  physical  velocity  components 
in  n-direction  (v)  and  C“direction  (w). 

The  final  equations  are  iength>  and  com¬ 
plicated,  because  of  the  stress  terias  in 
particular.  The  nature  of  the  flow 
allows  us  to  drop  the  latter  in  the 
normal  momentum  equation.  Thus  tho 
equations  contain  first  but  no  second 
n-derivatives  of  v  and  p.  This  is 
reflected  in  the  boundary  conditions, 
summarised  below. 


surface)  u=v=w=0 
(central  symmetry  plane) 

u  =w  =0;v=0 
n  T| 

Ti=T)„^„  (external  boundary) 

luCl  X 

u,w  and  p  given 

C=Cjjin  (central  symmetry  plane) 

u  =v  =p  =0;w=0 
>  ^  Q 

(undisturbed  free  surface) 

niaX 

u  =v  =p  =0;w=0 

Se  t  Q 

The  conditions  to  be  prescribed  at  the 
external  boundary  are  obtained  from  a 
potential  flow  calculation,  since  the 
external  potential  flow  in  its  turn 
depends  to  some  extent  on  the  flow  in 
the  viscous  flow  region,  tliere  is  an 
interaction  effect  to  be  considered,  but 
having  chosen  the  outer  boundary  of  our 
calculation  domain  well  away  from  the 
boundary  layer  edge,  the  interaction 
will  be  weak.  If  necessary,  viacoua- 
inviscid  interaction  effects  can  then  ba 
taken  into  account  by  incorporating  an 
adjustment  of  r.he  boundary  conditions  in 
the  global  iteration  process. 

Turbulence  model 

Let  us  finally  turn  to  the  turbulence 
modeling,  which  is  far  from  a  trivial 
matter  in  sfern  flow  fields.  For 
instance,  it  is  one  thing  to  know  that 
streamline  curvature  has  a  strong  effect 
on  the  turbulence,  but  quite  another  to 
develop  a  practical  turbulence  model  in 
which  these  effects  are  elegantly  incor¬ 
porated.  Even  two-equation  models,  let 
alone  the  zero  and  one-equation  models, 
are  defective  in  thio  respect. 


Boundary  conditions 


*^“^min  plane) 

(outlet  plane) 


In  the  development  of  PARKASSOS  the 
selection  of  a  suitable  turbulence  model 
has  not  yet  been  given  due  considera- 
u,v  and  w  given  tion,  because  priority  was  given  to  the 
settling  of  the  numerical  matters. 


ft 

ii 
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Provisionally  we  use  an  isotropic  eddy- 
viscosity  model  based  on  algebraic  rela¬ 
tions  for  velocity  and  length  scales  /7/ 
with  adaptations  for  application  in  a 
wake  /8/. 

IV ,  Solution  mathod 

Pressure  field  iteration 
As  explained  in  Section  III  the 
paraboiisacion  is  acc'mplxshed  by  using 
a  “known"  valus  lor  the  downstream 
pressure  -i,v:  '  "  equations 

^‘or  grid  poinL  (i,j,k).  (Here,  i#  j«  k 
are  g;.id  node  counters  in  C 

directions).  This  value  is  explicitly 
updated  af-f-er  each  sweep.  However, 

is  modelled  implicitly  in  all 
momentum  equations  to  allow  an  immediate 
adjustment  of  the  pressure  fioldi 
otherwise  singular  behaviour  at  a 
separation  point  is  to  be  expected. 

A  central  difference  approximation 
for  p^  would  uncouple  (p^)^  trota  pj^, 
probably  resulting  in  similar  problems. 
Therefore  we  apply  a  two-point  forward 
scheme 


pressure  and  velocity  field  has  been 
obtained. 

Source  term 

Experience  has  shown  that  the  global 
iteration  procedure  described  above  is 
only  marginally  stable  for  wavelike 
pressure  disturbances  that  often 
originate  from  regions  of  negative 
normal  velocity,  e.g.  reattachment 
regions  /l/.  These  pressure  waves  travel 
upstream  during  the  global  iteration 
without  noticeable  damping  and  inhibit 
the  convergence. 

Indeed,  with  the  p^-scheme  (1),  a 
pressure  disturbance  that  is  shifted 
upstream  one  step  per  sweep  without 
change  in  magnitude  has  no  influence 
on  p^ .  Damping  can  only  be  effected 
together  with  the  normal  momentum  and 
continuity  equations  and  their  boundary 
conditions,  but  this  effect  may  be  quite 
weak. 

Following  Israeli  and  Lin  /9/  we  now 
modify  the  t-roomentum  equation  by 
introducing  a  (non-physical)  source  term 
that  vanishes  upon  convergence t 


tr. 
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This  defines  an  iterative  pressure  field 
determination*  in  each  sweep  we  calcul¬ 
ate  a  new  pressure  p^”^  which  is  stored 
on  a  disk  file  for  use  in  the  next 
sweep.  Through  the  p^^^  contribution 
in  p^,  the  influence  of  the  previous 
sweep  is  allowed  to  propagate  one  step 
upstream.  Thvis  subsequent  sweeps  are 
related  through  the  pressure  field  only* 
previous-sweep  velocities  do  not  occur 
in  the  iteration  scheme.  If  everywhere 
Ip^”^  -  is  less  than  a  given 

tolerance  the  converged  solution  for 


with  -  0. 

The  5-momontum  equation  (here  given  in 
Cartesian  form)  then  becomes* 


^  pAx  iPi+l.j,k  ^Pi,j,k  ®^i,j,k' 


*  viscous  terms  ■0,  (3) 
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This  modified  equation  is  easily  seen  to 
be  sensitive  to  such  undamped  pressure 
waves;  the  doubling  of  the  coefficient 
of  suggests  an  amplitude  reduc-, 

tion  by  one  half  in  every  sweep. 


To  gain  a  better  insight  into  the 
meaning  of  this  source  term  and  its 
effect  on  the  stability  we  consider  the 
Poisson-like  equation  for  the  pressure 
implied  in  the  momentum  equations.  Prom 
the  momentum  equations  that  contain 
pj^^j,  in  a  2D-case  for  simplicity,  one 
can  derive: 


“Pi?U  ‘^Pi?j+1  “  + 

Pi.j  ^  ^^i-l.  j  +  Pi+l,j 

^  i .  irl^J  + 


Ay 


,l») 


(n-1)  _ 


(6) 


the  right  hand  side  being  identical  with 
the  one  written  out  above. 

A  stability  analysis  for  both  methods 
can  be  made  by  assuming  a  pressure 
perturbation  =  C 

For  the  original  scheme  without  source 
term  we  find  an  amplification  factor 


l-e 


ik^Ax 


-iit„Ax  ' 

2o(cosk  Ay-l)-l+e 

^  (7) 


but  with  the  source  terra  included 


^2  “ 


-e 


ik  Ax 

X 


-ik  ax’ 

2o(cosk  Ay-l)-2+e 


(8) 


Ay 

2  2 

where  a  =  (Ax)  /(Ay) 


(5) 


The  terms  at  the  right  are  evaluated  in 
sweep  number  (n),  simultaneously  with 
and  give  some  feedback  through  a 
change  of  the  velocity  field  as  has  just 
been  mentioned.  To  simplify  the  analysis 
we  neglect  this  weak  effect  and  consider 
the  right  hand  side  as  fixed. 

We  then  observe  that  the  discretised 
Poisson  equation  is  solved  by  an 
iterative  scheme  that  is  rather  unusual 
because  of  the  appearance  of  the  p|  “  ' 
term.  The  source  term  SX  modifies  this 
scheme  to  the  conventional  Successive 
Line  Pelaxation: 


Taking  into  account  the  fact  that 
according  to  our  experience  the  most 
persisting  perturbations  are  smooth  in 
normal  direction  with  k^Ay  <<  1,  we  can 
approximate 


•cosk^Ax 


1-cosk  Ax+k  ^Ax^ 
X  y 


(9) 


'S' 


5-4cosk  Ax+k  ^Ax^ 
X  y 


(10) 


Both  amplification  factors  are  always 
less  than  unity,  but  Xj  is  usually  much 
smaller.  In  particular,  for  k  +0  and 
kj^Ax  finite,  x^^+l  and 


J - 1 - - 

^2'*  '»  5-4co8kjjAx  • 

y 

Therefore,  for  large  >  pressure 

waves  can  be  present  for  which  the 
unchanged  Iteration  scheme  is  marginally 
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stable  unless  the  coupling  with  the 

velocity  field  provides  an  adequate 

y 

damping.  This  sensitivity  to  •  partly 
corresponds  with  experience  by  others 
/9,  10/.  The  source  terra  stabilises  the 
procedure  in  such  cases. 

In  fact,  in  all  our  calculations  the  use 
of  the  source  term  was  very  satisfactory 
and  led  to  a  perfectly  stable  pressure 
iteration.  In  the  present  version  of  our 
program  it  is,  therefore,  always  used.  A 
possible  drawback  is  the  introduction  of 
a  non-physical  term  in  the  equations  as 
long  as  the  pressure  field  has  not 
converged.  This  may  sometimes  result  in 
somewhat  unusual  velocity  fields  (e.g. 
velocity  overshoot  in  a  wake)  in  the 
first  sweeps. 

Successive  stepsize  reduction 
Another  modification  that  greatly 
improves  the  pressure  field  convergence 
is  a  one-dimensional  multigrid-like 
solution  sequence  /lO/.  The  pressure 
influence  progresses  only  one  step 
A?  per  sweep;  moreover,  if  A5  is  small, 
cannot  be  large 

without  unduly  affecting  and,  as  a 
result,  the  velocity  field.  Therefore  it 
is  useful  first  to  make  a  few  sweeps 
with  a  large  At  in  order  to  allow  a 
rapid  approach  of  the  correct  pressure 
level,  and  then  to  reduce  At  in  a  few 
stages  as  much  as  needed  for  accuracy. 

Of  course  the  velocities,  too,  are 
solved  with  the  same  step  sises. 

For  consistency,  the  t -derivatives  of 
geometric  data  must  also  be  adapted  to 
these  various  step  slses.  If  they  have 
been  determined  beforehand  by  central 
differencing  on  the  finest  grid  it  may 
occur  that  the  coarse-grid  sweeps  do  not 
encounter  local  coordinate  line 


curvatures.  Inconsistencies  may  then 

arise,  e.g.  between  the  various 

y  -values  and  their  derivatives  y  , . 

h  hC 

So  it  is  desirable  to  use  the  same  step 

size  in  the  geometry  differencing  as  in 

the  solution  sweep.  Each  A 5-reduction 

then  requires  the  preparation  of  a 

new  geometry  file  with  modified 

5-derivatives. 

Linearisation  and  differencing 
Having  dealt  with  the  treatment  of  p^ 
in  the  5-momentum  equation  we  now  have 
obtained  an  elliptic  system  of  equations 
for  u^,  Vj,,  w^  and  p^  at  each  station 
5  =  5^.  This  will  be  solved  by  means 
of  an  iterative  procedure,  denoted  by 
"local  iteration"  here  (as  opposed  to 
the  global  iteration  described  before). 
In  order  to  improve  its  stability  and 
convergence  we  aim  at  the  strongest 
coupling  and  implicitness  as  is 
practical.  In  this  context,  implicitness 
is  to  be  understood  as  the  use  of 
current-iteration  values  instead  of 
previous  iterates. 

Therefore  we  apply  Newton  linearisation 
to  the  convective  terms  in  the  momentum 
equations,  which  preserves  their 
coupling.  Only  some  uni r.portant  viscous 
and  convective  terms  resulting  from  the 
coordinate  transformation  are  modelled 
explicitly  to  simplify  the  algorithm; 
this  has  been  found  to  have  no  effect  on 
the  convergence  rate. 

To  facilitate  the  coupled  solution  we 
use  a  nonstaggered  grid;  all  variables 
are  defined  at  nodal  points  (i,j,k). 
5-derivatlves  of  the  velocities  are 
approximated  by  a  three-point  second- 
order  backward  schema;  all  normal 
derivatives  and  second  order 
C-derivatives  by  central  differences. 
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First-order  (^-derivatives,  however,  are 
approximated  by  a  4-point  quadratic 
scheme.  For  velocity  derivatives  this  is 
the  QUICK  scheme  /ll/  but  for  p^  the 
orientation  is  changed  to  downstream 
(referring  to  the  transverse  velocity 
component  w) .  The  use  of  this  scheme 
instead  of  the  conventional  central 
differencing  turned  out  to  be  essential 
to  avoid  oscillations  in  some 
conditions. 

The  quadratic  schemes  used  arei 
‘c  ■  ‘“ktl  »  -  “k-l  * 

for  w  >  0  and 

'c  -  <-‘k*2  *  ^‘k.l  -  “k  -  “k-l'''‘« 

■  ‘^Pk*!  *  ^‘“k  •  ^'k-l  *  •‘k-2'''‘“ 

for  w  <  0,  where  f  is  any  of  the 
velocity  components  u,  v,  w. 


are  mentioned  in  /12/.  At  present  the 
implicit  part  is  a  simple  two-point 
upwind  scheme  (but  downwind  for  p), 
which  satisfies  the  requirements  of 
diagonal  dominance  and  consistency  with 
the  derivatives  being  modelled.  This 
modification  considerably  improved  the 
convergence  and  stability  of  the 
iterative  solution  method. 

These  difference  approximations  are 
substituted  in  the  momentum  and 
continuity  equations.  The  and 
C-moraentum  equations  are  centered  at 
nodal  points  (i,j,k).  However,  both  the 
continuity  and  the  Ti“>>>omentum  equation 
are  first  order  differential  equations 
in  n#  the  latter  owing  to  the  neglection 
of  viscous  terms.  Therefore  we  center 
these  equations  at  intermediate  points > 
{i*j“*5«k)  for  the  continuity  equation, 
for  the  n-®onientum  equation. 
Accordingly  we  find  the  wall  pressure 
from  the  n-momentum  equation  at  the 
first  half-point  from  the  wall  without 
the  need  of  prescribing  a  wall  boundary 
condition  for  it. 


These  schemes  involve  points  outside  the 
"5-point  star"  (consisting  of  the  points 
(i,3,)«),  (i,j-l,k),  (i,j-*-l,k),  (i,j,k-l) 
(i,j,k+l)).  This  is  impractical  unless 
they  are  split  into  an  implicit  part  and 
an  explicit  correction.  Previously  the 
splitting  was  defined  asi 

h  ■  i“k«  *  ^'k  -  «k-i'/««  ♦ 


and  similarly  for  the  other  derivatives. 
The  ovarbar  denotes  a  previous  iterate. 
However,  this  introduced  an  inetabiiity 
into  the  scheme,  giving  rise  to  the 
occurrence  of  alternating  solutions  in 
the  iteration  process •  Similar  problems 


Thus  we  arrive  at  a  coupled  set  of 
linear  equations  in  5-polnt  star  form, 
but  with  an  additional  v-contributiont 


‘’‘’jk*j-l.k*“jk*j,k*''jk®l«l.kk®)k*j.k-i* 


*V3.k«*“‘jk''j,k*“jk-  ^ 


Where  the  unknown  vector  s  (wiN. 

jk  _,JK 


Due  to  the  coupling,  PP,  0,  R,  S  and  T 
are  full  3x3  blocks.  The  continuity 
equation  is  written  in  the  form 


j  .k“  jk'' j-1  jk ^ “ j  .k^'^ j-1  .k 


First 


(17) 


+®^jk^''j,k^j-lA^‘^^‘^jk^''j.k+l'^"'j-l.k+l^ 

+°°jk^''j.k-l^j-l,k-l^  ■"  "^^jk  * 

Approximate  factorisation 
Prom  the  variety  of  iterative  methods 
applicable  to  such  systems  of  equations 
we  have  chosen  one  that  has  the  desired 
coupling  and  implicitness  properties, 
the  Strongly  Implicit  procedure  (SIP) 
/13,  14/,  which  is  an  approximate 
factorisation  technique . 

Apart  from  the  term  the  system 

(13)  can  be  represented  by 


M®  “  q 


Sach  line  of  M  contains  the  coefficient 
blocks  PPj^,  ...  of  the  equations 

for  one  grid  point.  Therefore  M  is  a 
pentadiagonal  matrix.  The  principle  of 
approximate  factorisation  is  to  replace 
H  by  an  approximation  M+N  that  is  easily 
decomposed  in  sparse  lower  and  upper 
triangular  matrices  a 


M+N-LU 


The  solution  of  (15)  can  then  be  found 
by  an  iterative  process 


Where  m  is  the  iteration  number. 

Different  choicee  of  L,  U  end  N  define 
different  factorisation  methods  /IS/. 

For  the  SIP  the  factor#  L  and  U  each 
have  only  three  nonsero  diagonals,  which 
mskss  the  solution  of  (16)  particularly 
siii^>le. 


IJJ  =  M®”*  +  q 

is  solved  for  a  vector  D. 

The  right  hand  side  is  computed  from 
previous  iterates,  while  the  left  hand 
side  involves  Dj^^,  and 

The  latter  two  are  known  if  we  start  at 
the  outer  edge  j  =  NY  and  work  towards 
the  wall  for  increasing  k. 

Next,  the  solution  follows  from 

U®"*'*’^  =  D  (18) 

which  involves  ,  ®™^^  y  and 

and  is,  therefore,  solved  for  decreasing 
k,  starting  at  the  wall  and  working 
towards  the  outer  edge.  Thus  the  trans¬ 
verse  plane  is  swept  twice  in  each 
iteration,  first  from  left  to  right  and 
downward  to  find  D,  then  from  right  to 
left  and  upward  to  find  the  solution  ®. 

For  the  SIP  variant  that  we  use  at 
present,  the  only  nonsero  diagonals  of 
the  d'rror  matrix  N  are  those 
corresponding  to  the  points  (j+l,k+l) 
and  (j-l.k-l)>  all  other  elements  of  LO 
and  .M  are  equal.  TJiue  the  system  solved 
in  each  iteration  differs  from  the 
original  equation  (13)  by  explicit  terms 

•j'l.k.i  “■*  ♦j-i.k-r 

relate  to  rather  distant  points  this 
contribution  is  in  general  fairly  small, 
and  a  rapid  convergence  of  the  iteration 
may  be  expected.  Moreover,  no  explicit 
values  are  used  for  variables  in  the 
5-point  star  nodes f  thus  each  iteration 
contains  implicit  derivatives  in  all 
directions,  as  opposed  to  e.g.  ADI 
methods . 


4eo 


A  slight  modification  /14/  is  needed 
to  account  for  the  normal  velocity 
contribution  in  (13),  which  for 

clarity  was  left  out  in  the  description 
above.  The  solution  algorithm  is  changed 
to 


U4 


ra+1 


=  D  +  C  V 


m+1 


(19) 


where  C  hes  only  one  nonzero  diagonal 
relating  to  point  (j-l,)t).  The  elements 
of  C,  and  of  a  similar  contribution  in 
(17),  are  derived  by  making  use  of  the 
continuity  equation,  which  is  also 
solved  together  with  (19).  This  distinct 
treatment  of  v  and  the  continuity 
equation  makes  the  algorithm  a  good  deal 
simpler  than  what  would  be  required  for 
the  4x4  system  obtained  otherwise. 

In  difficult  cases  some  underrelaxation 
of  (19)  has  turned  out  to  be  helpful. 
Furthermore,  before  starting  the 
iteration  at  a  new  ^-station  the 
velocities  found  in  the  previous 
marching  sweep  are  read  in  from  a  disk 
file  to  bo  used  as  initial  values.  This 
considerably  improves  the  convergence  in 
later  sweeps. 

Partial  car  cel  In of  explicit  terms 
A  further  v  •  of  *  Is  aimed  at 

by  the  metnod  of  Stone  /13/.  This 
consists  in  approximating  the  explicit 
variables  by 


®j+l,kel-  ®j,k+l  ®j-»-l,k“«jk' 

(20) 

which  is  correct  to  0(&ii4C)  ^hd  has  a 
suitable  form  to  be  Included  in  the  LU 
decomposition.  Now  only  the  error  in 
this  approximation  appears  in  in 

the  iterative  method  this  amounts  to 
using 


*j+l,k+l  =  “8'‘'^j+l,k‘^j,k+l-*jk^ 

^  ^jtl,k+l-“8^*j+l,k-^j,k+l-*j,k^  (21) 

Here  is  an  iteration  parameter  that 
for  smoothly  varying  $  would  be  expected 
to  be  unity  but  must  in  practice  be 
varied  between  0  and  I  /13/.  Therefore 
this  method  is  called  "partial  canceling 
of  explicit  terms". 

For  a  =  0  we  obtain  the  method 
s 

described  before,  otherwise  N  contains 

more  non-zero  diagonals,  so  each 

iteration  requires  more  work, 

particularly  if  is  varied  as 

recommended.  A  few  numerical  tests 

showed  that  in  fact  the  partial 

canceling  somewhat  accelerates  the 

convergence;  values  of  a  >0.7  were 

8 

needed  to  give  a  noticeable  effect. 

The  improvement  in  convergence  rate  does 
not  really  seem  to  be  worth  the  extra 
work  and  complexity,  at  least  in  the 
convection-dominated  flows  dealt  with. 
Therefore  this  modification  has  not  been 
included  in  our  program. 

Linear  and  nonlinear  iterations 
The  local  iteration  procedure  described 
is  needed  because  of  the  presence  of  a 
factorisation  error  N.  But  in  addition 
the  coefficients  L,  U  and  q  in  (16) 
contain  a  nund>er  of  explicit  terms  that 
also  require  iteration;  these  relate  to 
the  nonlinear  convective  terms,  a  few 
minor  viscous  and  convective  terms 
resulting  from  the  coordinate  trans¬ 
formation,  and  the  4-point  C “difference 
scheme  corrections. 

In  previous  calculations  /!/  all  these 
explicit  terms  were  updated  in  every 
iteration,  so  the  nonlinearity  was 
solved  for  in  the  course  of  the  SIP 
iteration.  This  has  turned  out  to  be 
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inefficient.  In  general,  far  more 
iterations  are  needed  for  the  SIP  than 
for  correctly  finding  the  other  explicit 
terms;  and  it  takes  much  computation 
time  to  evaluate  the  coefficients  in  the 
5-point  star  equations  each  time  anew, 
since  these  are  quite  complicated  in  the 
coordinate  system  used. 

In  the  present  version  of  the  program 
each  "nonlinear"  iteration  (with  new 
determination  of  coefficients)  is 
followed  by  a  number  (up  to  10)  of 
iterations  with  fixed  L  and  U  matrices, 
in  which  only  the  right  hand  side  IW®  is 
updated. 

Some  more  storage  is  needed  to  save 
the  matrices  L,  U  and  N,  but  these 
iterations  for  a  linear  system  are  more 
than  6  times  as  fast  as  full  nonlinear 
iterations.  This  modification  led  to  a 
reduction  of  the  total  computation  time 
of  about  50%,  depending  on  the  degree  of 
nonlinearity. 


Summary  of  improvements 

Let  us  close  this  section  by  sumnwrlsing 
the  improvements  that  have  been  made 
with  respect  to  the  earlier  version  of 
PAHil)iSSOS  presented  in  /!/. 

-  the  physical  velocity  components  v 
and  w  are  being  used  instead  of 
their  contravariant  counterparts 
to  obtain  a  better  behaviour  of 
the  solution  near  a  geometrical 
singularity; 

-  the  stability  of  the  local 
iteration  has  been  iatproved  by  a 
modified  inplicit/explicit 
splitting  of  the  diffei'anca  scheme 
for  c*^«fivatlvssr 


better  convergence  can  be  obtained 
within  a  given  computation  time  by 
making  extra  SIP  iterations 
without  recalculating  the  matrix 
of  coefficients; 

^-derivatives  of  geometrical 
quantities  have  been  made 
consistent  with  the  actual  step 
size  in  the  current  sweep. 


V.  Application 


The  method  has  been  applied  to  the 
flow  past  the  atom  of  the  Wigley  hull. 
Although  results  for  the  same  case  were 
already  reported  in  /!/,  the  improve¬ 
ments  in  the  solution  procedure  made  ue 
decide  to  recalculate  them. 

The  Wigley  parabolic  hull  is  a 
mathematical  ship  form  defined  by  the 
offset  function 


y 


2 


;  -  a  <  a  < 


0) 


with  8  •  O.l  L  and  K  <•  0.0625  L.  For  the 
present  calculations  the  inlet  plane  of 
the  computation  domain  was  chosen  at 
2x/L  •»  0.04  and  the  outlet  plane  at 
2x/L  ■  2.00.  Externally,  the  domain  was 
bounded  by  the  relevant  part  of  the 
elliptic  cylinder 


*  (§)^  “  I?  X  arbitrary 


with  a  •»  0.07  L  and  b  •  0.09  L.  The 
values  for  a  and  b  are  greater  than 
those  used  in  /!/  because  the 
desirability  of  a  wider  computational 
domain  had  emerged  from  an  analysis  of 
the  results. 


The  step  t..ize  in  x-direction  was 
constant  and  equal  to  Ax  =  a?  =  0.02L, 
on  the  finest  grid.  But  the  first  sweeps 
were  made  with  either  a  fourfold  or  a 
double  step  size.  By  the  intentional 
location  of  the  inlet  plane  one  step  aft 
of  the  midship  section  we  made  sure  that 
all  sweeps  included  station  2x/L  =  1.0, 
where  a  pressure  peak  is  expected.  This 

eliminated  the  shift  of  this  peak  with 
each  grid  refinement  that  may  have 

retarded  the  convergence  of  the  results 
in  /!/. 

In  all  50  transverse  planes  a  40x21  grid 
was  generated,  giving  a  total  number  of 
42000  grid  nodes.  In  ^,tiiC  space  the 
mesh  was  uniform  in  c-direction  but 
stretched  in  ^-direction.  Beyond 
2x/li  =  1,0  (in  the  wake)  the  shape  of 
the  domain  cross  section  did  not  change, 
hence  the  mesh  properties  became 
5-invariant  there. 

The  calculations  were  carried  out  at  a 
Reynolds  number  liased  on  ship  length 
equal  to  Rn  «  7.4  •  10*" .  The  boundary 
conditions  at  the  inlet  plane  were  to 
some  extent  based  oit  experimental  data 
for  the  same  Rn  /16/.  Coles'  velocity 
profiles  were  generated  corree|>onding 
to  measured  momentum  thicknesses  and 
skin  friction  coefficients.  But  the 
initial  value  of  w  was  set  to  cero  (no 
crossflow).  The  boundary  conditions  for 
u,  w  and  p  at  the  outer  boundary  were 
obtained  from  a  calculaticn  of  the 
potential  flow  around  the  hull.  The 
Hess  6  Smith  csethod  was  applied  with 
1600  source  panels  on  the  complete 
double  model.  These  conditions  w.'tre  not 
adjusted  in  later  sweeps  because  the 
viscous-inviscid  interaction  was 
supposed  to  be  negligible.  The  initial 
pressure  field  was  derived  by  assigning 


the  pressure  at  a  grid  node  on  the  outer 
boundary  to  all  grid  nodes  on  the  same 
ri“line,  i.e.  the  pressure  was  made 
uniform  across  the  boundary  layer. 

Convergence  of  the  SIP 

The  convergence  of  the  local  iteration 
process  can  be  judged  by  inspection  of 
the  residues  of  the  four  equations 
and/or  the  maximum  changes  in  the 
dependent  variables  between  two 
successive  iteration  cycles.  We  shall 
use  the  latter  approach  to  illustrate 
the  behaviour  of  our  solution. 

The  convergence  rate  of  the  SIP  turned 
out  to  depend  significantly  on  the 
x-poaition  and  was  evidently  i elated  to 
the  severity  of  the  geometrical 
singularity  at  the  keel  and  its 
extension.  In  the  forward  part  of  the 
calculation  domain,  where  an 
underrelaxation  factor  a  »  0.5  was 
applied,  the  convergence  rate  amounted 
to  about  one  order  of  magnitude 
reduction  of  the  changes  in  the 
variables  per  12  iteration  cycles  in  the 
first  sweep.  It  improved  gradually  in 
later  sweeps  when  the  iteration  process 
started  with  a  goo<.)  first  guess  obtained 
from  the  preesding  sweep.  Typical 
results  are  shown  for  2x/l  >  0.52  in  the 
first  and  seventh  sweep  (Pigs.  3  and  4). 
Of  the  non-linear  iterations  (Kos.  0,  1, 
7.  12,  17,  21  and  24)  those  preceded  by 
a  linear  one  usually  gave  rise  to  a 
small  jump  in  the  changes  of  the 
variables.  Presumably  the  convergence 
could  still  have  been  improved  by 
choosing  a  greater  value  for  a. 

Further  downstream  the  convergence  rate 
worsened  and  a  tendency  to  instability 
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Fig,  3  Convergenca  history  of  local 
iteration  procose 

was  observed  when  the  value  O.S  was 
retained  for  the  relaxation  factor.  The 
results  in  Fig,  5  for  2x/L  ■1,0  were 
obtained  with  a  reduced  to  0,2.  Thus  the 
solution  could  be  made  to  converge 
slowly. 

We  do  not  tl»l«rk  that  the  SIP  itself  can 
be  blanuad  for  this  unfavourable 
behaviour.  The  hey  to  further 
improvaments  should  be  found  in  a 
detailed  study  of  tlte  solution  near  the 
grid  singularity. 

However  this  asay  be,  the  final  solution 
of  the  lOth  sweep  converged  even  near 
the  stern  to  within  a  tolef.'ance  of  10“^ 
for  the  uondimensional  A/«locity 
cosponents  and  for  Cp. 


Fig.  4  Convergence  history  of  local 
iteration  process 


Fig.  S  Convergence  history  of  local 
iteratioti  procesa 


Convergence  of  global  iteration  process 


K  r  11 


WRLL  PRESSURE 


The  global  iteration  process  started 
with  two  sweeps  on  a  mesh  with  a 
fourfould  step  size  in  x-direction 
(ax  =  0.08L),  followed  by  three  sweeps 
with  Ax  =  0.04L.  Subsequently,  five 
sweeps  were  made  on  the  finest  mesh 
(Ax  =  0.021j).  The  last  sweeps  were 
restricted  to  the  region  near  the 
stern  (0.6  <  2x/L  <  1.4)  because 
elsewhere  the  pressure  field  had 
already  converged  to  10“^  (C^  value). 

The  convergence  is  illustrated  in  Figs. 

6  and  7,  where  the  wall  pressure  along  a 
line  C  =•  constant  has  been  plotted 
versus  x  for  several  sweeps.  The  changes 
in  the  pressure  between  the  8th  and  the 
10th  sweep  are  hardly  noticeable  on  the 
scale  of  the  figures.  After  the  10th 
sweep,  everywhere  t)\a  Cp-convergence  was 
better  than  10”^.  The  robustnese  of  the 
process  may  even  better  be  appreciatad 
by  asamining  Fig.  a,  in  which  the  change 
of  t}>e  wall  presaars  between  suceeeaive 
avfeeps  on  the  finest  grid  has  been  plot¬ 
ted.  There  is  a  aonoto»>ous  reduction  of 
the  change  by  approximately  a  factor  2 
per  sweep.  Notice  also  the  upstream 
shift  of  the  peaks  by  otve  step  per 
sweep. 

iie  conclude  that  the  performance  of  the 
global  iteration  process  is  quite 
satisfactory. 

MieceUaneous  results 

Lines  of  equal  velocity  in  x-direction 
are  shown  for  aotae  stations  in  Fig.  9. 

A  sequence  of  vector  plots,  showing  the 
transverse  velocity  ooatponsnts  in  the 
wake,  ia  presented  In  Fig.  10.  A 
vortical  notion  can  be  observed. 


Fig,  6  Convergence  of  global  iteration 
process 


Fig,  7  convergsnee  of  global  iteratio*) 


m 


process 


Fig.  8  Change  of  wall  pressure  in 
subsequent  sweeps 


spreacling  gradually  with  increasing  x. 
Notice,  however,  that  the  transverse 
velocities  are  only  a  few  per  cent  of 
the  ship  speed.  The  flow  pattern  looks  a 
lot  better  than  similar  results  in  /!/, 
which  displayed  false  longitudinal 
vorticity  near  the  outer  boundary.  The 
difference  must  be  attributed  primarily 
to  the  greater  width  of  the  calculation 
domain.  In  other  words,  viocous-inviscid 

2X/L  =  .600  RN  z  7.400E+06 


interaction  ought  not  to  have  been 
neglected  in  /!/. 

A  comparison  of  the  wall  pressure  in 
viscous  flow  (as  computed  by  PARNASSOS) 
and  in  potential  flow  (Hess  &  Smith 
solution)  is  given  in  Pig.  11. 

Obviously,  viscosity  tends  to  equalise 
the  pressure.  Significant  viscous 
effects  are  present  only  very  close 
to  the  stern  as  may  be  expected  for  a 
slender  ship  like  the  Wigley  hull. 

The  wall  pressure  at  2x/L  =  1.0  is 
compared  with  experimental  data  at  a 
somewhat  lower  Rn  /17/  in  Fig.  12. 

Taking  into  account  the  difference  in  Rn 
(the  pressure  at  the  stern  increases 
with  increasing  Rn)  the  correspondence 
is  quj.te  good. 

The  total  computation  time  for  this 
case,  including  the  running  time  of  the 
grid  generation  and  potential  flow 
programs,  amounted  to  ca.  4000  CPU 
seconds  on  a  Cyber  175  conq?uter. 

2X/L  z  1.000  RN  z  7.400E+06 


2X/L  =  t.040 


■RN  :  7.400E*06 


tt/v  :  t.iao 


RN  =  7.  WOE  *05 


RN  =  7.400E*06 


2X/t  =  i.OOO 
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Fig.  10  Transverse  velocity  components 
in  the  wake 


WALL  PRESSURE 


-  IN  VISCOUS  FLOM 

8  IN  POIENTIflL  FLOW 
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I? 
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Fig.  11  cc'nparison  of  wall  pressure  in 
potential  and  viscous  flow 


Fig.  12  Comparison  of  wall  pressure  at 
«  1,0  with  experimental  data 
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VI.  Conclusions 

In  the  foregoing  a  method  has  been 
presented  for  the  solution  of  the 
Parabolised  Navier-Stokes  equations  in 
external  flow  applications.  The  use  of 
a  general  boundary-fitted  coordinate 
system  warrants  the  applicability  of  the 
method  to  a  wide  range  of  ship  forms. 
Three  momentum  equations  plus  the 
continuity  equation  are  solved  in 
contra variant  formulation,  the  pressure 
and  the  velocity  components  in  the 
direction  of  the  coordinate  axes  of  the 
body-fitted  system  being  the  dependent 
variables.  The  solution  is  obtained  in  a 
multiple  sweep  marching  procedure  which 
involves  two  iteration  processes,  viz. 
a  global  iteration  process  (multiple 
sweeps)  to  recapture  the  elliptic  nature 
of  the  equations  and  a  local  iteration 
process  at  each  step  of  the  downstream 
marching  procedure. 

From  the  application  of  the  method  to 
the  flow  past  the  stern  of  a  slender 
mathematical  ship  form  (Wigley  hull)  the 
following  conclusions  may  be  drawn* 

1 .  By  the  introduction  of  a  source  terra 
and  by  adopting  a  step-size 
reduction  scheme,  a  safe  and 
efficient  global  iteration  process 
has  been  achieved.  In  10  sweeps  the 
pressure  field  converged  to  within 
0.1%  of  the  stagnation  pressure. 

2.  The  convergence  characteristics  of 
the  local  iteration  process  are 
unfavourably  influenced  by  the 
presence  of  a  grid  singularity. 
Although  the  associated  problems 
have  been  alleviated  by  using 
physical  instead  of  contravariant 
velocity  components  and  by  modifying 
the  explicit/implicit  splitting  of 
the  QUICK  scheme,  the  rate  of 


convergence  is  still  not  as  good  as 
one  would  wish.  This  does  not  alter 
the  fact  that  the  final  solution 
satisfies  convergence  criteria  that 
are  amply  sufficient  for  practical 
purposes . 

3.  The  efficiency  of  the  solution 
procedure  has  been  greatly  improved 
by  updating  the  coefficients  in  only 
a  part  of  the  cycles  of  the  local 
iteration  process. 

4.  Improvements  due  to  Stone's  partial 
canceling  scheme  were  found  to  be 
too  small  tc  justify  its 
application. 

5.  Further  work  is  needed  on  turbulence 
modeling,  the  solution  near  a  grid 
singularity  and  the  overall 
efficiency.  Additional  applications, 
including  viscous-inviscid 
interaction,  to  more  complicated 
ship  forms  are  to  be  made. 
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DISCUSSION 
of  the  paper 

by  M.  Hoekstra,  H.C.  Raven 

SHIP  BOUNDARY  LAYER  AND  WAKE  CALCULATION  WITH  A  PARABOLISED  NAVIER-STOKES  SOLUTION  SYSTEM 


DISCUSSION 
by  V.C.  Patel 

1.  In  the  paper,  It  Is  noted  that  the  influ¬ 
ence  of  pressure  propagates  upstream  one  step 
per  sweep.  The  convergence  of  the  complete 
solution  in  10  global  sweeps  is  quite  surpris¬ 
ing  in  view  of  this  and  the  fact  that  the  num¬ 
ber  of  streamwise  steps  appears  be  to  greater 
than  10  even  in  a  coarse  mesh. 

2.  The  generation  of  the  coordinates  by  con¬ 
formal  mapping  of  different  sections  may  pre¬ 
sent  numerical  difficulties  in  connecting  the 
sections  in  the  axial  direction  and  in  the 
evaluation  of  the  geometric  terms  associated 
with  the  variations  in  that  direction  when  the 
method  is  applied  to  ship  hulls  with  rapid 
changes  in  the  stern  geometry. 

3.  The  outer  boundary  of  the  solution  domain 
is  placed  at  two  boundary-layer  thicknesses 
from  the  hull  and  potential-flow  conditions 
are  proscribed  there.  There  are  two  disadvan¬ 
tages  to  this.  One  is  that  the  boundary  layer 
thickness  is  not  known  a  priori  and  therefore  a 
rather  generous  allowance  must  be  made  for  it 
and  the  wake.  The  second  is  that  the  solu¬ 
tions  must  be  repeated  several  times,  updating 
the  outer  potential  flow  each  time,  to  account 
for  the  vissous-inviscid  interaction. 

4.  Although  I  fully  appreciate  your  position 
on  the  use  of  the  normal  momentum  equation  to 
update  the  pressure,  this  approach  would  make 
future  vector iaat ion  of  your  program  rather 
difficult,  if  not  impossible. 

B.  Our  experience  with  the  Wigley  hull  indi¬ 
cates  that  this  is  a  weak  interaction  problem. 
New  difficulties  arise  when  such  methods  are 
applied  to  the  strong  interactions  present  on 
practical  hull  forms. 

Author's  Reply 

We  thank  Professor  Patel  for  his  comments. 
Our  replies  are  as  followsi 

1 .  Obviously  convergence  always  means  that  fur¬ 
ther  changes  are  less  than  a  specified 
tolerance.  Although  the  upstream  influence  of 
the  pressure  is  strictly  speaking  of  infinite 
extent,  there  is  only  a  bounded  domain  where  it 
exceeds  that  tolerance.  In  the  present  case 
this  bounded  region  can  be  covered  in  10 
sweeps.  Furthermore  it  may  be  noticed  that  the 
number  of  steps  the  pressure  may  have  travelled 
is  19  instead  of  10 <  we  made  two  sweeps  with  a 
fourfold  step  size,  three  with  a  double  step- 
size  and  6  with  a  single  stepsize. 


2.  The  conformal  mapping  at  each  transverse 
plane  is  determined  by  the  shape  of  the  frame¬ 
line  and  the  outer  boundary.  Therefore  a  lon¬ 
gitudinal  connection  of  corresponding  points 
results  in  a  grid  that  is  at  least  as  smooth 
as  the  hull  itself.  Rapid  changes  in  stern 
geometry  will  require  a  small  longitudinal 
step  size,  regrdless  of  the  grid  generation 
procedure . 

3.  The  great  advantage  of  using  separate 
solution  methods  for  viscous  and  inviscid 
flows  is  the  efficiency.  A  panel  method  is 
far  more  efficient  in  solving  the  inviscid 
flow  than  a  finite-difference  method,  and  it 
allows  us  to  put  the  grid  points  where  they 
are  really  needed:  in  the  viscous  domain.  The 
need  to  make  a  generous  guess  of  the  thickness 
of  the  viscous  domain  does  not  basically 
change  this.  Although  we  have  neglected  the 
viscous-inviscid  interaction  up  to  now  we  plan 
to  incorporate  it  in  the  global  iteration  by 
updating  the  inviscid  flow  between  sweeps. 

This  will  only  moderately  increase  the  calcu¬ 
lation  time. 

4.  It  is  not  quite  clear  to  us  why  our 
treatment  of  the  normal  momentum  equation 
would  inhibit  vector izat ion,  since  it  has  the 
same  5-point  star  form  as  the  other  momentum 
equations.  A  greater  obstacle  might  be  the 
recurrent  formulation  of  matrix  solvers  (the 
SIP  in  our  method,  the  tridiagonal  matrix 
algorithm  in  yours). 

We  have  already  successfully  applied  our 
method  to  a  number  of  more  critical  cases 
(separation  bubbles,  vortex  separation,  trail¬ 
ing  edge  flows),  see  our  Ref.  1.  Application 
to  practical  hull  forms  will  presently  be 
undertaken. 

DISCUSSION 
by  H.  Wang 

First,  I  would  like  to  express  my  appre¬ 
ciation  of  your  outlining  the  computational 
details  of  your  approach.  Calculation  accu¬ 
racy  and  computer  time  requirements  can  vary 
greatly  among  two  nominally  similar 
approaches,  in  this  case  the  parabolised 
Nsvier-Stokes  solution  system.  For  example, 
you  point  out  that  your  approach  of  fixing  the 
L  and  U  matrices  in  Eq.  (16)  for  a  number  of 
iterations  reduces  computer  time  by  one-half. 
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1  would  Hke  to  know  if  you  tried  other 
variations  at  your  downstrean  outlet  plane, 
for  which  you  set  pt  *  0  at  x/L  =  1.0,  i.e., 
the  wake  extends  O.SL  aft  of  the  ship  stern. 
While  it  seems  reasonable  that  p^sO  at  this 
point,  viscous  flow  variables  such  as  veloci¬ 
ties  and  thicknesses  may  still  be  noticeably 
different  from  asymptotic  values.  Did  you 
check  the  values  of  these  variables  at  the 
outlet  plane?  Also,  the  choice  of  wake  length 
should  depend  on  the  stern  shape  as  well  as 
ship  length,  i.e.,  a  blunt  stern  would  require 
a  longer  wake  length. 

Author's  Reply 

We  did  not  test  other  downstream  pressure 
conditions  in  the  present  case.  Less  restric¬ 
tive  conditions  would  be  e.g.  Pyx  >  0  or 
Py  o  (Pe)X‘  because  in  the  rear  part  of 

our  domain,  Cp  <0.004  and  Py  is  about  0.3.% 
of  the  maximum  pressure  gradient  this  is  not 
supposed  to  have  any  influence  on  the  results. 
We  could  not  check  the  calculated  velocities 
against  asymptotic  values  since  the  latter  are 
not  known  for  general  3D  flows.  It  may  be 
noticed  that  the  PNS  equations  do  not  require 
the  specification  of  a  downstream  boundary  con¬ 
dition  for  the  velocities.  The  choice  of  the 
location  of  the  down-stream  boundary  is  not 
much  of  a  problem.  In  the  first  sweeps  a  long 
domain  can  be  chosen,  which  for  later  sweeps 
can  be  truncated  based  on  an  assessment  of  the 
intermediate  results. 
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H.C.  Chen  and  V.C.  Patel 

Iowa  Institute  of  Hydraulic  Research 
The  University  of  Iowa 
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ABSTRACT 

The  numerical  method  for  the  solution  of 
the  partially-parabollc  Reynolds  equations, 
being  developed  by  the  authors  (5,6,7],  has 
been  extended  and  applied  to  calculate  the 
flow  over  the  stern  and  In  the  wake  of  double 
models  of  ship  hulls.  The  results  are  com¬ 
pared  with  the  available  water-channel  and 
wind-tunnel  data  to  Illustrate  the 
capabilities  of  the  method  and,  at  the  same 
time,  point  out  the  major  difficulties  not 
only  In  the  development  of  comprehensive 
numerical  methods  but  also  In  assessing  their 
performance.  Although  quite  encouraging 
results  have  been  obtained  for  both  cases, 
this  study  Indicates  the  need  for  Improve¬ 
ments  in  grid-generation  techniques  and 
handling  of  the  wall  boundary  conditions  In 
turbulence  models  In  numerical  methods, 

I.  INTRODUCTION 

As  evidenced  by  the  papers  presented  at 
the  two  recent  meetings  on  ship  viscous  re¬ 
sistance  [1,2],  and  those  In  the  viscous-flow 
sessions  at  the  last  three  ONR  Symposia  on 
Naval  Hydrodynamics,  considerable  research 
effort  has  been  devoted  In  recent  years  to 
the  development  of  numerical  calculation 
procedures  for  the  complex  turbulent  flow 
over  ship  sterns  and  In  ship  wakes.  An  over¬ 
view  of  the  different  types  of  approaches  can 
be  found  In  the  Report  of  the  Resistance 
Committee  of  the  17th  ITTC  (3],  Following  a 
review  of  the  then  available  experimental 
data,  Patel  [4]  made  several  observations 
concerning  the  most  desirable  characteristics 
of  calculation  methods  for  such  flows.  On 
that  basis,  the  suthors  have  developed  a  new 
method.  This  was  first  presented  In  [5], 
along  with  typical  results  for  two-dimen¬ 
sional,  .  Isymmetrlc  and  simple  three-dimen¬ 
sional  ^'"/s.  Since  then,  the  method  has 
undergor  Jome  revisions,  particularly  with 
respect  to  the  calculation  of  the  pressure 
field,  and  It  has  been  subjected  to  numerous 
additional  tests.  The  basic  elements  of  the 
method  ate  described  In  some  detail  In  [6] , 
and  a  comprehenalve  set  of  calculations  for 


the  relatively  simple  and  experimentally 
well-documented  case  of  axlsymmetrlc  flow  are 
presented  In  [7]. 

The  present  paper  Is  concerned  with  the 
application  of  the  method  to  the  three-dimen¬ 
sional  flow  on  arbitrary  ship  hulls.  The 
Important  features  of  the  method  are  first 
summarized  and  some  of  the  major  changes  made 
since  the  publication  of  [6]  are  described. 
Two  particular  hulls  are  then  selected  to 
demonstrate  the  potential  of  the  method. 
These  are  the  Wigley  hull  and  the  SSPA  Cargo 
Liner,  for  which  extensive  data  are  avail¬ 
able,  These  forms  demonstrate  the  practical 
difficulties  of  generating  numerical  grids 
which  satisfy  all  of  the  conflicting  require¬ 
ments  for  accurate  calculations  of  the  flow 
over  ship  hulls.  Since  such  difficulties  are 
expected  to  arise  in  all  numerical  tech¬ 
niques,  this  aspect  of  the  problem  is  dis¬ 
cussed  In  some  detail.  Finally,  the  results 
of  the  calculations  are  compared  with  experi¬ 
ments. 

XI.  OUTLINE  OF  THE  CALCULATION  METHOD 

It  Is  assumed  that  the  flow  over  the 
stern  and  In  the  wake  of  a  ship  hull  can  be 
adequately  described  by  the  so-called 
partially-parabollc  (or  seml-elliptlc,  or 
parabollted)  Reynolds-averaged  Navler-Stokes 
equations.  Thus,  viscous  and  turbulent  diffu¬ 
sion  terms  In  a  preselected,  predominant  flow 
direction  are  neglected.  Although  this  as¬ 
sumption  Is  usually  Invoked  so  that  marching 
numerical  techniques  can  be  used,  here  It  Is 
not  very  critical  since  the  solution  to  a 
steady  problem  la  sought  by  a  tlma-marchlng 
scheme  and,  as  demonstrated  In  (7],  the  al¬ 
gorithms  of  the  present  method  can  be  readily 
generalised  to  a  fully-elllptlc  (i.e.,  to  the 
full  Reynolds  equations)  capability. 

The  Independent  space  variables  In  the 
complete  equations  are  first  transformed  Into 
a  general,  nonorthogonal  coordinate  system. 
This  Is  s  partial  transformation  since  the 
dependent  variables,  namely  the  velocity 
compoaonts,  are  left  In  a  convenient  shlp- 
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based  orthogonal  system,  say  x^(l  »  1,2,3). 
The  second  derivatives  with  respect  to  the 
transformed  longitudinal  coordinate  are  then 
neglected,  making  the  equations  parabolic  in 
that  direction.  For  turbulent  flow,  closure 
of  the  equations  is  effected  by  the  well 
known  k-e  model,  the  two  differential  equa¬ 
tions  of  which  are  approximated  in  the  same 
manner.  Thus,  the  problem  is  reduced  to  the 
solution  of  five  convective-transport  equa¬ 
tions  of  the  form 


extends  from  about  midships,  where  thin  boun¬ 
dary-layer  conditions  are  prescribed,  to 
several  ship-lengths  downstream  of  the  stern, 
where  parabolic  conditions,  appropriate  for  a 
far  wake,  are  enforced. 

The  coordinates  in  the  solution  domain 
are  generated  numerically  from  a  solution  of 
three  Poisson  equations  relating  the  nu¬ 
merical  coordinates  (5,ri.c)  to  the  physical 
orthogonal  coordinates  (x^)  with  metrics  h^: 


11  1 


^  22  i 

X,-  +  g  X 

55  Tin 


33  1 
+  e  X 

8  55 


o  12  1 

*5n^ 


,  13  1 
2g 


+  +  Vt 

with  i|i  «  (U,V,W,k,e),  and  the  equation  of 
continuity 


^  ,  23  i  ^  ,1  i  ,  ,2  1  ,  -3  1 
^  x^5  +  f  Xj  +  f  x^  +  f  x^ 

,  — L-  J-  (W.3).  1.12  3 

‘’l»'2h3  3x'  hihi  ’  ’  ' 


(3) 


(b|u  +  b^V  +  bjW)^  +  (b^U  +  b^V  +  b^W)^ 

+(biU  +  bjV  +  bjW)^  =■  0  (2) 

in  the  six  unknowns:  ^  and  p,  where  p  is 
the  pressure  which  is  contained  in  the  source 
terms  S. ,  (U,V,W)  are  the  components  of  the 
mean-velocity  vector  in  the  orthogonal  coor¬ 
dinates  x^,  k  is  turbulent  kinetic  energy, 
e  is  its  rate  of  dissipation,  and  the  coef¬ 
ficients  involve  terms  arising  from  the 
transformation  of  the  orthogonal  coordinates 
to  the  numerical  coordinates  (5,n,?). 

As  explained  in  (6],  the  first  step  in 
the  calculation  procedure  is  to  select  a 
solution  domain  in  the  physical  plane,  deter¬ 
mine  the  appropriate  boundary  conditions,  and 
then  construct  a  computational  grid.  Here  we 
use  a  solution  domain  that  is  large  enough  to 
capture  the  entire  zone  of  vlscous-lnvlscid 
interaction  and  therefore  avoid  the  need  to 
perform  separate  viscous-  and  Invlscld-flow 
solutions,  and  iterative  matching  between 
them.  Thus,  in  both  transverse  directions 
the  solution  domain  extends  from  the  ship 
surface  and  the  wake  centerline  to  distances 
of  the  order  of  one  ship  length,  where  the 
appropriate  boundary  conditions  are  simply 
zero  pressure  and  constant  axial  velocity. 
In  place  of  the  no-sllp  condition  on  the  hull 
surface,  we  use  a  modified  "wall-function" 
approach  which  requires  that  the  law-of-the- 
wall  (suitably  extended  to  three-dimensional 
flows  and  including  stress-gradient  correc¬ 
tions)  and  turbulence  equilibrium  conditions 
are  satisfied  at  two  grid  points  adjacent  to 
the  surface.  This  establishes  a  relationship 
between  the  wall-shear  velocity  U  and  the 
boundary  conditions  required  at  ~the  first 
grid  node  for  the  numerical  solution.  In  the 
longitudinal  direction,  the  solution  domain 


These  equations  Involve  the  specification  of 
the  three  grid-control  functions  f^,  which 
are  chosen  to  obtain  the  desired  concentra¬ 
tion  of  the  grid  in  the  neighborhood  of  solid 
surfaces  and  in  regions  of  large  changes  in 
the  flow  properties.  In  order  to  facilitate 
the  application  of  wall  boundary  conditions, 
it  is  necessary  to  impose  two  further 
requirements  on  the  grid.  First,  it  is  de¬ 
sirable  to  adopt  a  grid  that  is  orthogonal  at 
the  boundaries,  and  second,  for  the  two-point 
wall  function  approach  used  here  it  is  neces¬ 
sary  to  ensure  that  the  first  two  grid  points 
near  the  surface  lie  in  the  law-of-the-wall 
region.  The  three  grid-control  functions  are 
obviously  Insufficient  to  ensure  a  grid  that 
satisfies  all  of  these  requirements.  In 
practical  applications,  therefore,  certain 
trade-offs  have  to  be  made.  These  will  be 
discussed  later  with  reference  to  specific 
hull  forms. 

Once  the  numerical  grid  has  been  gener¬ 
ated,  the  geometric  coefficients  in  equations 
(1)  and  (2)  are  known.  These  equations  are 
solved  in  successive  iterations.  The  trans¬ 
port  equations  (1)  are  solved  first  using  the 
so-called  finite-analytic  method  by  assuming 
that  the  pressure  gradients,  which  occur  In 
the  source  terms,  are  known  (e.g.,  zero  pres¬ 
sure  throughout  the  solution  domain  at  the 
outset).  In  the  finite-analytic  method,  the 
equations  are  first  linearized  In  each  local 
rectangular  numerical  element  (A5"Ati“AC"1) 
and  solved  analytically  using  a  combination 
of  linear  and  exponential  functions  for 
boundary  conditions.  The  solution  provides  a 
discretization  formula  which  relates  the 
value  of  ^  at  the  center  of  the  element  to 
the  (still  unknown)  values  at  the  corner 
points  of  the  element.  An  assembly  of  these 
results  In  a  system  of  algebraic  equations 
for  the  nodal  values,  which  Is  then  solved  by 
standard  techniques.  The  partlall,y-parabolic 
approximations  enable  such  a  solution  to  be 
marched  from  upstream  to  downstream. 
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The  pressure  field  assumed  in  the  solu¬ 
tion  of  the  transport  equations  is  next  up¬ 
dated  by  the  use  of  a  two-step  pressure- 
correction  procedure  similar  to  the  well 
known  SIMPLER  algorithm.  In  almost  all  pre¬ 
vious  applications  of  such  procedures,  the 
solutions  have  been  marched  from  upstream  to 
downstream,  in  order  to  minimize  computer 
storage.  However,  this  approach  leads  to 
rather  slow  convergence  of  the  iterations 
between  the  velocity  and  pressure  fields. 
Since  the  pressure  field  is  elliptic,  it  is 
Indeed  possible  to  solve  the  pressure  equa¬ 
tions  by  marching  upstream  from  the  down¬ 
stream  boundary.  Although  this  approach 
Involves  some  Increase  in  storage,  the  rate 
of  convergence  of  the  overall  solution  is 
greatly  accelerated.  Indeed,  the  pressure 
information  propagates  throughout  the  domain 
within  the  first  iteration. 

The  complete  solution  procedure  thus 
involves  downstream-marching  calculations  of 
the  transport  quantities,  followed  by  a  solu¬ 
tion  of  the  pressure  field.  For  a  given 
velocity  and  turbulence  field,  i.e.  after 
each  solution  of  the  transport  equations,  the 
pressure-correction  equations  are  solved  to 
convergence  by  several  Internal  iterations, 
yielding  a  global  pressure  correction 
scheme.  In  almost  all  cases  that  have  been 
calculated  thus  far,  convergence  has  been 
achieved  in  less  than  25  global  sweeps,  i.e., 
velocity  and  pressure  updates.  Further  de¬ 
tails  of  the  equations  and  numerical  solution 
procedures  are  contained  in  [6]. 

III.  SHIP  HHLLS  COHSIDKKJSO 

Among  the  ships  for  which  calculations 
have  been  carried  out  with  the  present  method 
are  the  Wlgley  parabolic  ship  and  the  SSPA 
Cargo  Liner.  The  former,  which  is  among  the 
four  hull  forms  selected  for  the  ITTC  Cooper¬ 
ative  Experimental  Program  [3] ,  has  been  used 
as  a  test  case  in  many  analytical  and  numeri¬ 
cal  studies  of  wave  resistance  and  for  com¬ 
parisons  of  results  obtained  with  the  dif¬ 
ferent  approaches  to  this  problem.  Quite 
extensive  data  exist  for  this  hull  not  only 
on  the  resistance  components  and  wavemaking 
[3],  but  also  on  the  viscous  flow  on  double 
models.  Measurements  of  the  mean-velocity 
field  and  Reynolds  stresses  on  double  models 
have  been  reported  by  Hatano  and  Hotta  [8] 
and  Sards  and  Patel  [9,10],  the  latter  being 
particularly  detailed,  while  other  experi¬ 
ments  are  still  in  progress r  Calculations 
for  this  case  are  of  special  interest  since 
the  geometry  is  simple  but  the  flow  exhibits 
all  of  the  basic  features  observed  on  prac¬ 
tical  forms.  For  example,  usual  boundary- 
layer  approximations  are  not  valid  all  along 
the  sharp  keel,  there  is  a  large  glrthwlse 
variation  in  the  thickness  of  the  viscous 
flow  at  the  stern,  and  the  wake  develops  from 
a  sharp  vertical  stern  of  finite  depth.  As 


we  shall  see,  the  latter  feature  poses  rather 
severe  problems  in  grid  generation.  The 
second  hull  is  more  representative  of  prac¬ 
tical  forms.  It  has  been  used  extensively  as 
a  test  case  for  boundary-layer  calculation 
methods  [11],  all  of  which  break  down  some 
distance  ahead  of  the  stern.  Mean-flow  data 
on  a  double  model  of  this  hull  were  obtained 
by  Larsson  [12],  and  corresponding  measure¬ 
ments  of  the  Reynolds  stresses  were  reported 
by  Lofdahl  and  Larsson  [13,14],  It  should  be 
noted,  however,  that  the  data  for  this  case 
are  restricted  to  the  flow  over  the  hull  and 
do  not  extend  into  the  wake.  Calculations 
for  both  cases  will  be  compared  with  the 
available  data  to  Illustrate  the  performance 
of  the  method  and  the  difficulties  Involved, 

The  framelines  and  longitudinal  sections 
of  the  two  hulls  are  shown  in  Figure  1.  The 
Wigley  hull  is  specified  by  the  equation 

|y|  -  [B/2]{1-(2X/L  -  1)^}{1  -  (Z/H)^)  (4) 

where  (X,Y,Z)  are  Cartesian  coordinates,  as 
shown,  with  the  origin  on  the  waterline  at 
the  bow,  L  is  total  length,  B  "  O.IOOL  is  the 
beam,  and  H  =  0.0625L  is  the  draft.  The 
Cartesian  coordinates  of  the  SSPA  liner  are 
available  only  in  a  tabular  form  [12], 


For  both  the  hulls  considered  here,  the 
solution  domain  in  the  longitudinal  direction 
extends  from  midship,  X  “  0.5L,  to  far  down¬ 
stream  in  the  wake,  X  ■  2,302L.  In  the 
cross-sectional  planes,  the  domain  extends 
from  the  hull  surface  and  wake  centerline  to 
a  cylindrical  boundary  one  ship-length,  R  » 
(Y^  +  "  L,  away  from  the  ship  axis. 

As  we  shall  see  later,  this  is  considered 
adequately  far  for  the  application  of  uni¬ 
form-flow  boundary  conditions,  i.e.,  0  ■ 
and  p  ■  0. 

In  order  to  generate  the  numerical  co¬ 
ordinates  in  the  solution  domain,  equations 
(3)  are  solved  using  an  exponential  scheme 
[6]  after  prescribing  appropriate  grid- 
control  functions  f^.  The  selection  of  the 
grid-control  functions  is  by  no  means  a 
straightforward  procedure.  However,  since 
they  are  Independent  of  the  x^-coordlnate 
system  used  to  describe  the  physical  domain, 
it  is  convenient  to  generate  the  numerical 
body-fitted  coordinates  in  terms  of  the  Car¬ 
tesian  coordinates  (X,y,Z)  specifying  the 
hull  geometry  and  later  transform  them  to  the 
cylindrical  polar  coordinate  system  (X,R,6) 
which  is  used  to  specify  the  velocity  compo¬ 
nents  in  the  equations  of  motion. 

For  ship-flow  calculations  It  is  con¬ 
venient  to  choose  5  ■  C(X),  i.e.,  the  con- 
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8tant-5  stations  are  the  transverse  sec¬ 
tions.  With  this  choice,  equations  (3)  re¬ 
duce  to 


where  a,  b,  and  c  are  modified  control  func¬ 
tions  defined  by 
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relating  the  numerical  coordinates  (5 ,n  ,C )  to 
the  cylindrical  coordinates  (x,r,0)  made  di¬ 
mensionless  by  L.  Equivalently,  equations  (5) 
can  also  be  written  in  nondlmenslonal  Carte¬ 
sian  coordinates  (x,y,z)  as 


11  ^22  ^33  ^  ,  12  ^  ,„13 

S  ^55^2  y„  +  2g  y5^  +  2g  y^^ 

+  2g^^y  .  +  +  f^y„  +  f^y,  -  o 

^  '  (6a) 

11  ^22  ^33  ^  -12  ^  .13 

«  "£5^2  *nn  ^2  ^  ^2  *£n  ^  ^2 

23  12  3 

+  2g'‘^z,,.  +  f  z-  +  f  z„  +  f  z  -  0  ^  _ 


In  order  to  solve  equations  (7),  it  is  neces¬ 
sary  to  prescribe  the  boundary  conditions  and 
the  control  functions.  The  boundary  condi¬ 
tions  are  determinend  by  the  desired  number 
of  grid  points  in  the  axial  (£),  radial  (n) 
and  circumferenclal  (?)  directions.  The 
first  station  £  »  1,  is  located  at  X  »  0.5L, 
and  the  last  station,  £  =•  LL,  is  placed  at  X 
”  2.302L.  Thus,  there  are,  LL  stations  in 
the  axial  direction.  In  the  radial  direc¬ 
tion,  there  are  MM  points;  n  ”  1  correspon¬ 
ding  to  the  hull  and  wake  centerplane,  and 
n  =  MM  being  the  exterior  boundary,  R  •«  L. 
In  the  circumferential,  or  girthwlse  direc¬ 
tion,  NN  stations  are  used,  with  ?  »  2  and  NN 
-  1  corresponding  to  the  keel  (6  "  0®)  and 
the  waterline  (6  ”  90°),  respectively;  and 
C  “  1  and  NN  used  to  enforce  the  plane-of- 
symmetry  conditions.  In  the  calculations 
presented  here,  we  have  used  (LL,MM,NN)  » 
(30,19,10)  for  the  Wigley  hull  and  (30,19,14) 
for  the  SSPA  liner. 


where  y  “  r  sin  6 ,  z  "  r  cos  0 ,  and  0  is  the 
circumferential  or  girthwlse  angle  measured 
from  the  keel  to  the  waterline.  As  noted 
above,  the  control  functions  f^  are  the  same 
in  both  coordinate  systems  and,  in  principle, 
equations  (5)  and  (6)  yield  the  same  numeri¬ 
cal  coordinates  if  the  same  control  functions 
are  employed.  Numerically,  however,  the  coor¬ 
dinates  used  to  specify  the  hull  geometry 
influence  the  accuracy  of  the  calculated 
numerical  coordinates.  Since  the  variation 
of  the  surface  coordinates  (y,a)  is  much 
smoother  chan  that  of  (r,0)  for  the  two  hulls 
considered  here,  it  is  desirable  to  use  equa¬ 
tions  (6)  instead  of  (3)  for  the  generation 
of  the  numerical  coordinates.  For  the  numer¬ 
ical  solutions,  it  is  convenient  to  rewrite 
equations  (6)  in  Che  form 


g“(y55“2ay^)  +  g^^y„„-2by^)  +  g^^y^^-Zcy^) 
+  2g^^y5^  +  2g^^y^^  +  2g^^y^^  -  0  (7a) 

+  g^^*^„“2bz^)  +  g^^e„-2cz^) 
+  2g^2^5^  +  2g'^x^^  +  2g^^^j  .  0  (7b) 


There  are  no  general  rules  for  the  de¬ 
termination  of  the  most  suitable  grid-control 
functions.  Thus  far,  we  have  utilized  rather 
simple  functions,  based  largely  on  previous 
experience  with  more  simple  geometries.  Since 
the  choice  of  the  distribution  of  points  in 
the  axial  direction  is  relatively  easy,  we 
choose 

2a  -  »  fn  (£  only)  (9) 

Thus,  the  function  a  is  related  to  the  pre¬ 
selected  distribution  of  the  axial  stations, 
which  is  chosen  to  concentrate  points  near 
the  stem  and  in  the  near  wake. 

In  a  similar  manner,  the  function  c  is 
related  to  the  grid  distribution  in  the  cir¬ 
cumferential  or  girthwlse  direction, 

0  “  tan  *(y/z)  »  0(c)»  on  the  outer  boundary 
at  the  upstream  station,  i.e. 

2c  -  ■  fn  (c  only)  (10) 

\ 

This  function  also  remains  fixed  during  the 
iterative  solutions  of  the  grid-generation 
equations. 

The  specification  of  the  function  b, 
which  controls  the  grid  distribution  in 
the  n-dlrectlon,  requires  much  greater  care 
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for  several  reasons.  First,  In  the  present 
treatment  of  the  wall  boundary  conditions,  It 
is  necessary  to  require  at  least  the  first 
two  near-wall  grid  points  to  lie  In  the  law- 
of-the-wall  region  (50  <  y^  <  1000,  say). 
Second,  it  is  desirable,  but  not  necessary, 
to  have  an  orthogonal  grid  in  the  wall  region 
to  facilitate  the  application  of  these  boun¬ 
dary  conditions.  Third,  the  grid  concentra¬ 
tion  must  be  such  that  there  is  a  sufficient 
number  of  points  across  the  viscous  region 
whose  thickness  varies  greatly  in  the  axial 
as  well  as  in  the  glrthwlse  directions. 
Fourth,  and  perhaps  the  most  difficult,  is 
the  problem  of  obtaining  sufficiently  ac¬ 
curate  solutions  in  the  neighborhood  of  geo¬ 
metrical  singularities  (l.e.,  curvature  dis¬ 
continuities)  in  the  hull,  namely  along  the 
keel  of  the  Wigley  model  and  at  the  waterline 
in  the  stem  region  of  the  double-model  of 
the  SSPA  liner.  It  is  obvious  that  not  all 
of  these  requirements  can  be  met  by  a  single 
grid-control  function.  Many  different  ap¬ 
proaches  were  attempted  during  the  course  of 
the  present  study,  but  most  led  to  unaccep¬ 
table  grid  behavior  either  at  the  keel  or 
along  the  waterline.  For  example,  requiring 
b  to  satisfy  the  orthogonality  condition  on 
the  hull  and  in  the  planes  of  symmetry  resul¬ 
ted  in  a  cross-over  of  grid  lines  at  the  keel 
of  the  Wigley  hull  and  in  a  very  coarse  grid 
distribution  through  the  boundary  layer  along 
the  waterline  of  the  SSPA  liner.  A  compro¬ 
mise  solution,  which  appears  to  be  satis¬ 
factory  in  both  cases,  was  arrived  at  by 
prescribing  the  grid  distribution  8  a(n)  on 
the  keel  plane,  C  “  2  (e«y“0),  and  relating 
the  function  b  to  that  distribution  through 


Figures  2  and  3  show  several  partial 
views  of  the  numerical  coordinates  generated 
for  the.  two  hulls.  It  is  seen  that  the  co¬ 
ordinates  are  nearly  orthogonal  at  each  cross 
section.  The  adequacy  and  shortcomings  oi 
these  coordinates  will  be  discussed  following 
the  presentation  of  the  solutions  of  the 
partlally-parabollc  equations  obtained  with 
these  coordinates. 

V.  CALCDLATIORS  AND  EBSULTS 

The  numerical  grids  discussed  in  the 
previous  section  were  utilized  to  solve  the 
partlally-parabollc  equations  (1,2)  with  the 
method  outlined  in  Section  II,  For  both 
hulls,  the  initial  conditions  at  midship  (X  « 
0,51)  were  determined  from  the  boundary-layer 
thickness  calculated  for  the  appropriate 
Reynolds  number  by  the  method  of  Patel  et  al. 
[15],  For  simplicity,  the  longitudinal  com¬ 
ponent  of  velocity,  U,  within  the  boundary 
layer  was  determined  from  a  1 /7-power  law, 
the  transverse  component,  W,  was  assumed  to 
be  zero  (l.e,  no  crossflow)  and,  consistent 
with  the  boundary-layer  approximations,  the 
longitudinal  derivative  of  the  normal  com¬ 
ponent,  V,  was  set  equal  to  zero.  Outsida 
the  boundary  layer,  the  distribution  of  U  was 
assumed  to  follow  an  inverse-square  law  with 
distance  from  the  potential-flow  velocity  at 
the  edge  of  the  boundary  layer  to  the  uni¬ 
form-stream  velocity,  U  ,  at  the  outer  boun¬ 
dary  of  the  solution  domain.  The  distri¬ 
butions  of  the  two  turbulence  parameters, 
namely  k  and  e,  were  specified  from  standard 
flat-plate  correlations  within  the  boundary 
layer  and  set  to  zero  outside. 
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Thus,  b  is  invariant  in  the  circumferential 
direction.  Since  b  depends  upon  the  trans¬ 
verse  curvature  of  the  grid  lines  In  the  keel 
plane  (through  *..),  which  is  not  known  ini¬ 
tially,  unlike  tne  functions  a  and  c,  it  has 
to  be  updated  during  the  iterative  solution 
of  the  grid-generation  equations  until  a 
fully-converged  control  function  and  grid  is 
obtained. 

With  the  Keumann  boundary  conditions 
specified  on  all  boundaries  of  Che  solution 
donaln,  equations  (7)  were  solved  by  a  trl- 
dlagonel  matrix  algorithm  with  an  undar- 
relaxatlott  factor  of  0.7.  For  both  hulls, 
the  solutions  converged  within  60  iterations 
and  required  approxloately  160  seconda  on  the 
Prime  9950  computer. 


The  geometric  coefficients  associated 
with  the  numerlcol  grid  and  the  aforemen¬ 
tioned  initial  conditions  are  the  only  inputs 
required  in  the  flow-calculation  computer 
program.  The  sweeps  or  global  Iterations  in 
the  solution  procedure  are  started  with  zero 
pressure  assumed  throughout  the  solution 
domain.  As  In  the  previous  calculations 
[6,7],  the  solutions  converge  in  about  20 
sweeps.  For  example.  Figure  4  shows  the 
pressure  distribution  alonj  the  waterline  of 
the  SSPA  hull  predicted  after  different  iter¬ 
ations.  It  Is  seen  that  quite  satisfactory 
convergence  is  achieved  in  20  nweeps. 

Before  presenting  the  results  and  com¬ 
parisons  with  experiments!  data  it  Is  useful 
to  briefly  mention  some  of  the  experimental 
detaila  which  should  be  borne  in  mind  in  the 
interpretation  of  the  comparisons  and  evalua¬ 
tion  of  Che  solutions.  Data  on  double  models 
of  the  Wigley  hull  have  been  obtained  by 
Hatano  and  HoCta  [8]  In  a  water  channel  and 
by  Sards  and  Patel  (9,10)  In  a  wind  tunnel. 
The  former  were  carried  out  at  a  rather  low 
Reynolds  number,  Re  U  L/v  ■  8.0  x  lO^, 
while  the  latter  were  made  at  Re  4.5  x 
10”.  Both  Include  meaturemento  of  velocity 
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profiles  and  Reynolds  stresses  at  several 
longitudinal  stations,  along  four  potential- 
flow  streamlines  in  the  former,  and  four 
waterlines  in  the  latter.  Also,  the  measure¬ 
ments  of  [8]  were  made  In  boundary-layer 
coordinates,  i.e.,  along  local  surface  nor¬ 
mals,  while  those  of  [9,10]  were  carried  out 
In  ship-based  Cartesian  coordinates 
(X,Y,Z).  The  mean-flow  measurements  of  Lars- 
son  [i2]  on  the  double  model  of  Che  SSPA 
hull,  and  the  corresponding  turbulence  data 
of  Lofdahl  [13],  are  also  restricted  to  boun¬ 
dary-layer  traverses  along  a  few  potential- 
flow  streamlines.  Since  the  calculations  are 
performed  in  a  nonorthogonal  body-fitted 
coordinate  system,  the  transverse  sections 
being  one  set  of  coordinate  surfaces,  direct 
comparisons  of  all  quantities  of  Interest, 
e.g.  the  velocity  components  and  the  Reynolds 
stresses,  at  all  measurement  stations  Is  not 
possible,  especially  since  Che  data  stations 
are  too  coarsely  spaced  to  accurately  carry 
out  the  extensive  interpolations  Chat  are 
Involved.  For  example.  In  the  thick  boundary 
layer  over  the  stem,  the  near-wall  measure¬ 
ments  correspond  to  a  transverse  section 
which  may  be  considerably  upstream  of  Chat 
which  corresponds  to  the  data  at  larger  nor¬ 
mal  distances.  It  Is  rather  surprising  that 
these  difficulties  have  not  received  much 
careful  consideration  In  previous  work  on 
this  subject. 

In  view  of  the  aforementioned  difficul¬ 
ties,  It  Is  possible  to  make  only  limited 
comparisons  between  the  calculations  and 
experiments.  As  shown  earlier,  tlva  surface 
pressure  distribution  provides  an  excellent 
test  of  the  convergence  of  the  solutions. 
Previous  experience  with  a  variety  of  Itera¬ 
tive  methods  has  shown  that  this  Is  also  the 
most  difficult  quantity  to  calculate  ac¬ 
curately.  At  the  same  time,  It  Is  perhaps 
the  easiest  quantity  that  can  be  measured, 
although  the  data  are  subject  to  wind-tunnel 
blockage  effects.  If  the  latter  can  be  quan¬ 
tified,  cospariaons  between  measured  and 
calculated  pressures  provide  a  meaningful 
teat  of  calculation  procedurea. 

The  most  direct  and  quantitative  conpar- 
Isons  between  experiment  and  calculations 
Involving  the  least  amount  of  uncertainty  are 
the  velocity  profiles  across  the  boundary 
layer  along  the  two  planes  of  symmetry,  name¬ 
ly  the  keel  and  the  waterline,  since  on  both 
hulls  these  lines  are  straight  and  no  Inter¬ 
polation  In  the  data  la  required.  Unfortu¬ 
nately,  there  are  no  data  In  tite  waterline 
plane  on  the  SSPA  hull. 

As  noted  above,  the  differences  In  the 
experimental  and  computational  coordinates 
become  particularly  Important  In  making  com¬ 
parisons  between  calculated  and  measured 
velocity  coaq>oaents  at  points  off  the  planes 
of  syoowtry.  Qualitative  comparisons  can  be 


made  of  the  contours  of  the  longitudinal 
velocity  component  (the  so-called  Isowake 
lines)  in  a  transverse  section  to  provide  a 
picture  of  the  three  dimensionality  of  the 
stern  viscous  flow  since  the  magnitude  of  the 
longitudinal  component  is  not  greatly  af¬ 
fected  by  the  choice  of  coordinates.  Never¬ 
theless,  such  comparisons  have  to  be  judged 
with  some  caution  since  the  measured  contours 
are  determined  from  data  taken  along  the 
normals  to  the  hull  at  a  few  discrete  glrth- 
wlse  stations. 

All  quantities  In  the  results  presented 
and  discussed  below  have  been  made  dimension¬ 
less  using  the  fluid  density,  ship  length  L 
and  freestream  velocity  0^,,  as  appropriate. 
Also,  with  20  sweeps  required  to  achieve 
convergence,  the  solutions  for  the  Wlgley  and 
the  SSPA  hulls  took  approximately  50  and  75 
minutes,  respectively,  on  the  Prime  9950 
computer. 

(a)  The  Wlgley  Hull 

Figure  5  shows  the  calculated  pressure 
distributions  along  the  waterline  and  the 
keel  at  Re  “  4.5  x  10®,  Also  shown  are  the 
results  of  the  potential-flow  solutions  ob¬ 
tained  at  the  DTNSRDC  using  the  XYZ  pro¬ 
gram.  The  data  are  due  to  Sards  and  Patel 

(9.10)  and  are  restricted  to  the  waterline 
since  no  pressure  taps  can  bo  placed  along 
the  sharp  keel.  The  data  Indicate  some  scat¬ 
ter.  Unfortunately,  pressure  distributions 
were  not  measured  In  the  experiments  of 
Hatano  and  Hotta  and  therefore  It  Is  not 
possible  to  ascertain  the  reasons  for  the 
scatter.  Nevertheless,  it  Is  clear  from 
Figure  5  that  the  present  results  are  In 
agreement  with  the  potential-flow  solutlona 
In  the  upstream  thin  boundary-layer  region 
but  are  higher  than  the  measurements  In  the 
stern  region.  The  level  of  disagreement 
between  the  data  and  both  calculations  over 
the  midbody  Is  consistent  with  the  expected 
tunnel-blockage  effect  in  this  experiment  but 
the  reason  for  the  disagreement  at  the  stern 
la  not  clear. 

the  development  of  the  boundary  layer  In 
the  planea  of  aymaetry  ia  shown  In  Figures 
6(a)  and  6(b),  correapondlng  to  the  two  Key- 
nolda  numbera  In  the  experlmenta  of  [6]  and 

(9.10) .  Perhapa  the  moat  Important  obaerva- 
tlon  to  be  made  here  ia  that  the  rapid  In- 
creaae  In  the  boundary-layer  thlckneae  along 
the  waterline,  and  the  correapondlng  decreaae 
along  the  keel,  la  captured  by  the  calcula¬ 
tions.  The  development  of  the  glrthwlae 
three  dlmenatonallty  of  the  vlacoua  domain 
over  the  atern,  which  atarted  with  a  nearly 
uniform  thlckneae  »t  midship.  It  clearly 
evident.  It  la  alao  Important  to  note  chat 
the  keel  data  of  [8]  shown  In  ii'lgure  6(a)  are 
those  taken  in  the  vertical  centerplsne  and 
not  along  the  local  surface  normal.  The  flow 
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In  the  triangular  region  between  the  two  Is 
not  accesslbla  to  thin  boundarj^layer  theory 
due  to  the  curvature  discontinuity.  Conven¬ 
tional  boundary-layer  calculations,  which 
Impose  plane-of-symmetry  conditions  along  the 
local  surface  normal  simply  Ignore  this  re¬ 
gion  and  therefore  predict  a  much  thicker 
boundary  layer  at  the  keel.  Although  the 
calculated  velocity  profiles  are  In  reason¬ 
able  agreement  with  both  sets  of  data,  some 
systematic  differences  are  evident,  particu¬ 
larly  In  the  near  wake.  These  are  associated 
with  the  rather  coarse  grid  (see  Figure  2) 
which  results  from  the  abrupt  termination  of 
the  hull  at  the  vertical  stem.  Further 
refinement  of  the  grid  Is  obviously  needed  to 
explore  this  region  In  greater  detail. 

The  calculated  contours  of  constant  U- 
component  of  mean  velocity,  and  projections 
of  the  velocity  vector  In  the  transverse 
planes,  are  shown  in  Figures  7  and  8,  respec¬ 
tively,  at  a  few  representative  sections  for 
the  higher  Reynolds  number  of  (9,10].  The 
corresponding  results  at  the  lower  Reynolds 
number  are  qualitatively  similar.  These 
again  Indicate  the  evolution  of  the  three 
dimensional  shear  flow  over  the  stem.  In 
particular,  Figure  8  shows  that,  in  the  tran¬ 
sverse  sections,  the  crossflow  Is  directed 
from  the  keel  towards  the  waterline.  This  Is 
the  principal  reason  for  the  thickening  of 
the  boundary  layer  along  the  waterline.  Even 
though  the  data  of  (9,10}  were  obtained  in 
transverse  sections,  the  use  of  Cartesian 
coordinates  in  the  experiments,  and  nonortho- 
gonal  coordinates  In  the  calculations.  Imply 
chat  a  considerable  saount  of  interpolation 
Is  required  to  make  meaningful  quantitative 
comparisons.  These,  sod  other  onre  detailed 
evaluatlona,  are  atlll  in  progreas, 
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The  pressure  distribution  along  the 
waterline  and  the  wake  centerline  for  this 
hull  was  presented  in  Figure  4  to  show  the 
rate  of  convergence  of  the  iterative  eolu- 
tlons,  but  the  lack  of  data  along  thla  line 
precluded  any  comparlton  with  experimenta, 
the  corresponding  reauUa  elong  the  keel  are 
shown  la  Figure  9,  along  with  Um  aeaeure- 
menta.  Figure  10  thowa  the  glrthwlee  pres- 
eura  dletrlbutlona  at  sevaral  tranaverae 
•actions.  At  pointsd  out  by  Lsrsson  1 12)  In 
his  ortfiMl  report,  the  date  are  eubject  tn 
wind-tunnel  blockage  elfceta.  Xa  fact,  Lare- 
son  carried  out  potentiel-flow  calculations 
with  and  without  tunnel  constraints  to  eati- 
•aca  thle  effect.  These  catlmatea  have  been 
uacd  here  to  correct  the  date.  The  corrected 
values  srs  also  shown  in  Figures  9  and  10. 
Xt  is  clsar  from  thess  chat  the  calculations 
faithfully  reproduce  all  of  the  trends  ob- 
ssrved  In  the  eapertSMnts,  Figure  10  IrMll- 
cates  that  the  calculations  ara  In  battar 
quantitative  agreemane  with  tba  cortactad 
data. 


The  calculated  variation  of  pressure  in 
the  flow  field  cannot  be  compared  with  exper¬ 
iment  since  Such  data  are  usually  not  avail¬ 
able,  Nevertheless,  this  Is  of  interest  In 
the  study  of  vlscous-lnvlscld  Interaction. 
Figure  H  shows  the  calculated  pressure  field 
in  the  vertical  centerplane  (l.e,  the  keel 
plane)  at  several  longitudinal  stations  In 
the  stem  region.  From  the  near  uniformity 
of  pressure  beyond  distances  of  the  order  of 
0,45L  from  the  hull.  It  is  concluded  that  the 
placement  of  the  exterior  boundary  of  the 
computation  domain  at  a  distance  of  one  ship- 
length  Is  adequate  to  capture  the  interac¬ 
tion.  The  large  variation  of  pressure  In  the 
vertical  plane  la  quite  surprising  in  view  of 
the  fact  that  the  boundary  layer  along  the 
keel  remains  thin.  This  suggests  that  the 
pressure  Interaction  la  global.  Similar 
variations  of  pressure  are  of  course  present 
at  all  glrthwlse  stations. 

The  development  of  the  viscous  flow  In 
the  longitudinal  direction  Is  shown  In  Figure 
12  In  the  form  of  profiles  of  the  longitu¬ 
dinal  velocity  component,  U.  The  calcula¬ 
tions  and  measurements  along  the  keel  can  be 
compared  without  ambiguity  or  uncertainty. 
However,  due  to  the  absence  of  data  In  the 
waterline  plane,  comparisons  have  been  made 
here  between  calculations  and  experiments  at 
somewhat  different  stations.  At  each  sec¬ 
tion,  we  have  chosen  the  solution  along  a 
numerical  grid  line,  c  *  constant,  which  Is 
closest  to  a  streamline  station  In  the  meas¬ 
urements.  However,  since  no  Interpolations 
have  been  made,  the  difference  between  the 
calculations  along  s  grid  line  In  the  trsni- 
verse  section  snd  the  data  In  boundary-layer 
coordinates  along  the  local  surface  normal 
must  be  borne  In  mind  in  evaluetlng  these. 
The  differences  are  estimated  to  be  of  the 
order  of  3T  of  the  longitudinal  velocity. 
Even  with  these  uncertainties.  It  is  clear 
from  Figure  12  that  the  calculations  ac¬ 
curately  reproduce  tlw  high  level  of  three- 
dinenslonallty  of  the  flow  that  develops  over 
the  stem  froe  a  thin  boundary  layer  of  near¬ 
ly  constant  thickness  at  eldshtp.  The  rapid 
thinning  nf  the  boundary  layer  along  the  keel 
end  the  squally  dramatic  growth  cloaer  to  the 
waterline  Is  also  clearly  evident. 

The  contours  of  constant  H  are  shown  at 
tsveral  trensveras  atsttens  In  Figure  1), 
along  with  those  determined  by  larason  (11) 
from  hlS  measurements  (12|.  It  la  seen  that 
the  calculations  reproduce  the  growth  of  the 
vl-jcous  domain  In  prsccleally  all  Important 
respects.  In  particular,  the  region  of  the 
thin  boundary  layer  near  the  keel  and  the 
thicktnlng  around  mldglrth  era  predicted  with 
reasonable  accuracy.  The  tomewhat  greater 
apread  of  tha  contoura  in  the  outer  regions 
In  tha  evparlmcnis  is  undoubtedly  due  to  the 
fact  that  they  do  not  correspond  precisely  to 
the  traasverss  sections,  aa  has  bean  noted 
above. 
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The  projections  of  the  calculated  velo¬ 
city  vectors  In  the  transverse  sections, 

shown  In  Figure  14,  provide  a  picture  of  the 
crossflow  and  normal  velocities.  We  note 

that,  at  the  upstream  sections,  the  crossflow 
is  directed  from  the  keel  to  the  waterline, 
as  in  the  case  of  the  Wigley  hull.  However, 

closer  to  the  stern,  there  appears  to  be  a 

reversal  in  the  direction  of  the  crossflow 
around  mldglrth,  although  the  magnitudes  are 
rather  small.  This  reversal  Is  responsible 
for  the  local  thickening  of  the  boundary 
layer  shown  in  Figure  13.  Thus,  the  overall 
flow  features  are  in  agreement  with  the  ex¬ 
perimental  observations.  While  the  present 
calculations  show  the  development  of  a  weak 
vortical  flow,  there  la  no  evidence  for  the 
formation  of  a  clearly  identifiable  longitu¬ 
dinal  vortex  imbedded  in  the  stem  flow. 

(c)  So*e  General  Obaetvationa 

In  addition  to  the  specific  comments 
already  made  concerning  the  results  for  the 
two  hulls,  it  is  of  interest  to  point  out 
certain  other  features  of  the  solutions  which 
are  common  to  both  hulls.  These  are  as  fol¬ 
lows: 

1)  A  closer  examination  of  the  numeri¬ 
cal  grids  used  here  (Figures  2  and  3)  reveals 
that  they  are  rather  coarse  at  the  extreme 
stem  and  in  the  very  near  wake.  This  prob¬ 
lem  is  associated  with  the  abrupt  changes  in 
the  hull  geometries  and  needs  further  atten¬ 
tion  in  rhe  grid-generation  technique.  It 
appears  chat  grid-control  functions  other 
than  the  simple  onea  used  here  may  be  neces¬ 
sary  to  resolve  the  flow  In  this  region  with¬ 
out  greatly  increasing  tlw  number  of  grid 
points. 

2}  From  Figures  6  and  12  it  is  evident 
that  the  first  numerical  grid  point  in  the 
thick  boundary  layer  along  the  waterline  lies 
at  a  rather  large  distance  from  the  hull, 
leaving  the  flow  in  the  near-wall  region 
unreaolved.  This  is  the  result  of  the  re¬ 
quirement  that  the  first  grid  point  be  in  the 
region  of  the  logarithmic  law-of-thc-wall,  y* 
>  SO,  say,  and  is  an  exanple  of  the  trade 
of  fa  that  have  to  be  made  in  ttie  determina¬ 
tion  of  an  appropriate  numerical  grid.  At 
the  low  geynolds  nuabara  of  the  experiments, 
and  with  the  reduction  in  the  wail  shea.— 
strsss  aaaoclatsd  with  the  locally  thick 
boundary  layer,  this  condition  la  met  at 
womewhat  large  dtetancaa  from  the  eurface. 
While  thla  la  an  unaxpected  limitation  of  the 
wall-function  approach  In  three'  i^aenaional 
flows,  it  ahould  he  remarked  that  the  re- 
aultlng  aolutiona  art  atlll  quite  eccurete 
outeide  the  Wail  layer.  If  the  resolution  of 
the  wall  tayar  la  requlrmd.  It  may  become 
necessary  to  abandon  tha  wall  functions  in 
favor  of  more  elaborate  (and  computationally 
more  axpanstwa)  tteatmenc  of  ttM  near-wall 
turbulanca. 


3)  We  note  that  all  of  the  comparisons 
with  experimental  data  made  thus  far  have 
been  restricted  to  the  flow  over  Che  hull  in 
spite  of  the  fact  that  the  solutions  extend 
well  downstream  into  the  wake  (X  ■  2„3L). 
While  there  is  no  data  in  the  wake  of  the 
SSPA  hull,  the  recent  measurements  of  Sards 
and  Patel  [9,10]  on  the  Wigley  hull  extend 
upto  X  ”  1.8L  and  offer  an  opportunity  to 
investigate  the  development  of  the  wake 
flow.  These  comparisons  will  be  made  after 
improving  the  grid  resolutions  in  the  stern 
region.  Calculations  are  also  under  way  for 
other  hull  forms  for  which  similar  data  are 
available. 

4)  Comparisons  between  the  calculations 
and  turbulence  data  which  are  available  for 
the  Wigley  and  the  SSPA  hulls  need  to  be 
examined  to  ascertain  the  performance  of  the 
turbulence  model.  This  would  requit.:  more 
careful  consideration  of  the  differences  in 
the  coordinates,  as  already  mentioned. 

5)  Although  calculations  performed  with 
a  coarser  grid  for  the  SSPA  hull  during  the 
course  of  the  present  study,  and  many  pre¬ 
vious  solutions  for  simpler  geometries,  in¬ 
dicate  that  the  finite-analytic  numerical 
scheme  is  remarkably  inscnaltive  to  grid 
spacing,  systematic  studies  are  necessary  to 
investigate  the  grid-dependence  of  the  solu¬ 
tions,  particularly  with  regard  to  the  ac¬ 
curacy  with  which  the  numerical  et'ordlnates 
describe  the  rapid  changes  in  hull  geometry 
near  the  stern. 

Vt.  <20MCU}S10ttS 

The  progress  ssadc  in  the  developnetu  of 
a  very  goiutral  nutHUicsl  method  for  the  cal¬ 
culation  of  tl»  complex,  thrce-iiltaanalonal, 
turbulent  flow  over  the  »c»m  and  in  the  wake 
of  arbitrary  ship  forms  has  been  described. 
The  solucionsi  obtained,  thus  far  appear  to  be 
quite  satisfactory.  This  study  also  points 
out  two  swjof  diff'culties  in  dealing  with 
complex  three-dimensional  flswa?  one  is  the 
accurate  numerical  resolution  of  such  flows 
in  regions  of  rapid  changes  in  geometry,  and 
ti>e  other  is  the  assessment  of  tha  results  by 
comparisons  with  what  must  be  regarded  as 
quite  coeiprehenstve  eAperlments.  The  resolu¬ 
tion  of  the  former  lies  in  more  detailed 
numerical  Investlgsiions,  while  that  of  the 
latter  should  be  addressed  Jointly  in  future 
numerical  am  well  as  physteal  experiments. 
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Figure  t.  Framelines  and  Longitudinal  Sections  of  the 
(a)  Wigiey,  and  (h)  SSPA,  Hulis 
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Figure  7.  Contours  of  Constont  Axial  Velocity  (U);  WIgley  Hull 
U/Uq  -  0.8;  0.8S;  0.9;  0.95 
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DISCUSSION 
of  the  Paper 

by  H»C.  Chen  and  V«C«  Patel 

NUMERICAL  SOLUTIONS  OF  THE  FLOW  OVER  THE  STERN  AND  IN  THE  WAKE  OF  SHIP  HULLS 


DISCUSSION 
by  H.C.  Raven 

This  paper  and  the  previous  one  allow  an 
interesting  comparison  of  two  methods  that 
solve  basically  the  same  equations  but  with 
completely  different  numerical  treatment.  Chen 
and  Patel  determine  the  velocity  components 
from  the  associated  momentum  equations  and  use 
a  Poisson-like  pressure  correction  to  satisfy 
continuity,  while  we  derive  the  normal  velocity 
from  continuity  and  the  pressure  from  Che  nor¬ 
mal  momentum  equation.  Furthermore,  they  use 
untransformed  velocity  components,  a  staggered 
mesh,  uncoupling  of  all  equations  and  solution 
by  the  scalar  tridlagonal  matrix  algorithm; 
Instead  we  use  contravarlant  or  physical  velo¬ 
city  components,  a  regular  mesh,  and  a  fully 
coupled  solution  by  the  Strongly  Implicit 
Procedure  at  each  downstream  step.  Less  essen¬ 
tial  differences  are  present  in  the  difference 
approximations,  the  turbulence  model,  and,  in 
the  examples  shown,  the  grid  spaclngs  and  the 
extent  of  the  physical  domain.  The  method  of 
Chen  and  Patel  thus  largely  follows  the  metho¬ 
dology  of  general  purpose  flow  solvers  as  TEACH 
or  PHOENICS,  for  which  the  application  to  both 
internal  a^td  external  flows  necessitates  the 
use  of  a  pressure  correction  method  and  the 
wish  to  add  other  transport  equations  easily 
(e.g.  for  heat  transfer)  prohibits  the  use  of  a 
coupled  algorithm.  In  our  opinion  these 
features  are  a  definite  drawback  in  difficult 
applications,  e.g.  a  vortex  separation  calcu¬ 
lated  on  a  sufficiently  fine  mesh,  and  can  make 
the  convergence  of  Che  Iterative  procedures 
uncertain. 

Still  the  method  presented  by  the  authors 
worka  very  well  in  the  applications  shown.  The 
convergence  rate  of  our  method  nay  be  slightly 
better  (10  sweeps  instead  of  20);  on  the  other 
hand,  Chen  and  Patel  have  an  advance  In  the 
Implementation  of  a  turbulence  model.  It  will 
be  intereeting  to  make  further  coaparleons  bet¬ 
ween  these  methods  and  their  performance. 


Author's  Reply 


We  are  wll  aware  of  r.he  differences  and 
slnllarltlea  between  our  two  methods,  and  also 
among  other  methods  of  this  type.  However,  It 
la  perhaps  premature  to  Judge  the  relative  mer¬ 
its  of  these  methoda  since  they  luive  not  all 
been  applied  to  a  vide  range  of  hull  forms. 

We  believe  It  will  be  useful  to  liold  a  spe¬ 
cialty  WDtkihop  In  the  near  future  to  evaluate 
the  status  of  stem-  and  wake-flow  calculation 
methoda. 


DISCUSSION 
By  Yu-Tai  Lee 

The  predicted  pressure  distributions  for 
the  Wigley  and  SSPA  hulls,  shown  in  Figures  S 
9,  and  10,  deviate  from  the  original  measured 
data  with  the  wind-tunnel  blockage.  Because 
of  the  flexibility  of  the  numerical  grid 
generation  in  the  present  approach,  it  may  be 
worth  calculating  one  internal  flow  with  wind 
tunnel  wall  effect  as  a  benchwork  calculation 


Author's  Reply 


Yes,  the  present  method  can  be  used  to 
directly  assess  the  Influence  of  wind-tunnel 
blockage  by  placing  the  outer  boundary  of  the 
solution  domain  to  coincide  with  the  tunnel 
walls  and  applying  the  appropriate  boundary 
conditions  there.  We  plan  to  conduct  such  an 
investigation  to  clarify  blockage  effects. 


NEAR-WAKE  COMPUTATIONS  BY  SOLVING 
THE  VORTICITY  TRANSPORT  EQUATION 
ON  A  BODY-FITTED  COORDINATE  SYSTEM 

Kazu-hlro  Mori*  and  Nobukl  I  to** 
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Abstract 

A  new  method  to  predict  near  wake 
flows  is  proposed  where  the  time  de¬ 
pendent  fully  elliptic  vortlclty  trans¬ 
port  equation  is  used  as  governing 
equation  together  with  the  boundary 
layer  equation.  The  flow  field  Is  sup¬ 
posed  to  be  simulated  by  a  sudden  move 
of  a  body  to  which  a  vorticity  layer  is 
attached  to  a  certain  position.  The 
attached  vorticity  layer  is  equivalent 
to  the  steady  boundary  layer  flow.  The 
equation  is  solved  by  the  time  marching 
method  on  a  body-fitted  coordinate 
system.  The  two-equation  model  is  in¬ 
voked  for  the  turbulent  closure.  The 
wakes  of  2-dlraenslonal  elliptic  cyl¬ 
inder  and  a  SSPA-720  hull  form  are 
calculated.  The  separated  flow  with  a 
recirculation  is  well  predicted  in 
case  of  the  elliptic  cylinder.  The  ship 
wake  is  also  predicted  within  a  moder¬ 
ate  computing  time. 

i .  Introduction 

It  is" one  of  the  important  prob¬ 
lems  in  ship  hydrodynamics  to  estimate 
the  near  wake  flow  of  ships  theoreti¬ 
cally.  So  far  It  is  carried  out  either 
by  the  boundary  layer  approximation  or 
the  partially  parabolic  approximation, 
in  some  cases,  however,  separations 
with  recirculating  flows  make  those 
approximations  invalid  any  more.  Re¬ 
cently  calculations  based  on  the  full 
Navler-Stokes  equation  are  carried  out 
Ul. 121, 135.  Some  of  them  have  been 
applied  to  shin  wake  predictions  with 
prospective  successes. 

The  present  study  is  an  extet  lion 
and  generalization  of  the  previous 
works  on  ship-wake  calculations 
t4].t5l,t61.  A  common  feature  of  this 
series  is  to  use  more  than  a  single 
equation  as  governing  equations  depend¬ 
ing  on  the  flow  characteristics:  the 
boundary  layer  approximation  is  posi¬ 
tively  appreciated  up  to  the  position 
where  flows  are  perfectly  free  from 


separation  and  it  is  switched  into  the 
full  vorticity  transport  equation. 

such  a  combined  use  of  governing 
equations  makes  the  computing  time  and 
memory  storage  less.  At  the  same  time 
the  vell-deveioped  potential  flow  and 
boundary  layer  flow  calculations  are 
highly  appreciated  as  far  as  they  work. 

The  use  of  the  vorticity  transport 
equation  together  with  Biot-Savart "s 
law  was  first  applied  by  J.  C.  Vu  and 
et  al.(7)  to  predict  wake  flows.  It  has 
several  advantages  over  other  methods 
where  the  velocity  field  is  directly 
solved  or  the  stream  function  is  used. 
First  of  all,  the  pressure  term  has 
disappeared  from  the  basic  equation; 
this  makes  it  easy  to  take  account  of 
vlscoslty-lnvlscld  interaction.  They 
are  easily  realized  by  a  simple  addi¬ 
tion  of  the  vortlclty-lnduced  velocity 
to  the  potential  velocity  component. 
Secondly  the  outer  boundary  conditions 
for  the  vorticity  equation  are  defi¬ 
nitely  clear;  the  vorticity  is  zero. 
And  the  computing  domain  is  limited 
only  in  the  nor-.-zero  vorticity  region 
which  is  usually  much  narrower  than  the 
viscous  flow  region.  The  bom.dary  layer 
flow  Is  smoothly  matched  with  the  wake 
flow  through  vortlcltles.  Thirdly,  be¬ 
cause  Blot-Savart ‘s  law  is  applicable 
to  the  5-dimensional  flow  also,  the 
present  method  can  calculate  the  5~ 
dimensional  field  by  the  same  manner  as 
the  2-dlmensional. 

In  the  present  paper  the  vorticity 
transport  equation  Is  solved  together 
with  the  k- E  model  for  the  turbulent 
closure  system  by  the  time-awirching 
method.  The  potential  flow  calculation 
Is  carried  out  by  the  well-developed 
panel  method  while  the  boundary  laye** 
by  the  integral  method. 

A  body  fitted  coordinate  system, 
proposed  by  ThoapsonlB),  is  adopted 
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here  for  the  boundary  conditions  to  be 
predicted  more  accurately.  The  accurate 
description  of  boundary  geometries  is 
still  more  Important  in  the  present 
scheme  where  the  boundary  values  for 
vorticities  are  required. 

In  the  present  paper  the  near  wake 
flows  of  a  2-dimenslonal  elliptic 
cylinder  and  SSPA-720  hull  form  are 
calculated.  Comparisons  are  made 
between  the  results  by  the  body  fitted 
coordinates  system  and  by  the  Cartesian 
coordinate  system.  and  with  the 
measured. 

2.  Basic  Equation  and 
Computational  Rethod 


2.1  Basic  Equation 

In  a  right  handed  Cartesian  coor¬ 
dinate  (X, the  time  dependent 
vortlclty  transport  equation  is  written 
in  a  following  form: 


3(1).  3u.  3(1).  ,  3(1). 

- •»(!)  — i-u  — i*— (\)  — i-) 

''3X  "3x„  3x  ®ax„ 

n  n  n  n 


3t 


^3v^3^Uk  Sv^a^u. 
3x^3Xn* 


3*v) 


3x .  3x 
i  n 


3u  3u,  3*v 

- S. 


3u.  au 

— S.)  (1) 


3x..  3x„  3x,,3x„  3x„  Ss. 

K  n  k  n  u  1 


where  the  summation  convention  is  used 
and  l.j.k  are  in  the  order  of 
1.2. ill. 2;  t  is  the  time,  u,  and  «>  are 
the  mean  velocity  components  and*  the 
vortlclty  components  in  the  x.-dlrec- 
tlon  respectively.  The  vorticlty  is 
defined  by. 
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V  is  the  effective  kinematic  viscosity 
coefficient  which  is  related  to  the 
Reynolds  stress  b> , 
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where  v  is  the  kinematic  viscosity 
coefficient,  Is  the  Reynolds 

stress.  The  eddy  Kinematic  viscosity  v 
is  calculated  frsja  the  k-eaodel;  *• 
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The  velocity  assumed  to  be  con¬ 
sisting  with  the  two  components;  one  is 
the  potential  component  and  the  other 
is  the  component  due  to  the  vortlclty; 


„^Cx.-x.,)}dVo 


(9) 


Where  is  the  total  velocity  potential 
including  the  uniform  flow.  The  second 
term  is  the  Induced  component  by  the 
vortlclty  and  the  integration  is  car¬ 
ried  out  over  the  non-zero  vorticlty 
region  V  (see  Fig.l).  equation(9)  means 
that  once  the  vorticlty  distribution  is 
determined  which  is  definitely 
limited  the  velocity  field  beyond  V  is 
calculated  by  adding  the  Induced  veloc¬ 
ity  to  the  potential  component.  It  can 
be  smoothly  matched  to  the  tnviscld 
flow  field.  This  is  one  of  the  great 
advantages  of  the  present  method:  the 
computing  domain  is  limited  and  the 
interaction  between  the  Invlscld  and 
the  viscid  is  easily  taken  into  ac¬ 
count  . 

2.2  Body-fitted  coordinate  system 

Ti^e  vorilcUy  transport  equation 
Is  solved  on  a  body-fitted  coordinate 
system  to  minimize  numerical  errors  due 
to  the  compliceied  hull  geometry.  Here 
we  follow  the  method  originally  pro¬ 
posed  by  Thompsoi^  ( 8 1 . 


The  body-fiitod  coordinate  system 
tt.is.c)  can  be  generated  by  solving  a 
partial  differential  equation  given  by. 
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;  X2=y  ; 


^  ^ 
^  ^  "c 


By  equation  flO)  (x.y.z)  can  be  deter¬ 
mined  which  is  corresponding  to  the 
given  (  ?.  n.  C) . 

P  can  be  arbitrarily  chosen  de¬ 
pending  on  the  geometry.  Either, 


Pi-t>iAu«"  •  Pl-«j 

or, 

P.=-a  ignC^.-eJ)  exp(-b|?.-?°{3 
-c  rgaCC-C?)  exp[-d{CCi-C°)^ 


(12) 


(13) 

or  their  linear  ccmbinetion  is  commonly 
used,  where  1 , j ,k=l , 2 , 3  and  l=j,j=k, 
k=i ,  a,b,c,d  are  constants. 

Equation  (12)  is  convenient  to 
generate  grids  according  to  the  pre¬ 
scribed  Intervals.  The  first  term  of 
equation  (13)  makes  the  plane  5,=:con- 
stant  concentrate  to  a  given  plane  of 
Ki-Kt  .  while  the  second  to  a  point  of 
( tr  . d  .  ) •  Oi eater  values  of  the 
constants  ^  a  and  c  make  the  intervals 
of  coordinates  more  concentrated.  By 
trial  and  error  in  equations  (12)  and 
(13),  desired  grids  are  generated. 


The  differentiations  of  a  function 
f (X, .x-.x-.t)  with  respect  to  x,  can  be 
transformed  into. 
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on  the  body-fitted  coordinate  system, 
where 


X^“X 


X3=z 


;  C2=n  ;  ?3=? 


(IS) 


By  making  use  of  equation  (14).  the 
basic  equations  (1)  to  (9)  can  be  re¬ 
written  on  the  body  fitted  coordinate 
(  C.  n,  C)  . 


2.3  Computational  methods 

In  the  present  computing  scheme,  a 
flow  model  is  assumed  as  follows:  a 
body  which  is  at  rest  with  a  vorticity 
layer  around  it  suddenly  moves  with  a 
constant  speed.  The  vorticity  layer  on 
the  body  corresponds  to  the  steady 
boundary  layer  at  that  speed.  Then  a 
wake  develops  in  a  downstream  by  the 
convection  and  diffusion  of  vorticity. 
This  flow  model  can  be  realized  by  the 
following  computational  procedure. 

In  the  beginning  the  potential 
flow  calculation  is  carried  out  done 
all  over  the  flow  region.  Then  the 
boundary  layer  calculation  for  the 
steady  flow  is  executed  up  to  a  point 
where  no  significant  upstream  effects 
of  separation  are  supposed  to  exist.  The 
integral  method [9]  is  used  for  the 
boundary  layer  calculation  from  which 
the  vorticities  are  given  by. 


^  3!li(r)(H-3)/2 
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where  y;  the  normal  distance,  w  ;  the 
streamwlse  vorticity,  u  ;  the  crSsswise 
vorticity,  w  ;  the  normal  vorticity, 
h,;  the  metric  coefficient, 
geodesic  curirature,  3;  the 
layer  thickness,  U^;  the  ve 
boundary  layer  edge,  9;  the  momentum 
thickness  and  H;  the  shape  factor. 

For  the  wake  calculations  equa¬ 
tions  (i)  and  (3)  are  expressed  In  the 
explicit  time-marching  finite  differ¬ 
ence  forms.  A  modified  upwind  differ¬ 
encing  method  is  used  for  the  convec¬ 
tion  terms  and  the  centered  differ¬ 
encing  method  for  the  diffusion  terms. 

Calculations  are  carried  out 
through  the  following  iterations.  First 
k  and  e  are  determined  at  t“t-t-4t  which  j 
provide  v  ;  and  tht.n  a),,Uo>w*  ore  , 
obtained.  The  velocity  field  at  t=t>-At  ; 
is  determined  from  equation  (9)  by  j 
making  use  of  the  obtained  vorticity  | 
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distribution.  The  calculations  to  solve 
equations  (1)  to  (5)  are  limited  within 
the  domain  V,  while  the  velocity  field 
can  be  determined  beyond  it.  This  se¬ 
quence,  shown  in  Fig. 2.  is  Iterated 
until  a  steady  or  quasi-steady  solution 
is  obtained. 

The  time  step  it  is  important  in 
the  explicit  method.  It  is  determined 
by  von  Neumann's  stability  analysis 
[10] . 

Input  Hull  Form 


Body  Fitted  Coordinate 
is  generated;  eq.(10} 


i 

Potential  Cal. 
by  Panel  Method 
\ 

Boundary  Layer  Cal. 
by  Integral  Method 


Initial  and  Boundary 
Values  for  Wake  Cal. 
are  ‘deterwined 


Induced  Velocity 
Distribution  in  the 
Wake  by  B.L.  vorticit 
is  obtained 


Wake  Cal.  START 
t^«0,  n«l 

•i 


at  is  deternined 
by  Von  Neumann's 
Method 

k  «nd  e  are  transported 
Into  the  vake  by  At. 
kn.l_^n.l_^jU 
n.n-H  determined  osing 

u?,k''.t",v"  ieq.(S) 

^  I 

distribution  is 
calculated  from 

eq.(l) 

(nduced'velocity 

distribution  u?*^ 
is  obtained  by:, 
integrating  :  eq.CS) 

dill  vortielty 
is  determined;  4q.(i9) 


Is  t  end  time, 
"or  notf 


dike  Cal.  END 

Fig. 2  Computational  sequence 


At^Min{2/  -  2  (C2+C2+CJ) 

where  D,*+D-,+D, . >0  is  assumed  and 
^i’^^ij  follow. 


C.=-  I  u„C.  -w^P, 
^  n-1  ”  "n  ®  " 


D.  .‘‘—A.  . 
11  jz  11 


C18) 


Min{  >  in  equation  (17)  means  to  use 
the  minimum  At  on  the  mesh  point  at 
that  time. 

Because  the  problem  is  an  initial- 
boundary  value  problem,  initial  and 
boundary  values  must  be  assigned.  They 
are  tabulated  in  Table  1  and  2. 
B.  , .B.  .B  . ,B  .B  ,  are  the  boundaries 
Of  the  coffiputXng  region  V.  as  shown  in 
Flg.l;  Bj^,  is  the  terminating  surface 
of  the  boundary  layer  calculation,  Bj^ 
is  the  hull  surface,  B  .  is  the  outer 
boundary  and  B  is  the  terminating 


Fig.l  Coodinate  system  and  definitions 
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Table  1  Initial  conditions 
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Table  2  Boundary  conditions 
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surface  in  the  x,  direction  (the  down¬ 
stream  boundary).  The  subscript  bl 
refers  values  on  B.  ,  which  are  obtained 
by  the  preceding  boundary  layer  calcu¬ 
lation. 


The  boundary  values  of  vorticity 
on  B.  at  t=t+At  is  assumed  to  be 
provided  ”in  terms  of  the  velocity  at 
t=t, 


'n  "k 


(19) 


ment.  All  the  results  are  shown  in  non- 
dimensionallzed  forms  by  the  uniform 
flow  velocity  and  the  half  length  of 
models,  unless  otherwise  stated,  but 
the  same  nomenclatures  are  used.  The 
origin  is  at  the  midship. 


As  shown  in  Fig. 3,  the  bounda¬ 
ries  B  ,  B  ,  B.  and  are  mapped 
into  C  =50,  ri  =-^0 ,  rpO  ana  respec¬ 
tively  to  form  a  rectangle  computing 
domain.  The  trailing  edge  (A.P.)  is 
mapped  to  the  point  of  K=16  and  r)=0. 


The  computing  domain  is  extended 
at  each  time  step  so  that  the  vor- 
ticlties  on  B  and  B  .  are  definitely 
zero.  After  B^  reaches''a  certain  posi¬ 
tion,  however,  beyond  which  the  com¬ 
puting  domain  is  not  extended  anymore, 
the  second  derivative  of  the  vorticity 
with  respect  to  x  is  imposed  to  be  zero 
on  B  Instead. 


Initial  values  for  k,e,v  are 
provided  by  the  Cebecl -Smith  model  on 
®bl'  sake  of  prompting  the 
dlifuslon  of  the  vorticity,  the  same 


distributions  as  those  on  B.  .  are  ex¬ 
tended  up  to  x=i.2  instead  or'^zero. 


For  the  present  transformation 
are  chosen  as  follows: 

Pj^=“l.SxiO  ^sgnCC-16)  exp(-0.1|^-16|) 


-S.0xl0''sgnC?-16)  exp [-0. 8 {(C- 16)* 
+(n-0)* 


An  y 
J*  'r\ 


5=1 


(20) 


3.  Computed  results  and  discussions 


-5.0xl0'‘sgn(n-0)  exp [-0.8 {(5-17)* 


3.1  2-DiHienslonal  Elliptic  Cylinder 

Near  wake  flow  of  an  elliptic 
cylinder  is  chosen  for  the  2-dimen- 
slonal  calculation.  It  has  a  blunt 
trailing  edge  and  significant  separated 
flows  are  likely  to  take  place  which 
are  hardly  possible  to  be  predicted  by 
methods  based  upon  the  boundary  layer 
assumption. 

The  ratio  of  the  minor  and  major 
axes  of  the  elliptic  cylinder  model  is 
0.125.  It  is  designated  EJ1-125  here. 
The  flow  Is  parallel  to  the  major  axis 
(in  the  direction  of  x-axls)  of  the 
elliptic  cylinder The  ref erred  Reynolds 
number  is  1.68xi0'’,  corresponding  to 
the  conditions  of  the  velocity  maasuro- 


♦(n“0)*}^  1 

P,  makes  the  5“axes  to  concentrate 
afound  a  point  (  ?.  ti)  =  (  16.0) .  while  the 
first  term  of  P,  gives  the  basic  n^grld 
size  at  5=1  and  the  second  term  modi¬ 
fies  it. 

The  grid  for  the  actual  computa¬ 
tions  is  shown  in  Fig. 4  where  the 
curves  correspond  to  the  5  and 
n=constant  lines. 

The  potential  flow  is  described 

by. 

cosh25-cos2n-bsinh2E^ 
cosh*  5 -cos*  n 


out 


“bl 


ii«20 

n“0 

n--20 


out 


.  5-16  6-SO 
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Pig.  3  2-diBetisionai  grid  generation 


n-20 

n«0 

n“-  20 


6H 


Fig.S  Results  of  boundary  layer 
calculation  for  EM-12S 


0  sxn^n  n 

9y  ‘ITFbT  cosh’5'Cos»n 

x+iy-yT^Fcosh{5*in)  p  i»/n[  f22) 

The  results  of  the  boundary  layer 
calculation  are  shown  In  Fig. 5.  to  is 
non-dlfflens localized  by  pu|.  The  calcu¬ 
lations  are  quite  stable  up  to  around 
x=0.6  beyond  which  H  starts  to  Increase 
steeply.  Is  assumed  at  x=0.e  where 

reliable  results  can  be  assured.  Aa 
additional  v-coaponent  velocity. 


sin(2irt/0.74) 


Is  added  to  the  uniform  flow  for 
t<0.37.  This  disturbance  makes  the  flow 
asymmetric,  If  any,  within  a  reasonable 
computing  time.  The  constant  0.74  Is 
the  fluctuating  period  of  wake  flow  and 
0.1  Is  the  amplitude;  they  are  aprlorl 
chosen  here.  It  Is  examined  that  nei¬ 
ther  the  period  nor  the  amplitude  af¬ 
fect  the  final  solution.  Fig. 6  shows 
the  computed  results  of  vortlclty  dis¬ 
tribution  at  several  time  steps,  t  Is 


-0.1  0.0  0.1  y 


Fig. 6  Vorticity  distribution  for  EM- 125 


the  non-dimenslonalized  time  by  L/2U. 
The  results  show  almost  converged  at 
tsl.?.  In  Fig. 7  the  calculated  veloc¬ 
ity  distributions  at  x=1.0(A.P.)  and 
x=:i.2(in  wake)  are  compared  with  the 
experimental  data.  The  results  obtained 
on  the  Cartesian  coordinate  system(6] 
are  also  shown  there,  u  and  v  are  the 
velocity  components  in  the  x-  and  y- 
directions  respectively.  The  differ¬ 
ences  between  the  two  calculations  are 
rather  little  and  they  are  in  good 
accordance  with  the  measured. 

In  Fig. 8  the  flow  patterns  at 
tsi.6  are  shown  which  are  obtained  on 
the  body-fitted  and  the  Cartesian  coor¬ 
dinate  systems.  Differences  are  ob¬ 
served  in  the  vicinity  of  hull  and  in 


the  recirculating  region  behind  the 
body:  the  flow  seems  to  direct  into  the 
hull  in  the  Cartesian  coordinate  case. 
This  means  that  the  employment  of  the 
body-fitted  coordinate  makes  the  hull 
surface  conditions  to  be  satisfied  more 
strictly  not  only  for  the  velocity  but 
for  the  vorticity. 

It  is  disclosed  that  the  solution 
for  k.  c  has  not  converged  locally  in 
the  recirculating  region.  There  may  be 
some  limitations  for  the  use  of  the  k-e 
model  with  the  standard  constants  for 
such  a  recirculating  region.  Fig. 9  may 
support  this  guess.  It  shows  the 
comparison  of  computed  i/  with  the 
measured  for  EM-200  whose  ratio  of  axes 
is  0.200.  The  results  at  x=1.005  show 
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Fig. 8  Flow  patterns  of  EM-12S  at  t=1.6 


poorer  agreements  with  the  measured 
than  those  at  x=1.100  although  fluctua¬ 
tions  are  still  more  Intensive. 

The  viscous  drag  coefficient  of  a 
body  is  placed  in  a  uniform  flow  is 
given  by  the  momentum  theorem. 

R-;*„(H<„-H)dy-|p/*„{(U'U)^  -v*  }dy  (24) 

where  R  is  the  viscous  drag  and  H  is 
the  total  pressure.  The  suffix  <»  means 
the  values  at  the  upstream.  The  inte¬ 
gration  is  carried  out  at  a  certain 
section  in  the  wake.  From  the  2-dimen¬ 
sional  Reynolds  equation,  the  y-dlrec- 
tion  gradient  of  the  total  pressure  is 


expressed  as  follows. 

1  |!l3.  w  ,U+|-  (v  (-1^+ 1^) }  +|-(  2v  )  (25) 

p5y  “3“  3x'e'-ax  Sy'  W  ®gy 

Substituting  equation  (25)  into  equa¬ 
tion  (24) ,  the  viscous  drag  is  rewrit¬ 
ten.  in  terms  of  u,  v  and  u.v: 

6 

,  3v.  3v  3  u 

R"  p/"  u),u  -T-^-  2  (-^r- 
.»  3  3x  '■3x  3v 


3v  3u 

-^53r)}dydy 
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Fig.  10  Viscous  drag  coefficient 
distribution  for  EM-12S 


In  case  of  blunt  bodies  the  use  of 
equation  (26)  is  expected  to  be  much 
more  accurate  than  the  pressure  inte¬ 
gration  over  hull. 

The  viscous  drag  coefficient  of 
EM-125  is  calculated  by  equation  (2<j). 
The  infinite  integration  appearing  in 
equation  (26)  is  carried  out  only  in 
the  domain  where  the  velocity  Is 
smaller  than  the  potential  velocity 
component . 

The  calculations  are  carried  out 
at  several  control  sections  whose  re¬ 
sults  are  presented  In  Fig, 10  In  a  non- 
dlmenslonal  form  by  1/2pU  L.  The  mea¬ 
sured  result  Is  obtained  by  the  wake 
survey  method  at,x=1.9.  The  Reynolds 
number  Is  1.15x10**  which  dose  not  match 
with  that  of  computation. 

It  is  found  that,  though  the  flow 
pattern  seems  almost  steady  1=1.7.  the 
viscous  drag  still  fluctuates  with  time 
and  depends  on  the  position  of  control 
section.  The  calculated  drag  coeffi¬ 
cients,  however,  seem  to  converge  and 
to  come  close  to  the  measured. 


3.2.  3-Dimenslonal  Ship  Wake 

SSPA- 720 (C. =0.675)  model  is  used 
tor  the  present  computation.  The 
Reynolds  number  Is  6.6x10  .  All  the 
experimental  data  hero  shown  are  le- 
f erred  from  (9). 


The  grid  generation  Is  carried  out 
2-dlmenslonally  at  each  x=constant 
plane  to  save  computing  time.  As  shown 
In  Fig. 11  the  computing  domain  is 
transformed  into  the  rectangular  solid: 
the  surrounding  surfaces  such  as  the 
downstream  boundary  B  .  the  outer 
boundary  B  . .  the  upstream  boundary 
Bw, .  the  null  surface  the  free 

surface  boundary  B  .  and”  the  center 
plane  B  ,  are  mapped  to  C=30.  n=l8. 

C=i.  ii=lT'‘'(;=l  and  );  =  18  respectively.  In 
this  calculation  i  is  tho  function  only 
of  X. 


The  generated  grids  at  x=0.8  and 
l.O  are  shown  In  Fig. 12.  There  were  not 
any  special  difficulties  to  generate 
them  for  this  case.  About  1  minute 
computing  time  by  HITAC-M200H  Is  addi¬ 
tionally  required  for  their  generation. 


Through  the  present  calculations 
we  can  conclude  that  the  present  scheme 
works  well  to  yield  satisfactory  pre¬ 
dictions  of  near  wake  flows  and  the  use 
of  the  body-fitted  coordinate  system 
Improve  the  accuracy  of  the  hull-sur¬ 
face  condition. 


The  procedure  for  the  wake -calcu¬ 
lation  IS  the  same  as  the  2-dlmenslonal 
case.  Two  simplifications  are  made  to 
save  computing  time  and  memory  stor¬ 
ages.  One  is  to  skip  the  induced-ve¬ 
locity  calculations  once  for  every  5 
step  except  the  vicinity  of  the  hull. 
The  other  is  to  satisfy  the  hull  sur- 


621 


Transformed  Plane 


Physical  Plane 


Fig.  11  3-dimensional  grid  generation 
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Fig. 12  Grid  generations 
for  SSPA-720  aodel 


face  condition  for  the  induced-velocity 
only  for  the  normal  component  and  the 
tangential  component  is  set  free. 

The  potential  flow  is  calculated 
by  the  panel  method.  The  boundary  layer 
calculation  is  carried  out  up  to 
x=0.8(B^.)  by  the  Integral  method  where 
the  Mager  model  is  invoked  for  the 
velocity  profiles.  The  results  are 
shown  in  Fig. 13. 

Fig.  15  shows  the  results  of  the 
boundary  layer  calculations  at  x-0.7 
and  0.8.  The  measured  results  at  x=0.7 
are  referred  for  comparisons.  The  cal¬ 
culation  is  carried  out  by  the  integral 
method  where  the  Mager  Velocity-profile 
model  is  used  191 .  At  x=0.7  the  calcu¬ 
lated  boundary  layer  parameters  are  l.n 
good  accordance  with  the  expei imental 
ones,  but  H  and  <9  have  a  little  smaller 
values  at  the  hollow  part  of  the  body 
plan.  The  reason  is  that  the  boundary 
layer  approximation  is  gradually  break¬ 
ing  down  around  such  a  part.  After  some 
consideration  about  the  CPU  tirao  and  the 
accuracy, B..  is  determined  at  x»0.8. 

The  results^at  x«0.8  are  used  as  the 
upstream  boundary  values  for  the  wake 
calculation. 

<n  Fig. 14  the  streaawlse  and  cross 
flow  velocity  profiles  at  the  positions 
B  and  C  In  the  X3O.9  section  are  shown: 
positions  are  shown  In  Fig. 15.  Veloci¬ 
ties  and  coordinates  are  nondimenslon- 
allzed  by  the  boundary  layer  edge  ve¬ 
locity  and  the  measured  boundary  layer 
thickness  respectively.  The  calculated 
velocity  distribution  at  B  is  in  good 
accordance  with  the  measured  except  in 
the  vicinity  of  the  wall,  while  a  poor 
agreement  is  at  C.  This  is  because  the 
point  C  is  in  the  wake  of  the  bilge 
vortex  and  the  computed  results  cannot 
simulate  It.  Details  on  this  disagree- 
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Fifl.l3  Boundary  layer  calculation  results 
for  SSPA-720  at  x-0.7  and  x-0.8 


ment  will  bo  discussed  later. 

Flow  vectors  at  xt'0.9.  1.0  and  l.l 
are  shown  In  Fig. 15.  An  Intensive  doim- 
ward  flow  In  the  vicinity  of  the  hull 
Is  observed.  Although  It  is  not  so 
Intensive,  such  a  downward  flow  often 
observed  In  experlaents  as  a  reverse 
cross  flow.  Contrarily  to  our  expecta¬ 
tion,  the  body  surface  condition  seems 
to  be  of  little  accuracy;  appreciable 
norual  coaponents  to  the  bull  are  still 


observed.  This  nay  be  due  to  the  grid 
sizes  In  the  tangential  directions 
which  are  not  small  enough  compared 
with  those  of  the  normal  direction. 
Another  possible  reason  may  be  the 
assumption  that  the  source  distribution 
on  the  hull  is  constant  over  a  panel.  A 
finer  grid  scheme  may  contribute  more 
or  less  to  Improve. 

Fig. 16  shows  the  equl-wake  con¬ 
tours  at  x=>0.9.  l.O  and  l.l.  The  mea- 
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Fig.  16  Wake  contours  for  Si>PA-720 


sured  contour  at  x=0.899  is  also  shown  ouch  saved,  the  use  of  the  boundary 

for  conparlson.  layer  approximation  up  to  x^O.d  seems 

the  reason  for  the  poor  simulation  of 
The  calculated  results  simulate  the  bulge- like  equl-vake  contours,  for 

the  aqul-llnes  of  0.6  or  0.7  rather  the  Mager  model  can  not  afford  any 

well  but  not  so  well  those  of  0.8  and  bilge  vortices.  It  may  be  suggested. 

0.9.  The  bulges  of  the  equl-lines  of  therefore,  that  the  bilge  vortex  can 

0.9  or  l.o,  observed  In  the  experlmen-  not  be  simulated  even  by  a  full  equa- 

tal  data,  are  supposed  to  be  duo  to  the  tlon  unless  the  upstream  boxmdary  con- 

bllge  vortex.  As  stated  previously.  In  dltlon  Is  carrying  It.  Of  course  If  the 

the  present  computation,  the  flow  field  machine  can  afford,  the  choice  of  a 

up  to  xaO.8  l.s  calculated  by  the  bound-  wider  computing  region  for  the  vortl- 

ary  layer  approximation  with  the  Mager  city  transport  equation  may  Improve 

velocity-profile  model  and  the  results  further, 

at  x-0.8  are  used  as  the  up.stream 

boundary  values  for  the  wake  calcula-  Although  there  are  several  rooms 

tlon.  Although  the  computing  time  Is  for  improvements,  the  present  numerical 
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scheme  can  be  extended  to  practical 
uses  with  a  certain  accuracy.  The  vor- 
ticity  distribution,  which  Is  obtained 
In  the  course  of  the  present  calcula¬ 
tion,  may  provide  another  important 
Information  for  stern  flow  problems. 
The  computational  time  for  the  SSPA-720 
case  is  about  2  hours  for  100  time- 
steps  by  HITAC-M200H  of  Information 
Processing  Center  at  Hiroshima  Univer¬ 
sity, 

4.  Concluding  reaarlts 
A  new  wake  calculation  method 
which  is  based  on  a  combined  set  of 
governing  equations  of  the  vortlcity 
transport  equation  and  the  boundary 
layer  equation  have  been  proposed.  Near 
wake  flows  of  a  2 -dimensional  elliptic 
cylinder  and  SSPA-720  model  are  calcu¬ 
lated.  In  the  case  of  the  2 -dimensional 
calculation,  good  results  are  obtained, 
while  the  results  of  the  3-dlmenslonal 
calculation  have  still  room  for  im¬ 
provements  . 

The  utilization  of  the  boundary 
layer  approximation  contributed  sig- 
niflccintly  to  save  computer  memories 
and  CPU  time. 

For  the  turbulent  closure  the  k-r 
model  was  invoked  which  simulated  quite 
well  except  the  far  wake  and  the  recir¬ 
culating  flow  region.  For  the  model  to 
be  applied  for  such  flow  regions,  a 
more  suitably  set  of  empirical  con¬ 
stants  may  be  needed. 

The  use  of  the  body  fitted  coord* 
nale  system  can  make  the  boundary  con- 
ditlon.s  predicted  more  precisely. 

It  does  not  make  significant  differ¬ 
ences  In  computing  time  fro®  the  Carte¬ 
sian  coordinate  system. 
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DISCUSSION 
of  the  paper 
by  K.  Mori  and  N.  Ito 

"NEAR-WAKE  COMPUTATIONS  BY  SOLVING  THE  VORTICITY  TRANSPORT  EQUATION  ON  A  BODY-FITTED  COORDINATE 

SYSTEM" 


DISCUSSION 
by  V.C.  Patel 

The  advantage  of  using  t^ie  vorticity- 
transport  equation  lies  in  the  fact  that  the 
numerical  solution  is  confined  only  to  the 
rotational  flow.  However,  quite  extensive 
experience  with  this  approach  in  laminar,  and 
principally  two-dimensional,  flows  indicates 
that  the  solutions  are  highly  sensitive  to  the 
treatment  of  the  vorticity  boundary  condition 
at  solid  walls.  This  suggests  that  for 
TURBULENT  FLOW  one  must  very  carefully  model 
the  flow  very  close  to  the  wall,  i.e.  resolve 
the  velocity  gradients  in  the  sublayer,  the 
blending  zone  and  the  logarithmic  layer.  The 
k-e  model  that  you  use  certainly  does  not  do 
this  (see  the  recent  review  of  near-wall  tur¬ 
bulence  models  by  Patel,  Rodi  and  Scheuerer, 
AIAA  Journal,  Vol.  23,  p.  1308,  Sept  1985). 

From  the  results  presented  in  your  Figure  16, 
it  is  evident  that  insufficient  vorticity  is 
being  generated  at  the  hull  and  that  it  is  not 
diffusin;  in  the  manner  observed  in  the 
experiment.  This  is  underscored  by  the 
results  shown  in  Figure  14,  where  we  see  that 
the  calculated  velocity  profiles  are  like 
those  in  a  laminar  flow,  and  the  vorticity 
(velocity  gradient)  in  the  wall  region  is 
grossly  in  error. 

Author^s  Reply 

Thsnk  you  for  your  kind  comments  and  useful 
suggestions.  Careful  treatments  of  the  turbu¬ 
lent  flow  in  the  very  vicinity  of  the  wall 
should  be  reminded  in  any  computations.  In 
this  sense  we  admit  that  our  numerical  scheme 
has  also  a  room  for  improvements.  We  think, 
however,  that  the  insufficient  results  for  the 
3-0  computations  tdtich  you  pointed  out  ore 
mainly  coming  from  the  numerical  treatments  of 
the  imege  syatec  of  the  vorticity.  Additional 
source  and  circulation  distributions  on  the 
hull  era  required  to  cancel  the  induced  veloc¬ 
ity  there.  In  the  3-0  coeputetions,  we 
neglected  the  letter  distribution  and  used 
rsther  coarse  panels  for  the  source  distribu¬ 
tion  simply  to  seve  the  computing  time.  We  did 
eccureteVy  for  the  2-0  case. 

It  is  trut  that  th#  boundary  valu*  of  vor- 
tiaity  on  tf*  solid  surface  is  rxjt  definite. 
Fortunately,  in  our  scheme,  the  region  inhere 
it  is  reiquired  is  limited  to  the  small  pert 
close  to  the  trmiling  edge  snd  tne  vorticity. 
which  is  proportions!  to  the  skin  friction, 
has  not  so  Isrga  values .  He  do  not  think, 
therefore,  thet  it  is  s  fstsl  difficulty.  It 
is  an  importent  merit  that  the  coeputing  dommin 
is  much  tmsllsr  that  that  where  the  velccity- 
pramstUNS  schame  ia  solved,  as  you  pointed  out. 


Another  important  merit,  which  may  be  still 
more  important  is  that  the  governing  equation 
is  not  carrying  the  pressure  terms.  This  ineans 
the  pressure  field  is  ilaxed.  We  need  not 
care  about  matching  the  equations  from  tt)e 
boundary  layer  approximation  to  the  full  equa¬ 
tion  even  where  the  pressure  may  not  be  con¬ 
stant  across  the  (thick)  boundary  layer. 

We  think  the  vorticity  can  be  the  important 
physical  quantity  which  may  help  sound  under¬ 
standings  of  the  complicated  ste.-n  flow. 

DISCUSSION  by  H.C.  Raven 

It  is  not  very  clear  to  me  hew  the  bound¬ 
ary  conditions  on  the  hull  surface  are 
satisfied.  The  induced  velocity  field  is 
needed  to  cancel  these.  But  according  to  Fig. 

2  this  potential  velocity  is  not  updated  during 
the  tiiao  stepping;  so  only  at  t=0  the  normal 
boundary  condition  would  be  satisfied.  The  no¬ 
slip  condition  is  imposed  by  specifying  a  boun¬ 
dary  value  w^  (t  ♦  At)  expressed  in  the 
velocity  fie’d  at  time  t. 

Solving  the  vorticity  equations  and  deriv¬ 
ing  the  velocity  field  from  the  Biot-Savart  law 
one  should  arrive  at  exactly  the  same  wall  vor¬ 
ticity  again.  In  other  words,  the  vorticity  at 
the  wall  is  not  allowed  to  vary  in  time  except 
by  numerical  inaccuracies. 

Since  I  cen  hardly  imagine  that  these  sup¬ 
positions  are  correct,  could  the  authors 
explain  their  implementation  of  the  boundary 
conditionsV 

Other  comments  concern  the  numerical 
accuracy.  If  the  longitudinal  momentum  is 
accurately  conserved,  the  momentum  deficit  mt 
different  x-positions  in  the  wake  must  approach 
the  aeae  steady-stetc  limit.  Fig.  10  is  n.it 
very  convincing  in  this  respect.  Fintlly, 
usin»  iB  or  20  points  through  the  boundsry 
leyci  in  a  hiy'i  Reynolds  number  turbulent  flow 
without  aeploying  well  functions  might  be 
insufficient. 

Author’s  Reply 

Thsnk  you  for  your  discussion  (1)  As  you 
pointed  out,  an  additional  potential  velocity 
field  is  neeasasry  to  satisfy  the  hull  surface 
condition.  As  mentioned  in  the  fourth  pare- 
greph  of  section  3,2,  we  did  so  by  distributing 
mn  edditive  source  on  the  hull  (we  have  to  apo¬ 
logize  for  not  mentioning  definitely  in  Fig. 

2).  Wo  think,  ttowever,  the  mccurecy  for  the 
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additive  source  distribution  was  not  enough, 
for  m  U'.jed  the  sane  panel  scheme  as  those  used 
for  the  potential  component j  for  the  induced 
velocity  field  to  be  canceled,  more  finite  mesh 
or  higher  approximation  for  the  source  strength 
on  a  panel  may  be  necessary. 

(2)  Me  cannot  understand  your  comment  that  one 
should  have  the  same  wall  vorticity  at  any 
time.  The  velocity  field  changes  at  each  time 
step  and  eventually  the  corresponding  vortic¬ 
ity  may  change.  This  can  be  easily  confirmed 
from  the  definition  of  the  vorticity. 

(3)  As  in  Fig.  7,  the  flow  field  is  still 
unsteady.  The  momentum  theorem  cannot  be 
applied  to  the  steady  flow  exactly  speaking. 
Another  reason  is  that  the  integration  in  the 
lateral  direction  is,  as  mentioned  in  the 
text,  carried  out  only  in  the  domain  where  the 
velocity  is  smaller  than  the  potential  com¬ 
ponent  . 
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Abstract 

This  work  Is  concerned  with  the  development  of 
an  Inverse  mode  solution  of  the  three  dimensional 
boundary  layer  equations.  Reasons  for  investigating 
this  problem  are  first  discussed  and  rest  on  the 
possibility  of  marching  In  the  unaccessible  zones  by 
means  of  a  Flare-type  approximation  without 
encountering  any  type  of  singularity.  The  method 
developped  Is  a  generalisation  of  Carter  method 
Cl 978]  and  uses  either  the  standard  or  the  zigzag 
box  scheme. 

Threedimensional  results  are  reported  Including 
the  prolate  spheroid  at  Incidence  C19}  and  the  SBPA 
720  ship  model  C203.  C21]  for  which  It  is  shown 
that  given  dlaplaoement  thicknesses  resulting  from 
the  direct  mode  allow  successful  recovery  of  the 
external  velocity  and  boundary-flow  given  and 
computed  with  the  help  of  the  direct  mode. 

1 .  -Introduction 

The  development  of  predlotlon  techniques  for 
flow  field  containing  separated  regions  Is  of 
fundamental  importance  since  separation  Influences 
the  performance  of  engineering  devices  such  as 
wings,  compressors.  Inlets. . .  i  It  concerns  also 
heat  transfer  applications  as  the  location  of 
soparatlon  greatly  Influences  the  values  of  heat 
transfer  ccefflctents.  Predlotlon  techniques  for 
separated  flows  can  also  lead  to  a  better  under¬ 
standing  of  trailing  edge  flow  phenomena  and  their 
Influence  on  the  configuration  of  flow  past  wings. 
Endly.  thsy  can  be  also  a  valuable  tool  of 
Investigation  of  ship  stern  flows  which  must  be 
eoouratety  computed  if  hull-propeller  Interactions 
are  considered. 

In  the  absence  of  separation.  Invisold  end 
boundary-layer  How  theories  can  usually  be  applied 
In  a  weakly  coupled  procedure  to  yield  sufflolenlly 
accurate  solution  ;  an  Initial  computation  of  the 
Invisold  velocity  field  gives  the  far  field  condition  for 
the  boundary  layer  calculation  which  In  turn  provides 
an  sstimetlon  of  the  displacement  thioknees.  The 
effect  of  the  boundary  layer  on  the  Invhwld  flow  can 
be  accounted  for  by  adding  tha  dlsplaccmeni 
thickness  to  ths  originil  surface  geometry  end 
repeating  the  Invteold  flow  oetculaUon.  Usually  the 
iteration  is  tarminatad  at  this  point  not  only  because 
the  retutt  eppeere  often  to  be  eutfiolent  but  eiso 


because  the  Iterative  method  converges  very  slowly. 
Methods  of  the  above  type  where  the  external  flow  is 
prescribed  for  the  bou  fary-layer  equations  are 
called  direct  methods.  It  is  well  known  that  they  lead 
In  the  two-dimenalonal  case  to  a  singularity  at  tha 
point  of  vanishing  skin-friotlon  coefficient.  Catherall 
&  Manglert]9e6]  were  tha  first  to  use  an  Inverse 
method  In  which  they  relaxed  tha  pressure  by 
prescribing  the  displacement  thickness.  The  pres¬ 
sure  was  s  result  of  the  computation  and  the  method 
allowed  the  Integration  past  the  separation  point  into 
tha  reversed  flow  leading  to  solutions  in  agreement 
with  solutions  of  tha  full  Navlar-stokes  equations,  as 
demonstrated  for  Instance  by  Briley  &  Mo  Donald- 
[1975]  This  ability  to  march  downstream  of 
separation  Is  the  mam  reason  for  which  Inverse 
methods  can  be  used  profitably  for  a  large  variety  of 
flow  situations  Including  test  of  calculation  models, 
design  and  optimization  of  boundary  layer  charac¬ 
teristics. 

In  the  three-dl.monslonul  case,  things  appear 
less  clear  as  separation  Is  not  clearly  defined. 
Llghthll![19e3]  considered  the  oonvergenoe  of  sktn- 
frlotlon  lines  onto  a  particular  skln-frlotlon  line 
originating  from  a  saddle  point  as  a  necessary 
condition  for  flow  soparatlon.  From  experiments.  H 
is  now  widely  aooepted  that  two  different  types  of 
soparatlon  can  be  distinguished;  (t>  an  'open 
soparatlon*  ohareoterized  by  a  longitudinal  vortex 
along  a  regular  eeperetton  line  resulting  from  e 
thickening  viscous  layer,  (II)  a  'closed*  aeperetion 
for  which  vortlolty  la  shed  away  by  •  audden 
breakaway  r.om  the  surface  along  a  singular 
separation  tine.  More  recently.  Tobak  &  Peeke 
[10821  used  the  notions  of  topologloel  structure, 
airuoturat  stobllity  end  bifurcation  to  introduce  e 
distinotlon  between  local  end  global  properties  of  the 
flow;  (I)  when  the  skln-frlotlon  line,  towards  which 
W£'.l  atreemllnes  converge.  Is  issued  from  •  saddle 
point,  the  seperellan  la  global  and  the  topoiogloel 
flow  structure  Is  altered.  (II)  tha  limiting  etreemilne 
can  also  be  local  end  leads  to  e  local  eeparation 
without  modlftoelion  of  the  topoiogloel  How  structure 
«s  on  the  spheroid  el  low  inoldance.  Unfortunately, 
the  parameters  th^t  control  the  occurence  of 
aeperetion  ere  not  known. 

From  a  numerloal  point  of  view,  dlreot  boundary 
layer  oetouletlon  methode  fall  to  desorlbe  separa¬ 
tion  Numerical  solutions  indicate  that  e  numertoel 
'breelidown*  oooure  oioee  to  an  area  where  Ute 
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streamlines  focus  together  onto  an  enveioppe.  By 
analyzing  a  system  of  Integral  boundary  layer 
equations.  Cousteix  &  HoudovllleC1981]  have  de- 
monsbntQd  that  It  Is  possible  to  avoid  singularities  by 
using  an  Inverse  formulation.  For  all  these  reasons, 
some  worK  has  been  done  oonoerning  Inverse 
boundary  layer  solutions  for  threedlmenslonal  flows 
t13],  C14],  CSO].  t44]. 

In  this  study,  the  development  of  an  Inverse 
method  Is  examined  for  turbulent  three  dimensional 
flows  by  moans  of  a  finite  difference  method.  The 
selected  method  is  an  extension  of  the  method  of 
Carter[1978]  along  lines  somewhat  different  from 
the  extension  of  Formery  &  0eleryC198l  ].  This  finite 
difference  method  uses  the  general  boundary  layer 
formulation  of  Cebecl-Chang-Kaup8C1979}  and  their 
source  code  provides  the  basis  of  the  Inverse 
procedure. 

The  paper  Is  outlined  as  following;  section  1  Is 
concerned  with  basic  equations  which  are  of  course 
the  same  both  for  direct  and  Inverse  modes.  Section 
2  discusses  the  shortoomings  of  the  numerical 
method  and  describes  Its  application  to  the 
threedlmenslonal  Zigzag  Box  Scheme.  For  the  sake 
of  conciseness.  Standard  Sox  Scheme  which  has 
also  been  coded  Is  not  considered  here.  Section  3 
discusses  numerical  results  for  the  SSPA  720  and 
the  prolate  spheroid  at  Incidence.  In  section  4. 
advantages  and  disadvantages  of  Interactive  formu¬ 
lations  are  examined  and  an  attempt  of  generaliza¬ 
tion  of  the  Veldman's  quasl-lnatantaneous  formula¬ 
tion  Is  sketched. 


The  solution  of  <1)  subject  to  boundary 
conditions  (2)  requires  Initial  conditions  on  two 
pianos  intersecting  the  body  along  coordinate  lines. 
The  construction  of  these  Initial  conditions  for  a 
ship-llke  hull  is  difficult  due  to  the  variety  of  bow 
shapes.  An  ad-hoc  starting  procedure  Is  given  In 
C^K  code  and  It  has  been  supplemented  by  a  Blottner 
&  Elll8tl975]  type  procedure  for  the  prolate 
spheroid. 

In  the  case  of  rectilinear  motion  of  the  body, 
W=P2=0  on  the  plane  of  symmetry  of  the  hull, 
causing  (1c)  to  be  trivial.  However,  differentiation 
with  respect  to  z  removes  singularities  and  leads  to 
the  so-called  longitudinal  attachment  tine  equations 
which  can  be  written; 


(u  +  \ sin6  0.  oa) 


with  boundary  conditions; 

ypO  :  Uc7sW^=0  ;  y.5.  D.Ue  ,  (4) 


1. -Basic  equations 


The  governing  boundary  layer  equations  (or  three 
dimensional  Incompressible  laminar  and  turbulent 
(lows  In  a  curvilinear  non  orthogonal  coordinate 
system  (Fig.  1)  are  given  by: 


(OhjSinfl)  +(W^^5m8)  ♦  (VK,Kjsin6)  aO.  (la) 
X  *  y 

0  2  iJ,*  yOy  -  K,  c*te+ . 

Here,  h^  and  hg  are  the  metric  ooefflolents:  they 
generally  depend  on  x  and  i;  e  is  the  angle  between 
X  and  z  ooordinatea:  and  Kg  are  the  geodesic 

curvatures  of  the  ourvea  zooonat.  and  xaoonet. 


reapeotlvety  and: 


At  the  edge  of  the  boundary  layer  db.c)  are 
aaitafled  by  U«U«(x.z>:  W-W«(x.x); 
while,  for  y>0: 


For  turbulent  flows,  closure  assumptions  are 
necessary  (or  Reynolds  stresses  -uV  and  -v'w’ 
which  are  modelled  with  a  newtonlan  closure  of 
Boussineeq  type.  The  turbulent  viscosity  v-r  Is 
specified  by  the  two-layer  algebraic  model  of  Cebeol 
&  Smith  [1974  3. 

The  mapping  of  the  ship  hull  given  by  a 
succession  of  unit  circles  Is  performed  by  a  James 
method  as  dsvelopped  by  Hal8ey[19793.  The 
coordinate  system  Is  completed  by  spline  fits  in  the 
planes  z^oonst.  for  y>y(x>  and  z«z(x)  which  yield 
derivatives  allowing  the  computation  of  Ki,  Kg,  Kig 
and  Kg^. 

The  boundary  layer  equations  are  solved  In  a 
transformed  coordinate  system  using  Lees-Levy- 
Mangler  variables; 


)  **» 


while  a  two  component  vector  potential  is  Intro¬ 


duced; 


then.  (  and  g  are  defined  as; 

■nJ)  w/vaCf  f  (x,z,'^)|^a/v*(JJ^4^ain03{x,i,ij)(  7) 

so  that  U>Us('  :  W«Ursfg'  the  dot  abbreviates 
for  the  T)  dartvative.  To  transform  the  longitudinal 
attaohmant  line  aquations,  the  #  component  Is 
defined  by  Wth^slno"  by  so  that  Vh^hgslnQB-bx-b 
where  b  and  b  are  still  s^dfled  by  (9)  so  that  now 
W,-Ur,f9*  . 

Even  If  thb  need  of  such  a  transformed 
coordinate  system  loses  of  Its  evidence  (or  coupling 
problems.  It  la  felt  to  allow,  as  In  the  direct  mode,  a 


S30 


I 


s 


mord  optimal  distribution  of  mesh  points  In  the 
boundary  layer.  Moreover.  It  permits  more  easily  the 
switching  from  one  mode  to  another. 

Substitution  of  (5>  (6a)  (7)  In  (1)  gives; 


Where: 


nti 


nnj..sK,^«A6  ; 

vL 


while  substitution  of  <5).(db),<7)  in  (3)  yields: 


2.  -  The  numerloal  method 


In  the  direct  mode,  the  foregoing  equations  (8) 
(9)  are  solved  by  using  the  Oebeol-Chang-Kaups 
method  [1979].  In  the  Inverse  mode,  their 
formulation  and  their  source  code  have  been  used  as 
a  starting  point  for  the  oonstruotlon  of  the  Inverse 
code.  Various  Inverse  methods  oan  be  Invented 
aooording  to  the  choice  of  the  prescribed  functions. 
SmlthC1682]  advocates  the  speolfioatlon  of  a 
transpiration  velocity  and  adds  an  equation  for  the 
component  of  vortlolty  of  the  external  flow  normal  to 
the  surface,  so  that  only  one  input  is  needed. 
Unfortunately,  the  system  of  Integral  equations  have 
been  reported  to  be  III  oonditlonned  (WIgton  A 
Yoshlhara[:i982]) .  Because  the  most  often  Known 
oharaoterlstlos  of  (he  boundary  layer  are  the 
displacement  thIoKnesses,  these  are  selected  as  the 
prescribed  functions. 

This  choice  has  been  shown  to  behave  properly 
by  Cousteix  &  Houdevlllel1961]  who  performed 
successful  computations  by  using  an  Integral  method 
for  an  Infinite  swept  wing,  and  It  has  also  been  used 
by  Formery  &  OeleryCl979]  and  Radwan  &  Lekoudis 
C 19641. 


The  streamfunctlons  f  and  g  will  not  be  used  as 
they  go  to  Infinity,  rather  streamfunctlon  perturba¬ 
tions  are  Introduced  which  go  to  zero  at  the  edge  of 
the  boundary  layer  and  thus  allow  displacement 
effects  to  be  more  accurately  introduced.  Several 
choices  are  possible  and  (10)  has  been  selected; 

^ -  i  -f '(fJ-At  cos  o()-3'jjr4A*cM(6-or)} 

I  *'»  ^  (lOa.b) 

where:  *■ 


Auxiliary  variables  u.  v,  w,  t  are  introduced; 

f'=u;  g'=w;  u'=v;  w'=t 
so  that  (lOa.b)  gives; 


v(AJcos« +  (12a) 


v2*^cos«  +  t[A*a>5(6-'x)-»)]  (12b) 

The  numerical  solution  can  then  be  obtained  by  a 
zigzag  second-order  box  scheme  with  Newton 
Iterations  on  the  non  linear  term.  Unknowns  are  fj, 
gi.  Uj.  V|.  W|,  tj  at  each  node  (x^,  Zj,.  ni)  for 
j=1.....N-1  and  Ue(Xn.Zk);  WefXn.Zk). 

While  numerical  boundary  conditions  at  j-N  are; 

so  that  the  linearized  difference  equations  for  the 
system  can  be  written  under  the  following  form: 

Suj- iuj.,-|i(Svj»5vj.,)=(r,)j  lor  u'«. 


t' 


(or  (IZb) 


Values  of  (Ca)j.  (pa)j.  (ya)j,  (Xa)).  <ra)j  are 
omitted  (or  the  sake  of  oonolseness.  They  differ  for 
longitudinal  attachment  lines  where  they  are  some¬ 
what  simpler  (for  Instance  (y3)j«»(y4)j»(yn)j"0, 
(Xt  i)p(<i2>j‘’0  and  W«  Is  replaced  by  Wze*  ■ 
three-dimensional  case,  they  depend  on  whether  a 
standard  or  zigzag  box  soheme  Is  used. 
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No  Slip  conditions  are  <(=:0); 

SUo  a  Sw,  =:  s  .  0 

while  outer  flow  conditions  are  written  on  i^N; 

a  ai  im  a  0 

The  linear  system  to  be  solved  Is  thus  of  the  following 
form: 


V'l-'  ^  ^3^3^*  ^3^E= 


where 


\K 


K 


K  . 

This  6x6  block  tridlagonal  system  with  one  ooiumn  is 
solved  with  an  ad-hoo  LU  factorization  which  Is 
realized  by  the  subroutine  80LV6C. 

The  method  has  been  coded  both  for  the 
attachment  line  equations  and  for  the  three 
dimensional  problem  with  a  standard  box  scheme 
and  with  a  zigzag  box  scheme.  The  zigzag  scheme  is 
necessary  for  the  ship  geometries  for  which  three 
dimensional  oomputatlons  are  started  from  the 
vertical  plane  of  symmetry  where  <  0. 


8.  -Results 


(I)  Prolate  spheroid 

Numerloal  oomputatlons  of  separation  round 
bluff  bodies  have  been  especially  performed  on  the 
prolate  spheroid  at  Inoldenoe.  Suoh  a  simple 
geometry  for  which  an  Invisold  solution  Is  analytically 
knovyvn  Isolates  conveniently  specific  difficulties  of 
boundary  layar  oomputatlons. 

Let  us  first  consider  the  plane  of  symmetry 
problem  which  Is  a  specific  while  Interesting 
particular  case  In  that  It  differs  from  the  two- 
dimensional  problem  In  the  presence  of  lateral  flow 
convergence  or  divergence  and  from  the  twodl- 
menslonai  problem  In  the  absence  of  a  crossflow. 
Moreover,  It  can  be  computed  and  checked 
Independently. 

Wang[1974]C1875]  In  the  laminar  case. 
Leo6lnte[l979]  In  the  transitional  and  turbulent  case 
have  computed  this  type  of  flow.  Most  recent  results 
were  provided  by  Cebeol  et  AIC1960]  who  showed 
that  for  an  angle  of  attaok  less  than  49o,  the  laminar 
separation  oooured  downstream  of  the  leaside  of  the 
spheroid  faspeot  ratio  1:4)  while  for  plane  layers 
round  airfoils,  the  separation  was  close  to  the 
leading  edge.  Moreover  a  circumferential  reversal 
occurs  so  that  a  lateral  wall  divergenoe  Is  present 


downstream  the  pressure  minimum  implying  a  rapid 
thickening  of  the  boundary  layer  which  absorbs 
Inviscid  fluid.  For  an  Incidence  greater  than  42o,  the 
separation  Is  close  to  the  nose. 

Once  the  situation  Is  known  In  the  plane  of 
symmetry,  the  computation  can  be  performed 
outside  of  It.  At  low  Incidence,  a  line  of  pressure 
minimum  starting  close  to  the  windside  near  the  nose 
moves  towards  the  leeside  downstream:  before 
finding  this  pressure  minimum  the  circumferential 
flow  meets  an  adverse  pressure  gradient  and  Is 
thus  deflected  downwards  leading  to  an  accumula¬ 
tion  of  the  flow  on  an  ‘open"  separation  line  ij  which 
Is  responsible  of  the  emission  of  longitudinal  vortices 
and  terminates  to  a  nodal  point  downstream  <  Han  & 
Patelt'1979]) .  At  10o  of  Incidence,  experiments 
indicate  that  the  difference  between  potential  flow 
and  experiments  is  quite  small  on  the  upper  third  part 
of  the  spheroid.  Patel  &  Baek[19813  computations 
with  a  ADI  method  show  for  Re=1.6  10*  a 
circumferential  flow  reversal  on  Cf^  some  degrees 
before  a  lateral  reversal  line  I,  (called  XFR)  defined 
apparently  by  ~  0-  *'<'p  friction 

direction  changes  very  abruptly.  Its  modulus 
becomes  very  small  while  the  boundary  layer 
thickness  thickens  very  quickly.  Similar  results  have 
been  found  by  RagabC1982lcl9851. 

For  Ro=7.2  10®,  similar  phenomena  are  found 
but  more  downstream  and  less  abruptly.  Serious 
numerloal  difficulties  appear  In  these  regions  which 
lead  to  a  divergenoe  of  the  computation  for 
x/L  >  .44  for  Re  =  1.6  10*  and  x/L  >  .88  at 
Re  s  7.2  10*.  Similar  oomputatlons  due  to  CebecI 
[1934]  with  his  characteristic  scheme  at  30o  exclude 
the  possibility  of  marching  downstream  from  the 
leeside  plane  of  symmetry  while  the  marching  from 
the  windside  Is  limited  about  e  =  110o<  Strong 
evidence  of  a  A-zone  accessible  to  the  oomputatlons 
is  therefore  present  In  every  work.  The  boundary  aA 
which  limits  the  'OK*  of  accessibility  can  be  Identified 
on  the  windside  with  Ig  which  appears  to  be  a  limiting 
streamline  In  the  sense  that  It  Is  tangent  to  the  skin 
friction  at  every  point. 

Interactions  are  not  accounted  for  and  the 
solution  behaves  as  if  a  singularity  of  Browne  1965] 
type  was  present.  This  gives  some  credit  to  several 
models  of  Interaction  analogue  to  those  proposed  by 
Smith  [1982]  for  slender  wing  bodies  and  by 
Rlley[1979]  for  slender  conical  flows  at  Incidence. 
When  marching  from  the  leeside,  things  appear  less 
clear:  while  at  6»  of  attaok,  ig  seems  partly  to 
coincide  with  Ig,  the  progression  of  the  computation 
whioh  was  .not  possible  from  the  leeside  at  30o  Is 
limited  at  lower  Incidences  by  the  direction  of  the 
Inviscid  streamline  so  that  It  Is  not  possible  to  march 
further  than  the  streamline  suboharaoterlstio  corres¬ 
ponding  to  the  top  of  the  arrow. 

Even  If  suoh  computations  do  not  answer  the 
question  of  the  threadimenslonal  separation  and 
particularly  of  the  birth  of  Ig,  strong  evidence  of  a 
Brown  singularity  appears  In  every  computation  so 
that  an  Inverse  method  should  be  useful  while  the 
need  of  a  lateral  flare  approximation  does  not  seem 
evident  *a  priori*. 

The  lateral  reversal  line  seems  to  behave  In 
suoh  a  way  that  fw^e  *  ^w‘^e  becomes 

negative  In  the  unaooessible  zone,  for  the  Inde¬ 
pendence  rule  to  be  satisfied,  the  standard  box 
scheme  Is  unadequate  as  It  is  unstable  for  negative 
aspect  ratios  and  therefore  a  zigzag  box  scheme 
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must  be  considered. 

Comparisons  between  direct  and  Inverse  mode 
computations  around  a  prolate  spheroid  (excentricity 
4;  1;  Inoldenoe  Oo)  are  now  presented.  In  order  to 
rule  out  the  problem  of  high  Incidence  flows,  a 
special  starting  procedure  has  been  Implemented 
which  uses  the  orthogonal  coordinate  system  of 
Blottner  &  EIIIsC  19733.  Direct  mode  computations 
start  In  the  Immediate  vicinity  of  the  stagnation  point 
where  Blaslus  &  Howarth  developments  provide  the 
Initial  laminar  conditions  on  the  first  parallel 
coordinate  adjacent  to  the  pole  located  at  the 
stagnation  point.  The  solution  Is  then  marched 
'away*  using  the  Cebecl-Chang-Kaups  method 
(0  <  V/L  <  0.05).  Because  of  the  divergence  of 
coordinate  lines  downstream  and  also  because  the 
boundary  layer  does  not  thicken  in  the  same  way  over 
and  under  the  nose,  a  rezonIng  of  the  computation 
back  to  the  'natural  body  system*  downstream  is 
performed.  Fig.  Z  shows  superpositions  of  the  two 
meshes  which  are  used;  one  of  them  starts  from  the 
stagnation  point  and  the  other  one  from  the  pole  of 
the  spheroid. 

(a)  Comparisons  are  first  carried  out  In  the 
fonpart  of  the  prolate  spheroid  <0.04<8/L<0.20). 
Solutions  used  in  the  plane  of  symmetry  result  only 
from  a  direct  mode  method  and  all  calculations  are 
done  by  marching  from  the  windward  plane  of 
symmetry.  Although  not  necessary  when  the  flew  Is 
attached,  double  precision  is  used  as  It  should  be 
useful  for  the  Investigation  of  the  separated  zones. 
30  points  girthwlse  and  about  90  points  through  the 
thickness  are  used  In  the  results  presented  here. 

and  displacement  thickness  distributions 
resulting  from  the  direct  mode  computations  are 
used  as  Inputs  of  the  Inverse  mode.  Two  types  of 
variables  are  considered;  the  wall  variables 
Vwall  “  au/9ii(Ti*0) .  tvyaii  “  ew/«nfri=0)  and  the 
edge  components  of  the  velocity  Uq  and  W^. 
Whereas  direct  computations  are  performed  without 
any  problem,  slight  girthwlse  oscillations  appear  in 
the  Inverse  mode  results  which  grow  monotonloally 
as  one  proceeds  downstream,  leading  to  a 
divergence  of  the  Inverse  mode.  Various  smoothing 
procedures  have  been  tested  to  suppress  these 
oscillations  without  any  success,  the  inverse 

formulation  seems  to  require  smaller  longitudinal 
and  transversal  steps  to  converge  than  the  direct 
mode,  especially  In  the  nose  region  because  of  high 
curvatures  and  longitudinal  variations  of  the  pressure 
gradient. 

<b)  Comparisons  are  now  carried  out  In  the 
m/def/e  part  of  the  body  <0.40  <  H/L  4  1.28) 
where  curvatures  and  longitudinal  variations  of  the 
pressure  are  smaller.  Direct  mode  oomputatlons 
proceed  downstream  without  difficulty,  leading  to 
regular  girthwlse  distributions  of  v^jiii,  (fig. 
4c-d) .  From  H/L  =  1.00.  the  flow  is  characterized 
by  a  rapid  thickening  of  the  boundary  layer,  the 
maxima  of  t*  l  and  Ac  ooouring  near  the  windward 
plane  (ew  I30o)  (Fig,  4a-b).  In  the  thick  region, 
''wall  decreases  rapidly  as  a  oiroumferentlal  flow 
reversal  Is  observed  near  the  wall.  DIreot  oomputa¬ 
tlons  stop  at  V/L  >  1.32  where  the  first  non- 
oonverged  point  Is  reached.  No  attempt  was  done  to 
reduce  the  accessible  zone  by  starting  the  oompu¬ 
tatlons  from  the  leeward  plane.  The  displacement 
thicknesses  obtained  from  direct  mode  oaloulatlons 
were  used  as  Inputs  for  the  Inverse  mode 
calculations.  Fig.  4o-f  show  the  evolution  of  the  wall 


and  edge  variables  v^alj,  t^an,  U^.  Wg  at  different 
x-stations  using  both  the  direct  and  inverse 
formulations.  An  excellent  agreement  Is  observed  on 
the  components  of  the  edge  velocity  Uq,  Wg,  like  on 
the  wall  variables  v^gn,  t^an  (while  some  slight 
oscillations  surprisingly  appear  after  K/L  »  1.00  In 
a  region  where  the  crossflow  component  is  maximum 
and  positive) .  Until  now,  no  attempt  has  been  done 
to  extrapolate  the  displacement  thicknesses  and 
continue  the  Inverse  calculations  beyond  the  direct 
mode  unaccessible  zone.  Such  results  should  be 
available  In  a  near  future. 

(IDSSPA  720  ship  model 

Computations  relative  to  the  SSFA  720  ship 
modelt20),  [213  (Fig.  3)  usually  start  at  S/L=“ 
0.8.  Initial  values  are  generated  from  experiments 
giving  u.r^<1e  8'''=SUr/v'  by  the  method  of 

Coles  and  Thompson.  Direct  mode  computations  are 
performed  from  U/L  -  -0.6  to  H/L  =  0.05  and 
comparisons  between  the  direct  and  Inverse  results 
are  carried  out  from  H/L  =  0. 05  to  H/L  =  0. 50  In 
order  to  validate  the  Inverse  approach. 

As  for  the  prolate  spheroid,  solutions  used  In 
the  plane  of  symmetry  result  from  a  direct  mode 
method.  The  boundary  layer  grid  on  the  surface  Is 
taken  of  equal  spacing  in  the  z  direction  and  of 
variable  spacing  In  the  x  direction  In  agreement  with 
the  CFL  condition.  21  points  girthwlse  and  about  50 
points  through  the  thickness  are  used  In  the  results 
presented  here.  Fig.  Sa-b  show  the  evolution  of  the 
displacement  thicknesses  and  a*2  (or  several  x- 
statlons.  Boundary  layer  remains  thin  In  the  vicinity 
of  the  keel  (z  =  0. )  while  it  grows  rapidly  as  one  goes 
along  the  hull  (z  ^  0.50)  because  of  the 
convergence  of  potential  streamlines.  The  aftpart  of 
the  hull  Is  characterized  by  a  large  growth  of  a'i.  the 
existence  of  a  second  maximum  which  doesn't  seem 
to  be  oorroborated  bv  the  experiments,  and  by  a 
rapid  change  In  the  A*z  distribution  from  positive  to 
large  negative  values.  Fig.  5o-f  show  comparisons 
for  Ug.  Wg.  au/dn(T)=0.  > ,  8w/8n(ri=0.)  between 
the  direct  and  inverse  modes.  From  k/L  »  0.05  to 
K/L  -  0.3,  the  agreement  Is  quite  satisfactory;  the 
present  slight  discrepancies  are  due  to  the 
Irregularity  of  the  At  and  at  distributions.  From  ft 
/L  =  0.4  to  k/L  s  0. 5,  the  agreement  Is  good  near 
the  keel  and  the  waterline,  where  the  boundary  layer 
is  thin,  while  large  discrepancies  are  present  for 
0,3  <  z  <  0.8.  In  this  region,  because  of  the  rapid 
growth  of  the  boundary  layer,  good  predictions  from 
the  direct  oomputatlons  can  hardly  be  expected  since 
they  rest  on  a  thin  boundary  layer  theory. 
Consequently.  and  A**  distributions  are  III 
predicted,  this  leads  to  Incorrect  results  (or  the 
inverse  mode  oomputatlons. 

4. -Towards  the  oomputatlon  of  strono  Interaction 

Up  to  now,  two  formulations  can  be  used: 

(1)  Qlobal  formuiatlrns  for  which  the  same  equations 
are  used  In  the  whole  field  (parabolized,  partially- 
parabolic  or  Nevler-Stokss  equations) .  With  respect 
to  triple-deck  theory,  equations  used  are  valid 
through  the  complete  triple-deck  structure  so  that 
the  Interaction  Is  Included  In  the  model  to  the  price  of 
the  consideration  of  a-priorl  negllgeable  terms  In 
some  parts  of  the  field.  The  main  advantages  are  the 
following:  the  normal  pressure  variation  Is  oorreotly 
aooounted  for.  the  formulation  should  be  oorreotly 
veotorizable.  no  singularity  ooours  when  separation 
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la  paaaad  through,  the  computation  can  be  carried 
out  downstream  Into  the  v/ake  In  a  very  easy  way. 
These  have  to  be  paid  by  the  fact  that  the  solutions 
can  be  obtained  only  on  quite  coarse  grids  <wlth 
respect  to  storage  oapabllltiss  of  available  compu¬ 
ters)  and.  therefore,  that  few  points  oan  be  located 
In  the  viscous  zone.  Inducing  a  fair  description  of 
forces.  To  this  category  belong,  for  Instance,  the 
works  of  Abdelmeguld  et  Al  Cl 9791.  Markatos  et 
AIC1980).  MuraokaC1980]C19e2].  TzablrasC198S]. 
Chen  A  Patel  C1984].  Raven  A  HoekstraC1985]  which 
an  mainly  devoted  to  the  study  of  ship  stern  flows. 
(II)  Interactive  formulations  for  which  the  computa¬ 
tional  zone  Is  splitted  Into  two  domains.  With  respect 
to  the  triple-deck  theory,  one  of  the  domains 
corresponds  to  the  lower  deck  alone,  the  other 
domain  Includes  both  the  main  deck  and  the  upper 
deck.  Equations  differ  In  each  domain  and  they  are 
solved  Interactively  by  a  coupling  technique  simula¬ 
ting  the  oonneotlon  between  the  upper  and  the  lower 
deck  through  the  relationship  between  the  pressure 
field  In  the  boundary  layer  and  the  displacement 
effect.  The  advantages  lie  In  the  fact  that  the  system 
of  equations  which  are  solved  are  well  adapted  to 
each  domain:  less  storage  being  consumed,  a 
better  description  of  the  viscous  zona  results  from 
the  possibility  of  locating  more  grid  points  there.  But 
the  degree  of  validity  of  the  Interactive  methods 
depend  on  the  degree  of  generality  of  the  viscous 
model.  At  present,  only  thin  boundary  layer 
aquations  are  considered  (see  nevertheless 
WhittfleldC  19851.  Moreover,  such  methods  should 
be  less  veotorizabla  beoause  of  the  Interaoiion  law. 
Endly,  the  computations  downstream  Into  the  wake 
are  more  difficult  to  handle,  espeolally  If  thin 
boundary  layer  theory  Is  retained  (or  the  viscous 
domain,  not  only  because  of  geometrical  reasons 
but  also  because  the  computation  of  the  wake  may 
influenoe  the  oonvergenoe  of  the  Interaction  law. 

The  oholos  of  the  best  method  remains  an 
opened  question  and  probably,  as  long  as  storage 
memories  of  computers  will  not  be  considerably 
inoreased,  no  universal  answer  to  this  question  will 
be  given.  The  (iture  of  Interactive  methods  Is 
probably  conditioned  by  the  answer  to  the  following 
queetlons: 

1-  While  the  singularity  problem  seams  to 
condition  the  two-dimensional  case,  what  la  the 
dominant  effeot  In  the  three-dimensional  case? 
Separation  does  not  appear  then  to  be  a  prerequisite 
for  a  significant  thickening  of  the  boundary  layer  as 
Is  well  known  from  (he  study  of  the  aftpart  of  an 
akisymmetrlo  body  or  of  the  ship  stern  (low.  The 
thickening  of  the  viscous  zone  and  the  increase  of 
the  normal  velocity  component  appear  progressively 
because  of  the  oonverganoe  of  streamlines  In  planes 
parallel  to  the  wall.  The  absence  of  oatastrophio 
behaviour  Is  a  common  feature  of  those  (lows 
together  with  tha  generation  of  a  longitudinal  vortlolty 
component  and  an  associated  vortex  motion  similar 
(but  less  Intense)  to  that  observed  on  slender  bodies 
at  high  Incidence.  Therefore,  thin  direct  boundary 
layer  computations  can  be  carried  out  almost  to  the 
trailing  lines  but  numerical  results  are  known  to 
disagree  with  experiments  because  the  thin  boundary 
layer  assumptions  are  not  fullfllted.  In  other  cases, 
like  the  prolate  spheroid  at  (noldenoe,  thin  direot 
boundary  layer  equations  cannot  be  used  down- 
atream  of  a  singular  Una  (the  so-eatled  OK  of 
aooasslbtllty  of  Cebaol  et  AlCfBBt)).  Nevarthateaa. 


the  experience  of  threedimensional  integral  methods 
suggests  that,  to  a  certain  extent,  thin  boundary 
layer  equations  may  still  be  used,  inverse  mode 
techniques  allowing  singularities  to  be  suppressed: 
but  how  far  the  computations  can  be  carried  out 
remains  unclear. 

2- ls  the  Inverse  mode  solution  of  boundary  layer 
equations  the  best  suited  to  rule  out  the  problem  of 
threedimensional  singularities?  What  can  be  ob¬ 
tained  from  an  Interactive  procedure,  the  viscous 
kernel  of  which  rests  on  the  thin  boundary  layer 
approximation?  Or  stated  equivalently:  to  what  extant 
such  an  Interactive  procedure  Is  able  to  give  correct 
results  If  a  separation  Is  present?  The  first 
threedimensional  computations  of  separated  (lows  on 
wings  and  prolate  spheroids  with  Integral  formula¬ 
tions  show  that  the  validity  domain  of  Inverse 
methods  Is  larger  than  that  (or  direct  methods  but  It 
is  not  yet  possible  to  compute  a  complete  separated 
(low.  Cebeol  et  Ai[19811  using  a  twodimensional 
coupling  assumption  have  obtained  Interesting 
strong  Interaction  results  on  threedimenslonal 
wings.  Therefore  py  =  0  does  not  seem  a  serious 
penalty  In  this  case.  More  encouraging  are  the 
computations  due  to  Huang  A  Chang  [19851  on  the 
aftpart  of  slender  NSRDC  bodies  for  which  py  d  0.  A 
pressure  correction  together  with  a  weak  coupling 
technique  are  sufficient  to  Improve  the  solution  to  a 
point  such  that  both  the  Interactive  solutions  and 
'parabolized  Navler-Stokes*  solutions  agree  cor¬ 
rectly  with  experimental  data.  But,  In  these  last 
oases,  separation  is  not  slgnlfloant. 

3- How  Is  It  possible  to  generalize  the  coupling 
techniques  used  In  two  dimensions  and  what  will  be 
the  convergence  rate  of  threedimenslonal  Interaction 
laws?  It  Is  only  possible  to  give  a  partial  answer 
which  will  now  be  sketched.  Let  us  suppose  that  for 
y  >  s(x,z)  the  (low  Is  Invisold:  while,  tor  y  <  b(x.z) 
boundary  layer  equations  are  used  to  describe  the 
viscous  zone.  Two  patching  conditions  are  neces¬ 
sary  at  y«s(x.z>.  One  Is  relative  to  the  invisold 
velocity  components  parallel  to  the  wall  which,  as  a 
first  approximation,  should  be  equal  to  the  edge¬ 
boundary  layer  velocity  component  parallel  to  the 
wall.  The  other  Is  relative  to  the  normal  veloolty 
component.  It  Is  obtained  by  defining  the  Invisold 
veloolty  components  in  the  boundary  layer  domain  by 
means  of  a  Taylor  serle  near  y-s: 

where  Index  a  refers  to  the  Invtscid  flow.  Eliminating 
AV«/S)|  y«o  by  means  of  the  continuity  equation  and 
Integrating  through  the  boundary  layer  from  0  to  8. 
one  Is  left  with  tha  so-oatted  entrainment  equation: 

Where: 

V  i  t  I 

The  patching  condition  for  the  condition 
V(x,z.s)BVf(x.z.s)  needa  now  to  be  epecined.  A 
first  possibility  is  given  by  a  ‘displacement  effect  j 
patching*  at  y^s  where  the  LIghthitl  surface  , 
y«8*(x.  t)  Is  deflnad  by  tha  (act  that  the  invisoid  flow  | 
eUpa  on  it:  | 


534 


Wx,^5*).  S-lf+ap* 


(13)  Impliss  that; 

1  [hjaiflft  (9, 

A  most  intarosting  choloe  consists  in  a  'wall 
patching*;  what  Is  now  spoolfiod  is; 

In  this  oaso  the  transpiration  veloolty  is  defined  at  the 
wall  so  that  the  Inviscid  flow  Is  computed  on  the  same 
domain  as  that  corresponding  to  the  non  Interactive 
case  and  It  can  be  therefore  obtained  with  the  same 
code. 

Having  specified  the  form  of  the  coupling,  let  us 
examine  what  iterative  methods  can  be  used.  The 
output  of  the  boundary  layer  computation  is  a 
functional  relationship  B(8*)  :  rSt  9g  =  0 
where  B  Is  a  local  operator  corresponding  to  Prandtl 
equations  with  their  boundary  conditions.  The 
domain  of  B~1  Is  limited  as  soparatlon  Is  excluded. 
The  output  of  the  Invisold  computation  Is  a  second 
functional  relationship  %  >  P(  a*) :  rSt  9g  >  0 
where  P  Is  a  non  local  operator  at  y^O.  P  gives  an 
accurate  description  of  the  Influence  of  the  boundary 
layer  on  the  Invisold  flow.  Le  BalleurC  19803 
discusses  direct 

g^m)  a  p<8»{m-1))  ,  #*(m)  a 
and  Inverse 

8*(m)=  p-1{g^m-1))  .  g^m)a  B(e*<''^h 
Iterative  methods  for  the  coupling  and  shows  that  If 
one  wants  to  avoid  the  difficult  switch  from  the  direct 
to  the  Inverse  mode,  a  eeml-lnverse  iterative  method 
should  be  used.  In  this  case  (te  Balleurci080]. 
Cartert  19793).  two  pressure  fields  and  two  veloolty 
fields  are  simultaneously  used;  one 
(g^m) ,  p^m) )  ^  obtained  from  an  direct  solution 
of  Euler  equations:  the  other 
obtained  from  an  Inverse  solution  of  boundary  layer 
equettons.  The  resulting  edge  velocities  are  then 
used  to  adjust  the  displacement  thlokness  of  the 
aforeoomputed  cycle:  this  Is  done  the  most  often  by 
the  following  underrelaxation  (Cartern979]): 

VeldmanC1981  ]  advooatea  the  use  of  a  simultaneous 
approach  In  which  the  P  operator  Is  approximated 
under  the  form  9g  ■  Its*)  of  en  interaction  law.  In 
this  case.  9g  •  i<e*)  and  «  Its*)  are  regardad 
as  two  equations  with  (wo  unknowns  which  have  to  be 
solved  without  Iteration. 

The  inieraoUon  law  ahould  ba  ohoean  ae  simple 
es  possible  (0  allow  (he  qutslslmutuneous  numerical 
treatment  but  It  should  also  give  e  sutllctently 
eecurete  description  of  the  interaction.  The  rapid 
convergence  of  the  method  being  well  esiabllihed  In 
two  dtmenslonet  eases,  we  shall  now  discuss  Its 
practical  Imptemantation  In  the  three  dimensional 
cast.  Let  us  conatder  that  a  etratghtforward  aotuilon 

of  tha  inviscid  problem  hee  been  obtained  on  the 
body  end  let  us  note  ••  Ug  ♦  lAp  the  solution  of 
the  coupled  vtseous-^lnvtsold  problem  et  the  edge  of 
the  boundary  layer,  as  seen  from  tha  Invlecld  fluid, 
the  boundary  fayer  acta  Ilka  a  transpirauon  velootiy 
and  •  grid  M  so  that  the  perturbed  potential 
M  eatlsttee:  atee)  •  0  ;  ge  -  0  at  Initnibi: 


sse/sn  ijQdy  B  Vg(x.z,0)  known  for  the  wall- 
patohlng  case. 

In  tha  thraedimanslonal  case,  the  potential 
solution  at  any  point  x  of  the  Invisold  domain  is 
given  by 

where  the  body  surface  sB  supports  the  unknown 
source  distribution  a  from  which  the  normal  velocity 
component  at  x  on  the  surface  results: 

1 1  Cl )  K  (x  ,x 

where 

a  can  be  computed  from  a  Fredholm  Integral 
equation  of  second  type: 

|a(x)  +  I  ff  (x')  K(x,>c')<!cfe')=-  Ve(x,*,0) 

which  traduces  the  non  local  character  of  P.  The 
approximation  of  Veldman  consists  In  the  omission  of 
the  surface  Integral  over  sB.  Therefore, 
o(x)  ^  2  Vgtx.z.O)  is  used  In  (14)  and: 

S(i)M»-l  ((  ^eC^.n>0) 

In  the  twodimensional  case,  because  the  Qreen 
function  Is  a  logarithm,  one  Is  left  with  Veldman 
equation; 

if 

If  tha  Interaction  law  is  not  aoourata  enough,  an 
Iterative  procedure 

-  I  *■  pts"*")”!*)  -  1  ; 

g^(m)  .B(8*('”h  »  0  can  be  used,  but  the 
surfeoe  integral  has  to  be  computed  at  each 
Itaratlon.  Endly.  the  equetlone  (or  sUg  end  sWg 
obtained  Irom  ( 15)  have  to  be  solved  simultaneously 
with  tha  boundary  layer  equations.  Once  the 
dlsoretlzellon  of  the  Intereotlon  lew  has  been  carried 
out.  the  Inverse  boundary  layer  otxle  appears  to  be 
well  suited  for  e  numerloel  ooupling  with  the 
disorettxed  equations  for  sUgtXn.ZK^  and 
sWgtXfl.ZK).  Such  e  coupling  procedure  usually 
evolde  completely  the  need  of  underretaxetlon. 

5.  -Conclusion 

Tha  foregoing  oomputetlons  on  the  prolate 
spheroid  end  on  the  SSPA  ship  model  demonstrate 
the  feesebtlity  of  en  inverse  mode  solution  of 
boundary  layer  equations  round  s  complex  geome¬ 
try.  although  the  eenaUivtly  to  the  lack  of  amoothnass 
of  thickness  distributions  appears  quite  high.  The 
Interactive  ooupling  with  the  potenttel  flow,  which  te 
the  (Inal  goal,  remaina  to  ba  performed. 

“Aoknowledamentt 

Authors  sre  Indebted  to  Pr.T.Cebeol  (or 
providing  us  with  e  source  listing  of  C^K  method. 
Partial  rinenclel  eupport  ot  OAET  through  contraoi 
B3-23B  te  eleo  gratefully  aoknowiedged. 
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Fig.  1-  3-D  Zig-zag  Box  Scheme 


Fig,  3-  88PA  720  ship  model  (-1  «  «/L  <  1.) 
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Fig.  2-  1:4  Prolate  Spheroid  (0  <  H/U  <  2.) 

Buperpoaltlon  of  Btottner  &  Sills  and 
natural  meshes;  zone  of  aooeealblllty 
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DISCUSSION 
of  the  paper 

by  J.  Piquet  and  M.  Visonneau 

"S;udy  of  3D  Ship  Boundary  Layers  by  Means  of  an  Inverse  Method" 


DISCUSSION 
by  V.C.  Patel 

I  appreciated  your  slides  comparing  global 
and  local  interaction  methods,  and  particu¬ 
larly  your  summary  of  the  difficulties  associ¬ 
ated  with  each  approach  in  three-dimensional 
flows. 

The  oscillations  observed  in  the 
freestream  velocity  components  in  your  inverse 
solutions  (in  Figures  5e  and  5f,  and  to  a 
lesser  degree  in  figures  4e  end  4f)  may  turn 
out  to  be  rather  critical  in  determining  the 
eventual  success  of  the  inverse  method  since 
the  3D  boundary  layer  responds  to  the  gra¬ 
dients  of  these  components,  if  these  origi¬ 
nate  from  a  lack  of  smoothness  of  the 
calculated  inputs,  what  hope  is  there  of  damp¬ 
ing  them  out  in  a  complete  interactive  calcu¬ 
lation? 

Author's  Reply 

Some  inverse  computations  have  been  done 
[14]  on  wings  without  wiggles  because  computed 
displacement  thicknesses  deteriorate  only  close 
to  the  separation  and  because  of  the  absence 
of  transverse  curvature  terms.  When  transverse 
curvature  terms  are  present,  «  more  refined 
grid  along  i  should  be  tested  in  order  to  be 
sure  that  numerical  oscillations  are  due  to 
the  lack  of  smoothness  of  the  calculated 
inputs  (compare  Fig.  4f  with  [31]).  It  is  not 
known  whether  such  problems  appear  if  experi¬ 
mental  thicknesses  are  used  to  provide  the 
inputs  for  the  inverse  calculation  (these  are 
not  easy  to  obtain). 

The  flows  considered  in  Fig.  4  and  6,  are 
very  different.  Fig.  4  refers  to  the  prolate 
spheroid  at  incidence  for  which  direct  bound¬ 
ary  layer  computations  terminate  st  the  OK  of 
accessibility)  the  failure  of  the  computations 
occurs  very  abruptly  because  the  displacement 
thicknesses  remain  satisfactory  close  to  the 
OK.  For  this  reason,  the  agreement  between 
the  direct  and  the  inverse  mode  is  quite 
reasonable. 

Fig.  6  refers  to  the  SSPA  720  for  which 
displacement  effects  appear  progressively. 
Although  the  direct  boundory  layer  computa¬ 
tions  converge  (even  very  close  to  the  stern), 
the  displacement  thicknesses  are  known  to  be 
incorrect  because  of  normal  pressure  gradients 
(see  Fig.  Sa.  Sb).  The  found  oscillations 
could  result  from  the  inputs  as  they  appear 
especially  in  regions  of  strong  crosswise  or 
longitudinal  variations  of  the  displacement 
thicknesses. 


It  is  true  that  the  wall  transpiration 
could  be  oscillating.  There  is  some  hope  that 
(16)  could  indeed  give  a  more  regular  poten¬ 
tial  perturbation  as  the  integral  over  SB  is  a 
convolution  product. 

It  is  felt  that,  for  lifting  problems,  a 
viscous-inviscid  interactive  calculation  could 
be  more  hopeful  than  a  global  interaction 
method.  For  a  "dragging"  problem  where  the 
thickening  of  the  boundary  layer  is  progres¬ 
sive  and  due  to  a  longitudinal  vorticity  com¬ 
ponent  and  to  the  occurrence  of  a  normal 
pressure  gradient,  a  local  Interaction  method 
could  be  less  appropriate. 
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ABSTRACT 


The  tip  vortex  flow  field  has  a 
significant  Influence  on  the  performance  of  a 
ship  propeller.  ‘The  ability  to  compute  the 
tip  vortex  flow  field  would  be  a  valuable  aid 
In  the  design  of  ship  propellers,  and  In  the 
analysis  of  their  performance.  The  present 
paper  examines  and  demonstrates  the  feasibility 
of  computing  the  tip  vortex  generation  process 
with  a  forward-marching  computation  procedure. 
For  the  purpose  of  this  study  simple  geometry 
test  cases  were  considered  In  laminar  flow. 

The  effects  of  blade  rotation  and  blade 
twist  on  the  tip  vortex  generation  process 
were  Included  and  studied  in  the  analysis. 

While  the  results  of  the  computations  are 
qualitative  In  nature,  they  demonstrate  the 
capability  of  the  forward-marching  proceduvo 
to  compute  the  flow  processes  In  tip  vortex 
generation.  The  flow  field  Is  computed  from 
a  set  of  three-dimensional  viscous  flow 
equations  with  no  empiricism  Introduced  for 
the  vorticlty  generated  and  shed  at  the 
propeller  tip. 


I,  INTROOUr.'ION 

The  tip  vortex  flow  field  plays  a 
significant  role  in  the  performance  of  a  ship 
propeller.  The  preasute  region  found  at 
ctie  center  of  a  tip  voctex  may  lead  to 
cavitation.  Ttw  presence  of  cavitation  In  the 
flm  field  has  serious  consequontee  In  teroks  of 
structural,  acoustic,  and  performance 
considerations.  A  better  understsrdlng  of  the 
tip  vortex  generation  proceee  and  a  method  of 
analyalng  Che  tip  vortex  flow  field  would 
provide  valuable  bolp  In  the  deelgn  of  chip 
propellers. 

the  flow  field  In  the  tip  reglnn  is 
complex,  three-dimensional,  and  viscous  with 
large  eecondary  veloc  .ilee.  The  large 
secondary  velocities  preclude  the  poselblliey 


of  using  conventional  boundary  layer  solution 
techniques  to  compute  the  tip  vertex  flow 
field.  On  the  other  hand,  «  solution  of  the 
full  Navler-Stokes  equations  that  adequately 
te.volvee  tip  vortex  flow  field  would 
require  i  Idable  computational  resources. 
Therefore,  an  approximate  set  of  three- 
dimensional  viscous  flow  equations  which  is 
applicable  to  the  tip  vortex  flow  field  but 
which  does  not  require  the  resources  needed  for 
the  solution  of  the  full  Navler-Stokes 
equations  Is  sought.  The  parabolized 
Navler-Stokes  equations  represent  such  a  set. 
These  equations  contain  In  them  all  the 
physical  processes  of  tip  vortex  general loo  and 
can  be  solved  economically  by  forward  marching 
procedures . 

The  attractive  possibility  of  using  a 
forward-marching  procedure  to  cv'«pute  the  tip 
vortex  generation  process  la  examined  in  this 
paper.  With  the  focus  being  on  the  computation 
of  the  vortex  generetlon  process,  simplified 
blade  geometry  was  used  in  the  test  cases. 

Thus,  geometry  consisted  of  a  slab-type  blade 
of  constant'  thickness  with  a  rounded  tip, 
Effects  of  blade  leading  and  trailing  edges 
were  neglected.  Teat  cases  were  computed  to 
study  thu  effects  of  blade  rotation  and  blade 
twist  on  the  vortex  generation  process. 

A  brief  outllvis  of  the  forward-marching 
procedure  and  a  discussion  of  the  results  of 
the  computation  of  the  vortex  gen-erstlon 
process  are  presented  In  this  paper. 

2.  THE  FORWARD  NARCHINC  COMPUTATION  PROCEDURE 
FOR  R!IP  PROPELLER  TIP  PLOW  FIELDS 

The  forward  marching  computation  procedure 
used  for  the  solution  of  the  parabolic 
Navler-Stokes  equations  provides  an  economical 
and  accurate  method  for  computing  many 
three-dimensional  viscous  fiov  fields.  This 
procedure.  Initially  developed  for  internal 
flow  fields  (Refs.  1-2),  has  bean  extended  to 
the  computatlcHt  of  the  ship  propeller  tip  flow 
field.  The  governing  equations  and  the 
computational  scheme  ere  presented  in  this 
section.  This  procedure  is  capable  of 
considering  both  fixed  end  rotating  coordinate 
systems. 
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Governing  equations  are  derived  through 
approximations  made  relative  to  a  curvilinear 
coordinate  system  fitted  to  and  aligned  with 
the  flow  geometry  under  consideration.  The 
coordinate  system  Is  chosen  such  that  the 
streamwlse  or  marching  coordinate  either 
coincides  with  or  Is  at  least  approximately 
aligned  with  a  known  Invlscld  primary  flow 
direction  as  determined,  for  example,  by  a 
potential  flow  for  the  given  geometry. 
Transverse  coordinate  surfaces  must  be 
approximately  perpendicular  to  solid  walls  or 
bounding  surfaces,  since  diffusion  Is  permitted 
only  In  these  transverse  coordinate  surfaces.  ‘ 

Equations  governing  primary  flow  velocity 
Up,  and  a  secondary  vortlclty,  %,  normal 
to  transverse  coordinate  surfaces  are  derived 
utilizing  approximations  which  permit  solution 
of  the  governing  equations  as  an  Initial-value 
problem,  provided  reversal  of  the  composite 
streamwlse  velocity  does  not  occur.  Terms 
representing  diffusion  "ormal  to  transverse 
coordinate  surfaces  (In  the  streamwlse 
direction)  are  neglected.  Secondary  flow 
velocities  are  determined  from  scalar  and 
vector  surface  potential  calculations  In 
transverse  coordinate  surfaces,  once  the 
primary  velocity  and  secondary  vortlclty  ate 
known.  With  the  computed  velocity  field, 
the  pressure  field  associated  with  the  velocity 
field  can  be  determined. 

2.1  Primary-Secondary  Velocity  Decomposition 


(3) 


where  Vg  Is  the  surface  gradient  operator 
defined  by 


V 

s 


=  V  ~  1  (i  "V) 
n  o  ' 


(4) 


A  _ 

It  follows  that  since  1^  •  Ug  ••  0,  then 
Ug  lies  entirely  within  transverse  coordinate 
surfaces.  Equation  (3)  Is  a  general  form 
permitting  both  rotational  and  Irrotatlonal 
secondary  flows  and  will  lead  to  governing 
equations  which  may  be  solved  as  an 
initial-boundary  value  problem.  The  overall 
velocity  decomposition  (1)  can  be  written 


“  -  Vp  V  +  (3, 

2.2  Surface  Potential  Equations 

Equations  relating  4  and  ii  with  Up,  p, 
and  the  secondary  vortlclty  component  5^ 
be  derived  using  Eq.  (5)  as  follows:  Erom 
continuity, 

V-pU  -  0  •■V'pU  i  +  V-pV  d 
P  P 

(6) 

•f  P^V.Vxi^* 


In  what  follows,  vectors  are  denoted  by  an 
overbar,  and  unit  vectors  by  a  caret.  The 
analysis  Is  based  on  decomposition  of  the 
overall  velocity  vector  field  U  into  a  primary 
flow  velocity  Up  and  a  secondary  flow 
velocity  Ug.  The  overall  or  composite 
velocity  Is  determined  from  the  superposition 


and  from  the  definition  of  the  vortlclty  based 
on  the  secondary  flow  within  the  transverse 
surfaces.  On 


i  -Vxii  £11  «  4  'Vs:  U  i 
n  n  n  p  p 


(7) 


u  -  U  +  u 

p  * 


(1) 


The  primary  flow  velocity  Is  represented  as 


U 


-  U  1 
P  P 


(1.1 


where  Ip  Is  a  known  Invlscld  primary  flow 
direction  determined,  for  example,  from  an 
a  priori  potential  flow  solution  tor  the 
geometry  under  consideration.  A  streamwlse 
coordinate  direction  from  a  body  fitted 
coordinate  system  could  be  used  as  an 
approximation  to  this  potential  flow 
direction.  The  primary  velocity  Up  is 
determined  from  solution  of  a  primary  flow 
momentum  equation.  The  secondary  flow  velocity 
Ug  is  derived  from  scalar  and  vector  surface 
potential  denoted  4  >nd  respectively. 

A 

If  ip  denotes  the  unit  vector  normal  to 
transverse  coordinate  surfaces,  if  p  is 
density,  and  if  Pg  is  an  arbitrary 

constant  reference  density,  then  Ug  is 
defined  by 


+  1  'Vx(p  /p)  Vx  i  d"  +  i  'V  X  V  ♦ 
no  nos 


Since  the  last  term  in  each  of  Eqs.  (6  and  7) 
is  aero  by  vector  identity,  Eqs.  (6  and  7)  can 
be  written  as 


V'PV^*  -  -’-pVp  (8) 

1^  -Vx  (p^/p)  Vxl^* 

-a  'Vxul 

n  n  p  p 

Hots  that  the  last  term  in  Eq,  (9)  is 
identically  aero  in  a  coordinate  system 

A  A 

for  which  ip  and  ip  have  the  same 

^  A  A 

direction,  and  would  be  small  if  ip  and  ip 
are  approximately  aligned.  In  any  event,  given 
a  knowledge  of  Up..  Op  and  p,  the  surface 
potentials  ^  and  i  can  be  determined  by  a 
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two-dimensional  elliptic  calculation  in 
transverse  coordinate  surfaces  at 
each  streamwise  location.  In  turn,  Ug  can  be 
computed  from  Eq.  (3),  and  the  composite 
velocity  U  will  satisfy  continuity.  Equations 
for  Dp  and  Qq  are  obtained  from  the 
equatlone  governing  momentum  and  vortlclty, 
respectively. 

The  streamwise  momentum  equation  is  given 
by 

ip  •  f  (U  ‘V)0  +  (vp)/p] 

-  1  •  r  +  i  -  X 

p  p 

where  P  is  pressure  and  pF  Is  force  due  to 
viscous  stress  and  terms  in  P 
representing  streamwise  diffusion  are 
neglected,  pi  is  the  additional  force 
due  to_a  rotatlng_ coordinate  system;  where 
R  »  -2w  X  D  -  03x(«  X  r),  w  is  the  _ 

angular  velocity  of  the  coordinate  system  and  r 
is  the  radius  vector  from  the  rotation  axis. 

The  pressure  term  in  the  streamwise  momentum 
equation  (10)  can  be  taken  from  a  simpler 
analysis  such  as  a  potential  flow  analysis. 
While  this  results  in  a  set  of  equations  which 
can  be  solved  by  forward  marching,  the  surface 
pressures  which  are  due  to  the  pressure  field 
imposed  upon  the  flow  are  the  potential  flow 
pressures.  Since  the  actual  surface  pressures 
are  often  of  primary  Interest,  a  new  estimate 
of  the  actual  surface  pressure  which  includes 
viscous  and  secondary  flow  effects  can  be 
computed  from  the  resulting  velocity  field  in 
the  following  manner. 

The  momentum  equations  in  the  transverse 
surfaces  are: 

ij  •  I  (pU  •  V)  U  +  VP  -  pF  -  pR]  -  0 

•  I(p5  'V)  U  +  VP  -  pF  -  pRj  -  0 

Equation  (11)  represents  components  of  the 
momentum  vector  in  the  transverse  surfaces: 

(i^«  {(pU  •  V)  U  +  VP  -  p?  -  pR]) 

.  -  _  _  _  _  (12) 

+  ij  (Ij*  I(pU  .V)  U  +  VP  -  pF  -  pRi) 

The  divergence  of  this  vector  can  be  written  as 
a  Poisson  equation  for  the  pressure  P  at  each 
transverse  surface: 

"i  + 

-  (i^  •  UpO  •  V)  U  -  pF  -  pR))(13) 

”  ^^2  *  I (pii  •  u  -  pF  -  pR]) 


where  Pi  Is  the  Imposed  pressure,  P<.  is  a 
viscous  correction  to  the  pressure  field  and 

A 

XI  and  X2  are  coordinates  In  the  li  and 

l2  directions,  respectively.  Equation  (13) 
can  be  solved  for  the  pressure  correction, 

?(.,  at  each  computational  station  using 
Neuman  boundary  conditions  derived  from 
Eq.  (1?).  The  use  of  Neuman  boundary 
conditions  requires  an  additional  parameter 
which  Is  only  a  function  of  the  normal 
direction,  Pv(x3),  in  order  to  set  the  level 
of  the  pressure  field.  For  external  flows 
Pv(x3)  is  set  to  match  the  imposed  pressure 
at  an  appropriate  far  field'  location. 

2.3  Secondary  Vortlclty 

The  equation  governing  is  obtained  by 

cross  differentiating  each  of  the.  transverse 

momentum  equations  (11).  Eliminating  the 
pressure  in  the  two  equations  results  in  a 
single  equation  for  the  transport  of  the 
vortlclty  normal  to  the  transverse  surface. 

This  equation  has  the  form 

0  •  vn  -  0  •  VO  (14) 

n  n 

-  C  +  C  +  1  .  (VlS) 

n  n 

where  normal  component  of 

6  -  V  X  F  (15) 

and  C  Is  a  collection  of  curvature  terms 
arising  from  changes  in  orientation  of  the 
transverse  surfaces  as  a  function  of  streamwise 
coordinate. 

2.4  Governing  System  of  Equations 

A  complete  system  of  five  coupled 
equations  governing  Up,  i^,  iji,  and  P  is 
given  by  Bqs.  (8),  (9),  (10),  (14)  and  (13). 
Ancillary  relations  (5)  Is  given  for  the 
composite  velocity.  In  reference  2,  these 
equations  are  given  In  general  orthogonal 
coordinates  and  In  reference  3  in  nonorthogonal 
coordinates. 

2.5  Numerical  Method 

Since  techniques  for  obtaining  the  basic 
potential  flow  solution  are  well  known  and 
numerous,  they  need  not  be  enumerated  or 
discussed  here.  Instead,  the  present 
development  concentrates  on  describing  the 
numerical  method  used  to  solve  the  system  of 
governing  equations.  Streamwise  derivative 
terms  in  the  governing  equations  have  a  form 
such  as  ui3(  )/3xi,  and  because  the  streamwise 
velocity  ui  Is  very  small  In  the  viscous 
dominated  region  near  no-sllp  walls.  It  is 
essential  to  use  Implicit  algorithms  which 
are  not  subject  to  stringent  stability 
restrictions  unrelated  to  accuracy 
requirements.  Although  It  Is  possible  to 
devise  algorithms  for  solution  of  the  governing 
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equaclons  as  a  fully  coupled  iupllclt  system, 
such  algorithms  would  require  considerable 
iteration  for  the  system  of  equations  treated 
here,  and  this  would  detract  from  the  overall 
efficiency.  The  present  method  is 
seml-impllclt  and  seeks  to  reduce  the  amount  of 
iteration  required  and  yet  avoid  the  more 
severe  stability  restrictions  of  explicit 
algorithms.  The  method  partitions  the  system 
of  governing  equations  Into  subsystems  which 
govern  the  primary  flow,  the  secondary  flow, 
and  the  turbulence  model.  The  primary-flow 
subset  of  equations  contains  the  streamwise 
momentum  equation.  The  secondary-flow  subset 
of  equations  contains  the  secondary  vorticlty 
equation  and  the  scalar  and  vector  potential 
equations.  These  subsystems  are  decoupled 
using  an  ad  hoe  linearization  in  which 
secondary  velocity  components  and  turbulent 
viscosity  are  lagged,  and  are  solved 
sequentially  during  each  axial  step. 

2.6  Summary  of  Algorithm 

The  governing  equations  are  replaced  by 
finite-difference  approximations.  Three-point 
central  difference  formulas  are  used  for  all 
transverse  spatial  derivatives.  Analytical 
coordinate  transformations  are  employed  as  a 
means  of  introducing  a  nonuniform  grid  in  each 
transverse  coordinate  direction,  as  appropriate 
to  concentrate  grid  points  in  the  wall  boundary 
layer  regions.  Second-order  accuracy  for  the 
transverse  directions  is  rigorously 
maintained.  Two-point  backward  difference 
approximations  are  used  for  streamwise 
derivatives,  although  this  Is  not  essential. 

To  solve  the  primary  flow  subsystem  of 
viscous  equations  a  scalar  ADI  scheme  is  used 
for  the  momentum  equation. 

Given  the  solution  for  the  primary  flow, 
the  secondary  flow  subsystem  can  be  solved. 
First,  the  scalar  potential  equation 
(continuity)  is  solved  using  a  scalar  iterative 
ADI  scheme.  Next,  the  secondary  vorticlty  and 
vector  potential  equations  are  written  as  a 
fully  implicit  couplec  system  and  solved  using 
an  iterative  linearized  block  implicit  (LSI) 
scheme  (cf.  Briley  and  McDonald  (A)).  In 
selecting  boundary  conditions  for  the  secondary 
flow  subsystem,  care  must  be  taken  to  ensure 
that  the  final  secondary  velocity  satisfies  the 
no-sllp  condition  accurately.  Zero  normal 
derivatives  of  ^  are  specified  in  the  scalar 
potential  equation,  and  this  boundary  condition 
corresponds  to  zero  normal  velocity.  It  is  not 
possible  to  simultaneously  specify  the 
tangential  velocity,  however,  and  thus  the 
(^-contribution  to  the  secondary  velocity  will 
have  a  nonzero  tangential  (slip)  component, 
denoted  vt;,  at  solid  boundaries.  In  the 
coupled  vorticlty  and  vector-potential 
equations,  both  normal  and  tangential  velocity 
components  can  be  specified  as  boundary 
conditions,  since  these  equations  are  solved  as 
a  coupled  syetem.  By  choosing  (a)  zero  normal 
velocity,  and  (b)  -vj  as  the  i|f-contrlbutlon 


to  the  tangential  velocity,  the  slip  velocity 
Vt  arising  from  the  A  calculation  is 
cancelled,  and  the  composite  secondary  flow 
velocity  including  both  A  and  ^  contrihufclone 
will  satisfy  the  no-slip  condition  exactly. 

A  sunaary  of  the  overall  algorithm  used  to 
advance  the  solution  a  single  axial  step 
follows.  It  is  assumed  that  the  solution  is 
known  at  the  n-level  x**  and  is  desired  at 
jn'frl, 

(1)  The  Imposed  streamwise  pressure 
gradient  distribution  is  determined 
from  an  a  priori  iavlocid  potential 
flow. 

(2)  The  momentum  equation  is  solved  to 
determine  u®'*'^. 

(3)  Using  values  now  available  for 

un+1,  tha  scalar  potential 
equation  (8)  is  solved  using  an 
iterative  scalar  ADI  scheme,  to 
obtain  This  ensures  that  the 

continuity  equation  is  satisfied. 

(4)  The  equations  for  vorticlty  (15)  and 
vector  potential  (9)  form  a  coupled 
system  for  and  ^'*■1  which  is 
solved  as  a  coupled  system  using  an 
iterative  LBI  scheme. 

(5)  Values  for  the  transverse  velocities 
vg  and  Wa  are  computed  from 

Eq.  (3).' 

(6)  Using  the  computed  velocity  field, 
the  transverse  pressure  field  is 
computed  from  Eq.  (13)  by  an 
iterative  scalar  ADI  scheme. 

2.7  Boundary  Conditions  for  the  Tip  Vortex 

Flow  Computations 

Figure  1  shows  a  perspective  view  of  a 
constant  thickness  blade  with  a  rounded  tip. 
This  simplified  model  of  a  propeller  blade 
neglects  the  effects  of  the  leading  and 
trailing  edges.  The  model,  however,  was  not 
expected  to  change  the  basic  flow  mechanisms  of 
tip  vortex  generation?  the  object  of  the 
computations  in  this  paper.  Figure  2  shows  a 
cross-section  of  the  propeller  tip  and  the 
computational  grid  at  a  typical  streamwise 
station.  A  computational  grid  that  wraps 
around  the  tip  was  chosen  to  provide  adequate 
resolution  of  the  tip  region  and  a  smooth  grid 
distribution. 

The  cross-sectional  computation  coordinate 
system,  shown  in  Figure  2,  has  four  boundaries 
where  boundary  condttlona  for  the  governing 
equations  must  be  specified.  Inboard  are 
boundaries  (1)  and  (2),  the  blade  surface  is 
boundary  (3),  and  the  far  field  la  boundary  (4) 
Boundary  conditions  must  be  specified  for  the 
streamwise  velocity  In  the  streamwise  momentum 
equation,  for  the  scalar  potential  in  the 
scalar  potential  equation,  and  for  the  vector 
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and  streamwlse  vortlcity  In  Che  coupled  vector 
potentlal-streaBwIae  vorticlty  equations. 

The  conditions  that  were  specified  for  the  tip 
vortex  flow  computations  are  considered  in 
this  section. 

I''  The  flow  at  the  inboard  boundaries  (1) 

I  and  (2)  was  assumed  to  be  two-dimensional 
5  (no  spanwise  variation)  with  no  flow 
i  penetration  of  the  secondary  velocity  through 
the  boundaries.  The  normal  gradient  of  the 
'  scalar  potential  was  set  to  zero  and  the  vector 
I  potential  was  set  to  a  constant  (normal 
velocity  set  to  zero).  The  streamwlse 
I,  vorticlty  was  set  to  zero  as  the  compatible 
condition  with  the  vector  potential  and  the 
I’  streamwlse  velocity  was  extrapolated  from  the 
interior  flow  field.  The  boundary  conditions 
i  specified  on  the  inboard  boundaries  are  only 
{  approximate  but  were  found  not  to  affect  the 

}  qualitative  computed  behavior  of  the  tip  vortex 

I  generation  process.  In  Reference  [5], 

f,  boundary  conditions  based  on  the  induced 
I  velocity  field  by  the  blade  have  been 
I  developed.  These  conditions  will  be 
I  incorporated  in  future  work  on  the  ship 
^  propeller  tip  flow  field. 
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f  The  boundary  condition  along  boundary  (3), 

'f  the  blade,  was  the  uo-slip  condition  on  a  solid 
surface.  To  satisfy  this  condition  the  normal 
gradient  of  the  scalar  potential  (the  normal 
^  velocity)  was  set  to  zero.  In  the  coupled 

j  vector  potential  and  vorticlty  equations  the 

I  normal  component  of  the  rotational  velocity  was 
\  set  to  zero  and  the  tangential  component  was 
I  set  equal  and  opposite  to  the  tangential 
i  component  of  the  velocity  generated  by  the 
I  scalar  potential.  These  conditions  allowed  an 
I  implicit  specification  of  the  vector  potential 
i-.-  and  the  vortlcity  on  the  no-sllp  boundary  (as 
I  discussed  in  Section  2.6).  The  resultant 
i:  secondary  velocity  field  satisfies  the  no-slip 

^  conditions  on  the  boundary.  The  streamwlse 

[  velocity  was  also  set  to  zero  at  the  solid 

boundary. 
j. 

'i  Far  field  conditions  were  specified  on 

boundary  (4).  The  streamwlse  velocity  was 
I  extrapolated  from  the  interior  flow  field. 
f:  The  scalar  potential  was  set  to  a  constant 

i  so  that  the  tangential  component  of  the 
I  Irrotatlonal  velocity  was  zero.  This  condition 
i  allowed  outflow  through  the  boundary  due  to  the 
^  displacement  effect  of  the  boundary  layers  on 
I  the  blade.  The  angle  of  Incidence  of  the  flow 
!'  specified  a  component  of  the  transverse 
I  velocity  on  the  boundary.  The  vector  potential 
f  was  obtained  by  integrating  this  component  of 
I  the  transverse  velocity  along  the  boundary. 

The  streamwlse  vorticlty  was  set  to  zero. 

3.  RESULTS 

Three  test  cases  were  chosen  to 
demonstrate  the  capability  of  the 
forward-marching  procedure  to  compute  the  tip 
vortex  generation  process.  The  test  cases 
were: 


(1)  Tip  vortex  flow  for  a  straight  blade 
with  rounded  tip, 

(2)  Tip  vortex  flow  for  a  rotating 
straight  blade  with  rounded  tip,  and 

(3)  Tip  vortnx  flow  for  a  rotating 
twisted  blade  with  rounded  tip. 

These  test  cases  were  chosen  to  demonstrate  the 
computation  of  the  basic  flow  processes  in  tip 
vortex  generation,  and  the  effects  of  blade 
rotation  and  blade  twist  on  the  tip  flow 
field.  Laminar  flow  was  assumed  in  all  the 
cases  since  the  qualitative  nature  of  the  tip 
vortex  generation  process  remains  the  same  in 
laminar  and  turbulent  flow.  Further,  the 
streamwlse  pressure  gradient  which  is  input  to 
the  forward-marching  procedure  was  assumed  to 
be  zero  for  all  the  cases  presented  here. 


3.1  Computation  of  the  Tip  Vortex  Flow  for  a 
Straight  Blade  with  Rounded  Tip 


A  constant  thickness  blade  with  a  rounded 
tip  was  the  first  test  case  considered  for  the 
tip  vortex  flow  computation.  Figure  1  shows  a 
perspective  view  of  the  geometry  of  the  blade 
near  the  tip.  Figure  2  shows  the  cross-section 
of  the  blade  tip  and  the  computational  grid  at 
a  typical  streamwlse  station.  The  important 
geometric  and  flow  parameters  used  in  the 
computation  were  the  following: 


Blade  thickness  (t)  •  1.0 

Blade  chord  «  20. Ot 

Reynolds  number  (based  on  t)  ■  1000.0 

Initial  boundary  layer  thickness  ■  0.20t 

Incidence  angle  «  6® 


A  computational  grid  of  60  streamwlse 
stations  and  a  47  x  30  cross-section  grid  was 
used.  Grid  points  were  clustered  in  regions  of 
high  flow  gradients  such  as  near  the  propeller 
surface  and  in  the  tip  region.  The  computation 
was  started  on  the  blade  (x/t  »  0.0)  with  the 
assumed  initial  boundary  layer  thickness. 


Figure  3  shows  the  development  of  the  tip 
vortex  computed  by  the  code.  The  upper  half  of 
the  figure  shows  the  development  of  the  tip 
vortex  in  term  of  contours  of  the  streamwlse 
velocity  while  the  lower  half  shows  the  same 
development  in  terms  of  contours  of  streamwlse 
vorticlty.  Computations  from  five  streamwlse 
stations  (x/t  -  2.0,  4.0,  7.0,  11.0,  20.0)  were 
chosen  to  display  tlM  development  of  the  tip 
vortex.  An  initial  overall  view  of  Figure  3 
shows  a  large  scale  flow  process  at  the  tip  of 
the  blade  in  terms  of  both  the  streamwlse 
velocity  and  streamwlse  vorticlty. 


At  x/t  >  2.0  (Figure  3),  the  streamwlse 
velocity  contours  show  the  initial  development 
of  the  flow.  The  boundary  layer  on  the  suction 
side  of  the  blade  has  thickened  while  the 
boundary  layer  on  the  pressure  aide  remains 
thin.  The  thickening  of  the  boundary  layer  on 
the  suction  side  is  due  to  the  transport 
of  low  momentum  fluid  from  the  pressure  side 
boundary  layer  around  the  tip  to  the  suction 


side.  The  same  flow  process  is  seen  In  the 
streamwlse  vortlclty  contours  as  a  transport 
of  vortlclty  around  the  tip. 

At  x/t  ”  4.0,  the  tip  flow  field  begins  to 
show  the  accumulation  of  low  momentum  fluid  on 
the  suction  side  of  the  tip  region.  This 
accumulation  Is  characterised  by  the  "bulge"  In 
the  streamwlse  velocity  contours  representing 
the  region  of  the  low  streamwlse  velocity 
fluid.  The  streamwlse  vortlclty  contours 
at  this  station  show  the  convection  of 
vortlclty  into  this  region.  Further,  the 
vortlclty  contours  also  start  to  "peel"  off  the 
suction  surface  Indicating  the  Initial  stages 
of  the  roll-up  of  the  low  momentum  fluid. 

At  x/t  «  7.0  and  x/t  »  11.0,  the  streamwlse 
velocity  contours  show  the  further  rapid 
accumulation  of  the  low  momentum  fluid  in  the 
tip  region.  The  streamwlse  vortlclty  contours 
at  these  stations  show  the  roll  up  of  the  tip 
flow  Into  the  tip  vortex.  The  vortlclty 
contours  emanating  from  the  suction  surface, 
visible  clearly  at  x/t  "  11.0,  are  Indicative 
of  the  outward  (toward  the  tip)  transverse 
velocities  In  the  region  due  to  roll-up  of  the 
tip  vortex.  The  results  at  x/t  »  20.0  show 
the  completion  of  the  tip  vortex  formation. 

The  vortex  has  separated  from  the  suction 
surface  as  It  Is  convected  downstream  by  the 
streamwlse  velocity.  The  vortex  Is  sustained 
by  the  continued  transport  of  vortlclty  from 
the  pressure  surface  Into  the  vortex  core. 

Also  evident  from  Figure  3  Is  the  Inward  track 
of  the  center  of  the  vortex  along  the  suction 
side.  That,  Indeed,  the  flow  in  the  tip  region 
has  rolled  up  Into  the  tip  vortex  Is  clearly 
visualized  by  a  vector  plot  of  the  transverse 
velocity  field.  Figure  4  shows  a  vector  plot 
of  the  transverse  velocity  field  at  x/t  "7.0 
and  x/t  “  20.0.  The  transverse  velocity  field 
at  x/t  -7.0  clearly  shows  the  Initial  roll-up 
of  the  flow  In  the  tip  region  Into  a  vortex. 

The  large  transvorse  velocities  (about  30X 
of  the  free  stream  velocity)  around  the  tip 
that  convent  the  low  momentum  fluid  from 
the  pressure  side  to  the  suction  side  are 
also  seen.  The  transverse  velocity  field  at 
x/t  X  20.0  shows  the  strong  tip  vortex  on  the 
suction  side.  The  Inward  track  of  the  center 
of  vortex  along  the  suction  side  Is  also  seen 
In  the  two  vector  plots. 

Figures  3  and  4  clearly  show  the 
development  of  the  tip  vortex  generation 
process.  It  should  be  noted  that  this  process 
has  been  calculated  from  a  set  of 
three-dimensional,  viscous  flow  equations  which 
have  a  no-sllp  condition  at  the  propeller  blade 
surface.  The  vortex  generation  and  roll-up 
Is  a  result  of  Che  secondary  flow  separation, 
and  the  computed  results  obtained  are  In 
excellent  qualitative  agreement  with 
experimentally  observed  physical  processes 
(Refs.  6  and  7).  The  calculations  clearly  show 
that  Che  tip  vortex  probltm  can  be  analysed 
from  a  consideration  of  the  basic  physical 
phenoatena  without  resorting  to  empirical  models. 


3.2  Computation  of  the  Tip  Vortex  Flow  for  a 

Rotating  Straight  Blade  with  Rounded  Tip 

As  the  second  test  case  In  Che  computation 
of  the  tip  vortex  generation  process,  the 
straight  blade  described  In  the  previous 
section  (section  3.1)  was  rotated  so  as  to 
provide  an  advance  ratio  of  1.0.  The  remaining 
flow  and  geometric  parameters  were  retained 
from  the  previous  test  case. 


Blade  Thickness  (t)  -  1.0 

Blade  Chord  -  20 .Ot 

Reynolds  Number  (based  on  t)  ■  1000.0 
Initial  Boundary  Layer  Thickness  -  0.20t 

Incidence  Angle  ■  6* 

Advance  Ratio  -  1.0 


A  computational  grid  of  60  streamwlse 
stations  and  a  47  x40  cross-aection  gpld  was 
used  In  the  computations.  As  before,  'grid 
points  were  clustered  In  regions  where  high 
flow  gradients  were  anticipated. 

Figure  S  shows  the  development  of  the  tip 
vortex  computed  by  the  FSPSI6  code  for  the 
rotating  blade.  The  figure  Is  formatted  In  the 
same  manner  as  Figure  3  for  the  stationary 
blade.  The  upper  half  of  the  figure  shows  the 
development  of  the  tip  vortex  In  terms  of 
contours  of  the  streamwlse  velocity  while  the 
lower  half  shows  the  same  development  In 
terms  of  contours  of  streamwlse  vortlclty. 

A  comparison  of  Figure  S  with  Figure  3  for  the 
stationary  case  shows  the  same  basic  flow 
mechanisms  that  result  In  the  generation  of  the 
tip  vortex.  These  mechanisms  are  the  transport 
of  low  momentum  fluid  from  the  pressure  side 
boundary  layer  to  the  auction  side  by  the 
transverse  velocity,  the  accumulation  of  this 
low  momentum  fluid  on  the  suction  side  of  the 
tip  region,  and  the  roll-up  of  this  eccumulated 
fluid  Into  the  tip  vortex.  The  differences 
between  the  rotating  and  non-rotating  caaes  are 
In  e  matter  of  the  details  of  the  flow 
Structure.  These  differences  will  be  dlecutsed 
In  this  section.  A  vector  plot  of  the 
transverse  velocity  field  at  two  streamwlse 
stations  ere  shown  In  Figure  6.  As  In  the 
stationary  case,  the  vector  plot  shows  a  clear 
vlsuelleetlon  of  the  tip  vortex.  The  vector 
plot  at  x/t  "7.0  shows  the  esrly  development 
of  the  tip  vortex  while  the  plot  at  x/t  >  20.0 
shows  the  developed  tip  vortex  on  the  suction 
side  of  the  tip  region. 

The  dlfferencee  in  the  tip  vortex  flow 
field  between  the  atatlonsry  end  rotating  blade 
test  cases  can  be  seen  by  comparing  Figures  3 
and  5.  From  an  overall  point  of  view,  the 
location  of  the  tip  vortex  tor  the  rotating 
blade  Is  higher  then  the  etaclonery  blade. 

This  difference  Is  due  to  the  feet  that  low 
atreamwlaa  velocity  reglona  In  the  vortex  ere 
regions  of  higher  absolute  tangential  velocity 
In  the  rotating  blade.  The  corresponding 
Increase  la  tha  cantrifugal  fores  kaaps  tha 
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vortex  at  a  higher  location  for  the  rotating 
blade.  In  a  similar  manner,  the  Increase  In 
the  absolute  tangential  velocity  In  the 
boundary  layers  on  the  suction  and  pressure 
surfaces  and  the  corresponding  Increase  In  the 
centrifugal  forces  that  Is  not  balanced  by  the 
pressure  forces  Imposed  from  the  outer  flow 
results  In  outward  flow  In  the  boundary 
layers.  This  outward  flow  changes  the 
streamwlse  vortlclty  distribution  In  the 
vicinity  of  the  blade  surfaces.  The  outward 
flow  In  the  boundary  layers  Is  clearly  seen  In 
the  vector  plot  of  the  transverse  velocities 
near  the  blade  surfaces  (Figure  6,  x/t  •>  20.0). 

3.3  Computation  of  the  Tip  Vortex  Flow  for  a 

Rotating  TVlsted  Blade  wl^'-h  Rounded  Tip 

As  a  final  test  case  to  demonstrate  the 
capability  of  the  forward  marching  procedure  to 
compute  the  tip  vortex  generation  process  In 
ship  propellers,  a  computation  was  carried  out 
of  the  tip  flow  field  for  a  rotating  twisted 
blade.  The  twisted  blade  geometry  was  chosen 
to  demonstrate  the  capability  of  the  forward 
marching  procedure  and  the  geometry  package  to 
handle  the  complex  blade  shapes  typical  of  a 
ship  propeller.  For  the  purposes  of  the 
demonstration  computation,  the  blade  twist  was 
specified  such  that  all  radial  sections  of  the 
blade  maintained  a  constant  angle  of  Incidence 
with  respect  to  the  Incoming  flow.  The 
remaining  flow  and  geometry  parameters  uere 
retained  from  the  previous  two  teat  cases. 


Blade  thickness  (t)  > 
Blade  chord  ■ 
Reynolds  number  (based  on  t)  ■ 
Initial  boundary  layer  thickness  <■ 
Incidence  angle  > 
Advance  ratio  • 


l.O 
20. Ot 
1000.0 
0.20t 

6* 

1.0 


* 

S- 


Ceometrlc  twist  specified  to  maintain 
constant  angle  of  Incidence  at  all  radial 
blade  sectlona 

Perspective  views  of  the  twisted  blade  are 
shown  in  Figure  7.  A  computetlonal  grid  of  60 
etreamwlee  statlone  and  a  67  x  40  cross-ssctlon 
grid  was  used  In  the  computation! •  Figure  8 
■hove  the  computstlonal  grid  at  two  streamwlse 
stations  (x/t  -  1.0,  20.0).  The  change  In  the 
lean  of  the  blade  along  the  chord  due  to 
blede  twlet  can  be  ceen  from  thle  figure. 

The  geometry  package  adjuete  the  grid 
dletrlbutlon  automatically  at  each 
crosa-^action  to  compensate  lor  the  blade 
twist.  This  capability  In  the  geometry  package 
can  be  seen  In  the  computation  grid  generated 
at  x/t  ■  1.0  and  x/t  «  20.0  In  Figure  8. 

Flguree  9,  10  and  11  show  the  generation 
of  the  tip  vortax  computed  for  the  rotating 
twisted  blade.  Figure  9  ahowe  the  initial 
development  of  the  flow  field.  The  computation 
ehowa  the  Initial  transport  of  low  WMsantum 
fluid  from  the  prasaure  side  to  the  auction 
tide  IS  in  the  previoue  teat  ceee. 

The  trantverae  velocity  field  te  e  potential 
flow  like  field  around  eha  tip.  As  In  the 


previous  test  cases.  Figures  10  and  11  show  the 
accumulation  of  low  momentum  fluid  on  the 
suction  side  of  the  tip  region,  and  the  roll-up 
of  the  fluid  into  the  tip  vortex.  The  outward 
flow  In  the  boundary  layers  due  to  rotation  can 
also  be  seen  In  the  vector  plot  of  the 
transverse  velocity  field  In  Figure  11. 

The  change  In  the  lean  of  the  blade  along  the 
blade  chord  due  to  blade  twist  can  be  seen  from 
the  Figures  9,  10  and  11. 

With  the  solution  of  the  velocity  field  at 
each  streamwlse  station.  It  la  possible  to 
compute  the  transverse  pressure  field 
associated  with  the  generated  transverse 
velocity  field.  Figure  12  shows  a  contour  plot 
of  the  computed  traneverse  pressure  field  at 
x/t  “  2.0  and  x/t  -  4.0.  At  x/t  -  2.0,  the 
pressure  contours  show  a  drop  In  the  pressure 
as  the  flow  accelerates  over  the  rounded  tip 
onto  the  suction  side.  The  minimum  pressure 
was  computed  in  the  region  of  the  rounded  tip. 
At  x/t  «  4.0,  these  minimum  pressure  contours 
move  toward  the  auction  side  as  the  tip  vortex 
begins  to  form.  Figure  13  shows  the  computed 
pressure  field  at  two  downstream  stations,  x/t 
"  11.0  and  x/t  "  20.0.  At  x/t  «  11.0,  the  low 
pressure  region  has  moved  to  the  suction  side 
and  a  minimum  pressure  region  has  formed  over 
the  center  of  the  tip  vortex.  At  x/t  »  20.0, 
the  pressure  contours  show  the  further 
development  of  the  pressure  field  with  the  tip 
vortex.  The  minimum  pressure  region  continues 
to  he  associated  with  the  center  of  the  tip 
vortex.  These  computations  clearly  demonstrate 
the  ability  of  the  PBPSIG  code  to  compute  the 
preasure  field  associated  with  the  tip  vortex 
and  compute  the  low  preasure  region  at  the 
center  of  the  vortex.  Thla  low  pressure  field 
would  determine  the  cavitation  characterlstlca 
of  the  propeller  tip  flow  field.  Figure  14 
ahowt  a  streamwlse  contour  plot  of  the  computed 
pressure  fl»ld  on  the  auction  side  of  the 
blede.  Superlmpoeed  on  thle  figure  te  the 
track  of  the  vortex  obtained  from  the 
computations.  After  an  initial  translant  In 
the  pressure  field,  the  formation  of  the  low 
preasure  region  along  the  vortex  track  la 
evident.  TtM  resulting  track  la  ^qualitatively 
os  expsetad. 

Typical  computer  run  times  for  the  tip 
vortex  flow  field  computationa  were  about  120 
seeonda  for  the  straight  blede  cases  using 
8460G  grid  points  and  about  160  saconds  for  the 
twisted  blade  case  using  112,800  grid  points. 
Thase  computations  were  carried  out  on  a  CRAT-l 
computer  syatom  with  a  partially  vectorised 
coda. 

4.  OONCUIBIONS 

The  present  analysis  has  clearly 
demonat^'Sted  the  fsastbillty  of  utilising  a 
chrec-dtmenaionsl  forward  marching  snalysla  for 
the  tip  vort^t  generation  problem.  Although 
the  calculatloos  mode  to  date  rapreeent  an 
initial  study  end  have  not  yet  attempted  to 
oascts  guantlcatlvs  rasuLcs,  the  following 
oboervatlcas  ore  evident. 
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1.  The  capability  of  the  forward-narching 
procedure  to  compute  the 

tip  vortex  generation  procees  has  been 
demonstrated.  The  computations  are 
economical  compared  to  computing 
solutions  of  the  full  Navier-Stokes 
equations  for  tip  vortex  flow  fields. 

2.  The  computations  show  the  qualitative 
features  of  the  tip  vortex  flow  field 
observed  in  experimental  data. 

The  results  show  capability  of  the 
procedure  to  compute  the  low  pressure 
region  in  the  flow  associated  with  the 
tip  vortex  and  help  in  identifying 
regions  of  the  flow  field  that  nay  be 
susceptible  to  cavitation. 

3.  The  effects  of  blade  rotation  on  the 
tip  vortex  flow  field  are  computed 
trlth  the  procedure.  These  are  readily 
seen  in  the  radial  outward  flow  deep 
within  the  boundary  layer  on  the 
blade  surface  of  the  rotating  blades. 

Future  efforts  will  aim  at  a  quantitative 
assessment . 


Fig.  1  -  Perspective  view  of  the  straight 
blade. 
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Fig.  2  >  Transverse  computation  grid  at  a 
typical  atreamwiae  station. 


SCreafflwlse  Vortlclty 


Fig.  3  -  Tip  vortex  genoratlor.  for  a  straight  blade. 
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DISCUSSION 
of  the  paper 

by  T.R.  Qovindan,  R.  Levy  and  S.J.  Shamroth 
"COMPUTATION  OF  TIP  VORTEX  GENERATION  PROCESS  FOR  SHIP  PROPELLER  BLADES" 


DISCUSSION 
by  T.T.  Huang 

It  would  be  much  more  beneficial  to  the 
readers  if  the  authors  could  provide  the  numer¬ 
ical  results  in  all  the  figures  presented.  We 
oslisve  this  requested  revision  will  improve 
the  quality  of  your  paper,  which  is  a  signifi¬ 
cant  contribution  in  the  Conference. 


Authors  Reply 

Figure  13  has  been  revised  below  to 
include  computed  values  of  the  pressure  coef¬ 
ficient  (Cp)  at  the  low  pressure  vortex 
center.  These  numerical  values  were  computed 
for  the  particular  geometry  and  flow  condi¬ 
tions  and  may  bo  typical  of  values  that  would 
be  computed  for  other  blade  geometries  and 
flow  conditions. 


Figure  13  -  Transverse  pressure  field  for  rotating  twisted  blade. 


561 


DISCUSSION 
by  V.c.  Patel 

1 .  The  secondary  flow  and  the  tip  vortex  you 
have  calculated  is  obviously  driven  by  the 
imposed  external  flow.  How  was  this  selected, 
and  is  it  representative  of  that  existing  on  a 
propeller  blade? 

2.  Since  the  streamwise  pressure  gradient  is 
assumed  to  be  known  (equal  to  zero  in  all  the 
present  calculations),  and  the  transverse 
pressure  field  is  calculated  (as  shown  in 
Figures  12  and  13)  by  marching  once  in  the 
downstream  direction,  is  it  not  necessary 

to  make  additional  sweeps  of  the  solution 
domain  to  update  the  longitudinal  pressure 
gradients? 


Not  included  in  the  present  approximating 
equations  is  the  effect  of  the  perturbed 
streamwise  pressure  gradient  or  streamwise 
momentum  balance  due  to  the  computed  pressure 
field.  This  effect  could  be  included  by  solv¬ 
ing  the  Navier-Stokes  equations  and  would  be 
included  if  a  convergent  "guess  and  correct" 
multiple-sweep  iteration  procedure  were  devised 
such  that  the  (corrected)  pressure  field  com¬ 
puted  from  the  transv'erse  momentum  equations 
converged  to  that  assumed  for  the  streamwise 
momentum  equation.  In  either  case,  the  approx¬ 
imating  equations  being  solved  are  elliptic  and 
subject  to  downstream  boundary  conditions.  In 
general,  elliptic  equations  are  far  more  costly 
to  solve  than  well-posed  initial  value 
problems. 


Author's  Reply 

1 .  The  secondary  flow  and  tip  vortex  genera¬ 
tion  that  has  been  computed  is  "driven"  by  the 
imposed  free-stream  boundary  conditions,  pri¬ 
marily  the  free-stream  angle  of  attack  (6 
degrees)  which  was  chosen  to  be  representative 
of  that  existing  on  a  propeller  blade.  As 
described  in  the  paper,  a  streamwise  pressure 
gradient  field  (obtained,  for  example,  from 
solution  of  elliptic  governing  equations  sub¬ 
ject  to  downstream  boundary  conditions)  can  be 
imposed  in  the  forward-marching  procedure  to 
include  in  the  computation  effects  of  down¬ 
stream  boundary  conditions.  Such  an  imposed 
streamwise  pressure  gradient  field  was  not 
included  in  the  present  computations  and  was 
not  necessary  for  the  demonstration  computa¬ 
tions  of  the  tip  vortex  generation  process. 

2.  The  treatment  of  the  stremwise  pressure 
gradient  as  known,  in  the  streamwise  momentum 
equation,  is  viewed  as  a  physical  approximation 
rather  than  a  trial  guess  to  be  removed  by 
interation.  The  present  approximating  euations 
determine  a  new  3D  pressure  field,  consistent 
with  the  transverse  momentum  equations  (Figure 
12  and  13).  Multiple  streamwise  sweeps  of  the 
flow  domain  are  not  needed  to  solve  the  set  of 
approximate  flow  equations,  since  this  set  is  a 
well  posed  initial-value  problem,  and  con¬ 
sequently,  these  appoximations  lead  to  consid¬ 
erable  economy  in  the  solution  procedure. 

The  set  of  approximate  equations  solved 
by  the  forward-marching  procedure  contain  in 
them  the  flow  features  of  tip  vortex  genera¬ 
tion.  These  are  the  generation  and  roll-up  of 
the  tip  vortex,  the  large  secondary  velocities 
associated  with  the  tip  vortex,  and  the  distor¬ 
tion  of  the  primary  velocity  field  and  pressure 
field  by  the  tip  vortexj  all  '"r  which  are  pre¬ 
sent  in  the  flow  predictions  given  in  the 
paper. 
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